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Difference approximation of evolution equations

and generation of nonlinear semigroups

by Yoshikazu Kobayashi

Department of Mathematics, Waseda University

We consider the following nonlinear evolution equation
(DE) (d/dt) u(t) € Au(t) , O<t<T ,
where A is a (multi-valued) quasi-dissipative operator. In
this note, we construct the solution of the evolution equation
(DE) by the method of difference approximation. In addition,
we give a generation theorem of nonlinear semigroups through
the difference approximations.

1. Preliminaries. Let X be a real Banach space. For

the multi-valued operator A, we use the following notations:
p(a)={xex; ax#o} , R@=UJ, .pn iy veaxt ,
and [[Ax[[ = inf{ Iyl ; y€Ax} for x €ED(A).
We identify the multi-valued operator A with its graph, so that
we write [x,yl€A if y €Ax. |
Let F be the duality map in X. Then we set
<y , x> =inf{ <y , £ >; £€F(x)}
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and <y , x >T T <Y 4, X 2= - <y, x> for x,y &X.

Let A (C XxX. A is said to be dissipative if for any

[Xl,Yi] €A (l=112) r

SYp T Yy %X 7 Xy %<0,



According to Takahashi [9], we intraduce the following notion
as a generalization of that of dissipative operator.

pefinition 1. Let A ( XxX. A is said to be gquasi-
M if for any [xi,yi]eA (i=1,2),

Y] Xy T Xy 2y b <y, Xy = xp >y <0,

The following example shows that quasi-dissipative
operators are not alWaYs dissipative,

Example (I. Miyadera). Let X=R2 with maximum norm.
Let xl=(l,l)and x2=(0,0) . We set D(A)={xl,x2}, Axl={(0L,B);
0a<0 or <0} and Ax,={(0,B); 0>0 or B>0}. Then A is quasi-
dissipative in X but A - w is not dissipativeb in X for any
real w. In addition, “R(I - AA) D D(A) for any A > 0.
For the quasi-dissipative operator, we have the following.

Lemma 1. Let A C XxX. Then the followings are equivalent.
(i) A is quasi-dissipative;
(i) for any [xi,yileA (i=1,2) and A,u > 0,

(X +u )”Xl‘— X5l < Mxy - x5 = ny,| + u”xz - Xy - >\y2ﬂ;
(iii) for any [xi,yi]éA (i=1,2) and X > 0,

2 %y = x5l 1%y - x5 = aygll + %, = x; =yl

We can verify Lemma 1 similarly as the proof of Kato's lemma [4].

Let XOC X. A one parameter family {T(t); t > 0} of

operators from XO into itself is called (nonlinear) contraction

semigroup on XO if it has the following properties:
(1) flT(t)x - T(t)y Il :llx - vl for x,y 6x0 and t > 0;
(i)  T(0)x=x for x X, and T(t+s)=T(t)T(s) for t,s > 0;

(iii) for each X €X,, T(t)x is strongly continuous in t > 0.
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2. Cauchy problems and difference approximation.

Let A be a quasi-dissipative operator in‘X. Let xoegx
and T > 0. Then we treat the following Cauchy problem for the
evolution equétion (DE)

(d/dt) u(t) & Au(t) for t «(0,T),

(CP;XO)

u(0) = Xqe

For the Cauchy problem (CP;xO), we consider the following type

of difference approximation:

x0 - xD |
k k-1 _ yn < En , k=1,2, ,N_; n>1,
(DS;x.) tn,_ tn k k
0 k k-1
n _
X0 XO,

where for each n, [xi,yi]éEA (k=l,2,~w,Nn) and {tg} represents

the partition of [0,T] such that O=th<tl< w<tl _<7<t? and
0°"1 Np-1 "="Np

- n_ .n n

= maxlikin(tk tk_l) > 0 as n > », The €, may be refferred

as an error bound which occurs at the k-th step of the n-th

$

approximation of the difference approximation (DS;xO).

Definition 2. Let un(t) be a sequence in Lm(O,T;X).

