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1 Introduction 

This paper is based on a joint work with Kenkichi Tsunoda (Kyushu University) 
[10]. Our main concern is the sharp interface limit for a Glauber+Kawasaki pro-
cess with speed change. For this purpose, we start by defining the late function of 
the large deviation principle for the process (see [10] for the details). Let 11'忠bethe 
d-dimensional discrete torus with length N, that is, 11'災＝ （Z/NZ)d. Here, N E N 
is a scaling parameter which we will let infinity later. Let XN be the configuration 
space {O, 1}吋 anddenote its generic element as T/ = { TJ(x)｝匹． Weregard a config-
uration T/ E XN in the following manner: for each site x E 11'災，thereis a particle at 
x if T/ (x) = 1, otherwise, there is no particle at site x. 
We now define the Markovian generator LN defined as L豆＝ N化豆＋k恥f
for any function f :応→股， whereLK and恥 areoperators corresponding to a 
"diffusion" operator and a "reaction" operator, respectively. Let (TJf)tミ。 denotea 
Markov process generated by LN, Letで bethe d-dimensional continuum torus 
(R/Z)d. We define the empirical measure by 

が(du)＝亨こn〉（叫N(du),
咋雰

where bu stands for the Dirac measure at u E 1'叱
The scaling limit for empirical measures is a fundamental problem in the study 
of interacting particle systems. For this Glauber+Kawasaki process, a large devi-
ation principle, which determines the decay rate for the probability of an atypical 
event of the system, has also been studied in [9, 3, 11]. Loosely speaking, for a 
given density evolution ¢ : [O, T] x l'd→[O, 1], the probability that the empirical 
measureが(dx)follows ¢(t, x)dx behaves as 

『（戸～¢(・,x)dx) :=::::! exp{-NdS（り）｝，
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where S(rp) is given by 

S(rp) = sup J町¢),
HEC1,2([0,T] xl'勺

J叫）＝ T(T,x)H(T,x) dx -JTd¢(0,x)H(0,x) dx 

-f f ｛叫＋P(rp)△H+ CY(r/J)IV Hl2} dxdt 
0 Jl'd 

-1T 1d K {B(rp) (eH -1) +D(rp) (e―H -l)} dxdt. 
0 匹

In this paper, we assume that P : [O, 1]→[O, oo) and B, D : [O, 1]→罠 andW: 
[O, 1]→賊aresmooth functions satisfying the following conditions: 

(Al) P satisfies P(O) = 0 and P'(p) > 0 for any p E [O, 1]. 

(A2) B(p) + D(p) is positive for any p E [O, 1] and B -D = -W'. 

(A3) Wis a double-well potential, that is, there exist exactly three critical points 
〇＜ P-くp*< P+ < l such that W(p士)<W(p) for any p # p士andW"(p士） ＞0. 

(A4) W satisfies a P-balance condition, that is, it holds that 

1P+ W'(p)P'(p) dp = 0. 
P-

We note that the conditions (Al) and (A2) are satisfied when B and D are deter-
mined from a wide class of jump rates of the Glauber dynamics. Moreover, the 
conditions (A3) and (A4) were introduced from the probability background as in 
[5]. 

We here note that S(rp) is non-negative and vanishes if and only if¢ solves the 
reaction-diffusion equation 

幼p=△P(p)+ K(B(p) -D(p)). (1.1) 

Letting c : = 1／繹，thereaction-diffusion equation (1.1) introduces an Allen-Chan 
type equation 

1 
如 e＝ △P(pc:)＋で（B(pc:)-D(pc:)). 

e 
(1.2) 

Heuristically, at each time, Pc is close to a step function for sufficient small E, and 
the transition layer converges to a surfaceじgeneratinga mean curvature flow 
with a mobility constant 0 determined by P, B and D as E→ +0, namely, the motion 
ofじisgoverned by Vt -0ht, where Vt and ht are the normal velocity and the mean 
curvature of rt, respectively. In particular, the transition layer can be represented 
aspc(t,x)::::::;豆(d(t,x)/c), where d(t, x) is a signed distance function from ft and豆is
a solution to the ordinary differential equation 

