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INTRODUCTION

Thi・p・perdea1・with・ ・m・p・ ・b1・m・c・ ・ce・ni・gth・qualit・ti・ ・p・ ・perty・f

thesolutionsofDuffing曾sequation.Recently,interestinthefieldofnon-

lineardifferentialequationshasbeendirectedtothestudyofso-calledglobal

problems.QualitativetheoryinitiatedbyH.Poincar6andG.D.Birkhoffis

usefulforthestudyofthoseproblemsandisbasedonthegeometricalproperty

ofthephaseportrait,i.e..thefamilyofsolutioncurveswhichfillupthe

entirephasespace.Whenadifferentialequationhasacross-section[34]★,

the(lualitativestudyofthedifferentialequationreducestothestudyofan

associatedtopologicalmappingofthecross-section.N.Levinson[19]madeuse

ofthismappingforthestudyofsecondordernonlineardifferentiale({uations.

ThetypeofthetopologicalmappinginthispaperisthatoftheEuclideanplane

intoitself.Combiningthismethodofmappingandcomputerfacilities,wein。

vestigatethequalitativepropertiesofDuffing璽sequation.

Thetextconsistsoffourchapters.InthefirsttwochapteTs,qualitative

propertiesofcertainnonlineardifferentialequationsofthesecondorderare

discussed,andthemethodsofcomputeranalysisaredescribed.Thelasttwo

chaptersareconcernedwiththequalitativestudyofthesolutionsofDuffingls

equat■on。

InChap.1,sometopologicalpropertiesofthesolutionsofDuffingls

equationaresurveyed.Inconnectionwiththeequation,fundamentaldefinitions,

suchasthetopologicalmappingofthephaseplaneintoitself,fixedandperi_

odicpointsofthema亘ping,classificationoffixedpoint,dissipativesystem

★N㎜beτinbracketsindicatesreferencesonpages77to80
.

iii

_一 一・一一.



iv

anditsmaximuminvariantset,etc.,arestated.Certainpropertiesonthe

behaviorofthesolutionsofdissipativesystemsarediscussed.InvaTiant

curveofthemapPinganditsrelatedpropertiesarealsodiscussed。

Chapter2dealswiththemethodsofnumeτicalanalysisforthesolutions

ofDuffing1sequation.Numericalcomputationsarecarriedoutbyusingboth

analoganddigitalcomputers.Fromacomputationalstandpointanalogcomputers

areusefulforsolvingtheinitialvalueproblemofordinarydifferential

e(luations.TheiterationsofthemappingdiscussedinChap.lareeasily

carriedoutbyananalogcomputerwithsequentiallogics・Therefore,analog

computersaremostlyusedtoobtaintheglobalpropertiesofthesolutions.

Ontheotherhand,thelocationoffixedandperiodicpointsandthecorrelated

periodicsolutionsarecalculatedbyadigitalcomputer.Anexampleofthe

n㎜erfcalsolutionisillustrated.

Chapter3isconcernedwiththeperiodicsolutionsofDuffing巴sequation。

Varioust)胆esofperiodicsolutionsareinvestigatedbyn㎜ericalanalysis.

Namely,harmonicandhigher-harmonicsolutionsandsubharmonicsolutionsof

orders2and3arest血died.Certainbifurcationoffixedpointsandthe

regionsintheparametersplaneinwhichperiodicsolutionsareobtainedare

investigated.TosurveytheglobalaspectofthesolutionsofDuffingls

equation,thephaseportraitobtainedbythemappingisdiscussed.

InChap.4,doublyasymptoticsolutionanditsrelatedpropertiesare

discussed.Adoublyasymptoticsolutionisdefinedbyasolutionwhosetrajec_

toryistheintersectionofstableandunstablemanifoldsforsomedirectlyor

inverselyunstablepeτiodicsolutions,[4,29,32].ForDuffing雷sequation,the

appearanceofdoub1γasymptoticsolutions,especiallyofhomoclinicsolutions,



V

■srarelyknownuptothepresenttime .Themathematicalassertionf⊃rthe

existenceofsuchsolutionsisstillopen.Therefore,thehomoclinicand

heteroclinicsolutionsandtheirrelatedpropertiesfordissipativeandnon-

dissipativesystemsareinvestigatedbynumericalcomputations.
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CHAPTERl

ToPoLoGIcALPRopERT工EsoFTHEsoLuT工oNsoFDuFFING電sEQuATIoN

1.11ntroduction

Thepurposeofthischapteristobrieflysurveythequalitativeproperties

ofthesolutionsofbuffing曾sequation

li姜 ・k塞 ・c、・ ・c3・3・B・ …t・B。(…)

Thisequationoccursinseveraldifferentkindsofphysicalproblems.The

problemoffinding、theforcedoscillationofanelectricoscillatorγcircuit

containingasaturableinductorleadstothesolutionofEq.(1.1),[12]Chap.5.

Asweshallseeinthefollowingchapters,thesolutionofthiscomparatively

simpledifferentialequationpossessesagreatvarietyofproperties.Aconsider-

ablenumberofpapershavebeenpublishedconcerningPeriodicsolutionsof

Eq.〔1・1〕byusingvariousapProximationmethods[7,10,12,20].Sti111ess

isknownaboutthenonperiodicsolutions.Inthischapterthetopological

mapPingbasedonthequalitativetheoryofdifferentialequationsisconsidered・

Thetopologicalmapping,whichtransfersarepτesentativepointonthephase

Plan・att=tOt・a・ep…ent・ti・ ・p・i・t・tt=tO+・(・b・i・gthepe「i・d・f

theexternalforcingtermoritsintegralmultiple),Playsanessentialrole

forthenumericalanalysisinthefollowingchapters.Afixedpointofthe

mapPingcorrespondstoaperiodicsolution・Thebehaviorofinvariantcurves

inthephaseplanerevealstheglobalaspectofthesolutions.

1



2

1・2TopologicalmapPingT

InstudingthepropertiesofthesolutionsofEq・ 〔1・1)itishelpfulto

useth・ph・ ・ep・ ・n・,・i・h・ …di・atesxandy・ 塞 ・ ・qua・i・n(…)・h・nbec・m・ ・

theequivalentsystem

dx

麓=y

(1.2〕

農 ・-ky-c、x-c3・3・B・ ・st・B。

・h・r・k・ ・1・ ・3・BandBO・ ・e・ea1P・ ・am・ter・withk≧0・c3>0・

Thesystem(1.2〕isaparticularcaseofnonautonomoustwodimensiona]・system

墓 ・f〔 ・,・,y)

(1.3〕

農 ・9(・,・,y)

wheref(t,x,y)andg(t,x,y)definedforallt,xandyintherealnumbers

Rarebothperiodicintwithperiod2π:

f(t+2π,x,y)=f(t,x,y)

(1.4)

9〔t+2π,x,y)=9(t,x,y)

Inthefollowingweassumethatfandgsatisfythestandardconditionsforthe

existenceanduniquenessofthesolutionsforalltinRandmoreoverforthe

continuityanddifferentiabilitypropertiesofthesolutionswithrespectto

anyinitialcondition.

LetusconsiderthesolutionsofEqs.(1.3〕inthreedimensionsx,yand

・,R2+1.Sinceth・ ・ight-hand・id・ ・fEq・.(・.3)h・ ・p・ ・i・d2。,・heeq。 。・i。n

itselfisthesameatt=Oandt=2Tr.Thenweobtainfromthesolutionsof

Eq・ ・(1・3)・t。P・1。gi・alm・pPi・gT・ ・f・ll・w・ ・L・tPO(・0・yO)b・an・ ・bit・a・y



3

P・i・t・fth・xyp1・n・ ・and・(t)・x〔t;・0・yO)・y(t)・y(t;・0・yO)bethesolu'

ti・n・fEq・ ・(1・3)d・t・ ・mi・ ・dbyth・i・iti・1・ ・nditi・n・x(03・0・yO)冨xO・

y(0;・0・yO)・yO・W・d・fineam・pPi・gT・f・h・xyplan・i・t・it・elfwhich

t「an・f・ ・㎜ ・PO(・0・yO)i・t・P1(・Py1)・

T:R2_R2`

POト ー 一>Pl

whe「 ・x1富x(2…0・yO)・y1=y〔2…0・yO)・

ThismapPiρgisoftencalledthePoincar6mapPing・ThemapPingThaswel1-known

properties,[8]=

1.冊+n・ 押 ・Tn・Tn・ ♂f・ranyi・t・g・r・m・nd・,

2.T-1i、th,inv。 。、em。pPi。g。fT,

3。Tishomeomorphismwhichpreservestheorientation.

If…1uti・ ・x(t〕=x(t;・0・yO)'y(t)=y(t;・0・yO)h・ ・p・ ・i・d2・ ・th・n

th・p・i・tPO〔 ・0・yO〕i・afi・ ・dp・i・t。fth・m・pPi・gT・u・hth・t .PO=T〔PO)・

Ifx〔t〕,y(t〕isasubharmonicsolutionoforderv(v=2,3,...),i。e.,a

・・1・ti。nwithlea・tp・ ・i・d2…th・nPOi・ap・i・twithp・ ・i。d・ ・u・hth・t

・。 ・Tv(・ 。)・ ・d・ 。 ≠Tv曹(・ 。)f・ ・ ・ …,・,…,・ 一 ・.H・nceth…a・ ・a…y・

・p・i…P。 ・ ・、 ・T(・ 。),…,・
。一、 ・Tv-1〔 ・。)・hi・h…a・ ・fi・ ・dp・i・ …fTv

andoftencalledv-periodicpointsofT.

1.3

are

Let

Classificationoffixedpoints

TherearecertainstandaτdtypesoffixedpointofthemapPingTandthey

significantinthestudyofperiodicsolutionsofthesystem(1.3〕.

LetusconsiderthechangeinareainthexyplaneunderthemappingT.

PO(・0・yO)beap・i・t・fth・xyplaneandP1〔 ・1・y1)it・im・g・byT・and
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・(t).y〔t)d…t・th・ ・・…i・n・fEq・ ・ 〔・・3)・ ・P。 ・h・nt・0・L・taneighbo「-

h・ ・dU。 ・fP。 ・hi・hh・ ・a・a・ea・(・ 。〕i・carri・dbyTi…an・ighb・ ・hoodUlof

P、 ・i・hana・ ・a・(U、)・Th・nth・ ・imi・ ・fth・ ・a・i。 ・(U、)/・(U。 〕 …(U・)→O

isgivenbytheJacobian

fort=2π 。

a(X(t),y〔t))△(
t)=a(・

0・yo)

ax(t)3X(t〕

3Xoayo

魍 亜ユ
aXoayo

Forthesystem(1.3)wehave

〔1.5〕

ム(・)・ 〔濃f(・,・(・)・y(・))・ 毒9〔 …(・)・y(・))〕 ・〔・)

Since△(0)=1,itfollowsthat

axax11

・(・、,y、)3x・3y・

△〔2π)=・(

…y・)=・y1・yl

axO3yo

2π

・exp/〔 濃f(・ …y)・ 母9(・ ・ …)〕d・(・ ・6)

O

Th・ ・theelement・fa「eadxOdyOi・car・i・dbyTi・t・ △ 〔2・)d・OdyO・

N・w1・tPO(・0・yO)b・afi・ ・dp。i・tund・ ・Tand・ ・n・id・ ・th・m・pP美 ・gTi・

theneighb・ 「h・ ・d・fth・fix・dp・i・tPO・L・t・0〔t)・yO〔t)d・n・t・the -s。1・ti・n

・fEq・ ・(1・3)・tPOwh・nt=0・If・p・i・tP(・0+uO・yO+vO)i・m・pP・dbyT

i・t・P冒 〔・0+・PyO+v1)・and・(t〕 ・y(t)i・th…1・ti・n・fEq・ ・(1・3)・ma-

natingfromP,thenbythecontinuityanddifferentiabilityofx(t).y(t〕with

…pectt・uOand・0…hav・
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・(t〕 ・xO〔t)・ ξ、(t)・0+ξ2(t)・0+X(t・

y(t)・yO(t〕 ・n1(t)・0・ ・2(t)・0+Y(t・

whereX,Yandtheirpartialderivativeswithrespect

・0・vO・0・Sincex(2・)=xO+u1・y(2・ 〕=yO+v1・

・1・auO+b・0+U〔 ・0・vO)

・1・cuO+d・0+V〔 ・0・vO)

uO,

uO,

vO)

vO)
〔1.7)

t・uO・nd・Ovanishat

itfollowsthat

(1.8)

wheでe

a呂 ξ1〔2π)

c=n1(2・ 〕

3u1

3uO

av1

3uO

t=2π

t=2π

b=ξ2(2π)

d=n2(2・)

3ul

avO

3Vl

3VO

t=2π

t=2π

andU・Vandth・i・p・ ・ti・1d・ ・ivati・ …ith…pectt・ μ0・ ・d・Ovani・hatuO=

ThereforebyEqs.(1.8〕andE(1。 〔1.6)itfollowsthatv=0.O

a(・1・y1)3(・1'・1)

・(・ 。,y。 〕=・(・ 。,・ 。)=ad'bc

2π

・exp/〔 濃f(・ …(・) ・y・(・))・ 毒9〔 ・…(囑(・))〕d・(・ ・9)

0

-bc>0 ・1・th・ ・m・11・ ・ighb・rh・ 。d。fPO(・0・yO)・thechara・t…fth・Thusad

mappingTisdeterminedbythelineartermsofEqs.〔1.8).Thatis,themapping

canbecharacterizedbytherootsoftheequation

a一 λb

=0(1 .10)

cd一 λ
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or

ξ1(2・ 〕 一 λ ξ2(2π)

=0(1.11)

n1(2・)η2(2π)一 λ

・ti・w…h・ ・nti・ni・gth・tξi(t)・ ・i〔t)f・ ・i・1・2・ ・i・ ・idewiththe

fund㎝ ・nt・1・et・f・ ・1・ti・n・ ・fth・vari・ti。 ・・1・y・t・m・fEq・ ・ 〔1・3〕f・ ・xO〔t)・

yo(t):

蓑 ・ 〔3a。f(t・ ・0(t).y。(・ 〕)〕ξ ・ 〔母f〔 … 。〔・)・y。(・)))・

(1.12)

農 ・ 〔濃9(・,・ 。(・),y。(・〕))ξ ・ 〔母9(… 。(・)・y。(・))〕・

withtheinitialconditions

ξ1(0)=1ξ2(0〕=O

n1〔0〕 罵On2〔0)=1

Wenowconsideravectorfieldinthexyplanewhichisinducedbythe

・・i・・a・6m・pPi・gT.th・ti・,・ ・assig…eachp・i・tP。avect。 ・ 亨 、di・ect・d

f・・mPOt・wa・dandt・rminati・gi・T〔PO)=P1・ClearlyPOi・afix・dpointof

Tifand・n・yif前 ・ ・…r・ ・m・p・ ・p・・e・i・i・usef・ ・t・assignanumb…

calledtheindex,tothefixedpointsofToτtothesimpleclosedcurvesin

thexyplane・ 虎ConsiderasimpleclosedcuτveCwhichpassesthroughnofixed

★Acurveinthexyplaneistheimageofacontinuousmappingofaninter_

vala<θ くbintothexyplane.Ahomeomorphicimageofaclosedoropen

linesegmentiscalle(lanarc・Ahomeomorphicimageofthecircumferenceof

acircleiscalledasimpleclosedcurve.
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P・i…fT・Th・n㎜b…f・ ・v・…i。 ・・m・d・bγ 前 ・・P。 ・・ace・ ・u・Cmu・tb・

・ni・t・g・r・incePO・ ・turn・t・itsst・ ・ti・gP。 ・iti・n・Thi・i・t・g・ ・i・called

theindexofthecurveCandisdenotedbyτ(C).Thisindex1(C〕doesnot

changeasCvariescontinuouslywithoutcrossingfixedpoints。Letafixed

P。i・tPObeen・1・ ・edby・ ・m・11・i・ ・1ec・nt・i・i・g・ ・fixedp。i・t・ithexception

ofPitself.ThentheindexofthecircumferenceofthiscircleiscalledtheO

i・d・x・fpO・1・thi・d・fi・iti・nthecircumf…ncemayb・ ・eplacedbyanyothe「

・i・p・ec…ed・u・vec・n・ ・i・i・gi・it・i・t・ri・ ・th・fi・ ・dp・i・ ・POb・ ・ …th・ ・

fix・dp・i・t・ ・W・w・it・ ・(PO)f・rth・i・d・x・fth・fi・ ・dp・i・tPO・

L・tu・c・n・id・ ・th・r・ ・t・ ・ λ1andλ2・ ・fth・quadraticeq・ ・ti。 ・(1・10)・

Theyareeitherbothrea1,0relseareconjugatecomplex.Moreover,fromEq.(1.9),

theirproductisalwayspositive.Afixedpointiscalledsimpleiftheabsolute

valu…fλ1andλ2…b・thdiffer・ntf・ ・munity・F。11・wi・gG・D・Bi・kh・ffand

P。A.Smith[6]andN。Levinson[19],weclassifysimplefixedpointsofthe

mappingTaccordingtotherootsofEq.(1.10).Afixedpointandthecorre-

spondingPeriodicsolutionofEqs.(1.3〕arecalled:

C・mp・ ・t・ ・y・t・b・ ・iflλ 、1・ ・andlλ21・ ・

C・mp・ ・t・ ・yun・t・b1・iflλ 、1・ ・andlλ2・1・ ・

Di「ectlyunstableifO<λ1qく λ2

1nve「 ・elyun・tableifλ1く 一1く λ2く0・

Th…h・r・a・ei・1λ 、1・1λ21・ ・・ …hi・ca・e・t・bi・i・yi・n・td・t・ ・mi・ ・d

bythelinearpartofthemapping.Thiscaseisalsoimportantfortheanalysis

ofDuffing璽sequationwithoutdissipativeterm.Ifk=OforEqs.(1.2),then

fromEq・(1・6〕themapPingbecomesarea-preserving.Thereforeinthiscase

possibletypeoffixedpointsisdirectlyunstable,inverselyunstable,orcenter
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typestable.Thesameterminoエogyasdefinedaboveappliestotheperiodic

pointandthecorrespond卑ngPeriodicsolution,i・e・,subharmonicsolutionof

Eqs.〔1.3〕.Itiseasytoseegeometrica11γ,onthebasisofabovedefinition,

thatthecompletelystableorunstable,andtheinverselyunstablefixedpoints

haveindex+1,whilethedirectlyunstablefixedpointhasindex-1(seeFig・

1.1).ClearlyaninverselyunstablefixedpointunderTbecomesadirectly

un,t。b・ 。fi。 。dp。i。 ・und。 。T2.

