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INTRODUCTION

This paper deals with some problems concerning the qualitative property of
the solutions of Duffing's equation. Recently, interest in the field of non-
linear differential equations has been directed to the study of so-called global
problems. Qualitative theory initiated by H. Poincaré and G. D. Birkhoff is
useful for the study of those problems and is based on the geometrical property
of the phase portrait, i.e., the family of solution curves which fill up the
entire phase space. When a differential equation has a cross-section [34]%,
the qualitative study of the differential equation reduces to the study of an
associated topological mapping of the cross-section. N. Levinson [19] made use
of this mapping for the study of second order nonlinear differential equations.
The type of the topological mapping in this paper is that of the Euclidean plane
into itself. Combining this method of mapping and computer facilities, we in-
vestigate the qualitative properties of Duffing's equationm.

The text consists of four chapters. In the first two chapters, qualitative
properties of certain nonlinear differential equations of the second order are
discussed, and the methods of computer analysis are described. The last two
chapters are concerned with the qualitative study of the solutions of Duffing's
equation.

In Chap. 1, some topological properties of the solutions of Duffing's
equation are surveyed.' In connection with the equation, fundamental definitions,
such as the topological mapping of the phase plane into itself, fixed and peri-

odic points of the mapping, classification of fixed point, dissipative system

* Number in brackets indicates references on pages 77 to 80.
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and its maximum invariant set, etc., are stated. Certain properties on the
behavior of the solutions of dissipative systems are discussed. Invariant
curve of the mapping and its related properties are also discussed.

Chapter 2 deals with the methods of numerical analysis for the solutions
of Duffing's equation. Numerical computations are carried out by using both
analog and digital computers. From a computational standpoint analog computers
are useful for solving the initial value problem of ordinary differential
equations. The iterations of the mapping discussed in Chap. 1 are easily
carried out by an analog computer with sequential logics. Therefore, analog
computers are mostly used to obtain the global properties of the solutions.

On the other hand, the location of fixed and periodic points and the correlated
periodic solutions are calculated by a digital computer. An example of the
numerical solution is illustrated.

Chapter 3 is concerned with the periodic solutions of Duffing's equation.
Various types of periodic solutions are investigated by numerical analysis.
Namely, harmonic and higher-harmonic solutions and subharmonic solutions of
orders 2 and 3 are studied. Certain bifurcation of fixed points and the
regions in the parameters plane in which periodic solutions are obtained are
investigated. To survey the global aspect of the solutions of Duffing's
equation, the phase portrait obtained by the mapping is discussed.

In Chap. 4, doubly asymptotic solution and its related properties are
discussed. A doubly asymptotic solution is defined by a sclution whose trajec-
tory is the intersection of stable and unstable manifolds for some directly or
inversely unstable periodic solutions, [4, 29, 32]. For Duffing's equation, the

appearance of doubly asymptotic solutions, especially of homoclinic solutions,



is rarely known up to the present time. The mathematical assertion for the
existence of such solutions is still open. Therefore, the homoclinic and
heteroclinic solutions and their related properties for dissipative and non-

dissipative systems are investigated by numerical computations.
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CHAPTER 1

TOPOLOGICAL PROPERTIES OF THE SOLUTIONS OF DUFFING'S EQUATION

1.1 Introduction
The purpose of this chapter is to briefly survey the qualitative properties
of the solutions of Duffing's equation

2
d™x dx 3
;;§-+ kaF + clx + c3x = B cos t + B0 (1.1)

This equation occurs in several different kinds of physical problems. The
problém of finding the forced oscillation of an electric oscillatory circuit
containing a saturable inductor leads to the solution of Eq. (1.1), [12] Chap.5.
As we shall see in the following chapters, the solution of this comparatively
simple differential equation possesses a great variety of properties. A consider-
able number of papers have been published concerning periodic solutions of

Eq. (1.1) by using various approximation metheds [7, 10, 12, 20]. Still less

is known about the nonperiodic solutions. In this chapter the topological
mapping based on the qualitative theory of differential equations is considered.
The topological mapping, which transfers a representative point on the phase

plane at t = t_ to a representative point at t = ty T (tr being the period of

0
the external forcing term or its integral multiple), plays an essential role
for the numerical analysis in the following chapters. A fixed point of the

mapping corresponds to a periodic solution. The behavior of invariant curves

in the phase plane reveals the global aspect of the solutions.



1.2 Topological mapping T
In studing the properties of the solutions of Eq. (1.1) it is helpful to
use the phase plane, with coordinates x and y = %%Q Equation (1.1) then becomes

the equivalent system

dx
a - Y
(1.2)
d 3
E%-= - ky - Ci1X - CgX # Bcost + B0
where k, €ys C3s B and B0 are real parameters with k 2 0, s > 0.