{(P(a)）”+B(a) -D(a) ＝0 in艮，

0（土oo)= pか U(O)＝.  
P+ +p_ 

2 

(1.3) 
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For the known convergence results, we refer to [ 4, 7, 1, 8, 12] for the case P(p) = p 
and [5] for more general P(p). 
For the case P(p) = p/2, Bertini, Butta and Pisante [2] characterized the func-
tional Sパめ） fromthe perspective of the sharp interface limit by substituting a fam-
ily of functions generating a transition layer around an arbitrary fixed geometric 
flow into the functional. Our purpose is to extend the result to a more general 
function P. For this purpose, for each c: > 0 let us define 

繹）＝ sup J~(¢), (1.4) 
HEC1,2([0,T]x'Il'り

砂(¢)＝［[Td T (T,x)H(T,x) dx -lf守 ¢(0,x)H(0,x)dx 
--f f ｛鼻H+P(¢)△H+ a(¢)1V Hl2} dxdt (1.5) 
e 。匹

-／j {B(¢)(訊 -1)+D（い（e―H-1)} dxdt. 
0 J'['d 

and it was clarified that these conditions are needed to obtain a sharp interface 
limit for (1.2) leading to the motion by mean curvature. 
In these settings, our goal can be stated that, restricting the form of a family 
of functions｛必｝e＞。 sothat functions generating the transition layer around an 
arbitrary fixed geometric flow｛じ｝tE[O,TJ,we show a "formal" r-convergence from 
sc仇） to

Sacげ） ＝ ［J 仇ー伽）~ d1-ld-ldt, 
o lrt 4μ 

where Vt, ht are respectively the normal velocity and the mean curvature of ft, 1-ld-l 
is the (d-1)-dimensional Hausdorff measure and 0, μ are respectively the mobility 
and the transport coefficient determined by P, B and D (see (2. 7) for details). To 
state the form of the family of functions｛企｝00,we define a regularized version 
of a signed distance function fromじasfollows. For a family of oriented smooth 
hyper-surfaces r =｛じ｝tE[O,T]with rt＝凰 forsome open Ot c']['d and with the 
finite surface area for any t E [O, T], choose d(・, t) as a regularized version of the 
signed distance from rt satisfying 

d(t,x)＝ {dist(xぶ） if x ¢ gand dist(x,じ)<<~: (1.6) 
-dist(x，じ） ifx E Ot and dist(x,じ)<<1. 

Then, the main result in this paper is stated as follows. 

Theorem 1.1. Assume the properties (Al)-(A4) hold. Let r =｛じ｝tE[o,rJbe a family 
of oriented smooth hyper-surfaces withじ＝ 80tfor some open Ot C 守 andwith 
the finite surface area for any t E [O, T]. Let also u be the unique smooth solution to 
(1.3). For smooth functions Q : [O, T] x'1['d X艮→股andRe: : [O, T] x']['d→政， define
the function <Pc: : [O, T] x']['d→[O, 1] by 

叫t,x)= ii (~ +cQ (t,x, ~)) +cRi::(t,x) (1. 7) 

Then we have the following. 



1. If Q and Re satisfy 

sup (°tQ| ＋tt厄 Q|
(t,x,C)E[0,T]XT蚊賊 1+ |＜| i=0 j=0 1 + |＜|) ＜ oo, 

四（に）：闊[]XTd(|Re|＋ |訊|＋ |訊|＋ |V如））＝0, 
then 

lim ip.f Se仇） 2:Sac(r). 
C→O 

2. There exists Q such that, choosing Q = Q and R1o = 0, it holds that 

lim Sパ仇） ＝ Sacげ）．
C→O 

(1.8) 

(1.9) 

2 Outline of the proof 

We here discuss the outline of the proof in the case when Re:= 0 for simplicity. We 
denote by Hmax,c: the maximizer (depending on¢) of the maximum problem (1.4), 
which satisfies the Euler-Lagrange equation 

B(cp)eHmax,e: -D(cp)e-Hmax,e: 
8ゆ十▽ •[2u(¢)▽Hmax,c:] ＝△P(cp)+ ~- (2.1) 

召

To compute the limit of Se:(<P』asE→0, our first purpose is to calculate the power 
series expansion of Se:（仇） inE, namely, to decompose Se:（仇） asthe following form: 

氾）＝どekff¢t (t,x, d(t,x))dxdt, 
~ Jo']['d ど

(2.2) 

where吟isa function depending on Q. A key tool to obtain this kind of decom-
position ofふ（仇） isthe decomposition of the maximizer Hmax,1c (depending on ¢1c) 
as 