LetapointSbeacompletelystablefixedpoint.Thenthereexistsan

openneighbo,hoodVofSsuchthatT(V)⊂V.Hencewedefineaset,called

thedomainofattractionofS,asfollows:

　
ATTR(S〕 ・UT-v(V)

v=l

ClearlyATTR(S)isopenandeachpointinATTR(S)tendstothefixedpointS

underrepeatedapPlicationsofthemapPingT.

Forconvenienceπsakeweintroducethenotationoffixedandperiodic

pointsasfollows:thesymbolsS,U,DandIdenoteacompletelystable,a

completelyunstable,adirectlyunstableandaninverselyunstablefixedpoints,

respectively.Whentherearemanyfixedpointsofthesametype,wenumber

themfromoneandupwardinanapPropriatemannerandwritej-thfixedpoint

by,・ ・ 」 ・ ・… … ・ …heca・e・f・-P・ ・i。di・p・i…w・d・n・t・Sい ・ ・,2,

… ・ …h・ ・i・ ・T(Sl)・Sと.、(・ ・di・ ・〕・ ・f・h・ ・eexi・t。 ・h…-peri。di・

P・i・ …f・h・ ・am・t迎 ・・ …ay・h・tSと ・i・ …,…,・ ・i・a・-P・ ・i。di・g・ ・up

and・ ・w・i・ ・th・j-th・-P・ ・i・di・g・ 。・pby]Sい …2,…,・,

・(JsY
■)・ 」sl.、 ・ ・ 〔〕Sと)・ 」sと ・
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1.4Dissipativesystemanditsmaximuminvariantset

ForDuffing曾sequation(1.2),ifthedissipativeconstantkispositive・

itcanbeshownthattheequationsatisfiesthefollowingdissipativeproperty・

L・tP。(・ 。・y。)b・ana・bi・ ・a・yp・i・ ・i・ ・h・xyplan・and・(t〕=x(t;…y・)・

y(・ 〕 ・y(t3・0・yO)bea・ ・1・ti・n・fEq・ ・(1・3)・ithi・iti・1…diti・nx(0)=xO・

y(・)・y。 ・W・ ・h・ …ay・f・ …w‡ ・gN・L・vi…n[19]andJ・L・Masse「a[21Lthat

system〔1.3)isdissipative,orD-system,ifthereexistanr>0,andaninteger

n>0・u・hth・tth…1・ti・nx(t)・x(t;・0・yO)'y(t)=y〔t3・0・yO〕 ・atisfies

・2〔 ・。)・y2(・ 。)・r2・ ・ace…i…t。 ・ …di・ … ・i・ ・i・ ・hi・sameci・ ・u…

・pgi。 ・f・ ・allt>tO+2m・'

TherearevariousresultsknownfortheD-system[26].Hereweshow

severalpropertiesofthemwhichwillbeencounteredfortheanalysisofthe

system(1.2〕.ConsiderthePoincar6mapPingTintroducedatthepreceding

sections.IntheD-systemthismappinghasthepropertythatanycircularregion

withitscenterattheoriginandsufficientユylargeradiusismappedintoitself

byanapPlicationofasufficientlylargepowerofT.InthiscaseofEqs.(1.2),

itcanbeshownthatamorefestrictedconditionissatisfied[19].thatis,if

wec・n・id・ ・a・implec1・ ・ed・u・v・CO・ ・hi・hissuffi・i・ntly・em・t・f・ ・mth・

originandcontainstheorigininitsinterior,itfollowsthatunderiterations

・fT・11P・i・t・exteri・ ・t・COa「et・an・f・rm・di・tQi・t・ ・i・ ・p・i・t・ ・M・ ・e・v・ ・

ifTn〔C。)b・d・n…dbyC
。・i・f・ ・・…th・ ・C、 ⊂C。 ・Th・ ・C。.、 ⊂C。,…,2,

● ● ● ●

F・rth・num・ ・i・alanaly・i・ ・fEq・ ・(1・2〕 ・wech…ea・CO・1i・it・y・1・ 。f

theequations
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dx

証 一=y

(1.13)

農 ・-ky-c、x-c3・3・B・g・y

where

一 にll::

Infact・ifk>0・ ・1>0・and・3>0・iti・ea・ilyp・ ・v・dth・tEq・ ・ 〔1・13)has

alimitcycle。ComparingthevectorfielddefinedbyEqs.(1.2)withthatdefined

byEqs.〔1.13),wegettheaboveassertion.

L・t・ ・c。 ・・id・ ・a・1・ ・ed・et△0・h・ ・eb。und・ ・yi・th・ ・implec1・ ・ed・u・v・

C。d・ ・c・ib・d・b・v・ …tTn(・ 。)・ △
。,・ …2・ ・…Th・nwecand・finea・et

　

△ ・ ∩ △
。・

n=O

Theset△iscalledtobetheInaximuminvariantsetofthesystem(1.2).It

S

O

ユ

C

shownthattheset△ ■sindependentofthechoiceofthesimpleclosedcurve

andhasthefollowingproperties:

1.△isbounded,closedandconnectedsetsuchthatT〔 △)=△,

2・Thecomplimentof△isasimplyconnecteddomainifthepointat

infinityisincludedinit,

3.・fP≠ △,th・n・i・d(Tn(P),△)・ ・,・h…d(Tn(P),△)・i・f〔Tn(P) ,Q).

n-》 。。Q∈ △

4.IfSisaboundedsetsuchthatT(S)=S,thenS⊂ △,

5.△hasatleastonefixedpointunderthemappingT,'

6.△containsallfixedpoints,periodicpointsandrecurrentpoints,

ifthey{⇒xist.
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ForEqs.(1.2)3ifk>0,thenbyEq.〔1.6〕eachsufficientlysmallarea

dxdygoesintoanareaexp(-2kπ 〕dxdy.ThusforallboundedsetStheareaμ(S)

t・nd・t。 ・er・und・ ・Tna・n-》 ・・.1・p・ ・ti・u1・ ・ △hasze・ ・a・eaandcann。t・ ・n-

tainasimpleclosedcurvewhichisinvariantunderT.

1.5TheoremonthenumberoffixedandpeTiodicpoints

N.Levinson[19]andJ.L.Masserar21]havediscussedthenumberoffixed

andperiodicpointsofthedissipativesystem(1。3).Weassumethatthereare

onlyafinitenumberoffixedpointsorpeτiodicpointswhichallpresentthe

・implecase.L・tN(・)b・th・t・t・1numb…ffi・ ・dp・i・t・ ・fth・m・pPi・gTv.

LetC(v)bethetotalnumberofcompletelystableandcompletelyunstablefixedv
3similarly,1etD(v)and工(v〕bethenumbeτofdirectlyandpointsunderT

v

,respectively.Thenthefollowinge(lua-inverselyunstablefixedpointsofT

tionshold:

Forv=1,

Forv昌2n+1,

Forv=2n,

C(1〕

N(1)

C(v)

N〔v)

C(v)

N(v)

十

富

十

=

十

Intheseequationswecountthenumberoffixedpoints

lowestpowerofT;therefore,forinstance

fi。 。dp。i。t,und・ ・T2.i・n・t・ ・unt・d

underT.

工(1)=D(1)+1

C〔1)+1(1)+D〔1)冨2D〔1)+1

1〔v)=D〔v)=mvn,m;positiveintegers

2D(v)=2mv

I〔v)=D〔v)÷21(v/2)

2{D⊂v)+1〔v/2)}

onlywithrespecttothe

,then㎜berofdirectlyunstable

iftheyareinverselyunstablefixedpoints
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ユ・61nvariantcurvesofthemapPingTandtheirrelatedproperties

Wenowsummarizesomedefinitionsandpropertiesconcerninginvariantcurves

ofthemapPingTwithrespecttoadirectlyPoraninverselyunstablefixedpoint

underthemapPing.InthefollowingacurveCinthexyplaneiscalledinvari-

antund・ ・Tiff。ranyi・t・g…andanyp。i・tP∈C,Tn(P)∈C.

LetDbeadirectlyunstablefix'edpointofthemappingTandletconsider

themapPinginasmallneighborhoodofthepointD.Fromtheassumptionoff

andginE(ls.(1.3),ifu,vareapPropriatelytakencoordinateswiththepoint

Datu=v=0,themappingTmayberepresentedasfollows:

u1=λ1u+U〔 …)

〔1.14)

・1=λ2v+V〔 …)

whe「eOく λ1く1<λ2andU(…) ・V〔 …)andth・i・fi・ ・t・ ・d・ ・p・ ・ti・1d・ ・iva。

tivesvanishatu=v=0.Underthissituation,itisknown,seeforexample

[11]Chap.IX,thatthereexistaneighborhoodofDandtwodifferentiablearcs★

　 ロ
ζandζwhichhavethefollowingproperties:

T(ζ+)⊂ ζ+,T-1(ζ 一)⊂ ζ囎,ζ+∩ ζ㌔D

　 　
whereζandζarenottangentatD.FollowingH.Poincar6[29]andG.D.

Bi・kh・ff[4Lth・a・ ・ ζ+i・ca11・danω 一bran・h・ra・t・b・ ・a・cpassi。gth。 。ugh

Dandtheζiscalledanα 一branchoranunstablearcpassingthroughD.The

　 ロ
arcζorζmaybedecomposedastwobranches:

ζ+・ ζ1Uζ;U・ ・ ζ1∩ ζ;・ φ

ζ=ζ1∪ ζ2UD・ ζ1∩ ζ2・ φ

★AnarcoracurveissaidtobedifferentiabユeiftheassociatednlapPing

isdifferentiable.
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エ・i・c・ ・a・ ・h・・T(ζ1)⊂ ζ1,T聯1(ζ1)⊂ ζ王f・ ・i・ ・…Iti・w…h・i・ec・n-

siderthefollowingqualitativeproperties;thereabutatDfourinvariant

b・an・h・ …h・ti・,… ω一b・an・h・ ・ ζ1andζ;・h・ ・ep・i…c・nv・ ・g・t・wa・dD・n

コ の
i・d・fi・it・it・ ・ati・n。fT…dt…-b・an・hesζ1andζ2・h。sepointsconve「ge

t。wa。dD。niterati。n。fT-1.

WenowdefineglobalinvariantbranchesunderTwithrespecttothepoint

Dasfollows:

　

・i(・)・UT-n〔 ζ1)

n=0

　

・i〔・)・UTn(ζ 王)

n=O

fori=1,2.

Thesebranchesarealsocalledω 一andα 一brancheswithrespecttoDwhichare

invariantundeTT.Itisclearthatthefollowingpropertiesaresatisfied:

n1
.

●

・

【∠

3

Noticethat,

intersectioninsuchacase

brancheswhi(lhinters6ct

arenotcoincident

orofgenera1

1imT(P)=DforP∈ ω.(D),

nゆoo

-n

(P〕=DforP∈ α.〔D),1imT ■

n→ レoo

・1(D〕 ∩ ・2〔D)=φ ・ ・1(D)∩ ・2(D)=φ ・

ForeveryneighborhoodUofanypointP∈ ω1
0r2(D)andforevery

neighborhoodVofanypointQ∈ αlo
r2(D)・thereexistapointR∈U

and・p・ ・iti・ ・int・g・ ・n・u・hth・tTn〔R)∈V.・

however,anα 一branchmayintersectanω 一branch,andthepointsof

arecalleddoublyasymptoticpoints.Ifthetwo

atadoublyasymptoticpointPactuallycross,i.e.,

ormeτelytangentatP,thenPwillbesaidtobetranversal

type;incontrarycase,Pisofspecialtype.
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Weintroducesometerminol .ogγdefinedbyH.Poincar6[29]andG・D・Birkhoff

正4]・nd・ ・m…g・n・ ・a・ ・i・…i・n・L・tDい ・ ・・ ・・ ・・・…b・directly…t・b1・

n-P・ ・i・di・p・i・tand・ ・t・k(D?
■)and・k〔 ・呈)・k・ ・…i・1・2・ … …b・ ω一

andα 一b・an・h・ ・wi・h・espectt。 ・至 ・・d…h・m・pPi・gTn・Ad・ ・b・y・ ・即P…i・

pointPiscalledhomoclinicif

・ ・ ω、
。。2〔D?■)∩ ・、。。2〔・呈〕

forsomei〔1くi<n),or

・ ・ ω、
。。2〔D平■〕∩ ・、。。、(・1)

forsomei,j(i≠j,1<iくn,1くjくn).

Forconvenience,1etussaythatthehomoclinicpointsoftheformertypeare

・i・p・ …naddi・i・n・ ・th・p・i…D呈 ・b・v・ …tD雪 ・j…2・ … …b・an・th・ ・

di・ec乏1yun・t・b・ ・m-P・ri・di・p・i・tand・k〔D導
」〕and・k〔 ・琴〕・k・ ・…j…2・

_,m,b・ ω一and・-b・an・heswith…pectt・D導.Th・nad・ubly・ ・)mpt・ti・p・int

コ
Pi・ca…dh・t…c・i・i・p・i・ ・ 一 …t・d…h・ 呈andD翌if

・ ・ ω、
。。、〔D?=L)∩ ・、。。2〔・雪)

or

・ ・ α、
。。、(D?■)∩ ・、。。、(・琴〕

forsomei,j(1くiくn;ユ 〈jくm).

ThesolutionsofEqs.(L3〕correlatedwiththehomoclinicandheteroc↓inic

pointsarecalledthehomoclinicandheteroclinicsolutions,respectively.

L,t1Dand2Db。direct・yun、t。b・ 。fi.,dp。i。 ・、andHb,at。an,ver,a・

h。t。r。 、・i。i。p。i。t・ ・・・・・…d・ithlDand2D.Th。nbyd。fi。i・i。n。n。 。fω 一

1.b
ranches(orα 一branches)ofD■ntersectsatHwithoneofα 一branches(orω 一

b・an・h・ ・)・f2D.エf・ 、(1D),・hi・hi・ ・n・ ・fω 一bran・h…f'D,i・ ・…ect・atH
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・i・h・ 、〔2D),・hi・hi・ ・n・ ・f・-b・an・h…f2D,wesh・ …ay・h・ ・1Disch・i・ ・d

・・2D・nd・ ・…cs2D・ 、(2D〕HandH・ 、〔1D)1D・hi・h・ ・ec・nnect・d・ ・H・ ・eatran-

,i・i…h。i。f。 。m2D・ 。1Dth。 。ughH(、eeFig.・.2).N。 ・。th。tth・a・ ・e・ti・n

・h・ ・IDisch。i。 。d・ 。2Dd。e,n。 ・i。p・i。,th。 ・2Di,ch。i・ ・d・ 。1D,・flDi・

。h。i。 。dt。2D。nd2Di,a、 、。 。h。i。 。d,。1D,,h。tran,i,i。n。h。i。,f。 。m2D・ 。1D

andf・ ・m1D・ ・2D・i・ ・b・ ・aid・ ・f・rmacy・1・.…epreci・e・y,・ ・tH、 ・ α、〔2D)

∩ ・、〔1D)andH2・ α、〔1D)∩ ・、(2D)b・t・ ・h・t・ ・…i・i・p・i・tsc・rr・ ・…d・i・h

'D
and2D,and・ ・t2D・ 、(2D)H、andH、 ・、〔1D)1Db・th・tra・ ・i・i・n・h・i・f・ ・m2D・ ・

1D
and1D・ 、 〔1D)・ 、 ・ndH2・ 、(2D〕2Db・th・t・an・i・i…h・i・f…1D・ ・2D,・h・n

・h・t・ ・fi・ ・dp・i…1Dand2Dhav・a・y…p・ ・p・rty・i・h・ ・y…2D・ 、(2D)・ 、

・、 〔1D〕1D・ 、(1D)H2・2(2D)2D,・r・imp・ γ2DH、'DH22D〔seeFig.・.3〕 ・M…g・n・ ・a・ ・y,

・・t1D,2D,_,nDb。di。ect・yun,t。b・ 。fi.。dp。i。 ・,.Wesh。 ・・ 。a…h。t1D,

2D
,…,nDf・rma・y…if・ 、。r2(1D〕 ∩ ・、。r、 〔2D〕 ≠ φ,・ 、。。、〔2D)∩ ・、。。2〔3D)≠ φ,

…,・ 、。。、(nD)∩ ・、
。。2(1D)≠ φ・N・ticeth…direct・yun・t・b・ ・fi・ ・dp・i・ ・

withahomoclinicpointhasalwaysacyclewhichwillbecalledhomocliniccycle.

Wenowsummarizesomepropertiesofdoublyasymptoticpointsandω 一andα 一

b・ ・n・hes.L・t1D,2D・ ・d3Db・di・ect・yun、t。b・ 。fi。 。dp。i。 ・、.エ 。 ・h。f。 ・・。w-

ingweassumethatdoublyasymptoticpoints,iftheyexist,aTealltransversa1.

11

2.

3.

IfHisahomoclinicpointofD(oraheteroclinicpointcorrelated

。i・h1Dand2D〕,th。n・h。 。eexi、ti。fi。i・ 。・ymanyh。m。c・i。i。

P・i・ …f1D(。 ・h・t…c・i・i・p。i。 ・,c。rr。 ・。・,d。i・h1Dand2D).

・f2Disch。i。 。dt。1Dand3Di,ch。i。,d,。2D,,h。n3Di、ch。i。 。d

lt
oD.

If2Dischainedto1D,thenthe=reneighborhoodUofanypointP∈

・、
。r2(1D)・ ・df・ … ・ighb・ ・h・・dv・fanyp・i・ ・Q∈ ・、。。、(2D),・h…

existapointR∈UandapositiveintegernsuchthatTn(R)∈V .
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4.・flD。nd2Dhav,a。y。 ・。p。 。p・r・y,・h・n・hereexi・th・m・cli・i・p・i…

。f1Dandh。m。c・i。i。p。i。 ・,。f2D.

5.Ineverγneighborhoodofahomoclinicpointthereexistinfinitely

manyperiodicpoints・

Formanymoredetailsonthissubject,seeH.Poincar6[29],G.D.Birkhoff[4,

5],G.D.BirkhoffandP.A.Smith[6],S.Smale[32,33],Y.工.Neimark[23,24],

L.P。Silnikov正30,31],V.1.Arnold[2],V.1.ArnoldandA.Avez[3],V.A.

PlissI27,28],andH.Kawakami[17].

1.7Examplesofthepatternsofinvariantcurves

Inthissectionweshalldiscusssomeexamplesofthebehaviorofinvariant

curves,ofwhichthesimplestpossiblecaseswillbetreated,ofthePoincarξi

mappingTdefinedbyDuffing冒sequation(1.1)withapositivedissipativecons一 ロ
tantk.Inthiscase,sincethemaximuminvariantsetofthesystem(1。2〕is

boundedandhaszeroarea,thepossibletypesoffixedpointsorperiodicpoints

arecompletelystable,directlyunstableorinverselyunstableones.Usingthe

theoremofN.LevinsonandJ.L.MasserainSec.1.5,wefindthefollowing

results.Itisnotedthat,inthefollowingexamples,onlyξixedpointunderT

willbeconsideredalthoughthemapPingTmayhavemanype■iodicpoints.

