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Asymptotic expansions and acceleration methods

for certain logarithmically convergent sequences

(B5RBONBNERBINOHFERM & W& E)

Naoki OSADA
Nagasaki Institute of Applied Science

RELEGREX RHEHEBEH®

1. Introduction.

A sequence (Sn) converging to a limit S is said to be loga-
rithmically convergent if

e TS
n—>o00 Sp—=35

We denote by X the set of all logarithmically convergent se-
quences (logarithmic sequences, for short). It has been proved
that there is no algorithm which can accelerate all logarithmic
sequences [5]. However almost all logarithmic sequences which
occur in applied mathematics can be accelerated by suitable me-
thods. C. Kowalewski [8] has studied what are the accelerable
subsets of Z .\ Smith and Ford [13] have reviewed and compared
acceleration methods for various series, including logarithmical-
ly convergent series. They concluded that Levin’s u transform is
the best available across-the-board method. Subsequently some
effective acceleration methods for logarithmic sequences have
been proposed. These methods are faster than the u transform on
logarithmic sequences. »

In this report we shall test and compare aCce]eration methods,

including new methods, on a wide range of logarithmic sequences.

2. Subsets of £.
Whether an acceleration method works effectively on a given
sequence or not depends on the asymptotic expansion of the se-

quence. Conversely, when we know the type of asymptotic expansion
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of a sequence we can choose a suitable acceleration method.
In order to test and compare acceleration methods we introduce
six subsets of ¥ as follows:

agt+ain+azn?+ = + apn®

Zeo={ (Sn)E€E ¥ | Sn = v n },
' be+ bin+ ban®+ <+ 4+ bpn®
Z1={(Sn)€E X | Sa ~ Stn!'(cetci/n+ce/n2+ ) },
Lo={ (S)EZ | Sn ~ S+n k(co+ci/n+ca/n2+ =) },
Z23={ (Sa)E€E ¥ | Sn ~ S+ ne(co+ci/n+ca/n2+ ) 1},
Za={ (Sn)EZ | Sn ~ S+cen*®+cin* +can®*2+ - },
(log n)i .
Zs={ (Sn)EZ | Sn ~ S+'2'Ci,3——j——— 1,
1y n'

where m,k are natural numbers, a;,b;j.ci,ci,;,8 ,a;Ci=1,2,3,]

0,1, )are conétants.with caF¥0, 8 <0 and 0> ae> a 1> o 2>
Remark., Z1C 2 C¥sC ¥4 and LoC ¥ C¥5.

3. Agceleraiion‘methods. ,

Until now variops acceleration methods for logarithmic se-
quences héve been proposed. In this reportbwe take‘up following
methods, and divide them into two‘groupsl |

I The exponents in the asymptotic expansion are not required.r;
Lubkin’s W transform [10]§_the I -éigorithm (Wynn [15]); the 6 -
algorithm (Brezinski [3]); Levin’s u,v transforms [93; the geh-
eralized € -algorithm (Vanden Broeck et al.[14]1); the‘automatic
generalized p;-éigorithm (Osada [lll)i‘the automatic modified
Aitken & a-formulé.‘ |

O The expongnts‘in the asymptotic expansjon‘are‘requiredl
The’Richardson extrapolation applying to the subsequence (Sn) m=l
»2,4,8,+-; the E-algorithm (Schneider [12];Hé§ie [71:Brezinski [4
1); the modified Aitken & 2-formula (Drummond [6];Bjorstad et al-
[21); the generalized p -algorithm (DFummond-[G];Osaﬁa (1.

In the above methods, p , 8 -algorithms and u,v transforms were

takeh up by Smith and Ford [18]. Thus we describe the others.
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(1) Lubkin’s W transform.

The defining equations for Lubkin’s W transform are as follows:

Initializations Te,; =0 i=0,1,-
For i=1,2,"-,
Ti.e=Si, ‘
_ St (i=1)
L S A (iz2),
Tiva, -1 2Ti+1,5-1 Ti, -1
—_— +
Co di+2, j-1 ai+1,j-1 ai,j-1 .
Ti.; = =1,2,,
1 2 1
. - +
ai+2, j-1 Ai+1, j-1 di, -1
ai,i=Ti,i—Ti-1,; i=1,2,.

