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Factorized Cumulant EXpansionvfor Isotropic Turbulence
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1. Introduction
The factorized cumulant expansion of the characteristic
functional was introduced to homomeneous turbulence by Tatsumi,

vamada and Takei {1}. 1In this expansion, the n-th cumulant c(m)

is factorized into products of the (n-1)-th cumulants C(n_l)
and a recursion factor, A say. As a closure approximation of

- the order n, it gives an explicit expression for C(n)r»which was
either neglected or taken into account only partially in previous
approximations related with the cumulant expansion {2}; {3}.

As an untruncated expansion of the characteristic functional, it
amounts to assuming that the multiple interactions among n wave-

(n)

number components associated with C can be expressed as a
multiple superposition of the triad interaction represented by A.
This assumption is compatible with the notion of the dynamical

equilibrium of turbulence which is essentially governed by the

turbulent energy and the energy dissipation.

2. Factorization approximation

03

A substantial difficulty lies in the mathematical formulation
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of the assumption since a straightforward expression of the
factorized cumulants leads to a rather complicated system of
equations. In the previous work {1}, the factorization was

applied to the degenerate cumulant,
c@ - fc(4)(k,k',k"—h,h)dh, (1)
and the ratio of the cumulants,

c®/e® « ymyzom, | (@)
was employed as the recursion factor, where ¢ (k) and Y (k) repre-
sent the energy spectrum density and the energy transfer density
respectively. |

The energy spectrum,

E(k) = 4mk%¢ (k), | (3)

and the energy dissipation rate spectrum,

y(k) = vk - y(k)/26(k), (4)
which was calculated numerically under this approximation are
depicted in Fig.l and Fig.2 respectively. The behaviour of these
and other statistical functions are generally similar to those
due £6 the modified zero fourth cumulant approximation {3}.

There exists, however, an essential difference in the relative
strength of the inertial to the viscous effects, which is much
more enhanced in the former approximation than in the latter.
It is also confirmed analytically that the former approximation

gives the energy dissipation wavenumber kd,of the order v—l,

while Kolmogorov's similarity requires that kd « v—3/4. Such

features of overestimation of the inertial effect seems to be

attributed to the choice of the recursion factor (2), which is

dimensional}y correct but does not satisfy the proper functional
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form of the cumulant expansion

3. New factorization scheme

In principle,,the_recursion factor A is nét a function to
be assumed in any specific form but an unknown functionvwhich
should be determined as the coefficient ofkthe recursion operator,

d
Ay (k_,k_|k +k Yz (k)zg (k) —~ dk_dk_, (5)
J J plqlr p'7q'p i, P igq 8zir(k +k ) Tp g

which connects two consecutive terms in the cumulant expansion.

The recursion operator (5) applied to a cumulant C(n) gives
thé following recursion formula for C(n):
(n)
C, C(kyseea,k) = AL .. (ko ,k_ |k _+k )x

iy-.01) 1 n C2 lplqlr p'a'’p g

(I’l 1) (k! k! '
kir-eerkirk +k_ ), (6)

l...lnlr P g

s 1 * 1 1 1 3 0]
where (11...1n) and (kl,...,kn) denote the sequences (ll"'ln)
and (kl,...,kn) devoid of the members (ipiq) and (kp,kq) respect-

ively, and the condition k1+...+kn = 0 is assumed.

For the two lowest orders, eq. (6) is written as
(3) 1 " —_ 1 n (2) n n 1 (2)
ljk(k k') = A (kK [=k")cy ey’ (k") + A (k,k" |-k )Cyp (k")
v | (2)
+ Ajkn(k k" k)c o (k) , (7)
with k+k'+k" = 0, and
4
o Shy ek K"K = Ay (K, K ek yo3) (e kT Kk )
+ A (k knlk+ku)c(3) (kl k'v k+k")
ikn '™’ jln ' ’
+ Ailo/(k'klulk_l_kl")cj(]zé(kI'kn’k+k|n)
+ A. (kl,klllkl+k|l)cl(3) (k,k'",k""k")

+ (kl k'"]k +k|u)c(3) (k k",k +k'")
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n I " n (3) 1 ] n
+ AL (K"K | k"+k )Cijr(k,k Jk"+k M), (8)

with k+k'+k"+k'" = 0.
3 .
If we take the cumulant equations for C(z) and C( ) which
involve three unknowns C(z), C(B) énd C(4), and employ the

factorization formulae (7) and (8) as the closure relations, we

, 2 3)
obtain a closed set of equations for the four unknowns C( ), C( ’
C(4) and A. This constitutes a new scheme of the factorized

cumulant approximation of the fourth order.