We say that un(t) is a (backward) DS-approximate solution of

the Cauchy problem (CP;xO) if there exists a difference
approximation (DS;XO) satisfying the following:

Olnil;

()  u (£) =xp for t &€(ty_;,t,0 M\(0,T], k=1,2, ,N_;n>L;

Np n,.,n __.n »
k=lak(tk tk—l) -+ 0 as n =+ o,

. _.n _
(i) un(O) = x0 = X
n

(iii)

Then we have

F]

Theorem I. Let xo<5D(A) and un(t) be a DS—-approximate

solution of (CP;xO) on [0,T]. Then there exists a u(t) &

C([0,T];X) satisfying the following:



(1) u(t) = limn+wun(t) for t&10,T],

and the convergence is uniform on [0,T];

(ii) u{t)&eD(A) for t€1][0,T] and u(0)=x0
(iii) for any DS-approximate solution un(t) of (CP;xO),
u(t) = limn+mun(t) for t&[0,T].

Remarks. 1) Kenmochi-Oharu [5] and Takahashi [9], [10]
studied the convergence (i) under the additional condition,
which is called the stability condition by them. Our result
is an extension of their results.

2) By Benilan's method [2], we find that the limiting function
u(t) is the unique integral solution of the Cauchy problem
(CP;XO) .

The proof of Theorem I is based on the following.

Lemma 2. Let (DS;x ) .and (DS;; ) be two difference
approx1matlons as above of the Cauchy problems (CP; X0 ) and

A

(CP:x ) on [O T], respectlvely. Let the notations with

represents the difference approximation (DS;xO). Then
m “n ~
(1) ”Xi XjH < lixg - ufl + Ixy - u |

HE] - €D 2+ el 4 5 e Y2 ]|

i m,, m o
+2 =1k (g -ty +Zk :LE (t = )y
for 0 < i < Npr 023 <N, and u&D(A).

Proof, Let u€&D(A) and VEAu. We set a, j=”x? - x?“,
14
m_.m _.m . ‘n_'n _ °n . : ‘
hy ty t;_, and hj tj tj—l for 0 < 1< N and 0< j < N

By (iii) of Lemma 1, we have

Hxﬁ - ull < HxE - hiyﬁ - ull + h v
<% g = ull+ Bl + nliv]

for 1 < k < N Therefore, inductively, we have

—_—h —

o
Proai



0
J
?2 i

1%} - ull < fixg - wll+ €50vi + ) _jephy
or
a; o Slxg =l +lixg = ull+ e lRall + 200 elny

This shows that (1) holds true for (i,0) with 0 < i < Nm.
Similarly we have (1) for (0,3j) with OfﬂjibﬁyV Furthermore,

by (ii) of Lemma 1, we have

m “n “n, m m m “n m; "n “n’"n m
h, + h.) a, . < hi . - h.y. - .+ hl. . = hly. - .
(hy 50 34,5 < A]”Xl i¥ji X31] 1”X1 jy]A xi

< hY a. .+ n"oa. hmha(sm + 8?)
- 3 “i-1,3 i 9i,3-1 it3ttd j

for 1 < i < N and 1 < j < Nn' Hence, using the Cauchy-
Schwarz'inequality, we can verify (1) for every (i,Jj) by
the induction for (i,j). Q.E.D.

Remark. Let A be a dissipative operator in X such that
R(I - AA) DO D(A) for A>0. Then estimate (1) gives

T - 22) ™% = (T - ) Mk < {(ar - m? + a® o+ mu 23 2 aul)

for n,m>1, 2,u>0 and x&D(A). This estimate is similar to

but different from that of Crandall-Liggett [3].

Proof of Theorem I. Let (DS;XO) be the corresponding
difference approximation to un(t). Then by Lemma 2, we have

(2) (%

L - x?uizuxo, -l

m n, 2 m n,1/2
ey -t T+ sy 4 Gntj} HlAup!lI
Np m,.m . m Np .n,,n _ .n
+ 20Dk (B~ Ben) + it -ty
for 0 < i < N and 0 < j < N, where {up}(:D(A) is a sequence

such that up > Xy as p > >, This estimate shows that there

exists
u(t) = lim XE as ti > t, n~> =,
= 1lim u_ (t)
» n>o© n
for every t&[0,T]. Furthermore, by (2), we have
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late) - us)ll < 2k = wfi + [t - sl laul
for t,s €[0,T]. This shows that u(t) is continuous on [0,T].
The property (i) is evident. Let un(t) be a DS-approximate
solution of (CP;xO) with xoé}D(A). And let us set
u(t) = limn+mun(t) for t&[0,T].

Then by the estimate (1), we have

for t ¢[0,T].

”u(t) - u(t) H _<_ on - Xon

Especially, we have (ii). Q.E.D.
By Theorem I, we define the following.