(a)Thasonユyonefixedpoint:N(1)=1

TwodifferentcaseslistedinTablel.1areconsidered.Forthecasel

inTable1.1,thesimpleststructureofthemaximuminvariantset△isthat△

hasasinglepointwhichiscompletelystable.InthiscaseEqs.(1 .2)has

oneperiodicsolutionofperiod2πtowardwhichallothersolutionstend.

Ontheotherhand,forthelattercaseinTablel・1,△hasatleasttwo2-peTi-

odicpointsofcompletelystableorinverselyunstabletype.
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Table1.1 Numberoffixedpoints(f.P.)

ofdifferenttypes.

.

Typeoff.p.

No.off.p.

■

S 1 D

Casel

Case2

1

0

0

1

0

0

脚

(b)Thasthreefixedpoints:N(1)=3;AnexampleoftheapPearanceof

homoclinicpoints.

Inthiscase,wehavealwaysadirectlyunstablefixedpointaslistedin

Table1.2.Letusconsiderbrieflythepossiblebehaviorofinvariantbranches

ofthedirectlyunstablefixedpointD.LetH..beasetofhomoclinicpoints,
■J

whichwillbeass㎜edt「ansve「sa1・with「especttoωi〔D)andαj(D):

Hij・ ωi(D)∩ ・j(D)

Table1.2Nulnberoffixedpointsof

differenttypes.

Typeoff.p.

S 1 D

No.off.P.

Case1 2 0 1

Case2 1 1 1

Case3 0 2 1
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fori,j=1,

1.

2.

3.

4.

5.

6.

7.

8.

9.

10.

11.

12.

13.

14.

15.

16.

nehT●
2

,

,

,

,

聾

,

,

,

,

,

,

,

,

,

φ

φ

φ

φ

φ

φ

φ

φ

φ

φ

φ

φ

φ

φ

φ

φ

=

4
r

,ヂ

」
ア

≠

≠

4
r

」
ナ

,デ

,ヂ

4
ア

,デ

,ヂ

≠

4
r

,ヂ

O

j

1

2

1

2

1

1

2

1

2

1

2

1

1

1

j

i

1

1

2

2

1

1

1

2

1

1

1

1

1

1

i

O

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

1

i,j=1,

H=H2221

H=H2221

H=H2212

H=H2112

H21

H12

Hll

Hll

Hll

H12

H22

H22

H22

H21

j=1,

≠ φ,

≠ φ,

2.

combinationsofH..as ■]

ー

へ
∠

-

り
乙

-
占

■
⊥

6
乙

6
∠

φ

φ

φ

φ

φ

φ

H

H

H

H

ム
Ψ

爪
Ψ

爪
Ψ

爪
Ψ

follows:

Bytheassumpt↓onsofuni({uenessofso↓utionsandtransveτsalho孤oc↓inicpoints,

thecasesfrom15cannotoccヒr.Hencewehavetendifferentcombinations.

Asanexample,weconsiderthecaselinTable1.2.Colnbiningtheresults

ofthesetsofhomoclinicpointsabove,weobtainsomedifferentpatterllsof

invariantbranchesillustratedinFig.1.4.Inthisfigure,thepattern(a)

showsthatthemaximuminvariantset△consistsofthreefixedpointsandα 一

b。an、hes。fD,。hi1。th。b。und。 ・y・fth・d。m。i。 。f。tt。a、ti。nf。 。lS。r2S

isthedirectlyunstablefixedpointDanditsω 一b士anches.Allothercases
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showtheapPearanceofhomoclinicpoints.Therefore,itmaybeexpectedthat

thereapPearinfinitelymanyperiodicpointsintheneighborhoodofahomoclinic

po■nt・

(c)Thasfivefixedpoints:N(1〕=53Anexampleoftheappearanceof

heteroclinicpoints.

Inthiscase,heteroclinicpointsmayapPearinadditiontoapossibility

ofsetsofhomoclinicpoints,sincewehavealwaystwodirectlyunstablefixed

points.Asanexample,weconsiderthecaselinTablel.3.Somedifferent

patternsofinvariantcurvesareillustτatedinFig.1.5.Thepatterns(a),

(b),・ ・d(・)・h。 ・th・tth・maxi・ ・minva・i・nt・et△ ・・n・i・t・ ・f盆i・ ・fi・ ・dp・i・t・

andα 一branchesoftwodirectlyunstablefixedpoints,althoughheteroclinic

pointsappearinthepatterns〔b)and(c).Thepattern(d)isanexamplewith

cycleproperty.Inthiscasehomoclinicpointsappearand△havecomplex

structure.FurtherdiscussionwillbemadeinChap.4。

Table1.3Numberoffixedpointsof

differenttypes.

eoff.P。

S 1 D

No.off.P.

'

幽

Case1 3 0 2

Case2 2 1 2

Case3 1 2 2

Case4 0 3 2
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CHAPTER2

METHODSOFNUMER工CALANALYSIS

2.11ntroduction

Thepresentshortchapterisconcernedwiththemethodsofnumericalcom-

putationforthesolutionsofDuffing7sequation。Thesemethodswillbeused

inthefollowingchapters.NumeriOalanalysisarecaτriedoutbyusingboth

analoganddigitalcomputers.TheiterationsofthePoincar6mapPingdiscussed

inthepreviouschapterareeasilyaccomplishedbyusingananalogcomputer

withmemoriesandsequentiallogics.Fromacomputationalstandpointanalog

co皿putersarequiteavailableforsolvingtheinitialvalueproblemofordinary

differentialequations,buttheaccuracyofcomputationispoorerthanindig-

italcomputers.Thereforecalculationswillbedoneinthefollowingmanner.

First,ananalog-computerstudyiscaτriedoutwiththeaidofthequalitative

propertiesofDuffing置sequationandwiththeaidofvariousapproximatesolu-

tionswhicharestatedinRef.[12].Secondly,ifitisneeded,adigitalcom-

putationiscarriedoutwiththeaidoftheresultsoftheanalog-computer

study.

InSec.2.2,theprocedureofnumericalanalysisisstated.Sections2.3

and2.4dealwithananalog-computerstudyandadigital-computerstudy,re-

spectively.AnexampleofnumericalsolutionisshowninSec.2.5.

20
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2.2Procedureofnumericaユanalysis

Thepurposeofnumericalanalysisisatthefirstplacetofindthemaxi-

muminvariantsetofagivenequationandtofindω 一branchesofdirectlyor

inverselyunstablefixedorperiodicpoints.Thesebehaviorsinthephaseplane

revealtheglobalaspectofthequalitativepropertiesofthegivenequation・

Secondly,fixedandperiodicpointswi1ユbefoundinthemaxim㎜invariantset

andperiodicsolutionscorrespondingtothefixedorperiodicpointswillbe

calculated.Stabilityoftheperiodicsolutionisalsoinvestigatedbythe

calculationofcharacteristicmultipliersofthevariationalsystemoftheperi-

odicsoユution.HencefortheD-system,inparticularforEqs.(1。2)withk>0,

the負rocedureofn㎜ericalanalysisisasfollows:

1By・ ・i・gEq・ ・(1・13)・ca1・ul・t・th・1imit・y・1・CO・fthi・equations・

ThissimpleclosedcurveissatisfiedtheconditionofD-system:

2.

3.

4.

T(CO)⊂CO・

ApPly・ev・ ・alit・ ・ati。n・ ・fth・P・in・a・ εm・pPi・gTt。thi・cu・v・CO・

T(CO)呂CpT〔C1)=C2・ ・…T〔C
m.1〕=Cm-Aft・ 「 ・・me「epetitions

・fthi・p・ 。cessth・a・ ・a・fi・t・ ・i・ ・d・m・i・ ・fC
mwhi・h・ ・n七 ・i・ ・th・

maximuminvariantset△isnowproperlysma11.

Fi・dth・fi・ ・dandp・ ・i・di・p・i・t・i・th・i・t・ ・i・ ・d・m・i・ ・fC
m・

Inthisstepcompletelystablefixedorperiodicpointsarefound

automatically.Onthecontraryitmaybedifficulttofindd』irectly

orinverselyunstablepoints.Afterseveraltrialswecanobtain

thesep・i・t・beca・seth・i・t・ ・i・ ・d・m・i・ ・fCmi・n・t・ ・1arg・ ・

CalculatetheinvariantcurvesofeachdirectlyorinveTselyunstable

point.Smallchangesofinitialconditionsintheneighborhoodof

thepointleadtofindthesecurves.
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9

5.

FでOlnstep

weuseadigital

adigita1

の
computat■on・

Fornondissipativesystem,thatis,forEqs.〔1.2)withk=0,wehaveno

informationforstep1.Inthiscasetheanalysisisdoneasalimitingcaseof

dissipativesystem,i.e.,ask→0.

Forfindingωpbranches,wesettheinversetimesystem,thatis,for

Eqs.(1.2)weset

dx

証 冒=y

(2.1)

農 ・ky-c、x-c3又3・B…t・B。

Equations(2.1〕hasthesamefixedandperiodicpointsandinvariant

curvesasE(is.(1.2),butthestabilityandthediTectionofsuc-

cessivepointsontheinvariantcurvesunderTareconveτseincom-

parisonwithEqs.(1.2〕.Thereforewecanfindω 一branchesofthe

originalequationasα 一branchesoftheinversetimeequation.

Calculateperiodicsolutionscorrespondingtofixedorperiodic

points.Andinvestigatethestabilityoftheperiodicsolutions,i.e.,

calculatethecharacteristicmultipliersofthevarationalequations.

1tostep4wegenerallyuseananalogcomputerandfofstep5

computer.Instep3,iftheaccuracyofcomputationisneeded,

computationiscarriedoutafterthefindingtheresultsofananalog

2.3Analog-computerstudy

Bynatureanalogcomputersdonotrequireadetailedprogrammingofthe

individualmathematicaloperationsasdigitalcomputers.Eachoperationa1

・1・m・nt・ ・ybec・n・ide「edasafixedsub「outinef。 「e肇uti・n・fp…c・ib・d
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mathematicaloperation,wherethe孕1gorithmisfixedanddeterminedbythe

designp「incipユeoftheope・at釈 ・1elements(inちeg「ato「 ・adde「 ・functiongene「"

ator,etc.〕.

AnalgorithmforthePoincar6mapPingdefinedbynonautonomoussystemwith

periodicforcingtermisshowninFig.2.!。Thisdiagramconsistsofasγstem

equationwithharmonicoscillator,samplerswithanalogmemory,andalogical

controlelementswhichcontrolthesamplersandarecorderpen。

〔a)Systelnequation

Letusconsiderthesystem〔1.2)

dx

翫 『=y

(1.2)

農 ・-ky-c、x-c3・3・B…t・B。

Theinitialdependentvariablesx,yandtheindependentvariabletarerepresent-

edinananalogcomputerbythemachinevariablesX,Yandτ;

X=αx

Y=βy〔2.2)

τ=θt

Toreducetheerroritisdesirablethatthescalefactorsα,βarechosenso

thatthemachinevariablesX・Yareasclosedaspossibletothe皿aximt門mpossi-

blevoltageintheworkingrange〔 士100voltsinourmachine).Forthisヱeason

weselectthescalefactorsα,βfromtheconditions

100
α=X

max

(2.3〕

100β
=

㌦ax
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・h・rex
maxandy。axa・ ・th・maximumva1・ …fxandy・A・f。 ・th・timescale

θ,thecharacteristicsoftheoperatinalelementsimposeconstraintsonthe

choiceofminimumandmaximumvalues.Thetimescaleisthereforechosenl≦

θ ≦4inourproblem.SubstitutingEqs.(2.2〕intoEqs.〔1.2〕weobtainthe

machineequations:

dX㌦ax
-=Y

dτ θX
max

(2.4)

、cx。x33B

蕃 ・-Y-ly慧X-ly器 。2・・煮
ax… 一・舌・・鶉ax…

Figure2.2showsablockdiagramofananalog-computersetupforthesolutions

ofEqs.(2.4〕.

(b)Controlcircuit

ControlcircuitforthemappingisdividedintotwopaTts;samplerswith

analogmemoryandacontエ ℃lcircuitofarecorderpen.Fig.2.3showstheblock

diagramofsamplerswithanalogmemory.Thiscircuitisachievedbγasample-

holdcircuitofmodecontrolledintegrators.TheX(τ)andY〔 τ〕ofEqs.(2.4〕

aresampledattheinstantsofτ=2nθ π(n=1,2,...)andholdedinintegrators

I-1andI-2.・ModecontrolledintegratorsI-1andI-20perateaccordingtothe

logicalinputsignalsRandClistedinthetableunderthefigure.Thevalues

X(2nθ π〕andY(2nθ π〕whichareholdedinI-landI-2aresuccessivelyp1
.ottedon

anX二YrecorderbyaciτcuitshowninFig.2.4.Inthisfigurearecorderpen

marksitsinputvalueswhenrelayRYisenergized.

Inthisway,foranyinitialpoint,weobtainitssuccessiveimagesunder

themapPingonX-Yrecorder・Anothercircuitforautomaticplottingdeviceis

foundinRef.[13]。
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2.4Digitalpcomputerstudy

Digitalcomputationsaremainlycarriedoutforthefollowingpurposes:

1・Tofindaccuratelocationofafixedorperiodicpoint,

2。Tocalculatetheperiodicsolutioncorrespondingtoafixedor

periodicpoint,andtocalculateharmoniccomponentsfoτthe

periodicsolution,

3.Tocalculatethecharacteristicmultipliersofthevariational

equation〔Ll2)correspondingtotheperiodicsolution・

Theprocedureforthepurposelisasfollows:

1.Byusingtheresultsofanalo9-computerstudy,chooseaninitialpoint

PO・nth・xyplan・whi・hgi…th・i・iti・1・ 。・diti・nf・ ・Eq・ ・ 〔1・2)・

2・C・1・u1・t・th・ ・uccessi・ ・im・g…fPOund・ ・Tuntilth・f。11・wing

convergentconditionisfulfilled

lPn-P。.。1・ ε 〔2・5)

whereεisasmallpositiveconstant,v=lforfixedpoint,and

v=mform-peτiodicpoint.

NumericalexamplesofthefollowingchapterswillbedevelopedusigaTOSBAC

3400andsingle-precisionarith皿eticwithtensignificantdigits.Thealgorithm

isprogra㎜edinFORTIUNIV.Numericalintegrationiscarriedoutbyt与eRunge-

Kutta-Gillmethod.Theintervalofintegration2πisdivided60stepsfor

exampleswiththepa■ameterB<0・5andl20stepsforthatwithB>0.5.The

va・ 。。 。f・i。th。i。 。qua・ity〔2.5)i、t・k・n・q・ 。・t。 ・・-4…-5.

Itisnotedthatforacomplete1γstablefixedorperiodicpointthesuc_

cessiveimagesofstep2aboveareautomaticallyconvergent;foradiTectlyor
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inverselyunstablepointitwi1工bedivergentgeneraユ1y,butseveralnumberof

trialsleadtoobtainsatisfactoryresults.Oncethefixedorperiodicpoint

isdetermined,thecorrespondingtrajectoryandperiodicsolutionareeasily

obtained.Hencethecalculations2and3areachievedeasi1γ.

2.5Anexampleofnumericalsolution

AsaspecificexampleofEgs.〔 ユ.2〕,weconsider

dx

正=y

(2.6)

塞 ・ 一 ・.2y-x3・ ・.3・ ・st

InthisexampleE(ls.(1.13)becomes

'd
x

田 「=y

(2.7)

塞=一 …y-x3・ ・.3・g・ ・

F・11・ ・i・gth・p・ ・ced…d・ ・c・ib・di・Sec・2・2… 。bt・inalimit・y・1・CO・f

Eq・ ・(2・7〕 ・and・bt・i・th・ ・uccessi・ ・i・ ・gesT(CO)=CpT(C1)・C2・Aft・ ・

・hi・p・ 。ced…w・fi・d…c・mp・ ・t・ ・y・t・b・ ・fi・ ・dp。i・ ・1S,2S。 。d。direct・y

unstab1・fixedp・intD・Figu「 ・2・5・h。 ・・th・1i・it・y・1・CO・it・i・ ・gesC1・nd

C2,・hreefi・ ・dp・i…1S,2SandD,andα 一b・an・hes・f・h・p・i・ ・D.Fρ ・ ・h・

ω一branchesofDwesettheinveτsetimeequation(2.1)andweobtainthese

branches。Thenwefindthecompletephaseportraitforthesystem⊂2.6〕under

th・m・pPi・gT・Fig・ 「e2・6showsaphot。9「aph・fth・ph・ ・ep雅 ・ait・n・h・xy

Planeobtainedbyanalogcomputation・InFig・2・7,whichisthecopyofFig.

2.6,thearrowsontheinvariantcurvesindicatethedirectionofthemovement
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ofsuccessivein!agesunderT,Thetrajector工esofthecorrespondingthreefixed

pointsareshowninFig.2.8.Thewaveformsoftheseperiodicsolutionsare

illustratedinFig.2.9.InthisfiguretheperiodicsolutioncOrrelatedwith

th・directlyun・t・b1・fi・ ・dp。i・tDi・ ・h・ 職by・D(t)andth・p・ ・i・dicsolutions

…r・ ・…d・i・h・ ・mp・ ・t・ ・y・t・b・ ・fi・ ・dp・i…1Sand2S・ …h・mby・ 、S(・)and

x2S〔t)・ ・especti・ ・1y・

XD(t)=

x1S(t)=

x2S〔t〕=

Theyaregivenby

十

十

十

十

十

十

0.7394cost

O。0223cos3t

O.0009cos5t

● ● ■

+0.6752

+0.0250

-0 .0007

0.3100cost+0.067ユ

0.0007cos3t+0,0006

0● 贋

0.6864cost

O.0597cos3t

O.0001cos5t

O.0002cos7t

● ● ●

十

十

十

0.9841

0.0215

0.0032

0.OOOO

S工n

S■n

S■n

コ

S工n

S■n

　

S■n

S■n

S■n

S■n

t

占し

占し

3

5

t

t3

t

占し

f
》

占し

?
」

〔
」

7

ThefixedpointsandrelatedpでopertiesarelistedinTable2.1below.
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Table2.1 Fixedpointsandrelatedproperties

solutionsforEqs.⊂2.6).

corTelatedwiththeperiodic

Fixed
零

po■nt

Periodic

solution
X y λ1・ λ2 Classification

D

lS

2S

Harmonic

Harmonic

Harmonic ,

一 〇.7163

-0 .3107

0.6267

0.7464

0.0689

1.0331

.