Lubkin [10] has proved that the V¥ transform accelerates each se-
quence of X 3. | '

(2) The’generalizedke -algorithm. |

Vanden Broeck and Schwartz have introduced a éne-parameter family
of non-linear transformations.defined by the following: ' ‘
For n=1,2,,

(-1

E n =09
(e)
fn =Sn-
For n=1,2,+- and m=0,1,-,
Ctmo (m-1) ’ |
€En = A € + n>m,
(m) {m)
fn+1_fn
Cm+ 1) (m) 1 i '
fn =f n + - ) I’l>m+l.
{m) - (m) ' : :
€ n —Eyn—lb

When the parameter a =1, this algorithm agrees Qith fhe € -afgo-
rithm of Wynn They considered the case a = — 1; Barber and
Hamer [1] have proved that when the generallzed € algorlthm is'
applled to a sequence satlsfylng, |

Sn—S=An9+6(n9) as n—> oo, |
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wvhere 8 <0, then

{2)
fn —S=o0(n?) as n—> oo,

(3) The modified Aitken &8 2-formula.
Suppose that a sequence (Sn) belongs to ¥ 3. The defining equa-

tions for the modified Aitken 8§ 2-formula are as follows:

se? =0,
Sna=Sn, f()r' n= 1’2,".
2k+ 1= 8 (sn+1k=sn*)(sn*¥=8n-1%)
Snk*l =gk — s for k=0,1,-
2k— 6 Sn+1K— 280K+ gn-1 kK n2k+1.

Bjorstad, Dahlquist and Grosse [2] have proved tha£ when the mod-

ified Aitken 8§ 2-formula is applied to (Sn») which belongs to ¥ s,
snk—=S=0(nf-2k) as n—>oo,

(4) The generalized p -algorithm.

For a sequence (Sn) which belongs to 23, the generalized p -

algorithm is defined as follows:

Put Se=0.

For n=0,1,-,

{(n) {n)

p-1=0, pes =Sn,
TSR TP i-1-9 _
P = pj-2 + , J=1,2,
(np+1) _ ()
Piji-1 — P j-1
It is obvious that, when & = — 1, the generalized p -algorithm

agrees with Wynn’s p -algorithm. 1t has been proved [11] that

(n)

pex —S=0((n+K)#-2k) as p—>oo,
(5) The Richardson extrapolation.
Suppose that a sequence (Sn) satisfies
Sn ~ S+cen*®+cin®' +cen®*2 + -
Then it is known that the subsequence (Se) (m=1,2,4,8,16,)
converges linearly to S, hence the Richardson extrapolation can
be applied to the subsequence. Two dimensional array (Ti,;) is

defined as follows:



For i=0,1,--,
Ti.e =Sk, where k=2i,
T, i—=Ti-1.;
Ti.je1=Ti,; + —
27 %5~ 1

(6) The E-algorithm.
Suppose that a sequence (S.) satisfies

Sn ~ S+ coga(n)+cigi(n)+cagaln)+ =,
where (g;(n)) are known sequences.
E-algorithm are as follows:
For n=1,2,-,

{n)

EB —Sn,
(n)

ge.i=gi(n) i=0,1,..

For k=1,2, and n=1,2,-,

(n) tn+1) {n+1) {n)
tny Ex-18k-1.,k-1=E«-1 8x-1,k-1

K -

(n+1) {n)
grx-1,k-1" 8k-1, k-1
{n) {n+1) {n+1) {n)
{n) 8k-1, i 8k-1.k-1" 8k-1, i8k-1,k-1
gk,i =
(n+1) (n)
gk-1,%xk-1" 8xk-1,k-1

(7) Automatic methods.

J=0,,i—1.

The defining equations of the

i=k,k+ 1,

Both the modified Aitken 8 2-formula and the generalized p -algo-

rithm require knowledge of 6 . However the value of 8 can be
estimated. Let |

1

Tn = +1,
Sn+1 _Sn
4 (
Sn+ﬂ1 - 2Sn+ Sn—l

where 4 is the forward difference operator and Se=0. Bjerstad

et al.[2] showed that T. satisfies the asymptotic expansion

X di  d2
T ~8 +n2(de+ — + — + ) as n — oo,
. n n2
where de(# 0),d:,d2,-+are constants. This asymptotic expansion
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shows that the modified Aitken & 2-formula and the generalized
p -algorithm can be applied to (Tn). |
(7-1) The automatic modified Aitken & 2-formula.
Suppose that the first n terms S:,S2,--,5, of a sequence which
belongs to X s are given. Then we define (tan*) as fbllowsf
For m=1 to n— 2,
a2 =Ta,
For k=1 to L m/2],
2kt 1 Cha-ee " = aou ¥ 1) Chaoi k™1 = taogem 1 1)

tn-kk=tn-kk" ! —
2k 1.3m—|<+1k_1"‘Ztm—kk_l‘l"t-m-k—lk_1

Then we put
@ n-2=tn-x-2%, where k=L (n—2)/721.
Substituting 8 n-2 for 8 in the definition of the modified
Aitken & 2-formula, we can obtain the automatic modified Aitken
&2-formula: |
For m=1 to n,
Sn,n2=Sn,
For k=1 to L m/21, , o
2k—1— 8 n-2
2k—2— @ n-2