Definition 3. Let u(t)é&C([0,T];X) and XOErD(A). We

say that u(t) is a (backward) DS-limit solution of the Cauchy

problem (CP;XO) on [0,T] if there exists a (backward) DS-
approximate solution un(t) of (CP;xO) on [0,T], such that
un(t) converges to u(t), uniformly for t €[0,T].
In the proof of Theorem I, we obtained the following.,
Corollary. Let u(t), a(t) be two DS-limit solutions
of (CP) on [0,T]. Then
lu(t) - a(t) | < Jju(o) - G(O)H for t &[0,T].

3. Generation of semigroups

By Theorem I and the Corollary , we have a generation

theorem of semigroups.

Definition 4. Let A be a quasi-dissipative operator in X.

We say that A has thé property (o)) if for any x €D(A) and T >0,
there exists a DS-approximate solution of the Cauchy problem
(CP;x) on [0,T].

Theorem T . Let A be a quasi-dissipative operator in X,

having the property @Z}). Then there exists a contraction
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semigroup {T(t); t > 0} on D(A) such that for any x&D(A) and
T > 0, wu(t)=T(t)x is the unique DS-1limit solution of the

Cauchy problem (CP;x.) on [0,T].

0
Proof. Let x&D(A) and T > 0. Then, by Theorem I, there
exists the unique DS-1limit solution u(t) of (CP;x) on [0,T].

By its corollary, we can extend the soluton u(t) onto [0,«).

Then we define T(t):D(A) > D(A) by

T(t)x = u(t) for t > 0.
Using Theorem I and its corollary, we can verify that {T(t);
t > 0} is the desired contraction semigroup. Q.E.D.

4. Existence of difference approximation

In this section, we give a sufficient condition that a
quasi-dissipative operator has the property (59). Let A be
a quasi-dissipative operator in X. We add the following
condition on A:
(R), for any x &D(A), there exist sequences §, v 0 and [x ,y_]
€ A (n>1) such that

_ll

noeSp -x - 68 vyl =o0.

| x
n n?n

lim

Then we have

Theorem III. Let A be a quasi-dissipative operator in X,
satisfying the condition (R)t. Then A has the property (f)).
Thus A generates a contraction semigroup on D(A), in the sense
of Theorem II.

Remarks. 1) This theorem implies the fundamental result:
of Crandall-Liggett [3]: a part of the results of Martin [7] on:

ordinary differential equations; and the results of Webb [11]

and Barbu [1l] on the continuous perturbations of m-dissipative



operators. The details will be treated in [6].

2) Yorke announces in [12] that he obtained a similar result.

Proof of Theorem I, Let xoe:D(A) and €, v+ 0. Let n be
fixed. Then for each x&<D(A), we set
Gn(x) =sup{ 6 ; 0 < § < €, and there exists [x5,y6]€}A
such that [[xs - x = 8y,fl < 6 € }.

Then dn(x) are positive by the assumption. Therefore,

n n n

inductively, we can choose hk > 0 and [xk,yk]égA, for k=1,2,--~

so that they satisfy the following:

(1) Xg = Xqi

iy n n _ .
(ii) (1/2) 6 (x_¢) < h < e, for k=1,2, ;
(iii) I!XE - xi_l - hﬁyi[(i hi e, for k=1,2, .

n_cvyi n n .
Then we set ti_23£=l hk‘ We may show that ti > © ag i »> o,

For the purpose, we use the following estimate:
n
k)

for any i > j > k > 1. This estimate may be verified by the

(3) ”xl

- X?H < (- tD||lyyll + e (6] - gD + ey (el - ¢
induction for (i,j) with i > j > k for each fixed k > 1, by
using Lemma 1 as in the proof of Lemma 2.

Now, suppose that t? - So < 4o as i1 > «, for contradiction.
Then by (3), we see that there exists uoesﬁTXT such that

x? > u, as i + o, By the assumption, we can choose § > 0 and
[us,vajéfA such that 0 < § < €, and

”u6 - u, - Gvskli 6en/2.

0

e
5o

’

Since 6n(x?) » 0 and x? > u, as i + «, there exists i, such that

n n . .
Gn(xi) < § and][xi - uo“i S en/2 for i > i Then we have

0
lug - vy - Svell <8 e, for i > i,

which is contrary to the definition of én(x?). Q.E.D.
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Remark. The construction and properties of the DS-limit
solution of evolution equations will be studied more
systematically and generally in [6].
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