2,457,0,116

-0 .389±0.365i

O.098士0。524i

Directlyunstable

Completelystable

Completelystable
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CHAPTER3

PERIODICSOLUTIONSOFDUFFING,SEQUATION

3.11ntroductiQn

InthischapterwedealwiththeperiodicsolutionsofthefolIowingsimple

buttypicalcaseofEq.(1.1).[12]:

d2xdx3

2+k～ 圧+x・B…t+BO(3・1)dt

・h…k>0・B・ndBO・ ・…a・p・ ・am・t・ … ★Sincetheex・ ・rna・f・r・i・g・ ・rm・f

Eq.(3.1)hasperiod2π,anyperiodics。1uti。nmusthaveaperiodco㎜ensurable

with2π.Weshallseethattheequationcanpossessawidevarietyofperiodic

solutionsinadditiontoharmonicsolutionswhichhavethepeコ2iod2π.Namely,

theequationhassubhar皿onicsolutionsthesmallestperiodofwhichmaybesome

integralmultipleoftheperiod2π.Theinvestigationisconductedwiththe

aidofcomputerfacilitiesdiscussedinChap.2.

InSec.3.2,certainbifurcationoffixedpointsisdiscussedandacon-

ventionalclassificationoftheperiodicsolutionsisintroduced.InSec.3.3.

numericalresultsforharmonicandhigher-harmonicsolutionsareconsidered.

Similarly,subharmonicsolutionsoforders2and3arediscussedinSecs.3.4

and3.5,respectively.

★Th・ … ユinea
・ityi・Eq.(3.1)i・simplygivenby・ ・ubicfun。ti。n。f。.

Theinclusionofalineartermand/orhigher-degreetermsinxdoesnotes_

sentiallyalterthenu㎡ericalanalysisinwhatfollows.

29
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3・2Bifuでcationandclassificationofperiodicsolutions

Beforegoil19intodetaileddiscussionfortheperiodicsolutionsofEq・(3・1)・

weconsidersomebasicpropertiesforthenatureofthesystem(3.1〕andits

period手csolutionswithrespecttothesystemparameters・Inthemostpartof

thisandnextchapters,weshallconsiderDuffing窟sequationoftheform:

li差・kl歪・x3・B…t(…)

Thisequationisunchangedifthesignofxisreversedandtisshiftedbyπ

radians.Thereforethesystem(3.2)iscalledthe・symmetricalsystem・Onthe

otherhand,thesystem(3.1)iscalledtheuns)㎜etricalsystembecauseofthe

・xt・ ・nalf…i・gt・ ・皿 ・ithth・unidi・ecti・h・1・ ・mp・ne・tBO・Eq・ ・ti・ ・ 〔3・1)may

Teadilybetransformedtoonewithunsymmetricalnonlinearitybutwithsymmetri-

calexternalforcingterm.ThroughoutthefollGwing,weshalltreatunsymmetri-

calsystemonlyinordertoobtainsometypicalnumericalexamples.歯

Letusconsiderthesymmetricalsystem(3.2),ortheequivalentsystem:

dx

dt=y

(3.3)

窪 ・-ky-x3・B…t

L・t・(t)・x〔t3・0・yO)・y(t)=y(t;・0・yO〕b・ap・ ・i。di…1・ti・n・fEq・ ・(3・3〕

・ithth・p・ri・d2・d・t・ ・mi・ ・dbytheiniti・1c・nditi・n・x〔0;xO・yO)=・xOand

y(0;・0・yO)=yO・L・tTd・n・tetheP。inca「 εmapPingdefinedbyEq・ ・(3・3)・

Th・nth…1・ti・n-x(t+・;・0・yO〕 ・-y⊂t+・;・0・yO)i・al・ ・ap・ ・i・di…1・ti・n

ofEqs.(3.3).Forconvenienceinthefollowingdiscussion,ifaperiodic

★AsubharmonicsolutionoftheevenordermayexistforEq .(3.2〕,but

thistypeofsolutionisapttooccurwhenthesystemisunsymmetrica1[12].

'



31

solutionx(t),y〔t)satisfiestheequalities

x〔t3・0・yo)=-x(t+・;・0・yo)

(3.4)y(t
;・0・yo)=-y(t+・;・0・yo)

th・nwecallthes・1・ti・np・im・ ・y・A・dthec・ ・…p・ndi・gfi・ ・dp・i・tP(・0・yO)

willbecalledprimaryfixedpoint.Anyprimarysolutioncanbeequivalently

definedbyFourier-seriesexpansioninthefollowingform:

　
・ 〔・)・ Σ[・2

。.、 ・。・ 〔2…)・ ・b2。.、 ・i・(2…)・]
nニ1

(3.5〕　
y(t〕=Σ1〔2n+1)b2n+1cos〔2n+1)t-(2n+1〕a2n+1sin(2n+1)t]

n=1

Ifaperiodicsolutiondoesnotsatisfytheequalities(3.4〕,orequivalently,

isexpressedbyFourier-seriesexpansioncontainingtheevenordercomponents,

thentheperiodicsolutionisreferredtoasnon-primarysolution.Correspond-

i・gt。an・n-P・im・ ・y・ 。1uti・nx〔t)=x(t;・0・yO)・y〔t)=y〔t3・0・yO)・wecan

fi・dt・ ・fi・ ・dp・i・t・P(・0・yO)・ndQ(-x(・)・-y(・))inxyp1・n・ ・F・ ・Eq・ ・(3・3)

withk>0,sincethetotalindexisalwaysunity,thisequationpossessesat

leastoneprimarysolutionforanyvalueofB.Furthermore,aprimarysolution

iseithercompletelystableordirectlyunstable,sincethecoefficientsofthe

variatio昇alsystemofEqs.(3.3)fortheprimarysolutionhaveperiOdπ.

Wenowconsiderthevariationofthequalitativestructureofthe.phase

portraitwhenthesystemparameteヱvaries.Thequalitativestructureofthe

phaseportraitisdeterminedbythemaximuminvariantset△andinvariantcurves

withrespecttodirectlyand/orinverselyunstablepointsintroducedinChap.1.

Thatis,forEqs.(3.3),thegualitativechangeofthephaseportraitmaybe

occurredbytheapPearanceanddisapPearanceoffixedandperiodicpointsand
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bythevariationofinvariantcurves.工nthissectionweshalldiscussthe

apPearanceanddisap重)earanceoffixedandperiodicpoints.Thenatureofin-

variantcurveswillbetreatedinthenextchapter.

'

〔a)GenerationandbranchingoffixedpointsforEqs.(3.3〕

Bifurcationtheoryinnonlineartwodimensionalautonomoussystemwasstudied

instandardtreatiesbγA.A.Andronov,A.A.VittandS.E.Khaikin[1],N・Minorsky

[22]andothers。Analogically,wediscusstheapPearanceanddisapPearanceof

fixedandperiodicpointsunderthePoincar6mappingTdefinedbyEqs.(3.3).

Letusconsiderthesystem(3.3〕underafixeddissipativeconstantk>0.

工nthiscase,thesystemhasaparameterB=theamplitudeoftheexternalforc-

ingterm.工tmaybeexpectedthatforasufficientlysmallvalueofB,the

systemhasonlyonecomp手etelystablefixedpoint.ForalargevalueofB,

however,thesystempossessesavarioustypeoffixedandperiodicpoints.By

reasonofthisfact,wediscussthepossibilityofthebifurcationforEqs.(3.3).

Forsimplicity,1etusconsiderthebifurcationoffixedpoints.Similardis-

cussionisapPliedtothebifurcationofperiodicpoints.

IfforsomechangesofBthesolutionvarieswithoutundergoinganyquali-

tativechangesinitstopologicalstructure,suchvalue£Barecalledordinary

valu…If・h・w・v…f・ …m・ ・peci・lvalueB=B
。・th・t・p・1・gi・a1・t・u・ture

ofthephaseportraitundergoesaqualitativechange,suchaspecialvalueis

calledcriticalvalue,[1】.

Ontheotherhand,foranyclosedcurveCinxyplane,theindexofCis

continuousontheparameterBprovidedthatnofixedpointsappearonthecurve

C.Thus,afixedpointwithnon-zeroindexcannoteitherapPearordisapPear

forthevariationofB.Acompletelystablefixedpointwhosecharacteristic
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multipliersarebothrealandpositive,candisappearonlyafterhavingprevi-

ouslymergedwithadirectlyunstablefixedPoint,thusformingaIion-sinlple

fixedpointwithanindexequaltozero.Conversely .、adirectlyunstablefixed

pointoracompletelystablefixedpointcanappearorgeneratefromthesplit-

tingupofnon-simplefixedpointwithanindexequaltozero.Therefore,for

fixedandperiodicpointsofEqs.〔3.3),thepossibletypesofthequalitative

changeofthephaseportraitareasfollows:

TYPEI(GenerationoffixedpointsorSD-generation)

Let△(B)bethemaximuminvariantsetofEqs.(3.3)foτanordinaでyvalue

ofB.ConsiderthevariationsoftheparameterB.Ifanon-simplefixedpoint

statedab。veapPea「satB=B

gandthet。pologicalst「uctu「eof△ 〔Bg)isthe

sameas△ 〔B)exceptthenon-simplefixedpointandα 一branchwithrespecttothis

pointandfoでfurtherchangesofBthisnon-simplefixedpointsplitsintoa

completelystableandadirectlyunstablefixedpoints,thenwesaythatthis

phenomenonisthatofthegenerationofastableandadirectlyunstablefixed

points,orsi皿ply,SD-generation.ThissituationisillustratedinFig.3.1〔a).

Inthisfigure△ 〔B)isskechedbyahachedareabutforEqs.(3.3)△(B)has

evidentlyzeromeasure.Thedisappearancephenomenonisdefinedconversely.

Inaccordancewiththechangeofstabilityofafixedpoint,thereapPear

ordisappearotherfixedor2-periodicpoints.Thesephenomenawillbereferred

toasbranchings.Twodifferenttypes,i.e.TypeIIandTypeIII,ofbranching

canbeconsidered.

TYPEII(SD-branching)

LetapointSbeacompletelystablefixedpointforanordinaryvalueof

B・U・d・rth・va・i・ti・n・ ・fB・ ・tB=Bb・ifthec・ ・…p・ndi・gfi・ ・dp。i・tSi・
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changedintoanon-simplefixedpointwithanindexequaltounity,andfurther

variationsofBcausethispointtosplitintothreefixedpoints:twocomplete-

lystableandonedirectユyunstablefixedpoints,thenwesaythatthisphenome-

nonisSD-branchi轟9・Thisprocessissimplyregardedasfollows:Duringthe

variationsofB,afixedpoint.sayanoriginalfixedpoint,continuestoexist

・nd・hangesitsst・bility・tB・Bbandp・t・f・rtht・b・an・hes・ft・ 。fi・ ・d

P・i・t…aybran・h・dfi・ ・dp・i・t…ft・ ・thecriti・alvalu・ ・fB=Bb・The

passag・ ・fBth・ ・ughit・criticalva1・ ・Bbi・il1・ ・trat・di・Fig・3・1〔b)・In

・hi、fig。 。。th。p。i。 ・、SandDd。 。。t。th。 。。igina・fi。,dp。i。 ・,and1S・ ・d2S

arebranchedfixedpoints.

TYPEIII(S工 一branching)

LetapointSbeacompletelystablefixedpointforanordinaryvalueof

B・Con・iderth・va・i・ti・n・ ・fth・p・ ・am・t・ ・B・If・t・ ・m・ ・peci・1valu・B=Bb

thecorrespondingfixedpointSischangedintoanon-simplefixedpointwith

anindexe(1ualtounity,andfurthervariationsofBcausethispointtosplit

intoaninverselyunstablefixedpointandtwocompletelystable2-periodic

points.thenthisphenomenoniscalledSI-branching.Inthiscase,theoriginal

fixedpointischangedintoaninverselyunstablefixedpoint,whilethebranch-

edpointsaretwocompletelystable2-periodicpoints.Figure3.1〔c〕shows

SI-branching.InthisfigureSand工denoteacompletelystableandaninverse_

・yun・t・b・ ・fi・ ・dp・i…,・especti…y・ ・land・1〔 ・T〔 ・1)〕 …b・an・h・d2-pe-

periodicpoints.

Wenowsummarizetherelationbetweenthebifurcationandprimaryornon_

primarysolutionsforEqs.(3.3).

1.ForSD-geneτation,therearetwocases:primaryfixedpointsgenera一
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●

2

3

tionandnon-primaryfixedpointsgeneration.Ifgeneratedfixed

pointarenon-primary、thenfourfixedpoints,twocompletelystable
6

andtwodirectlyunstablefixedpointsapPear.

NoSI-branchingcanoccurinaprimaryfixedpoint.

BranchedfixedpointsbySD-branchi耳galwaysapPearinpair・

'
(b)ClassificationoftheperiodicsolutionsofDuffing冒sequation

Fromthenumericalanalysiswhichwillbediscussedinthenextsections,

weshallseethatthesystem(3.2)possessesavarioustypesofperiodicsolutions.

Thisfactimpelsustgdistinguishthoseperiodicsolutionsintoseveraltypes

despiteofthelackoftheor6ticalbackground.Fromthephysicalpointofview,

anoscillatorysystemgovernedbyDuffinglse(1uationmayhaveaperiodicresponse

thefundamentalperiodofwhichiseitherequaltothatoftheexternalforcing

termorequaltoitsintegralmultiple.Thetermsharmonicandsubharmonicosc-

illationsareapPliedtothoseresponses,respectively,[12].Correspondingto

suchaperiodicoscillation,asolutionofpefiod2πofEq.〔3.2〕iscaユ1edhar-

monicsolution.Aperiodicsolutionwithperiod2mπ,i・e.,mtimestheperiod り
oftheforingtermiscalledsubharmonicsolutionoforderm.

Ontheotherhand,aperiodicsolutionisexpτessedbyaFourier-series

expansion.Forthepurposeofnotationalcovenience,comparingthecoefficients

intheexpansion,variousharmonicandsubharmonicsolutionswillbedistinguish_

edasfollows:FromthenumericalresultsifthecQefficientofthetermscost

or/andsintispredominantandtheothercoefficientsarerelativelysma11,then

wesaytheperiodicsolutionhar皿onic.Ifthecoefficientofthetermscosmt

or/andsinmtisdominantintheperiodicsolution,thenthesolutioniscalled
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higher-harmonicsoIutionofordermorm-harmonicsolution,Silnilarly,ifthe

coefficientofthetermscosnt/mor/andsinnt/misdominantinasubharmonic

solution,thenwecallthesolutionsubharmonicsolutionoforderm/norn/m-

harmonicsolution・Inthecaseofweaknonlinearsystem
,onecanfindmore

persuasiveclassificationinRef.正18].

3.3Harmonicandhigher-harmonicsolutions

Thissectiondescribesnumericalresultsontheharmonicandhigher-harmonic

solutionsforEqs.(3.3)astheparametersintheequationarevariedover!arge

intervals.

〔a)Regionsinwhichharmonicandhigher-harmonicsolutionsexist

Beforegoi耳gintoaditailedcomputationforspecificparametersBandk,

weshallinvestigatetheregionsoftheparametersinBkplaneinwhichharmonic

andhigher-harmonicsolutionsareobtained.Figure3。2showstheseregions

obtainedbyanalogcomputations.ThesixregionsinFig.3.2areasfollows:

IntheregionsIandIII,thereexistsaharmonicsQlutioncorrelatedwitha

completelystablefixedpoint.Inthesenseofnonlinearphysicalphenomena,

theharmonicsolutionsintheregionIandIIIareoftencallednonresonantand

resOnantresponses,respectively.BetweentheregionsIandI工1、anoverlapped

regionIIexistsinwhichtherearethτeeharmonicsolutions.Twoofthemare

completelystableandthethirdoneisdirectlyunstable.Therefore,underthe

variationsofBfromtheregionIto工II,weseethat,atleftsideboundaryof

theregionII,SD-geneTationapPears,thegeneratedfixedpointsarepτimary3

whileatrightsidebOundary,thedisappearancephenOmenon,i。e.SD-disappear-

ance,occurs.TransferfromtheregionIIIintoIVgivesrisetoSD-branching.

HenceaharmonicsolutiOnchangesintothreeperiodicsolutions,twoofwhich
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aTecompletelystableandthethirdoneisdiγectlyunstable .Thetwostable

solutionscontainevenharmonicsinadditiontothefundamentalandoddharmonics,

i・e・thesesolutionsarenon-primary .IntheregionV,sevenperiodicsolutions

appear:fourcompletelystableandthreedirectlyunstablesolutions .Thatis,

fortheentrancetotheregionVfromleftsideboundary
,SD-generationsoccur.

whileforleavingtheregionValongrightsideboundary
,SD-disapPearanceare

observed.IntheregionVI,therearethreeharmonicsolutions:onedirectly

andtwoinverselyunstablesolutions.Henceontheboundarybetweentheregions

IVandVI,SI-branchingapPears.ThusintheregionVI
,subharmonicsolutions

oforder2appear.Abovesituationaゴe3ummarizedinTables3 .land3.2.It

istobenotedthatFig・3.2andalsoTable3 .1showonlyharmOnicsolutions.

Whentheparameterkissufficientlysmall
,subharmonicsolutionsmayappear

ineveryregion.Thiswillbestatedinthefollowingsections .