The system (1.2) is a particular case of nonautonomous two dimensional system

& - £t x, ¥)
.5
g—tx= gt, x, ¥)

where f(t, x, y) and g(t, x, y) defined for all t, x and y in the real numbers

R are both periodic in t with period 2m:

f(t + 2m, x, y)

n

f(t, x, ¥y) o

gt + 2m, x, y) = g(t, x, y)

In the following we assume that f and g satisfy the standard conditions for the
existénce and uniqueness of the solutions for all t in R and moreover for the
continuity and differentiability properties of the solutions with respect to
any initial condition.

Let us consider the solutions of Egs. (1.3) in three dimensions x, y and

t: R2+1.

Since the right-hand side of Eqs. (1.3) has period 2w, the equation
itself is the same at t = 0 and t = 2n. Then we obtain from the solutions of

Eqs. (1.3) a topological mapping T as follows. Let Po(xo, yo) be an arbitrary



point of the xy plane, and x(t) = x(t; X yo), y(t) = y(t; X0 yo) be the solu-
tion of Eqs. (1.3) determined by the initial conditions x(0; XO‘ yo) = xD,
y(0; Xqs yo) =Yy We define a mapping T of the xy plane into itself which

transforms P,(x,, ¥,) into P, (x;, ¥):

where X, = x(2m, Xgs yo), ¥y = y(2r, Xy yo).
This mapping is often called the Poincaré mapping. The mapping T has well-known

properties, [8]:

1, AFE e gt for any integers m and n,
2. T = is the inverse mapping of T,
3. T is homeomorphism which preserves the orientation.

If a solution x(t) = x(t; X» yO), y(t) = y(t; X yo) has period 2m, then
the point Po(xo, yo) is a fixed point of the mapping T such that_P0 = T(Po).
If x(t), y(t) is a subharmonic solution of order v (v = 2, 3, ...), i.e., a
solution with least period 2vm, then Py is a point with perioed v such that
PO = Tu(PO) and P0 # Tvl(PD) for v' =1, 2, ..., v - 1. Hence there are always

v points Py, Py = T(P,), ..., P T"‘l(po) which are all fixed points of T

v-1 =

and often called v-periodic points of T.

1.3 Classification of fixed points

fhere are certain standard types of fixed point of the mapping T and they
are significant in the study of periodic solutions of the system (1.3).

Let us consider the change in area in the xy plane under the mapping T.

Let PO(xo, yo) be a point of the xy plane and Pl(xl, yl) its image by T, and



x(t), y(t) denote the solution of Egs. (1.3) at P0 when t = 0. Let a neighbor-

hood UO of P, which has an area u(UO) is carried by T into a neighborhood U1 of

0
P1 with an area u(Ul). Then the limit of the ratio u[UI]/u(UO) as u(UO)-—HPU

is given by the Jacobian

ax(t) ax(t)
Sxo 3y0
A(t) = a();(t), y(t)) - (1.5)
(Xgs ¥g) dy(t) 3y(t)
axo ayo

for t = 2n. For the system (1.3) we have

A(t) = g%fﬁ,x&L)dﬂ)+§%g&,XH),y&DJA&)

Since A(0) = 1, it follows that

Bxl Bxl
a(xl, yl) %y Yy
i Teowon Bl BN
Yy 9y
8x0 Byo
2m
3 3
= exp J [g;-f(t. X, y) * 5y &t x, y)] dt (1.6)
0

Thus the element of area dxody0 is carried by T into A(Zw)dxodyo.

Now let POEx ) be a fixed point under T and consider the mapping T in

0’ Yo

the neighborhood of the fixed point P Let xo(t], yo(t) denote the solution

0
of Eqs. (1.3) at PO when t = 0. If a point P[xD * Uy, ¥g * Vy) is mapped by T
into P'(x0 FuL, Yt vl), and x(t), y(t) is the solution of Eqs. (1.3) ema-

nating from P, then by the continuity and differentiability of x(t), y(t) with

respect to u, and Vgr we have



x(t) = x,(t) + &, (tJuy + E,(tdvy * X(t, uys V)