Sn,m-kk:'-'Sn.m—kk -

(Sn.m—k+1k-l"‘Sn,m-kk—l)(Sn,m-kk-l_Sn,m-l—lk_l)
% ‘ ‘

| ‘Sn.m-k+;lk-1“ZSn.m-kk—l"’Sn,vvn-k-»lk—] ‘

For a given tolerance €, this schemé is stopped if n is'evén and
| Sn,n-k¥—8n,n-k*"1 1 < g,

or if n is odd and
| Sn,n-k¥—=8n,n-x-1%1 < &,

where k= | n/2]. | B | »

(7-2) The automatic genefa{ized p-algorithm.

Suppose that the fifst n terms Sy,S2,-,5, of a sequence which

belongs to £ 3 are given. First we estimate the exponent 6 by

applying the generalized p -algorithm to (Tn).



o)
’v{’e

_oe
Initialization pe =0, Se=0.
For m=1 {to n—2,
_ (m)
p—1=07
_ tm) | 1
Pe = . — +1,
Sm+2—‘Sm+1 Sm+1—Sm
Sm+2"‘2Sm+1+Sm Sm+1"28m+5m'-1
For j=1 to m,
_ tm-j) _ otm-j+1) ' j+1
fO ] = P j-2 +

(m-j+1) - tm=-3j)

0 -1 - 0 -1
Then the automatic generalized p -algorithm is as follows:

Let

- {1)

P n-3, if n is odd,
_ {2 . .

P n-2, if n is even.

8 n-2= {

For r=0 to n,

t(r)

-ﬁ)n.—1=0,

_ (i)

Dn.B=Sr,
For j=1 to r,

_ (r ) _ tr-j+1) = 1= 8 -2
Pn.j = Pn,j-2 + *

_ le-j+1) _ (r=-14)

P n,j-1— Pn,j-1
For a given tolerance €, this scheme is stopped if n is even and

_ () 1)

Il prn.n—Pn,n-21 < ¢,
or if n is odd and
- 1) - .i8)
Pnon-1— Pan,n-1 1 < €.
4. Test prohléms.
All Smith and Ford’s test series [13] for logarithmically
convergent belong to Xs. Similarly, almost logarithmic sequences

and series which have been taken up by other authors belong to

-7~
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Zaz. In this report we use a wide range of logarithmic sequences
or series.
Our logarithmically convergent test sequences are shown in

Table 1 and test series are shown in Table 2.

Table 1. Test sequences

subset sequence Fimit g
2n¢ + 4n+ 2
Z o - -1 -2
2n2 4+ 4n+ 1
1 n
Z 1 (1+ ‘-“‘) e -1
n
Z 2 (1+ — ) 1 -9
n3
1
Z 3 0 - 0.5
v n+ v (n+1)
¢ (14 —— !¢ 1 G
. -
3/ n
17n
Z s (1+n) 1 (¥2)
i 172 1 -1.3 1 -2,3 17 -
¥1 (UI+ — ) ~Il+-n —--=n +-—-n =
3V ' n 2 8 16
1/n log n (log n)? 1
2 (1+n) ~ 1+ —— + ———— + — 4 -
n 2n2 n2
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Table 2. Test series

subset partial sum of series sum e
n 2j—1
Z o D ‘ 0.75 -1
Cd=l jGi+ DG+ 2)
n 1
L v z — 1.644934066848226 -1
=1 j2
n 1 '
Z 2 .21-7; 1.202056903159594 -2
J=1
n 1
Z 3 = 2.612375348685488 - 0.5
j=1 J'l 5
' 1 1 ‘
Z 4 ( + - ) 4.257309415533714 (%3)
j:l ji.S jd
n log |
£ s 0.9375482543158438 (%4)
J=2 J2 . .
n’ 1 1 -ts2 -1
3 T ( + —— )~ (1.5)+ £ (2)—2n —n 4+
j=1 jt-s i
n log | _ log n 1 log n
¥4 3 ~=—¢ 2+ — == —— =
i=2 je n n 2nf

where & (s) is the Riemann zeta function and & “(s) is its de-

rivative.

5. Results and conclusions.

For each acceieration method we show the maximum significant
digits from 15 terms of each test sequence (partial sums of each
test series) in table 3 (resp. table 4). We shall compare the
diagonals in the accelerated arrays. For example,

e i (1)
{p ~ 1}, {Si—j} with j=L n/2 ], {En-1} and so on. Numerical com-

putations have been carried out on the NEC personal computer PC-

9801VM in doubie precision with approximately 16 digits.

-9-
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The maximum significant digits. (Group I)

Table 3.