Table3.1
'

Numberandtypeofharmonicsolutionsinthedifferent

regionsintheBkplaneillustratedinFig.3.2

L

当Numberofharmonic

Region
solutions

I

II

III

IV

V

V工

Typeoffixedpointcorrelated

withtheharmonicsolution

・⊥

3

■⊥

3

7

3

S

S×2
,

S

S×2

S×4,

1×2

D×1

Dxl

D×3

D×1
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Table3.2 TypesofbifurcationwhenBisincreased

Boundary

between

T)α)esofbirfurcation
Generated,disappeared

orbranchedpoints

1

III SD-generation
●

P「 ■ma「y

IIIII SD-disapPearance
・

P「1ma「y

IIIIV SD-branching
●

non-Pτ1ma「y

'IVV

(1eftside)
SD-generation

●
non-P「 ■ma「y

VIV

(rightside)
SD-disapPearance

.
non-pr■mary

IVVI SI-branching 2-periodicpoints

燭

(b)LocioffixedpointsandpatternsofphaseportraitsasBvaries

Togetmorespecificinfbrmationonthenatureoftheharmonicsolutions,

weconsiderEqs。(3.3)withafixedparameterk,Thelocioffixedpointsare

schematicallyillustratedinFig.3.3,astheparameterBvaries.Thelocusof

thefixedpointcorrelatedwiththeprimarysolutionisshownbyheavyline

OAIA2…i・Fig・3・3・A・Bi・ ・rea・e・th・fi・ ・dp・i・tm・vesa1・ngthi・cu・v・in

thedirectionofthearrows.ThefixedpointstartsfromtheoriginO〔for

・hi・hB=0)'andm・vest・wardA1・Wh・nitreach・ ・A1・an・th・ ・fi・ ・dp・i・t・p-

P・a・atA3・i・e・ ・SD-9・n・ ・ati・n・ccu…With・furth・ ・inc・ ・a・ei・B・three

fi・ ・dp・i・t・apP・a・ ・m・vi・gf・ ・mAlt・A2・f・ ・mA3t・A2・andf・ ・mA3t・A4・

…pecti・ ・1y・Wh・nth・fi・ ・tt・ 。fixedp・i・t・c・alesceatA2・th・thi・dp・i・t

.AfurtherincreaseinBresultsinthedisapPearanceofthecdale-reachesA4

scedfixedpoint,i.e..SD-disapPearance,andtheremainingfixedpointmoves
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f「omA4toA5・A6・-Inv・ ・tig・ti・gth・ ・t・bility・fth・fi・ ・dp・i・t・ ・n・

seethatthefixedpointsonthesolid-lineportionsofthecurveaτecomplete-

1ystableandthoseonthedachedportionsaredirectlyunstable.

職enBi・i…ea・edb・y・ndA5・th・1・cu・b・eaksi・t・th・ee;・ ㎝ ・1y・th・

o「 ■9mallocusA5A6… ・B-b・an・hA

5B6… ・andC-b・an・hA5C6… ・th・ti・ ・SD-

branchingoccurs・Thelociofthebranchedfixedpointsaτeshownbyfinelines

inFig・3・3・PeriodicsolutionsonB-branchandC-brancharenon-primary,i.e. ,

theyarecharacterizedbythepresenceofevenharmonicsinadditiontothe

fundamentalandoddharmonics.Thus,foragivenvalueofB,thereexistthree

fixedp。int…ayA6・B6・ ・ndC6;A6i・di・ectlyun・t・bl・whi1・B6andC6…

completelystable・WhenBisincreasedfurther .fixedpointsonB-branchand

C-b「anchp・ ・ceedt・B7andC7・ …pecti・ ・lyメTh・nthe・ubdi・i・i・n・fth・t・ ・

branchesoccurssimultaneouslyatthosepoints,i.e.,S工 一branchingoccurs.

Fixedp・i・t・ ・nB7D8… ・B7E8… ・C7F8・ …C7G8・ 一 ・…bt・i・ ・dund…v・ ・y

seconditerateofthemapPingT;therefore,thecoTrespondingPeriodicsolutions

containsubharmoniccomponentoforder2anditshigher-harmonics.Thuswe

obtainthreefixedpointsandfour2-periodicpoints:adi℃ectlyFunstableA8,

t・ ・inv…elyun・t・b1・B8andC8・andf。 … 。mpl・t・ly・t・bl・2-P・ ・i・di・p・i・t・

D8・E8・F8・ ・dG8・

ThephaseportraitsforsomefixedBandkarepictoriallyshowninFig.

3.4.Thisfigureshowsschematicallythelocationoffixedpointsandinvariant

★Whenkislargethejumpphenomenon
,i.e.,SD-generatiOnandSD-disap-

pea「ance・ 。ffixedp。intsontheo「iginall。cus〔f「omA2toA4andf・ ・mA3t・A、)

disappears.Onthecontrary,ifkisverysmallthejumpphenomenonoccurs

alsoonB-andC-branches.

、

'
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curveswhichpassthroughthedirectlyandinverselyunstablefixedpoints・

Thearrowsinthefigureindicatethedirectiorlofthemovementofsuccessive

imagesofthemapPingT.Figure3。4(a)showsthepatternOfaphaseportrait

obtainedintheparameterregionIIinFig.3.2.Thepatterns(b),〔c)and

(d)inFig・3.4showthephaseportraitsobtaineζ1intheregionsIV,VandVI/

respectively.Itistobenotedthatforsmallksubharmonicsolutionsmay

exist・Forexample,intheregionI工subharmonicsolutionsoforder3exist.

ThephaseportraitisskechedinFig.3.4(e).Thissituationwillbediscuss-

edinthenextsections.

(c)Harmonicsolutions

WenowdiscussmorecompletelyrepresentativecasesofE(モs.(3.3〕.To

beginwith,1etusconsideracaseinwhichtheparametersarechoseninthe

regionIIinFig.3.2,i.e.,k=0.landB=0.3.Thuswearedealingwith

d2xdx3

2+0・ldt+x=0・3c・ ・t(3・6)dt

Inthiscase,thgrearethreefixedpointscorrespondingtotheperiodicso-

1utionsofEq.(3.6).★Oneofthemisdirectlyunstableandtheothertwoare

completelystable;detailsofthefixedpointsaregiveninTable3.3.Figure

3.5showsthelocationofthefixedpointsandapairofinvariantcu℃veswhich

passthτoughtheunstablefixedpointD.Thearrowsinthefigureindicatethe

directionofsuccessiveimagesofpointsontheinvariantcurvesunderT.For

thisexampleoneoftheinvariantcurves,i.e.,ω 一branchesdrawninheavyline,

alongwhichthesuccessiveimagesapProachthepointDistheboundaryofthe

★Thesefi・ ・dp・i・t・a・esituated。ntheo・iginal1・cu・OA

IA2…i・Fig・3・3・
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Table3.3 Fixedpointsandreユatedproperties

solutionsforEq.(3.6〕.

correlatedwiththeperiodic

Fixed
,

po皿t

Periodic

solution
X y λ λ1,2

,

Classification

D

lS

2S

Harmonic

Harmonic

Harmonic

一〇.9170

-0 .3228

1.1381

0.3812

0.0360

0.7447

3,763,0,142
,

-0 .586±0。436i

-0 .170士0.710i

Directlyunstable

Completelystable

Completelystable

twodomainsofattraction.Ontheotherhand,α 一branchesofD,drawninfine

・i。 。,。i・h・ 。。fi。 。dp。i。 ・,1S。 。d2Sf。 。m・h。maximuminva・i・n・ ・et・f・hi・

equat■on.Theperiodicsolutioncorrelatedwiththedirectユyunstablefixed

pointDisfoundtobe

・D(t〕=-0・9022c・ ・t+0・3046sint

-0.0149cos3t+0.0241sin3t

+0.0001cos5t+0.0008sin5t

十...

Th・ ・t・b・ ・peri・d・ ・ ・・…i・n・x、S(・)and・2S〔 ・)・ ・・・・・…d…hp・ ・…1Sand

2S
arerespectivelygivenby

・1S〔t)=一

x2S(t)=

十

十

0.3219

0.0009

●9・

ユ.1ユ93

0.0211

0.0020

cost+0.0350s■nt

cos3t+0.0003sin3t

COS

COS

COS

t+

3t+

5t+

0.5246

0.0679

0.0032

sint

sin3t

sinst

儀
凄
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一 〇.0002cos7t+0.0000sin7t

十...

Thevaluesλ1andλ2i・T・b1・3・3・ ・eca1・ul・t・dbyth・ ・。1・ti・n・ ・fth・

variationalequationsofEq.(3.6)withrespecttotheaboveperiodicsolutions.

〔d〕Higher-harmonicsolutions

WeconsiderthesecondcaseinwhichBisincreased(intheregion工Vin

Fig.3.2〕andthee(1uationbecomes

d2xdx3

2+0・ ユdt+x=2・6・ 。・t(3・7)dt

CorrespondingtotheperiodicsolutionsofEq.(3.7〕,wehavethreefixedpoints

underthemappingT,thedetailsofwhicharelistedinTable3.4.Thesefixed

pointsandtheinvariantcurvesareshowninFig.3.6.Theω 一andα 一branches

aredrawninheavyandfinelines,respectively.Theperiodicsolutioncoでre-

1atedwiththedirectlyunstablefixedpointDisfoundtobe

・D(t)=1・6672…t+0・1328・int

+0.2609cos3t+0.0446sin3t

+0.0302cos5t+0.0091sin5t

+0.0036cos7t+0.0016sin7t

+0.0004cosgt+0.0003singt

÷...

Th・ ・t・b・ ・p・ ・i・dics・ …i・n・x、S(・)and・ 、S(・)・ ・・・・・…d・i・hp・ ・…1Sand

2S
arerespectivelygivenby

・1S(t)=-x2S(t+・)

=-0 .0468
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Table3.4 Fixedpointsandrelated

soユutionsforEq.⊂3。7).

propertiescorrelatedwiththeperiOdic

Fixed
g

po■nt

Periodic

solution・
X y

b

λ1・ λ2 Classification

D

lS

2S

3-harmonic

2-harmonic

2-harmonic

1.9625

L4083

1.6975

0.3261

2.0971

-1 .7049

2,000,0,267

0.061士0.728i

O.061±0.728i

Directlyurlstable

Completelystable

Completelystable

十

十

P

,

十

十

十

1.4999

0.0627

0.0870

0.0315

0.0274

0.0042

0.0061

0.0003

0.0005

0.0002

●o●

COS

COS

COS

COS

COS

COS

COS

COS

COS

t

t

t

t

ムし

2

3

4

r⊃

幽し

占し

もし

占し

/
0

7

8

Q
4

coslOt

十

十

十

十

十

0.1771

0.7037

0.0256

0.U56

0.OO67

0.0071

0.0029

0.0010

0.0004

0.0003

s].n

S■n

S■n

S■n

S■n

S■n

S工n

S■n

S工n

占し

占し

占し

ゐし

t

2

3

4

F
⊃

f
}

幽し

占し

占し

〆◎

7

8

G
4

sinlOt

WenowconsiderthecasesinwhichBisvariedintheregionVinFig.3.2.

Figure3.7showsschematicallythelocationoffixedpointsandinvariantcurves

ofdirectlyunstablefixedpointswhentheparameterBニ2・8,3.2,3.5and3.8

withk=0.1.Fromthisfigureonecanseehowtochangethepatternofphase
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portraitintheregionV・Itisnotedthatforsufficientlysmallkthefixed

.12S
changeintoinverselyunstablefixedpoints.ButundertheandSpo■nts

variationofthesystemparameters,theseinverselyunstablefixedpointsdisap-

pearafterthepassageoftheleftsideboundaryoftheregionVinFig.3。2.

ThustheappearanceofinverselyunstablefixedpointsintheregionV工means

・h・S・.b・an・hi・g。f・h。fi。 。dp。i。 ・、3Sand4Si・ ・。,tra・ 。di。Fig.3.7.

(e)Higher-harmonicsolutionswithsubharmonics

WeconsiderthefQuでthcaseinwhichBisstillfurtherincreasedandthe

e(孔uationbecomes

2-

1,差 … ユ器 ・x3・5・ ・…t(・ ・8)

ThisexampleillustratestheinterpretationofSI-bfanching.Astheresultof

thisphenomenon,threefixedpoints:twoinverselyandonedirectlyunstable

fixedpoints,andfourcompletelystable2-periodicpointsareobtained.Their

d・t・il・a…h・wni・T・bl・3.5。Th・1。 ・ati。n・ ・ffi・ ・dand2-P・ ・i・di・p・int・

andinvariantcurvesareskechedinFig.3.8.

Theperiodicsolutioncorrelatedwiththedirectlyunstablefixedpoint

Disfoundtobe

・D〔t〕=1・8319…t+0・1189・i・t

+0.5105cos3t+0.0470sin3t

+0.8710cos5t+0.0151sin5t

+0.0162cos7t+0.0039sin7t

+0.0030cosgt+0.0010singt

+0.0006cosllt+0.0002sinllt

十..。
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Table3.5 Fixedpointsandrelatedproperties

solutionsforEq.(3.8〕.

correlatedwiththeperiodic

Fixed
畠

po■nt

Periodic

solution
X y λ1 ・,λ2 Classification

D 5-harmonic 2.4493 0.3750 1,166,0,458 Directlyunstable

11 ・ 2-harmonic 2.7130 1.2398 一1 .146,-0.465 Inveτselyunstable

21
2-harmonic 1.7131 一〇.3496 一1 .工46,-0.465 Inveτselyunstable

1S2

1
2-harmonic 2.5359 2.5433 0.387士0.366i CompletelyFstable

肖

12S

2
2-harmonic 2.7507

髄

一〇.1816 0.387士0.366i Completelystable

22S

l
2-harmonic 1.5100 一〇.3099 0.387士0.366i

「
Completely3table

2フ
S-1 2-harmonic 1.9278 一〇 .3709 0.387土0.366i Completelystable

The●

po■nts

■nverselyunstableperiodic

!l
and

solutions

2・
。。。 。。、pecti。 。・ygi。 。。by

・II(t)=-x21〔t+・)

十

十

十

十

十

十

十

0.4508

1,8171

0.7435

0.3034

0.1623

0.0719

0.0353

0.Ol62

COS

COS

COS

COS

COS

COS

COS

t

t

t

んし

山
し

⊥下
}

占
し

〔∠

3

4

「
⊃

6

7

十

十

十

十

十

十

十

x11(t)

0.1445

0.ユ909

0.Ol74

0.0624

0.0285

0.Ol66

0.0097

andx(t)21

S工n

S],n

s■n

S■n

S■n

S■n

S■n

t

t

t

占し

†
》

占し

ムし

2

3

4

r
⊃

6

7
'

cQrrelatedwiththe
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Theperiodic

+0.0076cos8t+

+0,0035cosgt+

+0.0016cos10t+

+0.0007cosllt+

+0.0003cosl2t+

十 。..

solutionscorrelatedwiththe

・IS1(t)=x1S2〔t+2・)=一

=0 .4384

÷

十

十

岬

+

+

十

十

十

十

・…26… き

1.8061cost

…6・3… き

0.7174cos2t

・・2534… き

0.2927

0.0162

0.1491

0.0523

0。0667

0.0251

0.0277

0.0132

0.0130

0.0073

COS3t

… 穿

cos4t

… 争

cos5t

ll
COS-t2

cos6t

l3
COS-t2

cos7t

… 与

0.0052

0.0028

0.0015

0.0008

0.0004

sin8t

singt

sin10t

sinllt

sin12t

2-periodicpointsareasfo1ユows:

x2S1(t+・)=-x2S2(t-・ 〕

十

十

十

十

十

十

十

十

0.0204sin

O.1475sin

O.0106sin

O.1924sin

0.Ol74

0.0200

0.Ol74

0.0603

0.Olll

O.0266

0.Ol35

0.Ol48

0.0059

0.0080

0.0047

き
t

き
2t

・・nき

sin3t

・i・穿

sin4t

・i・争

sin5t

.11
S■nt2

sin6t

.13
S■n-t2

sin7t

.15
sユnt2
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-0 .0053cos8t-0.0042sin8t

-・ …37… 号t-・ .・・27・i・'1・

+0.0022cosgt+0.0020singt

.0.0018。 。,19t.0.0016、i。 里t
22

-0 .0009cosユOt-0.0010sin10t

十 。.。

whe「ethesubsc「iptf。 「x(t〕meansthatxjSi(t)・fo「example・isthepe「iodic

・・…i・n-・ ・…d・i・h・h・p・i・ ・j51・

3.4Subharmonicsolutionsoforder2

1ntheprecedingsectionwehaveseenthat,asBincreasesforEqs.〔3.3)、

higher-harmonics・(oddandeven)andsubharmonicsdevelopintheperiodicsolution.

Inasγstemwithsmalldissipativeconstantk,however,wehaveasituationcon-

siderablydifferentfromthatdescribedinSec.3.3,i.e.,subharlnonicsolution

mayoccur.AsalreadyreportedinRefs.[25]App.Vand[12]Chap.10,the

system(3.3)hassubharmonicsolutionsoforder2insomeparameterregions.

Inthissectionweinvestigatesubharmonicsolutionsoforder2forEqs.〔3.3).

(a)1/2-harmonicsolutionsforEqs.(3.3)

InRef.[25]App.V,theregionofl/2-harmonicsolutionsforEqs.〔3.3)

wasinvestigated.WereproducetheresultinFig・3.9withsomeadditional

results.Thefigureshowstheτegionsofharmonic,1/2-harmonicand1/3-

harmonicsolutionsforEqs.(3.3).工nthisfiguretheregionofl/2-ha童monic

solutionsisdividedroughlγiptotwo:theregioninwhichfourcompletely

stableandfourdirectlyunstable2-periodicpointsareobtained⊂surrounding
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narrowregioninthefigure),andthereg工oninwhichfourinverselyunstable

andfoulLdirectlyunstable2-peTiodicpointsareobtained(surroundedregion),

Asrepresentativeexamplesoftwocasesstatedabove,weconsiderfirst

thee(luation:

d2xdx3

2+0・Ogdt+x=0・26…t(3・9)dt

Thepatternofphaseportraitfor2-periodicpointsisskechedinFig.3.10.

工nthisfiguretwogroupsof2-periodicpointsofthesametypesareseen,i.e.,

'1Sl ,1Sl(・T〔'Sl))・nd2Sl,2S;(・T(2Sl))

1Di
,1Dl(・T('Dl〕)and2Dl,2D;(・T〔2Dl))・

TheirdetailsaregiveninTable3.6.Theinvariantcurveswhichpassthrough

・h・direct・yun・t・b・ ・2-P・ …d・ ・p・ …j・1(」 ・ ・,・ ・i・ ・,・ 〕 ・・e・b・ ・…d

by・h。m。pPi。gT2.

TheperiodicsolutionscoTrelatedwiththe2-periodicpointsareasfollows:

・IDI(t)=x1D2(t+2・)=-x2Dl(t+・ 〕=-x2D2(t一 の

=0.0522

…3・27… き ・ …28・ ・i・き

一 〇 .3455cost+0.0523sint

・ ・…46… き 一 ・…8・ ・i・ き

一 〇.0044cos2t-0.0052sin2t

・ ・…56… き ・ ・・…3・i・ き

一 〇.0013cos3t+0.0007sin3t

十...
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Fixedand2-periodicpointsandrelatedpropβrtiesforEq.(3・8〕 ・

Fixed
脚

poエnt

Periodic

solution.
X y λ1・ λ2 Classification

.

D Harmonic 一〇 .9389 0.4281 3,481,0,153 Directlyunstable

1S
Harmonic 一〇.2737 0.0266 一〇.386士0.647i Completelystable

2S
Harmonic Ll162 0.7449 一〇.077±0.750i Completelystable

12D

1
1/2-harmonic 0.0238

!