Hmax,1o(t, x) = E凡(t,x, d(t, x)/c) + c2凡(t,x), (2.3) 

where H1 is a unique solution to a linearized problem of (4.1) and is determined 
by the function Q appeared in the choice of ¢c:• We then apply the Taylor expan-
sion for the integrands of Sc:仇） toconclude that, concerning the form (2.2); (i) 
Sパの』 consistsof terms with the coefficient砂withk 2'. -1; (ii) as c→0, the term 
with coefficient c―1 is of constant order and converges to the iterated integral of 
蟷(t,x, ~) along t E [O, T], x E じ and~ E股； （iii) the other terms vanish as E→0. 
The conditions (ii) and (iii) follows from the condition (i) by applying the following 
proposition: 

p roposition 2.1. Let r =｛じ｝に[o,T]be a family of oriented smooth hyper-surfaces 
withじ＝狐forsome open Ot c']I'd_ Assume rt has a finite surface area for any 
t E [O, T]. Denote by d(x, t) be a regularized version of the signed distance from rl 
satisfying (1.6). Let,'> 0 be an arbitrary positive constant. Then, the following 
statements hold: 
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(1) Let Rs : [O, T] X 1fd x艮→艮bea continuous function satisfying 

lim sup e1’叫兌(t,x,~)l=O
e→O (t,x,~)E[O,'I'] x'll'蚊 R

Then, it holds that 

1 T 
四；［JTd丸(t,x, d(t, x)/c) dxdt = 0. 

(2) Let A : [O, T] x 1fd x股股b→ e a continuous function satisfying 

sup e'’| 外 ||A(t,x,~)I < oo (2.4) 
(t,xl)E[O,T] x'IT'蚊民

Then, it holds that 

1 T 
四：［JTd A(t,x,d(t,x)／e) dxdt=[Jrtf罠A(t,x, () d(d'lid-l(dx)dt. (2.5) 

Brief proof of Proposition 2.1. We give a brief proof for the case (2). For each t, we 
divide the integral domain 1fd by 

D1(t) := {x E'IT'd: ld(t, x)|さK,} and D2(t) := {x E'IT'd: ld(t, x)I > K,} 

for a sufficiently small constant K, > 0. The conditions (2.4) yields 

i 1T l0rti A(t, x, d(t, x)/r::) dxdtl :S ~e―心／c→0 as r::→0, 
e 。応(t)

where C is a constant independent of r::. The remained integral can be calculated 
as 

i 1-'i,(t) A(t,x,d(t,x)/E) dxdt 
E Jo J D1(t) 

= ; f f f A(t,x,s/e) 1--ld-1(dm)dsdt 
〇 ー氏 {x:d(t，叫＝s}

=i［「i.A(t, Y + snt(Y), s/E)I det(Vrtld(y)十sい (y))11--ld-l (dy)dsdt 
E 。-氏几
=「「J A(t,y+c鉱 (y),司|det（四Id(y)＋丘rtnt(Y)) 11--ld-l (dy)dsdt, 
o J-y;,/1o Jrt 

where y is a point on rt, nt is a unit normal vector of rt,▽ぃ isthe divergence 
operator onじandId is the identity map on'l['d_ We note that the co-area for-
mula (see [6, Theorem 3.10] for example) have been used at the first equality and 
I det（置Id(y)＋五置叫y))l1-Ld-1(dy) describes the surface area element of the sur-
face {x: d(t,x)＝桑｝． Theabove calculations yields (2.5) by letting E→0. ロ



We now return to the consideration of the limit for the power series expansion 
(2.2). Since the maximizer Hmax,c is uniquely determined depending on仇andthe 
form of cp6 is restricted as in (1.7) (with R6 = 0), the limit of c―l ff蟷dxdtcan 
be represented as a functional of Q. The minimizing problem of the functional 
with respect to Q is solvable, which shows that the minimum value is Sas(f) and 

Q in Theorem 1.1 can be chosen as the minimizer. In this paper, the following 
sections will include notes not written in the original paper [10], as well as the 
mathematical structure that yields the propositions in each step of the proof of the 
main theorem described at the beginning of this section. 

Rem~rk 2.2. In order to apply Proposition 2.1, we have to prove t~at the func-
tion H1 (t, x, fl obtained in the decomposition (2.3) and the minimizer Q respectively 
satisfy the exponential decay estimate with respect to e as in (2.4) and the decay 
estimate with respect to e as in (1.8). Although similar estimates were <j_iscusse<j_ 
in the case P(p) = p/2 (see [2]), in our problem, the inability to write H1 and Q 
in the form of variable separations necessitated a slight reざonside~ation of the es-
tim呼tesin the previous study. !_n the previous problem, H1 and Q are separable 
as H1(t, x，e) = A(t, x)h(e) and Q(t, x, e) = B(t, x)Q*（e). In this paper, we omit the 
details of the arguments on the above estimates in our problem. 