(1.7)
y(t) = yo(8) + n (8duy + ny(t)vy + Y(t, Uy, V)
where X, Y and their partial derivatives with respect to u, and Vo vanish at

u, = v, =0, Since x(2n) = Xg * Ups y(2m) = Yo * Vo it follows that

u, = auy bv0 + U(uo, vo]
(1.8)
vy = cug + dvo + V[uo, vOJ
where
Bul Bul
a=E&E (2n) = — b= E,(21) = —
1 au0 t=27 2 av0 t=27
3v1 avl
c =n,(21) = — d = n,(2n) = —
1 Wy | te2y 2 Vo | t=2n

and U, V and their partial derivatives with respect to ug and Vo vanish at u, =

Yy = 0. Therefore by Eqs. (1.8) and Eq. (1.6) it follows that

ETCE Bl A B
2m )

= exp J [E%'f(t’ xo (), yo(t)) + gg'g(t. xq(t), Yo(t)J]dt (1.9)
0

Thus ad - bc > 0. In the small neighborhood of PO(XO, yOJ, the character of the
mapping T is determined by the linear terms of Eqs. (1.8). That is, the mapping

can be characterized by the roots of the equation

=0 (1.10)



or
El(Zﬂ) - A EZCZﬂ}
=0 (1.11)
n1(2w) n2(2n) - A
It is worth mentioning that Ei(t), ni(t) for i = 1, 2 coincide with the
fundamental set of solutions of the variational system of Eqs. (1.3) for xo(t),

yo(t):

s . [-é-i— £(t, x,(8), yO(t))]a + [g £(t, x,(8), yoct))]n

dt
(1.12)

g_:= [5% g(t, x,(t), yO(t))JE + [% glt, x,(t), yott))}ﬂ

with the initial conditions

I
—
I
o

n
o

|
[

n, (0) n,(0) =

We now consider a vector field in the xy plane which is induced by the
Poincaré mapping T, that is, we assign to each point P0 a vector ?5?1 directed
from PO toward and terminating in T(POJ = Pl' Clearly PO is a fixed point of
T if and only if 5631 = 0. For some purposes it is useful to assign a number,

called the index, to the fixed points of T or to the simple closed curves in

the xy plane.* Consider a simple closed curve C which passes through no fixed

* A curve in the Xy plane is the image of a continuous mapping of an inter-
val a < 8 < b into the xy plane. A homeomorphic image of a closed or open
line segment is called an arc. A homeomorphic image of the circumference of

a circle is called a simple closed curve.



point of T. The number of revolutions made by P031 as P, traces out C must be
an integer since PO returns to its starting position. This integer is called
the index of the curve C and is denoted by 1(C). This index 1(C) does not

change as C varies continuously without crossing fixed points. Let a fixed

point P0 be enclosed by a small circle containing no fixed point with exception
of PO itself. Then the index of the circumference of this circle is called the
index of P,. In this definition the circumference may be replaced by any other

0

simple closed curve containing in its interior the fixed point P0 but no other

fixed points. We write 1(P0) for the index of the fixed point PO'

Let us consider the roots, A, and Az, of the quadratic equation (1.10).

1
They are either both real, or else are conjugate complex. Moreover, from Eq.(1.9),
their product is always positive. A fixed point is called simple if the absolute

values of Al and X, are both different from unity. Following G. D. Birkhoff and

2
P. A. Smith [6] and N. Levinson [19], we classify simple fixed points of the
mapping T according to the roots of Eq. (1.10). A fixed point and the corre-

sponding periodic solution of Eqs. (1.3) are called:

Completely stable if I A | <1 and | Ay | <1
Completely unstable if I M | > 1 and | A2‘l - !
Directly unstable if 0 < Al <1< Az
Inversely unstable if Al < -1 < AZ < By
The other case is | Ay | = ] A, | = 1. In this case stability is not determined

by the linear part of the mapping. This case is also important for the analysis
of Duffing's equation without dissipative term. If k = 0 for Eqgs. (1.2), then
from Eq. (1.6) the mapping becomes area-preserving. Therefore in this case

possible type of fixed points is directly unstable, inversely unstable, or center



type stable. The same terminology as defined above applies to the periodic
point and the corresponding periodic solution, i.e., subharmonic solution of
Eqs. (1.3). It is easy to see geometrically, on the basis of above definition,
that the completely stable or unstable, and the inversely unstable fixed points
have index +1, while the directly unstable fixed point has index -1 (see Fig.
1.1). Clearly an inversely unstable fixed point under T becomes a directly
unstable fixed point under T2,

Let a point S be a completely stable fixed point. Then there exists an
open neighborhood V of S such that T(V)(C V. Hence we define a set, called

the domain of attraction of S, as follows:
ATTR(S) = UJ V(W)
v=1

Clearly ATTR(S) is open and each point in ATTR(S) tends to the fixed point S
under repeated applications of the mapping T.