0.0968 3,271,0,099 Directlyunstable

12D

2
1/2-harmonic 一〇

.6220
「

一〇.0086 3,271,0,099 Directlyunstable

22D

l
1/2-harmonic 一〇 .5309 0.2283 3,271,0,099 Directlyunstable

22D

2
1/2-harmonic 一〇.2579 一〇.0981 3,271,0,099 Directlyunstable

12S

1
1/2-haでmonic 0.0961 0.0737 一〇.391±0.412i Completelystable

12S

2
1/2-harmonic 一〇.6616 0.0364 一〇.391土0.412i Completelystable

22S

l
1/2-harmonic 一〇 .5063 0.2578 一〇.391士0.412i Completelystable

22S

2
1/2-harmonic 一〇 .3697 一〇.1252 一〇.391士0.412i Completelystable

.

x1S1(t) =x
1S2(tニ

ニ0.0841

÷0.3669

-0 .3590

+0.0052

-0 .0063

+0.0065

2・)=-x2S1(t+・)=-x2S2(t-・)

… き

cost

… き

cos2t

・・Sき

十

十

0.0631

0。0580

0.0065

0.0028

0.0012

・i・き

sint

・i・争

sin2t

・i・き
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一 〇 。0014cos3t+0.0009sin3t

十..。

whe「ethesubsc「iptfo「x(t〕meansthatxjDi〔t)・f・ 「ex㎝Ple・isthepe「iodic

・・…i・ …rre・ …d・i・h・h・p・i・ ・j・1・

Forthesecondexample,weconsideτEqs.(3.3)withkニ0.05,Bニ0.22.

Figure3・11showsthephaseportraitinthiscase.WhencomparedwithFig.3.10,

oneseesthatthecompユetelγstable2-periodicpointschangeintotheinverse1γ

unstable2-periodicpoints,thatis,SI-branchingfor2-periodicpointsis

・b・e・v・d・ ・・・ …t・nce,j・1・ ・Fig・ ・・…hangesi…j・li・ ・ig・ ・・…1・

thiscaseitmayapPearinverselyunstablev-periodicpoints〔v=4,8,16,...),

i.e.,S工 一branchingmayproceedsuccessively.Moreover,simplehomoclinic

P・i…wi・h…pectt・j・1・x・ ・t…i・d・ff・ ・u・・,・ ・w・v・ ・,…bservec・ ・ar・y

thisqualitativechangeinthephaseportraitbynumericalcomputation.In

thisexample,wealsoobserve3-periodicpointswhichwillbediscussedinthe

nextsect■on.

(b)3/2-harmonicsolutionsforEqs.〔3.3)

Thephaseportraitsoftheaboveexamplesareconcernedwiththe2-peri-

odic'pointsarOundthefixedpOintcorrelatedwithanonresOnantharmOnicsO-

1ution.Fortheparan}etersksmall,0くkく0。07,andBlarge,0.7<Bく1。2,

2-periodicpointsaroundthestablefixedpointcorrelatedwitharesOnant

harmonicsolutionapPear.Asanexample,letusconsidertheequation

d2xdx3

2+0・04亘 モー+x=0・9…t〔3・10)dt

ThephaseportraitisshowninFig・3・12・Thedetailsoffixedand2-periodic
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pointsarelistedinTable3・7・Theperiodicsolutionscorrelatedwiththe

2-periodicpointsareasfollows,wherethesubscriptnotationisthesameas

statedin(a〕=

x1D1(t)=xlD2(t+2・)=-x2Dl(t+・)=-x2D2(t-・ 〕

=0 .0797

-・ ・376・ … き ・ ・.・3・4・ ・nき

+1.1316cost+0。1233sint

…6666… き ・ ・.・・8・ ・i・ き

+0.1711cos2t+0 .0646sin2t

Table3.7 Fixedand2-periodicpointsandrelatedpropertiesforEq.⊂3.10).

Fixed

po■nt

Periodic

solution
X y λPλ2 Classification

S

凸
∠

■
⊥

D

1

6
乙

弓
乙

D
l

つ
乙

-
山

D
2

り
乙

つ
乙

D
フ
】

Harmonic

3/2-harmonic

3/2-har皿onic

3/2-harmonic

3/2-harmonic

1.5318

1.7231

1.1122

0.5706

1.1289

・

0.1727

1.1579

-0 .3203

1.2309

-1 .5448

一〇 .858土

1.819,

1.819,

1.8ユ9,

1.819,

0.206i

O.333

0.333

0.333

0.333

1

Completelystable

Directlγunstable

Directlyunstable

Directlyunstable

Directlyunstable

12S

1
3/2-harmonic 1.1192 2.1311 一〇.057士0.776iCompletelystable

12S

フー

}3/2 -harmonic 0.6022 一〇.7620 一〇・057士0.776iCompletelystable

22S

1
3/2-harmonic 0.1420 0.8130 一〇.057±0.776iCompletelystable

22S

2
3/2-harmonic

i
E

l.4111 一1 .8669 一〇.057±0.776iCompletelystable



十

十

十

十

十

÷

一

十

x1S1〔t〕=XIS2

十

十

十

十

0.0388。 。,互t
2

0.0028cos3t

…438・ ・sき

0.0322cOs4t

O.0097。 。、 旦t
2

0.0006cos5t

llO
.0001cos2t

O.0011cos6t

130
.0007cost2

0.0001'cos7t

l50
.0002cos2t

■ ●o

(t+2π)=

0.0579

・・3345… き

0.8607cost

・・63・6… き

0.0040

0.0185

0.0283

0.0142

0.0205

0.0292

0.0116

cos2t

… き

cos3t

… 穿

cos4t

… 争

cos5t

+0.Ol22sin

-0 .0078sin

+0.0342sin

+0.0359sin

+0.Ol87sin

+0.0035sin

十 〇.0005sin

+0.0023sin

+0.0029sin

+0.0017sin

+0.0005sin

き

3t

穿

耽
多

5t

11

2t

6t

l3

2t

7t

l5

2t

一x

2S1(t+・)ニ ーx2S2(t-・)

十

十

十

十

十

十

十

十

0.1358

0.1495

0.7913

0.1989

0.0242

0.Ol72

0.0255

0.0539

0.0163

0.0021

・i・き

sint

・i・き

sin2t

.5
S■n-t2

sin3t

・i・き

sin4t

.9 ん
s■nア

sinst

52
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十

十

十

0.0017

0.0003

0.0023

0.0022

0.0005

C'OS

COS

COS

COS

COS

0.0003cos

●o●

11

2t

6t

13歌

2

7t

15-t

2

8t

十

0.0041

0.0003

0.0005

0.0013

0.0014

S■n

s■n

sユ.n

S■n

s工n

0.0006sin

ll-t

2

6t

主き

!:
7t

8t

(c)SuccessivemultiplicationofS工 一branching

WehaveseeninFig.3.4(d)andalsostated〔a)abovethat,whenSI-

branchingoccur,i.e.,afixedpointofthemapPingTbecomesinverselyunstable,

theinvariantcurveemanatingfromthispointtendstoapairofcompletely

stable、2-periodicpoints。Wemaysaythat,whencompletelystablev-periodic

pointschangeintoinverselyunstablev-periodicpoints,vpairsofcompletely

stable2v-periodicpointsappear.Undercertaincircumstances,suchmultipli

cationofS工 一branchingpτoceedssuccessivelyastheparametersvary.Ifwe

denotethenumberofcompletelystablev-periodicpointsbyS〔v〕andthatof

inverselyunstablex)-periodicpointsby工(v),thenthenumberofperiodicpoints

thusproducedisgivenbytheformula:

S〔2v〕 ・2"

1(2v-■)・2v-■(i・1,2,...,・)

vbeingO,1,2,....

Asaspecificexampleweconsidertheequations
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dx

dt=y

(3.11)

器=一 …y-x3・B…t・B。

Fig…3・13・h。 ・・th…gi・n・i・BBOPlan・i・whi・hha・m・ ・i・ ・1/2-andl/4-

h・ ・m・nics・1uti・n・a・ ・ 。bt・i・ ・d・U・d・ ・vari・gB・ ・dBO・ucce・ ・i・ ・multipli-

cationof2-periodicpointsoccursasillustratedinFig.3.14.Thesystem

parametersintherespectivecasesaregivellby

(・)B=0・3・BO・0・2(b)B=0・3・BO=0・14

(・ 〕B=0・3・BO=0・105(d)B=0・3・BO=0・08・

3。5SubharmOnicsolutionsoforder3

AsmentionedearlierandreportedinRef.[12]Chap.10,subharmOnic

solutionsoforder3areobtainedinEqs.(3.3〕.Wenowinvestigatethree

typesofsubharmonicsolutionsoforder3,i.e.,1/3-,5/3-and7/3-harmonic

solutiOnsforthesystem(3.3).

(a〕1/3-haTmonicsolutiOnsforEqs.(3.3〕

Undertheparameterksmall,1/3-harmonicsolutionsareobtainedinthe

situationOくBく0.27asskechedinFig.3。9.Asanexample,weconsider

theequatiOn

d2xdx3

2+0・ldt+x=0・15co・t(3・12)dt

Thi、equa・i。nh。,th。eefi・ ・dp・i…IS,2S・ ・dD,・ ・d・i・3-P・ri。di。p。i。 ・,

Sl,S;,・1,・1.D;・ ・dDl・Th・i・d・t・ …a・ ・gi・ ・ni・T・b・ ・3・8・Fig…3.・5

showsthesefixedandperiodicpOintsandinvariantcurveswhichpassthrough
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forEq.(3.ユ2).

■

Fixed
,

PO■nt

Periodic

lsolution
I

X y λPλ2 Classification

・

D Harmonic 一〇.7032 0.8532 2,144,0,249 Directlyunstable

1S
Harlnonic 一〇.1511 0.0155 0.313士0.660i Completelystab!e

2S
Harmonic 0.6547 0.9869 0.383±0.622i Completelystable

D31 1/3-harmonic 0.0510 0.0675 4,911,0,031 Directlyunstable

D32 1/3-harmonic 一〇.ユ497 一〇.0628 4,911,0,031 Directlyunstable

D33 1/3-harmonic 一〇.4146 0.0719 4,911,0,031 Directlyunstable

S31 1/3-harmonic 0.ユ766 0.0480

}

一〇.369±0.!26i Completelystable

S32 1/3-harmonic
1

-0 .29201-0.0886

}

一〇.369±0.126i Completelystable

S33 1/3-harmonic 一〇 .4167 0.1348 一〇.369亡0.126i Completeユystable

.

・h・p…tD・Theα 一b・an・h…fDl(…,・,・ 〕 ・nd…h・m・pP・ ・gT3…a…

i・ …t・a・ ・d…h・ ・a・ ・f・g・ …Th・ ω一・・an・hes・fDl…ahead…p・rt・d・ ・

Ref.[12]、p.250.

TheperiodicsolutioncorrelatedwiththepQintDisfoundtObe

・D〔t)=-0・7380co・t+0・7817・i・t

+0.0340cos3t+0.0262sin3t

+0.0009cos5t-0.0014sinst

-0 .0001cos7t+0.0000sin7t

十...
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Thest・b1・pe「iodics・1・ti・n・x1S(t)

2S
ar。respecti…ygi。 。nbγ

XIS(t〕=

x2S(t)=

十

十

十

0.1511

0.0001

0● ●

0.7075

0.0525

0.0005

0.0001

0噛 ●

・・d・2S(・ 〕 ・・・・・・…d・i・hp・i…1S・ ・d

cost+0,0154sint

cos3t+0.0000sin3t

COS

COS

COS

COS

t

占
し

t

占
し

3

5

7
ノ

十

十

一

十

Theperiodicsolutionscorrelatedwiththe

・Dl〔t)=XD2(t

0.2216

0.1709

0.0007

+0.0012

0.0001

十
〇 ● ●

0.9287

0.0238

0.0027

0.0000

sint

sin3t

sin5t

sin7t

3-periodicpoints

2π)=XD3〔t+2・)

… 静 …478・i・ き

cost+0.0252sint

¢・・ 多 一 ・…4・ ・i・ 象

… 拳 ・ ・・…3・i・ 拳

cos3t+0.0001sin3t

・S1(t)=xS2(t2・)=xS3(t

・3550… き

十

十

0.1760

0.0040

0.0017

0.0001

● ● ■

cost

。。、 景

£

… 多

COS3t

十

十

十

+2π)

0.0672

0.0310

0,0029

0.0004

0.0001

,in銑

.j
S■nt

.5 .
smず

.7 よ
S■n一 し3

sin3t

are asfollows:



whe士ethesubscriptforx(t)means

solutioncorrelatedwiththepoint

th・t・Dl(t〕 ・f…xamp1・ ・

D3.1

istheperiodic
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(b)5/3-harmonicsolutionsforEqs.(3.3)

Wenowdiscussthe5/3-harmonicsolutionsofEqs.(3.3).Thisperiodic

solutionsareobtainedintheparameterregiOnsskechedinFig.3.16.Roughly

speaking,theregionisdividedintotwo:surroundedbyboldedfulllines.In

everyregiononeobtainsapairof3-periodicpoints:threecompletelystable

andthreedirectlyunstable3-periodicpoints.Henceintheoveτ1apP3dregion

thereexistsixstableandsixdirectlyunstable3-periodicpoints.

Asanexample,weconsidertheequation

d2xdx3

2+0・1dt+x=1・5…t(3・13)dt

Thisequationhasastablefixedpoinτ 二Sandthreecompletelγstableandthree

directlyunstable3-periodicpoints.TheirdetailsaregiveninTable3.9.

ThephasepotraitofthisequationisshoτminFig.3.17.

TheperiodicS■sfoundtobe solutioncorrelatedwiththepo].nt

XS〔t)=

Theperiodicsolution

XDI(t〕

十

十

十

十

十

1.5142cost+0.1719sin

O.1601cos3t+0.0464sin

O.0134cos5t+0.0070sin

O.0011cos7t+0.0009sin

O.0001cOsgt+0.0001sin

●o●

t

占し

ムし

{し

占し

3

〔
」

7

Q
4

coτrelatedwiththe3-periodicpoints

=X

D2〔t-2・)=XD3(t+2・)

aregivenby

＼
/-一.,.・!〆
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Table3.9 Fixedand3-periodicpointsandrelatedpropertiesforEq.(3.13)・

Fixed

po■nt

Periodic

solution
X y λ1・ λ2 Classification

S Harmonic 1.6889 0.3530 一〇.209士0.700i Completelystable

D31 5/3-harmonic 1.8648 一〇.5214 2,292,0,066 Directlyunstable

D32 5/3-harmonic 1.1673 1.5815 2,292,0,066 Directlyunstable

D33 5/3-harmonic 1.4919 一〇 .4211 2,292,0,066 Directlyunstable

S31 5/3-harmonic 2.0966 0.4839 一〇 .147士0.361i Comp!etely『stable

S32 5/3-harmonic 0.2472
ll
.3564 一〇 .147士0.36!i COmpletelystable

S33 5/3-harmonic 0.9377 一1 .1306 一〇.147±0、361i Complete1>rstable

十

十

十

十

十

十

十

十

十

…535… き

1.4148cost

・.4596… 争

0.0476。 。,裂
0

0.0904cos3t

O.0754。 。,]義

0.0、34。 。,尋t

O.0021cosst

170
.0056cos-7t

l90
・0033cos一 ぎt

●o●

十

}

騨

十

十

0.1796

0.1981

0.1492

0.1292

0.0204

0。0007

0.0255

0.0063

0.0011

0.0021

・i・き

S■nt

.5
smず

・i・拳

sin3t

.11 ム
S■n-7し

」

.13
sユn一 ぎt

sin5t

.17
Sln-t3

.19
S].n--7t
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XS1(t) XS2(t

十

十

十

十

十

十

十

十

十

十

0.2446

1.0645

0.9909

0.1225

0.0019

0.0618

0.0595

0.0237

0.0059

0.0035

● ● ●

2㎡)=XS3(t+2・ 〕

… き …558

cost+0.2828

… き ・ ・…9・

… 拳 …346

0.0281COS3t

ll
cost3

13
COS一 三{3

cos5t

l7
COS二 誌

・・s冬

十

十

十

十

0.0282

0.0269

0.0037

0.0021

0.0016

・i・き

sint

,i。 果
5

・i・拳

sin3t

.11
S■n融3

.13
S■n-t3

sin5t

.17 み
s皿 了

.19
S工n-t3

UndervaringkandB,thequalitativechahgeofthephasepotraitoccurs

asillustratedinFig.3.18.Thesystemparametersintherespectivecasesare

givenby

〔a〕k=0.05,B=ユ.4(b)kニ0.05♪B=1.52

(c)k=0.05,B=1.6(d〕k=0.05,B=1.67.

(c〕7/3-harmonicsolutionsforEqs.(3.3〕

WhenBislargelyincreased,7/3-harmonicsolutionsappearinEq.

Asanexampleweconsidertheequation

d2xdx3
+0.1-÷x=5.8cost2d

tdt

(3.3〕.

(3.14)

Bynumericalcomputation,weobservethattheequationhasOnedirectlyand

twoinverselyunstablefixedpoints,andthreecompletelystableandthree
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directlyunstable3-periQdicpo工nts,「 血esefixedandperiodicpointsandin-

variantcurvesforthedirectlyunstablepointsareillustTatedinFig・3・19・

FromthisfiguretheinvariantcurveswithrespecttothepointDexhabit

・・mpl・x・t・u・tu・ ・,i.・.,h・1n。 ・1i・i・p・i・t・apP・aLFi・ ・d・ ・d3-P・ ・i・dicpo■nts

arelistedinTable3.10,Homoclinicpointsandtheirrelatedpropertieswill

bediscussedinthenextchapter.