To discuss the power series expansion (2.2) and the minimizing problem of S(Q) 
in more detail, we introduce several notions and known theorems are listed. We 
first discuss on the ODE (1.3). A standard theory as in [13, Lemma 2.6.1] can be 
applied to obtain the following properties: 

Lemma 2.3 (Application of [13, Lemma 2.6.1]). Assume that smooth functions P: 
[O, 1]→[O, oo), B, D : [O, 1]→股andW: [0,1]→股satisfythe properties (Al)―(A4). 
Then, (1.3) admits a unique smooth solution. Furthermore, there exist 1 > 0 and 
C > 0 such that 

u'(e) > 0 for e E艮， lu'(e) I + lu" (e) I + lu"'(e)|ご;Ce—'Yl~I for e E艮．

The exponential decay of u is key estimate to apply Proposition 2.1. In the 
following arguments, we also use the composition function of P and u which is 
denoted by可：＝ P(u). Let the linear operator Lu : H2（股）→ L疇） definedby 

Luゆ（~) = [2cr(u(（））心'(~)]'- [B(uに）） ＋ D(u（く））］い（~)

for心EH2（民）． Letv be the constant defined by 

V :=〈v',(-Lu)が〉£2/2,

(2.6) 

where <•, •> £2 denotes the standard £2-norm on股． Wealso define the constants 01, 02 
by 

仇＝「高dp, 化＝JP+ P'（p)畠石dp,
P- P-

where the function Wis defined as 
p 

記p)＝J町 (p'JP'（P)dp. 
P-
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Note that it holds that〈B'，り'〉L2= 01,〈v',v'〉£2= 02. Then, the mobilityμ and the 
transport coefficient 0 can be chosen as 

μ := v/0i, 0:＝的／0ぃ (2.7) 

respectively. 

3 D ・・ecomposition of maximizer Hmax,E 

The decomposition (2.3) can be obtained by applying the Taylor expansion for each 
term in (4.1). For simplicity, let de: := d(t, x)/E here. For example, a simple calcula-
tion yields by using the form of <Pc: in (1.7) (with Re:= O) 

麟＝が(de:+i::Q(t, X叫））（坊d(t,x)噂 Q(t,x, de:)+ 8~Q(t, x, d昴 d(t,x)） 
and the Taylor expansion (for u'(dc: + EQ(t, x, de:)) at the point de:) implies 

u'(dc: + i::Q(t, x, de:))= u'(dc:) + i::u"(dc: + i::0Q(t, x, dc:))Q(t, x, de:), 

where 0 E (0, 1) is a constant, which give us the quantity 

Btd(t, x) 
釦応(t,x)＝が(de:) ＋凡(t,x, de:), 

where the remainder Re': [O, T] x']I'd X艮→良satisfies

lim sup sup e'YIW21凡(t,x,e)I< oo. 
e→0 (tパ）E[O,T]x'lI'舷民

(3.1) 

This estimate follows from the exponential decay estimate of u. By applying a 
similar argument for the remained terms in (4.1), we obtain 

豆'(d1c)旱＋~((a o u)'(d1c)▽Hmax,E: +（びou)(d1c)△Hmax,E:) 
～訊(Pou)"(d』+（Bo u)(d』-（Do u)(dリ）
1 
+ i ~(Po u)m(d0) +(Bo u)'(d』-（Dou)'(d』)(3.2)

+ t (;P_o 1l)＇△d+2(Pou)＇（d乳 Q+(Pou)'災Q)
＋戸((Bou)(d』+（D。u)(d』)Hmax,E:・

Due to the ODE (1.3), the second line and third line vanish, which yields that Hmax,1c 
converges O asこ→0with the order at least O(c) so that the orders with respect to 
con the both sides in (3.2) are balanced. Therefore, Hmax,1c should be decomposable 

as in (2.3) and H1 should satisfies 

L』f1(t,x,t)＝が(t)△d(t，叫＋2v”(＜炭Q(t,x, t)＋が(t)度Q(t,x, t) -u'(~)8td(t, x). (3.3) 

As a result, the following proposition holds: 



Proposition 3.1. Let Q : [O, T] x 1'd x良→艮bea smooth function satisfying (1.8). 
りefine<Pc: : [O, T] X 1'd→ [O, 1] by (1.7) with Re: = 0. Let Hmax,c: : [O, T] x 1'd→罠and
H1: [O,T] xで x股→賊 bethe solution of (4.1) and (3.3), respectively. Define the 
function凡： ［0,T] x守→罠throughthe decomposition 

Hm訟，c:(t,X)＝どH1(t,x,dc:)+c2Kc:(t,x) for (t,x) E [O,T] x l'd. 