=

K
— CQ vt Qy=r O v [eofer] [Te2 e o~ ™ _— —t ON] Yy = — L [ 2T ] [apRe ] [~=N]
[+~ 275 B BT . o e L . [ . V) L o e o . ] . e
' N M~ M~O M~ NN N < —O Qe WO 0O MAN MNN
. — 20 v ) e "
W —

ol K S = I
o a] o oo [TeRTel [Te Ry ] Lo o - o W W = - L0 ww i~ [FeRard
L= — w—r gy - — — w— DUMH e gt |t — — gt
20
— [«2X =] i L0 — 0 - 00 o™ SMm = [ = [Ne o] weo &~ N o RO =
-1 N PR . o . . . e . e . e LW . . . e . . . . e .

Mot O OM O N M = OO OO WO 00O NN ANM
] v ot o w— ] — -— .
o <
= c—

o . - - W
-0 — LY = L0 [ar )| LY vt =L L= L0 [ R¥e] MW cun NN Lo O
=== — ot o — — - o — — - — - .yt — — — o]t -] —t —
< -
ps o e .« . . . o . . . [¥] . e LY o e * o o o e

[ar 2 4r] ONN — O\ O =t SN [aeXap] [ R [~ v oM™ ~ O NN M.
[y ot — — y— — — > — — —
'3
0 <

|l Rl ’

-0 = o = [arXap] Ly = [Te 2 Te] L = >0 o o = = wm [Te3Te] wuw

- w— ) ol oy — oo~y v — w— ] L= — p— o g w— | i ] g w— -

5] : e

E . . ,

= MmO 0o — - O LM - Y wo [ap Xor] NelVel NO coMm [ [Nw]

- L - LY [Tel=g o000 (=220 omm | g (=] -0 O oo M xR =HonN 0 I

] « o e o . . . .« . . 4] o . . . e o e o . o o

- L N et e e (NN = OO Ow ON 00O NN NN

o o — — — - )y — ) oy —

20 ==

S - > .

"o LD =3 W= [ar WA [ Te- Vo] [TeRTe] W o [ArZa] omo =N = N 0w [Te XV e

ANMN ) w— w— — w— g — vt — —— w— v——t ) vy
® - ~ o < 0w ® - o ™ - w
N N N N N b N N N N N

number: of terms

NOT
5D

significant digits

*ne

in Table 1
in Table 2

sequence

series
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Table 4. The maximum significant digits. (Group II)

gen p -alg mod Aitken | E-algorithnm Richardson
NOT SD NOT SD NOT SD NOT SD
Za 0 14 13.68 11 12.55 15 11.60 512 15.78
R 4 16.56 15 11.95 15 9.67 2048 15.31
Z 1 Q 15 11.58 14 11.29 12 9.86 4096 15.65
R 14 12.49 15 11.61 13 10.85 512 15.65
o2 Qf 13 11.92 9 5.63 13 12.28 512 16.86
R i3 12.72 14 12.80 13 12.22 256 15.41
Zis 0 11 13.01 14 12.87 13 10.84 1024 17.28
R 12 11.51 12 11.57 13 10.12 2048 15.21
L 0 15 2.87 15 3.23 12 7.29 4096 11.47
R 15 2.88 13 3.16 14 6.31 4096 12.76
Zs Q 15 7.26
R 15 10.34

By table 3 and table 4, we conclude that superior methods for
£ i(i=0~5) are as follows: | |
(1) £9 ++ The p -algorithm of Wynn (exact).
(2) 21,22 =+ The p -algorithm of Wynn; the generalized p -algo-
rithm (more than 11 significant digits from 15 terms).
(3) £3 (8 is known) - The generalized o -a[gorifhm;’the
modified Aitken & 2-formula (more than 11 significant digits
from 15 terms). ; N |
(4) £3 (6 is unknown) - The automatic generalized p -algorithm
; the automatic modified Aitken & 2-formula (more than 10 signif-
icant digits from 15 terms).
(5) £4 (a; are known)-- The E-algorithm (more than 6 signifi-
cant digits from 15 terms); the Richardson extrapolation (more
than 11 significant digits from 4096;terms),
(6) £4 (a; are unknown): The autdmaticvggneralizedvp -algo-
rithm; the automatic modified Aitken & 2-formula; the generalized
€ -algorithm, Lebin v transform; Lubkin W transform; the & -algo-

rithm (more than 2.5 significant digits from 15 terms).

-11-
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(7) 25 (asymptotic expansion is known)-- The E-algorithm (more

than 7 significant digits from 15 terms).

(8) 25 (asymptotic expansion is unknown)-- The automatic gener-
alized p -algorithm; the automatic modified Aitken & 2-formula;

Levin v transform (more than 3 significant digits from 15 terms).
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