Theperiodicsolutioncorrelatedwiththepo■ntD■sfoundtobe

The

po■nts

、

XD(t)=

十

十

十

十

十

十

十

1.8543

0.6002

0.1115

0.0229

0.0047

0.0010

0.0002

● ・o

inverselyunstableperiOdic

ll
and

COS

COS

COS

COS

COS

COS

COS

t

3t

5t

7t

gt

llt

l3t

+

+

+

+

+

十

十

SOlutions

2・
。。,。 。,pecti…ygi…by

XII(t)

+

十

十

十

+

・2エ(t+π 〕

0.4700

1.8669cos

O.7121cos

O.4028cos

O.1689cos

O.0897cos

t

t

t

t

t

2

ヴ」

4

鴨b

0.1218

0.0484

0.Ol74

0.0050

0.0013

0。0003

0.0001

S■nt

s■n3t

smst

sln7t

s■ngt

sinllt

sinl3t

・n(t)and・21(t)

十

+

十

十

十

0.1368

0.1566

0.0027

0.058工

0.0221

S工n

S■n

s■n

S■n

S■n

t

t

t

t

t

2

3

4

5

correlatedwiththe
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Table3.10 Fixedand3-periodicpointsandrelatedpropertiesforEq・(3・14〕 ・

1

Fixed
,

po■nt

Periodic

solution
X y λPλ2 Classification

D 3-harmonic 2.5948
,

0.4063 7,854,0,068 Directlyunstable

11
2-harmonic 2.8567 LO652 一1 .614,-0.330 Inverse1>runstable

21
2-harmonic 1.9353 一〇.2828 一1 ,614,-0.330 Inverselyunstable

D31
,

7/3-harmonic 1.7254 4.4215 7,678,0,020 Directlyunstab!e

D32 7/3-harmonic 2.2106 一3 .4370 7,678,0,020 Directlyunstable

3D

3
7/3-harmonic
1

1.0987 0.0251 7,678,0,020 Directlyullstable

3S

l
7/3-harmonic 2.3088 4.7863 一〇.322士0.219i Completelystable

S32 7/3-harmonic 1.88∬ 一3 .0752 一〇.322士0.219i Completelystable

S33 7/3-harmonic 1.1395 1.1239 一〇.322士0.219i Completel>rstable

十

十

十

十

十

十

十

十

十

十

0.0441cos

O.0215cos

O.OlO7cOs

O.0052cos

O.0025cos

O.0012cos

O.0006cos

O.0003cos

O.0001cos

● ● ・

ムし

晶し

占
し

ゐし

!0

7

Q
Q

O
4

tO1

山し

ゐし

ー

つ
乙

1

1

占し

晶し

7
」

4

1

1

十

十

十

十

十

十

十

十

十

0.Ol63

0.0087

0.0052

00029

0.0016

0.0009

0.0005

0.0003

0.0001

n

n

工

・
ユ

S

S

n・■S

n

n

・
工

・
■

S

S

n

n

・
■

・ユ

内b

S

n

n

・ユ

・
■

S

S

⊥L

んし

t

ムし

6

7

0
0

Q
ゾ

tOl

占し

ムし

ー

つ
』

-

1

†
}

十
レ

3

4

1

1
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Theperiodicsolutionscorrelatedwiththe

XD1〔t)

XS1(t)

XD2(t

十

十

十

十

甲

十

十

XS2(t

十

十

十

十

十

十

十

2π)=

C

C

C

C

C

C

C

C

C

C

Q
ノ

∩
)

7
'

0

8

Q
/

3

∩
◎

Q
ゾ

O
O

-
↓

(∠

3

〆
0

0

r
⊃

8820

4

(乙

7

1

8

1

1

4

{
U

/0

■⊥

6

0

0

0

0

1800

●

.

・

●

・

●

●

●

●

●

●

・

O

1

0

0

0

0

0

0

0

0

●

)2一

〔

C

C

C

C

C

C

C
.

C

C

C

ワ
⊃

2

ワ
」

3

1

3

■
⊥

7
」

!Q

7

6

〆
0

6

/
O

l

Q
ノ

2431

5

G
ノ

ー

0

1
一

6

「⊃

4

4

2

G

O

O

-
↓

0

0

8200

O

●

9

●

■

●

◆

●

●

・

・

O

1

0

0

0

0

0

0

0

0

・

3-periodicpoints

・D3〔t+2・)

。,薮
5

0st

・・争

・・拳

OS

OS

OS

OS

OS

OS

3t

l1

3t

1勇t

5t

l7
りt
j

l9
門t

十

十

十

十

十

十

十

十

十

=X
S3(t

・・き

・・き

・・拳

OS

OS

OS

OS

OS

OS

3t

l1
.、t

13

3t

st

!7

3t

l睾
t

十

十

十

十

十

十

十

十

十

0.3120s]-11

0.2036s⊥n

O.1621s=Ln

l.0588s=Ln

O.0642s■n

O.0578s■n

O.1849s■n

O.0063s=Ln

O.0662s■n

O.OlOIs].n

+2π)

0.ユ462

0.2228

0.2012

0.7759

0.1550

0.0630

0.1394

0.0205

0.0914

0.0342

き
t

争

拳

3t

11

3t

13

3t

5t

17

3t

19

3t

・i・多

sint

。5
S■n-t3

・i・拳

sin3t

.ll
sm3t

.13
S■n3t

sin5t

.17
S■nσt

.ユ9
S工nワt

are asfollows:
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3.6SupPlementaryremark

TheperiodicsolutionsofDuffing!sequation(3.3)havebeeninve3tigated

byusingthePoincarξmapPinganditscomputerrealization.Bifurcationof

fixedorperiodicpointswasalsodiscussedforEqs.(3.3)withapositive

dissipativeconstantk.Aswehaveseeninseveralexamples,ifEqs.(3.3)

hasnohomoclinicsolution,thephaseportraitobtainedbythemapPingTis

relativelysimple,i.e.、thequalitativestructureofthephaseportraitis

characterizedbyfixedandperiodicpoints,andinvaτiantcurvesofdiτectly

andinverselyunstablepoints.Qualitativechangeofthephaseportraitmay

occuronlybythebifurcationOffixedorperiodicpoints,orbyachangeof

theglobalbehaviorofinvariantcurves.However,ifahomoclinicsOlution

apPeaでs,thestructureofthephaseportraitbecomesverycomplexone;for

example,infinitelymanypeτiodicsolutionsappear.

Severalexamplesofharmonic,higher-harmonicandsubharmonicsolutions

havebeenillustrated.工nadditiontotheseexamples,hQweveで,itwillbe

expectedthatotherperiodicsolutions,especiallysubharmQnicsolutions,Inay

appearinEqs。(3.3)whenthedissipativeconstantkissufficientlysmall.



△〔B〕

BくB

9
B=B

9
B〈B

9

⊂a) GeneτationoffixedpointsorSD-generation

O

S

BくBb

§

B=Bb

1s『

隷
濫
B,くB
D

O

S

BくBb

Q
り
O

BこBb

_S2

β1
美.
エレ4

ガ つ',

彦、1
乙

Bb〈B

(b) SD-branching (c) SI-branching り

Fig.二3.1. T即es・fth・bif…ati・nf・ ・Eq・
.(3.3).



メ

.、,_,、 一 　,一 團,-

._,.、 一 一一 脚'門 馳ゴツ

レ

1

」

2.0

直

毛

三

自

3.0

V匙

＼一'
4、0

B-　 》

Fig.3。2・

inWh1.chharmon1CRegio幡

f。 。E儀 ・.(3・3)・
コ て

,。1伽,。fd・ff・ ・…typesaTeo脚eQ



y

8
D

6
B

1
A

.5
ー

0

賦

AA

6渇ζ妨
軸 甑

モ

＼uB8

-
8
E

'η

喩 魅唯
。勒岨

》

X

Fig.3.3。 LocioffixedpOintsunderva1・iation

(harmonicsolutiolls)一

oftheparame℃erB



喉

2D

D

2S

心
S1

　 』ヘ ー
ヒ.1D

乙

亀

S4

影

sヨ

S3

.

(a) (b) (c>

気

＼

2s釜

汐
1sl

〆

D

＼ 、

勢
(d) ・(e)

Fig.3.4. Somereprcse1/tativepatternsofphaseportraitofEqs.(3.3).



あ

2

1

0

一1

一2

㌘/

一1 o 1 2

x-→

Fig.3.5. Fixedpointsandinvariant
▲

curve5 ofthemappingforEq.(3.6).



∵辛

1
》

4

2

0

。2

一4

0 1

x 》

2

　
:

一

}

}

i

ー

ー

ー

…

ζ
ー

二

つ

Fig.3.6. Fixedpointsandinvariant curves ofthemapPingforEq.(3.7).



(')

4・ノ

蜜

夕阪
も

鴨

＼ゑ・

(b)

N
黙

幽＼

、

瀞
路
紬

歩

㎡4

(C)
(d)

ー

ρ熱
ぼ

Fig.3.7. Somerepresentativepatteτ 二s

andVinFig。3.2.

ofphasepoτtraitintheregionsIV



、
繭

匹

〉

4

2

0

＼

'2「

一∠ン

つ
毫
.、

＼

岱
＼＼

0 1

V
(

'＼

＼ 、
.

(=こ、 獣

課濾
!購 蕊

懲
、

ミ
、

O

コ

　

秘

、,ー

縫

,ソ

＼

　
塗 ミi薫タ
〉ぐ21}b2

ミ}凶

》

2

/
、
ゾ

ア

,諺
!
ノ

シ

'.δ

Fig.3.8.Fixedand2-periodicpointsandinvariant curves ofthemapPing

forEq.(3.8〕.



.
℃
Q
【二

〇
↑
ρ
O

①
臼
驚

箕

δ

唱
P
二
H
O
凱

o
瘡

δ

[矯

鯨

三

諺

写

露

(
芸

。δ
鍔
0
8

舞

δ

自

環

お

ρ
菖

き

の
の
臼
)

o
#

δ

葺

o
二

戸[〇
三

3

ε

雲

○
唱
。η
Φ
属

.
O

.
め

.
bo
肩
」

の
d

噂
.O

ー

、
↓
[
ー

璽」
「

'

　
軌

「 　　 　

あ
;

餓

2

α
d

ε

.七

。

垂

彗
警

講

擁

-

`

隣

だ

鐸

δ

8

』
二
〇
Z

ー

-
、ー

/

.ー

ー

一
¢

ぐご
自
○
の
O
鎖

ー

..,

o
喫
o

唾 一一一 一一 一}{

 

鷺

、O

O

N
、O

'



0。5

0.25

7一

2D子

2s呈

0
、湾 ・

1sl

鳶

1s・r-『 葺==)
β

あ

一〇
.25

一〇 ,5

り
h
'

1Dl ノ

　ノ

膨 葬
2s萎

2D萎

1Dl
μ 1sl

,

一〇
.75 一〇

.5
一〇.25

㌔

＼ こ_

0 0.25

X →

Fig.3.10. 2-periodicpointsandinvariantcurvesofthemapPingforEq.(3.9).



》

0.5

0

一〇
.5

一LO

為

Fig.3.11.

一 ニニ_-

21 メ

一〇.5

X-一 一 一 一 → り

2-and3-periodicpointsand

forEqs.(3.3)withk=0.05

Q

2-D

＼

■nVar■antCUrVeS

andB=0.22.

ofthemapPing

05



〉

3

2

1

0

一1

一2

一3

z

,

2D子

2sl

S
-
占
し

1D…

¥

1D萎

}

ーMー

2

(∠
S

2D舞

2s塗

多

一1 0 1 2

X-一 一

Fig.3.12. 2-periodicpointsandinvariantcurvesofthemapPingforEq。(3・10〕 ・

/



ノ

O
翁直

0.20

0.15

0.10

α05

0
0 0.1

・NOIlresonant

0.2 0.3

勘

勿

0.4 0.5

Fig.3.13. Regionsinwhichharmonic(resonantandnonresonant)andsubharnlonic

solutionsareobtainedforthesystem(3,11).



(a) (c)

(b) (d)

Fig.3.14. Successi・ ・multiplicati・n・ffi・ ・dp・i・t・und・ ・vari・g・ γ・t・mpar㎜ 。t。 。,
.



、

》

1.0

0.5

0

一 〇
.5

塗

D

轟

、職

駅 ≦sl

、
(b
1

多多Dl

Dl-sl

,

/

、

一1
.5

一1
.0

一 〇
.5 0 0.5 1.0

X-一

Fig.3.15. Fixedand3-periodicpointsandinvariantcurvesofthemapPingforEq.〔3.12).



工

5ユ0

亀

0.10

0.05

0
1.2 1.4

B

1.6

》

1.8

Fig.3.16. Regionsinwhich5/3-harmonicsolutionsofdifferenttyl)esareobtained.



牟

〉

4

2

0

一2

一4

「

'、

一一一一

印

.

Dl.

ρsl

＼__一

sl
S

I

I

1

1

:

陰 圏

ト

ー

Dl
D呈

Σ

1

旨
1.

sl
-

L

_鵜1

一1 0 1 2 3

X-一

Fig.3.17. 3-periodicpointsand ■nVar■antCUrVeS ofthemappingforEq.(3.13) .



亀

1s妻 1D茎

1s謹

1D藷1D§

1sl

2Dl
＼
2sl

脇1S3 1D妻

一
㍉せ
,

脳
2sξ

2D§

窒

1D塁

2S3

1sl

1Dl

2Dl

四_螺霧;

1D塗

1D3

εs葦

2sl

1Dl

1sl

2D皇

2s塁

1Dl

1D3
2s§

1D呈

2s皇

(a) (b) (C) (d)

Fig.3.18. SomeTepresentativepatternsofphaseportraitintheregionsofFig・3・16・



〉

6

4

2

0

つ
》
l
D

r

凸」
-
凸
S

s§

D§

P

、

1
F路

D噛

脅

一2

一4

亀
.ー

』

η 「弓

2

諺

O

r
'〆

葦

野

D妻
.・

μ
蓼

歳'

}

済

壱

卸
潮

012

X-

Fig.3.19,Fixedand3-periodicpointsandinvariant

forEq.(3.14).

3

curvesofthemapPing



CHAPTER4

DOUBLYASYMPTOTICSOLUT工ONSANDTHEIRRELへTEDPROPERTIES

4.lIntroduction

ItisknownthatDuffinglsequationwithoutdissipativetermpossesses

infinitelymanyperiodicsolutionswithperiodequaltotheintegralmultiples

ofthatoftheexternalforcingterm.Someoftheseperiod'i(三solutionsmight

becenterstabletypesandothersbedirectlyorinverselyunstabletypes.It

isexpectedthattheequationwithasmalldissipativetermstillpossesses

manypeTiodicsolutions.Especially,directlyandinverselyunstableperiodic

solutionsremainforsuchsmallparametervariationbecauseoftheirstructural

stability・Inthissituationitisinterestingtoinvestigatethebehaviorof ご
invariantmanifoldsoftheunstableperiodicsolutions.

Thepresentchapterisconcernedwiththedoublyasymptoticsolutionsand

theirrelatedpropertiesofDuffing曾sequation.AsdiscussedinChap.1,a

doublyasymptoticsolutionisdefinedbyasolutionwhosetrajectoryisthe

intersectionofstableandunstablemanifoldsforsomedirectlyorinversely

unstableperiOdicsolutions.Thereforeitisnecessa∫ytoinvestigatethe

natureofinvariantcurvesofdiγ しectlyorinverselyunstablefixedoエperiodic

pointsunderthePoincar6mapping.Ma㌻hematically,theinvestigationofthe

behaviorofinvariantcurvesfacestwounavoidableproblems:thefindihgof

directlyorinverselyunstablefixedorperiodicpointsandthedetermination

ofinvariantcurves(ω 一andα 一branches〕.Nevertheless,itisveryimportant

toconsidertheseproblemsforthestudyoftransientresponsesinnonlinear

physicalsystems.Aswehavealreadyseeninthepreviouschapters,although

thesep「ob'emsa「equ'ted'ff'c港 ・thenume「'ca'ana'ys'sw'ththePo'nca「6
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mappingiscomparativelysimple.Throughoutthischapterweshallconsider

thePoincar6mapPingdefinedbyDuffing冒sequationstudiedinChap.3.

InSec.4.2homoclinicpointscorrelatedwithadirectlyunstablefixed

pointanditsrelatedpropertiesarediscussed.工nSec.4.3homoclinicpoints

correlatedwithdirectlyunstableperiodicpointsareinvestigated.Heteτo-

clinicpointsarediscussedinSec.4.4.

4.2Homoclinicpointscorrelatedwithadirectlyunstablefixedpoint

Inthissectionweconsidertheappearanceofhomoclinicpointsandthe

patternsofphaseportraitobtainedbythePoincar6mappingdefinedbyDuffing量s

り
equatエon

dx
=yd
t

〔3.3)

器 一ky-x3・B…t

TheinvestigationismainlydoneintheregionI工ofBkplaneinFig.3.2,i.e。,

theregioninwhichthreefixedpointsafeobtained.

(a)Homoclinicpointsinnondissipativesystems

LetusconsiderthePoincar6mappingTdefinedbytheequations

dx
ニyP

dt

〔4.1)

dy
。-x3.Bc。,t

dt

ThemapPingTisarea-preservingandthephaseportraitobtainedbyTissymmet一

でicalwithrespecttox-axisinthexyplane・AsstatedinChap・3,forOくB

<0.44〔thisvalueisobtainedbynumericalanalysis,seeFig.3.20r3.9).

Eqs.(4.1)hasatleastthreefixedpointsoneofwhichisdirectlyunstable・
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Thusforthedirectlyunstablefixedpoint,ninepossiblepatternsofinvariant

curvesillustratedinFig.4.lmaybeconsidered.Butactualbehaviorobtained

byanalogcomputationsisasfollows:FortheparameterBsma11,0〈B<0.06,

thepatternofinvariantcurves(a)inFig.4,lisobserved.PorO.06<Bく

0.44,thepattern(d)isobtained.Infact,itisverydifficulttodetermine

thecriticalvalueB=0.06bynumericalanalysis.Thereforewecanonlysay

thatthebehaviorofinvariantcurveshaschangedataboutB=0.06ifoneweτe

toviewthesolutionsofEqs.(4.1)asoutputofsomeelectroniccircuit.

Asrepresentativeexamplesoftwocasesstatedabove,weconsiderfirst

theequation

d2x3
+x=0.04cost〔4。2〕2

dt

Figure4.2(a)showsschematicallythelocationofthreefixedpointsanda

pairofinvariantcurveswhichemanatefromandconvergetothedirectlyunstabユe

P。i。t、D.C・ 。、ed。u。vesu_ndi。g・h。p。i。 ・2Si,inva。iantund。rT.Many、 。。h

、。。vesar。 。bse。v。di。 ・1、e。 。ighb。rh。 。d。f2S.Th。,ecu。vesm。y_。,p。nd・ 。

・h。a・ 。。,tp。 。i。di。p。i。 ・,。fT.・ 。 ・hec。 。・。。。y,。 。。und・h・fi・ ・dp。i・ ・1S,・h・

situationisconsiderablydifferent.ThisisshowninFig.4.3.Inthisfigure

th,p。 。i。di・p。i・ ・,a・ ・und1S…,f・ ・m・h・i・ ・id・t・ ・a・d・h・ ・u・ ・id・,7-,5-,

4-,3-,2-,3-,...periodicpoints;fornotationalconventionsseeSec.1.3in

Chap.1.Invariantcurvesemanatingfromandconvergingto,i.e.、 α一andω_

branches,ofdirectlyunstablepointsareobservedtobeclosed.Thusevery

pointontheclosedcurvesisdoublyasymptoticpointofspecialtype・Inthe

neighborhoodofthesecurvesmanyinvariantclosedcurvescorrespondingtothe

almostperiodicpointsarealsoobservedthoughtheyarenotshowninthefigure,

[13].
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Forthesecondexample,weconsidertheequation

d≒
・x….3。 。,t(・.・)

dt

Figure4・2(b)showsschematicallythelocationofthreefixedpointsandapair

ofinvariantcurveswithrespecttothepointD.Inthisexample,transversal

h・m・c・i・i・p・i…apP。ar.・ 。 ・hesm。 ・・ 。,ighb。 。h。 。d。f1S。r2S。 ・。、edinva。i-

antcurvesareobserved.Onthecontrary,intheneighborhoodofinvariant

curveswithrespecttoD,thesituationisextremlycomplex.Figure4.4shows

thephaseportraitofinteriorpartinFig.4.2(b〕.Theα 一andω 一branches

whichissuefromDintersectTepeatedlygivingrisetotransversalhomoclinic

P・i….B・ ・id・th・fi・ ・dp・i・ ・,Dand1S。f・h。m。pPi。gT,・h。 。。a。,i・fi・i…y

manyperiodicpoints.Toavoidthecomplexityofillustration,however,on1ソ

periodicpointsoftheorder2and3areshowninFig.4.4,i.e..