Then, there exists 0＜予く 1such that 

2 2 

sup e予:区|8；▽如 <oo,
(t,x,~)E[O,T] x匹遠 i=O j=O 

(3.4) 

圧{(t,x)E雷］x匹因＋e|▽R"1}< oo. 

4 Thep ower series expansion of Sパり
We next discuss the power series expansion of Sん佐） asin (2.2). Since Hmax,s is the 
maximizer for the maximum problem as in (1.4), integrating by parts for (1.5) and 
substituting the Euler-Lagrange equation into it yields 

氾）＝］「J 疇）IVHmax,sl2 dxdt 
e 。?

+ -f f 恥）（1-eHmax,e + Hmax,seHmax,e) dxdt (4.1) 
0 J']['d 

＋戸111d D(cps) (1 -e-Hmax,c: -Hmax,se―Hmax,e) dxdt. 
Furthermore, due to the decomposition (2.3), we have by applying the Taylor ex-
pansion (as to obtain (3.2)) 

S鵡）＝］「Ja（鴫））（揺(t,X叫）げ十 B(B(de)）＋ D(U(d』)
2 e 。匹

+ f f 凡(t,x, ds) dxdt, 
0 匹

直(t,x, d』)2dxdt 

where Rs is a remainder satisfying (3.1). Therefore, letting E→0, we obtain by 
applying Proposition 2.1 

limSs 
e→O 
仇）

=「ffo(u(〈））（揺(t,X,（）戸＋ B（瞑））＋D（豆（く））⑰（t,x, f,))2 df,d1-ln-l(x)dt 
o Jrt 股 2 

Recalling the definition of Lu in (2.6), since H1 is the solution of (3.3), the limit can 
be re-written as 

limse（い＝ f f f凡(-L砂―1凡 df,d1-ln-l(x)dt, 
C→O o Jrt 艮
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where FQ: [O, T] x'fd x民→賊isa function defined (depending on Q) as 

FQ(t, x,') :=甘（,)otd(t,x) -v'（く）△d(t,x) -2v”（,)o,Q(t, x,') -v'（,)oJQ(t, X，,). 

Thus, it is sufficient to prove that 

i閉[ff凡(-L叫―1凡 dc,d戸 (x)dt= Sacげ）
o Jrt 民

(4.2) 

and the minimum is achieved when Q = Q to prove the second claim in Theorem 
1.1. 

Remark 4.1. In the first claim in Theorem 1.1, the vanishing property R6 = 0 is not 
assumed, and thus the decomposition of Hma.x,1o as in (2.3) is not applicable according 
to the assumption in Proposition 3.1. However, due to the definition of S6 as in (1.4), 
we have 

Ss(<Ps) 2: 1:il1（叫

where凡isthe solution of (3.3) (which is defined depending on Q). Although the 
Euler-Lagrange equation cannot be applied as when Rs = 0, the limit of the func-
tional J,：凡仇） canbe calculated by using the Taylor expansion and the estimate of 
H1 in (3.4) as 

T 

Jり訊）＝！！ ！応(-L砂―1応 d~d1-ln-l(x)dt. 
o Jrt 艮

The above explanation also explains why only the lower semi-continuity, not the 
full-convergence, can be shown when Re:芋0.

5 Minimizing problem 

In this section, for each fixed point (t, x) E [O, T] x 11'叫wediscuss the minimizing 
problem 

inff屁(-L砂―1氏dふ
Q 艮

where Q: [O, T] x 1fd x罠→民isa smooth function satisfying 

|Q|＋ |8<Q| ＋ |8tQ|2 
sup 

1 + 1e1 
く 00.

