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Non-existence of a normal conditional expectation

in a contimuous crossed product

By Yoshikazu Katayama

Osaka University

1. Indtroduction. In the study of a discrete crossed product, we are able
to make use of next two general principles, one is "any element in a discrete
crossed product can be represented as an operator valued function", the other
is "there exists a faithful normal conditional expectation of a discrete crossed
product onto the original von Neumann algebra'"., Unfortunately these principles
are no more valid in the case of a continuous crossed product. M, Takesaki
[8] succeeded in expressing any factor of type III as a crossed product of
a Qon Neumann algebra of type II by the modular action. |

H. Takal [7] verified that any operator in the croésed product with the
continuous action of real rumbers can be expressed in a form of a di;tributioh
on same space instead of a matrix-form,

U. Haagerup [4], on the other side, has mentioned that if, in place of
a faithful normal conditional expectation, one would like to have a normal
semi-finite operatér valued weight from a crossed product into the original
von Neumarnn algebra, then such an object always can be found.

In this paper, we will show the fact that there is no normal conditional
expectation in a crossed product with a continuous action of a locally campact

connected group.
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2. Notation and Preliminary, Let 0C be a von Newmann algebra on a
Hilbert space % and G be a locally compact group. The triple (0L, G, o)
is saild a continuous W*—dynamical system if the mapping o of G into
the group Aut ((T) of all automorphisms of 0T is a homomorphism and
the functicn G‘—»woag(x) is continuous on G for any x € 0L and w e 0L,.
(0T4 is the predual of OL.)
G ®a0'L is the von Neumznn algebra generaﬁed by the family of the operatop
{n,(x), Ae) 5 xe0l, g €G} ; |
(r,@e) () =« 1 (®zh) ceLz(G, ﬁa)
(@) M) = &™), rel’@, k).

m, is then a normal isomorphism of 0T onto na((ﬂ), and we often

ideritify the von Reumarn algebra of (ﬂ.with the von Neumann algebra. wa( OZ)
(See [8] ).

Let T be é mapping of a von Neumann algebra M onto a von Meumann
subalgebra N of M.

Definition 2.1. T is calied a conditional expectation of M dnto N
if T has the following properties;

(i) Tb(l) =1 , where 1 is the identity operator of M.

(i1) T(axb) = a(Tx)b , for all a, beN, x € M.

Moreover T is called normal if tT(N* JCMy

Let ¢ be an automorphism of a von Neumann algebra M.

Definition 2.2. ¢ is freely action if the element
x of M with the property that x¢(y) = yx for any y € M canmot be other
than zero.

For each automophism ¢ of M, there is a unique central projection g
of M such that

(1) (@) =gq

(i1) .IJJ|M is an inner automorphism of M,
q ~M
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3. Main results.

Theorem 3.1. Let (0, G, o) be a W¥—dynamical system with sup {p(ag) 5
ge G, g#el #1, where e is the identity of G.

The following statements are equivalent ;

(i) G is é discrete group

(11) there exists a normal conditional expeétation

of G ®a0‘c onto 0C.

Remark 3.2, If G 1s a discrete group, there is a faithful normal
conditional expectation of. G ®aﬁl onto 0L, (ef. [2] Proposition 1,4,6)

Before we prove the implication of (i) from (ii), we will give two
lemmas, one of them (lemma 3.3.) will have a repeated use in the whole

of our study.

Lemma 3.3. Let T be a conditional expectation of G ®a01 onto 0L,

We then have T(A(g))(1 —pla ) " 0 for any g & G.
B
- Proof. For y €0l _(, y)s we have ;
, g

¥ T (2)%) = Ty ()¥) = T () (@)yr () ),

since A(g)yr(g)¥* = ag(y) is an element of |,

A

yTO@ = ThEMa (y) . ek

Therefore T(A(g)¥) A -pl)) " 0 becouse o is a freely acting automorphism

g
OfRu-m%n-

Temma. 3.4, sup {p(ug) 3 2€G, g#elis a G-invariant central

projection of (.

Proof. For any x €0, g, h e G with g # e, we have

LRl = a0y (B )y (D)

-3 -
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where agimp(ag) =AU , U*U = p(ag) , UU¥ = p(ag)
Therefore we get ah(p(a )) < pla __1), 50 thatr
& hgh

ah(sup {p(ag) ; 8€G, g#e}) <sup {p(aéj 1geG, g#e).

Hence sup {p(ag) ; 2eG, g # e} is a G-invariant central

projection of 0U.

[The proof of Theorem 3.1.] Lemma 3.4 implies that it is sufficient
to prove the theorem in the case where P(ag) =0 for all g evG except
the identity e. »
| Iét T be a nomlal conditional expectation of G ®qﬂ_ onto 07_ . By
[5] Lemma 2.112,‘ theré is a left Hilbert algebra U such thaf the crossed

- product G ®a0—( is the left von Neumann algebra £(¥ ) of 71/ , more precisely
n, (€) =/qu.(,x(g))>\(g)dg, , BeY

where x(g) = “g("z(g(g))) is an element of OZ and the integration is
with respect to the left Haar measure of G which will also be denoted
by u.