4. Energy spectrum equation
For isotropic turbulence, the cumulants C(z) and C(4) are

expressed as

(2) 1y =
cO3) (k, k', k") = -iA, (k)AL (k')A (k") x
) A in jm kl
X{w(k,k']k“)(kgdlm + kN8 )
+ PO,k K" (ky8 + K18 )
+ Yk k" [k) (kg8 o+ K80k, (10)
with
_ _ 2
Byy (k) = 854 kikj/k ' (11)

where U (k,k'|k") is a scalar function which depends upon the
magnitudes of the wavenumber vectors k=|k|, k'=|k'| and k"=|k"]|.

(3)

In general, the isotropic form of C must involve a term éfo-
portional to A(k,k' k")klkmkﬁ’ A being a scélar function anti-
symmetric with respect to k and k', in the curly brackets on the
right-hand side, but this term is omitted in eq.(10) assuming

that C(3) = 0 as an initial condition.
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On substitution from (9), (10) and (11) into (7), we obtain

the isotropic form of A as follows:

Bygp Okt [=k") = =id Gk KM Ay (k) oy (k') (eisy + ks ), (12)
where
Ak, k' k") = ¢(k,k'|k") /¢ (k") | | (13)

is the defining scalar function of A.

(3)

The isotropic form of the degenerate cumulant C is ex-
pressed as
=(3) - (3) o v
S ’

where VY (k) denotes the energy transfer density introduced in (2).
Thus,
=(3) _ _.
ki Coig = —iv(k). (15)
Substituting the isotropic form (10) into the left-hand side of

eq. (15), we find that

V(k) = J[w(k,k'lk")u(kz - k'?) + P,k [k {kk' + u(k"? - k%))
“p(k', k" [k) (kk' + p(k"? - k'2>}](u - w'umak',  (16)
where ' = (k'.k")/k'k" and u" = (k".k)/k"k.
It may easily be seen that (16) satisfies the consistency

condition for the energy transfer function,

f ¥ (k)dk = 0. (17)
0 . ‘
Further, substitution from (13) into (16) gives that

P(k) = ¢(k)Ar(k)
1] 1 n 2 [ 2, . '
+f{¢(k YAk, k' k") u(k® - k') (18)

+ ook A,k |k {kk' + nk"% - k2| (u - w'um)ak',
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Ak) = - Jx(k',k"|k){kk' Fuk? - k%)) (- utumak. (19)

Then, the energy spectrum equation of isotropic turbulence
is written in the following scalar form:

0
[33 + 2r(k>]¢<k> =

= J[¢(k")K(k,k'|k")u(k2 - k'?)

+oh (k')A K" k') {kk' + (k"2

- kA3 (- wtumaxt,  (20)

(k) = vk? - 2A(k). | (21)

Equations (20) and (21) provide us with the energy spectrum
equation under the present factorization approximation. These
equations should be compared with another exact form of the energy

spectrum equation,

B =
[EE . 2\(k)}¢(k) - o, | (22)
which were used in the previous factorization scheme. The factor-
izatioh of 5(4) in the equation for C(3) in terms of the factor

Y(k)/¢d (k) led to the scaling of the energy-dissipation wavenumber
kd o« v_l in the previous work {1}. 1In the present work, the fac-
torization of the same term will be made in terms of X (k), and
this can lead to the usual Kolmogorov's scaling k4 « w374,

The energy spectrum equation (20) together with the energy
transfer equation, that is the isotropic form of the equatioh for
C(3), constitute the closed set of dynamical equations underéthe
present factorization scheme. Analytical properties and numeri-

cal solutions of these equations will be worked out and discussed

in a separate paper.
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