2-P・r・ ・di・p・i・ …'Dl,2Dl.1・1.2・1〔 …,・)

3-P・ …d・ ・p・i・ …'Dl,2Dl,1・1,2・1〔i・ ・,・,・)

WhencomparedwithFig。4.3,0neseesthatthecenterstableperiodic

P・i…ch・ng・i…inv…e・y・n・t・b・ ・p・ ・i・di・p・i・ ・・…r…t・nce,jSl・f

Fig・4…hang・ ・i…j・1・ ・Fig・ ・.・・ …hi・ca・e,・uccessi・ ・mu・ ・ip・ica・i・n

oftheperiodicpoints,i.e.,SI-branchingoccurs;thus,thoughnotshownin

・h・fig・ ・e,・a・hj・IP・ ・duce・ap・i・ ・fp・ ・i・di・p・i・ …f・h…d・r・,and・ ・

・n.Th。inva。ian・ 。u。v。 、 。f・h。m。pPi。gT2i、 、ui。gf。 。m・h。di。ect・yun,t。b・ 。

2-periodicpointsarealsodrawninFig・4.4.Thesecurvesintersectonean-

otherandalsowiththeinvariantcurvesofthemappingT.Thuswecanlocate

infinitelymanyhomoclinicandheteroclinicpointsinthefigure.Toseethe

successiveimagesofapointintheneighborhoodofahomoclinicpoint,1etus
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conside「ah・m・cli・iccy・ ユ・1舳

、D・ 、Hi・ …t・ ・t・di・Fig・4・5(・)・Ap・i・tOi・

theneighborhoodofthehomoclinicpointHissuccessivelymapPedtopoints1,

2・ ・…lnthispa「ti・u1…x㎝pl・th・p・i・tOi・i11・ ・t・at・d・ 器 一pe「iodic

point・Nowweconsiderapointintheneighborhoodofheteroclinicpoints.

Figure4・5(b)・h…th・invarian-v・ ・w・ ・h…pectt・ ・,2Dland2D;,・h…

・h・inva・i・ …u・v・ ・f・r2Dl〔i・ ・,・)…i・ …t・a・ ・db・fi…i・ ・・…an

example・1etcon・id・ ・h・t・r・cli・i・p・i・t・K1・1く2and・ ・y・1・Kl・1(D〕D・1(D)K2

・、(2Dl)2Dl・ 、(2Dl〕 ・、 ・kech・d…h・f・g….Ap・ ・…i・ ・h・n・ ・ghb・・h・・d・f

KIissuccessivelymappedtopoints1,2,....InthefigurethepointOis

illust「ateda脇16-pe「i・di・p・i・t・

InFig・4・4,consideringanapPropriatedomainintheneighborhoodof

holnoclinicpoints,wehaveso-calledahorseshoestructureunderthemapping

T3.★A。 。xamp・ 。isskech。di。Fig.4.5(。).・ 。 ・hi,fig。 。。if。 。 、t。 。・ 。

horseshoelikedomainΣsurroundedbyarcsPQ,QR,RsandsP,wegettheimage

T3(・)・u・r・und・dbyar・ ・P3Q,.Q、R、,・ 、s3and・ 、P3,・h・ ・h・ ・・…ect・th・d・ ・…

・・Th…f・r・,・h・3-P・ri・d・ ・p・i…'・1・ ・d'Dl・ ・ec・n・ ・…d…h・ ・i・ …-

sect■on.

WecanobservethehorseshoestructureinoreexplicitlyforthemappingT

definedbythefollowingequatiQn与:

dx

♂τ=y

(4.4〕

虹=一 。3.0 .3。 。、t.0.08
dt

ThephaseportraitfoτthemappingTisshowninFigs.4.6and4.7.Some

★ThedefinitionofahorseshoestructureisfoundinRef .[32].
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representativefixedandperiodicpointsunderTareindicatedinFig.4.7.

IfweconsiderarectangledomainPQRsillustratedinFig.4.8(a〕,wegetits

im・gePIQIRlslskechedi・th・ ・am・fig…;・h・ ・eP1=T(P)・Q1=T(Q)・R1=

T(R)andS1=T(S)・Th・ ・i・thi・exampユ ・・th・P・i・ ・a・6・ ・pPi・gTh・ ・at>Ti・al

horseshoestructure・wecanseetwofixedpointsDand工inthedomainPQRs.

consideringthesplitteddomainsPP,s冒sandQlQRR曾partiallyskechedbybroken

linesinFig・4.8(b〕,weseethatPPIs「sandQIQRR「containfixedpointsD

andI,respectively.Thisassertionisobtainedbytheindexcalculationof

thedomains.Moreover,2-and3-periodicpointsareobservedandskechedin

Fig.4.7.A・th・t・t・1numb・r・fn-P・ ・i・di・p・i・t・i・2n,th・numb・r・fn-

periodicpointswithleastperiodn,whichisthesumofdirectlyandinversely

unstablen-periodicpointswithleastperiodn,iseasilycalculated.Some

ofthemarelistedinTable4.1.Inthisexample,inadditiontofixedand

periodicpoints,thereexistsaminimalsetwhichishomeomorphictoaCantor

set[33].

Itistobenotedthatfofthesymmetricalsystem〔4.3〕thecenterstable

fi・ ・dp・i・ ・1Scan・ ・t・h・ng・i…aninv…e・yun、t。b・ 。fi。 。dp。i。 ち 。incei,

correspondstoaprimaryperiodicsolution.Thus,foTs>㎜etricalsystem,we

cannotobtainthephaseportraitwhichistopologicallyeguivalenttothatof

Fig.4.6.

⊂b)Homocユinicpointsindissipativesystems

WenowconsiderthepertuγbedsystemofEqs.(4.1),thatisthePoincar6

mapPingTdefinedbyEqs・(3・3)・Itisexpectedthathomoclinicpointsstill

existforE(モs.(3.3)withthesmalldissipativeconstantk.Thenumeでical

resultfortheregiQninwhichhomOclinicpointsareobtainedisillustrated



Table4.1. NumberoffixedandperiodicpQintsinthedomainPQRSforEqs.(4.4)

Period〔n) 1 2 3 4 5 6 7 8 9 10 11

TOtalnumberof

n-P・ ・i・di・pt・.(2n)

Numberofn-periodic

pts・(1eastperiodn)

NumberofDUpoints

NUInberof工Upoints

2

2

1

1

4

2

0

2×1

8

6

3×1

3×1

16

12

4×1

4×2

32

30

5×3

5×3

64

54

6×4

6×5

128

126

7×9

7×9

256

240

8×14

8×16

512

504

9×28

9×28

1024

990

10×48

10×51

2048

2046

11×93

11×93

刈
O
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inFig・4.9.ForsmallB,0<Bく0.06,itisobservedthat,whenthedissi-

pativeconstantispresent,mostoftheperiodicpointsofFig.4。3va≠nish・

Anexampleofthephaseportraitfork=0.02andB=0.04isshowninFig.4・10,

whereonlythepe■iodicpointsoforder3arepreserved.Ifthedissipative

constantkissmallenough,someoftheperiodicpointsofotherorderarere-

tained.

Ontheotherhand,forO.06くB〈0.44,thehomoclinicpointsarestill

observedwhenk>0.ThissituationisschematicallyillustratedinFig.4.11.

Thesystemparametersintherespectivecasesaregivenby

〔a)k=0,B=0.3(b)k=0.005,B;0.3

〔c)k=0.05,B=0.3(d)k=0.1,B=0.3

Fromtheseexamples,weseesomepatternsofinvariantcurvesstatedinSec.

L7〔b).Asarepresentativeexample,thephaseportraitforEqs.〔3.3)with

k=0.05andB=0.3isshowninFig.4.12.Thebehaviorofinvariantcu■ves

ofthemappingTdoesnotchangeverymuchfromthatofFig.4.4.Asbefore,

theinteでsectionsoftheseinvariantcurvesgiveraisetoinfinitelymany

homoclinicandheteroclinicpoints.

4.3Homoclinicpointscorreユatedwithdiでectlyunstable3-periodicpoints

工ngeneral,asanintersectionoftheinvariantcurveswithrespe(}ttodi-

rectlyunstablen-periodicpoints,wecanconsidertwokindofhomocユinicpoint,

thatis,simpleandnon-simpleonesstatedinSec・1・6・Wenowbrieflyobserve

theappearanceofsimpleandnon-simplehomoclinicpointsfor3-periodicpoints

correlatedwiththeユ/3-harmonicsolutionsdiscussedinSec.3.5〔a).

Figure4.13showstheτegionsinwhich3-periodic,simpleandnon-simple
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homoclinicpointsareobtainedinthesymmetricalsystem(3 .3).Underthe

variationoftheparameterskandB
,thequalitativechangeoftheinvariant

・u・v・ ・f・ ・T3・ ・cu・ ・a,i・ ・。、t。at。di。Fig .4.・4.Th。 、y、t。mp。 。am。t。 。,i・

therespectivecasesaregivenby

(a)k=0.1,B=0.2(b)k=0.05,B=0.2

(c)k零0.035,B=0.2(d〕k=0.02,B=0.2'

F「。mt僚eex㎝Ples・ …eetheapPea・ance・f・i・p1・and・ ・n-si・p1・h・m・cli・i・

pointsfor3-periodicpointsaccordingtothegradualchangeoftheparameter

k・Inthecase(a〕and〔b),homoclinicpointdoesnotapPearandonlythe

deformationofinvari耳ntcurvesisobserved.Inthecase(c),weseetheap-

P・a・ance・f・i・p・ ・h・m・c・i・i・p・ ・…,i・e・,an・(・1)i・ …sect・an・(・1)f・ ・

i=1,2,3.Inthecase〔d),bothsimpleandnon-simplehomoclinicpoints

apPear,i・e・,inadditiontothesimplehomoclinicpointsofthecase(c).an

・〔・1)・ …rsect・anω(・1)f・ …1・ ・・ ・…

Itistobenotedthattheexamplesstatedabo1{eareconsideredonly3-

periodicpoints,butinthecases〔b).(c)and(d)Eqs.(3.3)has2-periodic

pointswhoselocationsandinvariantcurvesaresituatedinassurroundingthe

phaseportraitsillustratedinFig.4.14.

4.4Heteroclinicpointscorrelatedwithdirectlyunstablefixedpoints

AswehaveseeninSec.3.3〔d〕,Eqs.(3.3〕hasthreedirectlyunstable

fixedpointsintheparameterエLegionVinFig.3.2,seealsoFig.3.7forthe

phaseportraits.TherefOre,theequationsmayhaveheteroclinicpointscor_

relatedwiththesefixedpointsintheregionV-Actually,wecanseetheap-

pearanceofhete℃oclinicpointsforsmallk.
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Asrepresentativeexamples
,weconsiderfirsttheequation

d2xdx3

2+0・03～ π+x=3・2…t(4・5)dt

ThephaseportraitforthisequationisshowninFig .4.15.Fromthisfigure,

・6・eeth・tan・-b・an。h。fユDi。,。 。、ect,anω.b。an。h。f2D(。r3D) .Th。 。。f。 。。,

・h。p。i。t2D〔 。r3D)isch。i。 。d,。1D.B。t。 。 。th。 。 。h。i。 。xi、t、i。,hi,ca、e.

HencetheminimalsetsforthemapPingTareonlysevenfixedpointsinthe

figure,thatis,onlysevenperiodicsolutionsexistandaユ10thersolution

tendstooneofthesepeτiodicsolutionsastgoestoinfinity.TheapPearance

ofheteroclinicpointscausesonlythecomplexityoftheshapeofrelatedin一

の
Var■antCUrVeS.

Forthesecondexample,weconsidertheequation

d2xdx3

2+0・03d℃+x=3・4…t(4・6)dt

Figure4.16showsthephaseportraitforthisequation.Inthiscasethetrans-

・・r・a・i・ ・…ecti・n・apPea・b。t。eenanω 一bran。h。f1Dandan。.bran。h。f2D(。r

3D)
.Th・ref…,IDi、ch。i。 。d・ 。2D(。 。3D〕.A・ ・ 。th。 。p。 。p。 。・i。,a。 。,i。i・ar

tothatofthefirstexampユe.

Thethirdexampleisgivenbytheequation

d2xdx3

2+0・0ユaτ+xニ3・44・ ・st(4・7)dt

Figure4.17showsschematicaユ1ythelocationofsevenfixedpointsandinvari-

antcurveswithrespecttothreedirectlyunstablefixedpoints.Fromthis

figure,weseethatanytwodirectlyunstablefixedpointshaveacycleproperty.

Therefore,asstatedinSec.ユ.6,thereappearhomoclinicpointscoTrelatedwith
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」D(j・1
,2,3).H・nceth・reexi・ti・fi・it・1y…yp・ri・di・p・i・t・i・thi・

example.Itistobenotedthat,whencomparedwithFig.3.7(c),onesees

・h・tthec。mp・ ・t・ ・y,t。b・ 。fi.。dp。i。 ・、1S。 。d2S。h。 。g。i。 ・。inv。 。,e・yun,t。b1。

12fi
xedpointsIandI,respectively.Thisisthecasestatedinthelastpart

ofSec.3.3(d).

4.5Heteroclinicpointscorrelatedwithafixedand3-periodicpoints

InSec.4.2〔a),wehaveseenheteroclinicpointscorrelatedwitha

directlyunstablefixedpointandadirectlyunstable2-periodicpoint,see

Fig.4.5(b).Inthissectionweshallinvestigateanexampleoftheappearance

ofhomoclinicandheteroclinicpointsforEqs.(3.3)withalargeparameterB・

AswehaveseeninSec.3.5(c〕 、whenBisユargelyincτeased,Eqs.〔3.3)has

3-periodicpoints.Underthesmalldissipativeconstantk,thepatternofin-

variantcurvesforadirectlyunstablefixedand3-periodicpointsmaybemuch

morecompIicatedthanthatoftheexamplestatedinSec.3.5(c).

Asanexampleweconsidertheequation

d2xdx3

2+0・05ヨ τ+x=6・0…t(4・8〕dt

Fixedpointsand3-periodicpointsarethesamethatofEq・(3・14).i・e・,

Eq.(4.8〕hasonedirectlyunstableandtwoinverselyunstablefixedp(～ints,

andthreecompletelystableandthreedirectlyunstable3-periodicpoints.

Thesefixedandperiodicpointsandinvariantcurveswithrespecttothedi_

rectlyunstablepointsareillustratedinFig.4.18.Fτomthisfigure,wesee

thatinvariantcurveswithrespecttoDhaveahorseshoestructure,andthe

P・i…Dand・1〔i・ ・,・,・)hav・a・y…p・ ・P…y・Th…f・ ・…h・p・ ・P…ies
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ofthehorseshoestructurediscussedinSec .4.2〔a)arealsoapPliedtothis

case・Moreover,inadditiontotheapPearanceofheteroclinicpointscorrelated

・i・h・ ・nd・1 ,h…c・i…p・i・ts-・ ・…d…h・1(…,・,・)・pP・a・ ・

AnexampleofhomoclinicandheterocliniccyclesisshowninFig.4.19.

Fo「thepointDand・h・m・cli・i・p・i・tH・H・2(D)D・
2〔D〕Hf・ ㎜ ・ah・m・cli・i・

cycle・ApointaintheneighborhoodofthepointHissuccessivelymapPedto

pointb,c,dasillustratedinthefigure,"wherethepointaisindicatedas

・4-P・ ・i・di・p・i・ ・・ …h・ ・th・ ・hand,f・r・h・p・i・ ・D,・1,・ 、 ・ndK、,・ 、・、(・1)

・1・、(・1)・ 、・、(・)・ ・、(・)・
、f… ・ah・t…c・i・ ・ccy….Ap・i…i・ ・h・n・ighb・ ・-

h。odofth・p・i・tKlissuccessi・ ・ly・ ・pP・dt・p・i・t・1・2・ … ・ ・h…th・p・i・t

Oisindicatedasa13-periodicpointinthefigure.

工tistobenotedthatalthoughthisexamplehasmanyperiodicpoints,

・n・y・h・ee3-P・ ・i・d・ ・p・ ・…Sl,・;andSl・ …b・e・v・d・ ・c・ ・p・・t・…t・b・ ・

points.Therefore,everysolutiontendstotheperiodicsolutionscorrelated

withthesethreecompletelystablepointsastgoestoinfinity.

4.6Supplementaryremarks

Someexamplesofdoublyasymptoticpointsandrelatedpropertiesare

illvestigatedforDuffing冒sequation.Attheearlystageofourstudyonthis

equation,theapPearanceofdoublyasymptoticpoints,especiallyhomoclinic

points,wasnotexpected,becauseourinvestigationhadmainlybeendonefor

relativelylargedissipativeconstants.Atthepresenttime,however.the

existenceofdoublyasymptoticpointsseemstobeverynaturalwhentnedis-

sipativecQnstantissufficientlysmalL工fweconsiderDuffing署sequation

withoutadissipativeterm,thentheequationbecomesanonautonomousHamilton_

iansystem.Therefore,thephaseportraitobtainedbythePoincar6mapping,
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whichisdefinedbytheHamiltoniansystem,musthaveverycomplexstructure.

OurinvestigationinSec.4.2isonlyapartofthisphaseportrait.There

maybeexpectedtheexistenceofmanyotherpeγiodicpointsandnon-periodic

points.HenceDuffinglsequationwithasufficientlysmalldissipativeconstant

mayhavemanyperiodicsolutionsandhomoclinicandheteroclinicsolutions.
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