Since T is normal and T(A(g)) =0 for any g eG except e, we have

in, () = | w (x(8))TO(g))dg = mulxte)ule).
G

As m,(¥) is a o-weakly dense *-subalgebra of G® 0  , u(e) must

be a positive number, so G must be a discrete group.

Remark 3.5. ILet (({, G, o) be a W¥-dynamical system. U is a
strongly continuous unitary representation of G on the same Hilbert space
JZ.{ that the von Neumann algebra 0C acts on, we suppose that ag = AdUg,

Ugé 6T for any g eG.
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We define then the unitary V on L2( G, ?«é) by

(Ve)(g) = Ugs(g)
for ¢ e 1°(G, fy).
We get ;

Vna(x)V* =x®1 ' for any x € 01

Va(g)V¥ = Ug ® ,(g) for any ge G

where p is the left regular representation of G.

We therefore, get
V(G ®a6'c W = ((®@p(@)"
Vna(bf()v* =0({®1.

We thus know that there are many normal conditionél expectations
of G ®a0"( onto 0L, according to the result of [9] Theorem 1.1. tﬁét'
there are many left slice mappings on OU® §(&®".

The above example shows that the condition sup {p(ag) 3 8 E€EG, gFel# 1
1s neccesary to prove theorem 3.1.

Next we impose some restriction on the group in a W¥-dynamical
system, in order to get rid of the condition sup {p_(ag) ;8 €G, gFelFl
in Theorem 3.1., and we will give a decisive result about the existence

of ‘a normal expectation.

Theorem 3.5. Let G be a locally compact connected group and
(00, G, a) be a WE-dynamical system. If there is an element &g in G
such that a_ 1is an outer automorphism of I, there then does not exist

any normal conditional expectation of G®aﬂ onto 0C.

Proof. Let T be a normal conditional expectation of G® O?I onto b,

which we suppose to exist.
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Assume first that there is an element h in G such that h is on a
one-parameter subgroup x(t) at t = s and «
of 00, p(ax( s)) is then a central projection of 60U which is not the
identity operator of 0(.

For any n ¢ N , we get ;

P( ) < p( )
k@ T

because of (ax(_%_))n = ay(s) -
n

It follows from Lemma 3.1. that T(A(x(g)))kl - Pla y) =0

X(%)

so that ’I‘(-)\(x(l%)))(1 - Pla =0 for any ne N .

x(s)))

Therefore we get 'I‘(A(e))(l _ = 0 so that 1 = p(ax(s)) .

p(uX(S)))

which is a contradiction. So the assumed situation does never take
place.
When an element g in G is  2n a one-parameter subgroup in G, we

write e ~» g. By the above arguement, a,_ must be an immer automorphism

h

of Ufor any h in {g € G, e ~ g}. Now, G is the closed group K génerated

by {g &€G, e n g}. Indeed, suppose that there is an element g in G

and an open neighborhood U of e in G such that the intersection of g U

and K is empty. By [10] Theorem 4.6. there exists in U a compact

normal subgroup H such that G/H is a Lie group. Then there is a

neighborhood V of e in G such that V contains H and each point of V/H

is on a one-parameter subgroup in G/H. Since G/H is also a connected

group, G/H is the group generated by V/H, so that there are a finite

subset {giH, i=1,2, ..., n}t in G/H, and one-parameter subgr-oup» xi‘(‘t)’
n ' T

(1=1,2, .., n) in G/H such that T gH = g and g;H is on the
i=1

_6_

h T %( s) is an outer automosphism



one-parameter subgroup x,(t) at t = 85 (1=1,2,...,n). By [10] Theorem
4,15. there are one-parameter groups yi(t) (i=1,2, ..., n) in G such

that y, (£)H = x, (t) for any teR (1=1,2, ..., n). The element
n .

n
g I y.(s,) is contained in HC U because of n y.(s.)H = gH.
1= 11 1=1 1t
Then the intersection of K and gV is not empty since 10 yi(si) is contained

i=1
in both K and gV, which is a contradiction.

As the group generated by {g € G, e n g} was shown to be dense in G,

there is a net {g.}

1}ie7 In this group such that it converges to gy in G,

g being the element in the statement of the theorem. Since o, is an inner
automorphism of 0{ for any h in {g €G, e v g}, O‘g are also inner

i
automorphisms of 0C for all i e1I. '

Then we get ;
P(a ., ) =pla_ )
agilg ocgo
1oy o1 - -1 =
’l(A(gi g))(l - P(a 1 )) = T(}\(gi g))(l-P(ag )) =0
g 8 0

, S0 that 1 - P(a_ ) = 0, which is not the case.
o
We get thus a contradiction and the proof is complete.

-

Remark 3.6. If the group is not supposed connected, there are
W¥-dynamical system with a non-discrete locally compact group such that
there is an element h in G with a freely acting automorphism o of OT

and there is a normal conditional expectation of G®ab'L onto 0.

Remark 3.7. In this paper we study the existence of 7ormef conditional
expections. But by using [1], [3] we have an example of W¥-dynamical
system (), G, o) where the von Neumann algebra §{is a hyperfinite factor
of type I, such that L is freely acting automor-phismof 0L for any g € G-

expect e and such that there exists a conditional expectation (non-normal)
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of G QQ(Y( onto OL.
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