(t，訊~)E[O,T]x1l'も環

(5.1) 

Our purpose is to prove the following proposition: 

p ... roposition 5.1. Let Q : [O, T] x'II'd x艮bea smooth function satisfying (5.1). Then, 
it holds that 

叩—叫）2J 凡(-L砂―1凡 d~ 2: ~ for (t,x) E [O,T] x'1['d. 
罠 2μ



Furthermore, a minimizer Qmin is given by 

CJmin(t, X, f.) 

= [ 1店）［OO （B'（訊d(t,x) —成）△d(t,X)一入(t:x)L喜））噸） d誡， （5.2) 

where入： ［0, T] x 1'd is a smooth function defined as 

入(t,x)= 
2(||v'lll2△d(t,x)-〈u',v'〉L28td(t,x)) 

〈-L訳，0＇〉L2 9 

(5.3) 

and CJmin satisfies (1.8) replaced Q by CJmin• 

Brief proof of Proposition 5.1. We use CJ'instead off)心(t,x, e) and omit the vari-
ables t, x for simplicity. Noticing 2臼”Q'＋誓isperpendicular with v'in L信）， we
can re-formulate the minimizing problem as 

inf {1罠凡(-L訂―1FQ仮： Qsatisfies (5.1)} 
2: inf{〈u'8td-v’△d-い,（-Lu)―1(u'8td -v’△dーい）〉ぃ：心 EL2（恨） s.t.心上v'}'

where we denote'ljJ上¢ for仇¢ Eび（股） if〈麗¢〉L2= 0. We note that the equality 
holds if a minimizer'1/Jmin for the latter minimizing problem exists and a solution 

Qmin to 
2v"Q如in十放'Q'如＝％min (5.4) 

satisfies (5.1); hence, it is sufficient to solve the solution CJmin and prove that CJmin 
satisfies the stronger estimate (1.8) than (5.1). 
We thus define functional 

G（心）：＝〈u'8td-v'△dー巫(-Lu)―1(u'8td-v'△d―心）〉L2 forかEび（罠）

and consider the minimizing problem 

ipf. G（心）．
心EL2:'lj!..lv'

(5.5) 

Applying the method of Lagrange multiplier, we see that a minimizer心minEL嘔）
of (5.5) satisfies 

〈¢,(-Lu)―1 (u'atdー厄’△dーゆmin)〉L2+〈u'8td―万’△dーゆmin,(-L叫―1ゆ〉L2＝入〈厄',¢〉戸

for any¢ E L2(~), where入isthe Lagrange multiplier, if the minimizer exists. Since 
Lu is self-adjoint on L刊股），itis equivalent to 

入
閏min=u'8td―行’△d--L訪'.

2 

Therefore, the orthogonal condition処min__l_ v'shows that入isgiven by (5.3) if the 
minimizer'1/Jmin exists. We next prove that卯minis a minimizer of (5.5). For this 
purpose, note that入ischosen so that心minJ_万'holds.Therefore it is enough to 
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prove G（ゆmin+ ゆ） ~G（いmin) for any functionゆEL刊賊） withゆ上厄’.Bydirect 
calculations, we have 

G（卯min)=―〈-L註＇国〉 L2= 
炉（邸〈汀＇，万'〉L2 —△dllv'| 出）2 ⑰d-0△d)2 
4 〈-L訪＇，万'〉 L2 = 2μ ・ 

On the other hand, since Lu is self-adjoint onび（股） andゆ上v'holds,we obtain 

入2 入
G（心min+心)＝丁〈-L砂＇，厄'〉 L2十ぅ(〈L訊 (-Lu)―1い〉L2-〈心，厄'〉L2)+〈仇(-L砂―1心〉ぃ

=G（加min)+〈仇(-Lu)―1い〉だ・

Letting¢:= (-L叫―1'1/J,we see 

〈腐(-L叫―1心〉L2= J 2噌）（の')2+ [B(u) + D(u)国 df,2 0, 
訊

which yields 

G伍） 2G（心min)=
仇d-0△d)2

2μ 
for心EL憚） with心上屈

Therefore,ゆminis a minimizer of the minimizing problem (5.5). 
Multiplying v'by the both sides of and integrating it, we have 

（万＇）恨）に (t,x,E,)= 1~ (u'（訊d(t,x) —噸）△d(t,x)ー入(t;x)L訪'([))噸） d[， 

which yields (5.2). We here omit the arguments on the estimate (1.8). 口

Due to the Proposition 5.1, we can prove the second claim in Theorem 1.1 by 
choosing Q = Qmin• 
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