For convenience' sake we introduce the notation of fixed and periodic
points as follows: the symbols S, U, D and I denote a completely stable, a
completely unstable, a directly unstable and an inversely unstable fixed points,
respectively. When there are many fixed points of the same type, we number

them from one and upward in an appropriate manner and write j-th fixed point

by Js, j =1, 2, .... In the case of v-periodic points we denote S;, i=1, 2,
.., v, that is, T(S;) = S;+1 (mod i = v). If there exist other v-periodic
points of the same type, we say that S;, i=1,2, ..., v, is a v-periodic group
and we write the j-th v-periodic group by JS?, i=1; 2, ceey ¥,
Javy 2 gV JoVy _ Jqv
T( Si) Si+l’ T ( Si) Si‘



1.4 Dissipative system and its maximum invariant set
For Duffing's equation (1.2), if the dissipative constant k is positive,

it can be shown that the equation satisfies the following dissipative property.

Let P (x,, ¥,) be an arbitrary point in the xy plane and x(t) = x(t; X, Yo),
y(t) = y(t; X yo) be a solution of Eqs. (1.3) with initial condition x(0) = X
y(0) = Yo We shall say, following N. Levinson [19] and J. L. Massera [21], that

system (1.3) is dissipative, or D-system, if there exist an r > 0, and an integer
n > 0 such that the solution x(t) = x(t; Xy yo], y(t) = y(t; Xy yO) satisfies
xz(to) + yz(to) < r2 at a certain t = t0 > 0 and it remains in this same circular

region for all t > t0 + 2nm,

There are various results known for the D-system [26]. Here we show
several properties of them which will be encountered for the analysis of the
system (1.2). Consider the Poincaré mapping T introduced at the preceding
sections. In the D-system this mapping has the property that any circular region
with its center at the origin and sufficiently large radius is mapped into itself
by an application of a sufficiently large power of T. In this case of Egs. (1.2).
it can be shown that a more restricted condition is satisfied [19], that is, if

we consider a simple closed curve C., which is sufficiently remote from the

UJ
origin and contains the origin in its interior, it follows that under iterations

of T all points exterior to C, are transformed into interior points. Moreover

0
.. .1 .
if T (Cy) be denoted by C_, it follows that CIC: C,- Thus Cn+1(::cn’ n=1, 2,

For the numerical analysis of Eqs. (1.2), we choose as CO a limit cycle of

the equations



10

(1.13)

AY. v ky - c X - csx3 + B sgn y

where 1 v > 0

sgn y =
-1 y <0

In fact, if k > 0, ¢, » 0, and ¢, > 0, it is easily proved that Eqs. (1.13) has

1 3
a limit cycle. Comparing the vectorfield defined by Eqs. (1.2) with that defined
by Eqs. (1.13), we get the above assertion.

Let us consider a closed set AO whose boundary is the simple closed curve
CD described above, let Tn(AD) = An’ n=1, 2, .... Then we can define a set

s-0) 8,

The set A is called to be the maximum invariant set of the system (1.2). It
is shown that the set A is independent of the choice of the simple closed curve
C0 and has the following properties:

1. A is bounded, closed and connected set such that T(A) = A,

2. The compliment of A is a simply connected domain if the point at

infinity is included in it,

3. If P ¢4, then lim d(T"(P), &) = 0, where d(T"(P), A) = inf (T°(P), Q),
n—3p QEA

4, If S 1s a bounded set such that T(S) = S, then S A,
5 A has at least one fixed point under the mapping T,
6. A contains all fixed points, periodic points and recurrent points,

if they exist.
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For Eqs. (1.2), if k > 0, then by Eq. (1.6) each sufficiently small area
dxdy goes into an area exp(- 2km)dxdy. Thus for all bounded set S the area u(S)
tends to zero under T' as n —»». In particular A has zero area and cannot con-

tain a simple closed curve which is invariant under T.

1.5 Theorem on the number of fixed and periodic points

N. Levinson [19] and J. L. Massera [21] have discussed the number of fixed
and periodic points of the dissipative system (1.3). We assume that there are
only a finite number of fixed points or periodic points which all present the
simplé case. Let N(v) be the total number of fixed points of the mapping ;o
Let C(v) be the total number of completely stable and completely unstable fixed
points under Tu; similarly, let D(v) and I(v) be the number of directly and
inversely unstable fixed points of T, respectively. Then the following equa-

tions hold:

For v = 1, C(1) + I1(1) =D(1) +1
N(1) = C(1) + I(1) + D(1) = 2D(1) + 1

For v = 2n + 1, Cv) + I(v) =D(V) = mv n, m; positive integers
N(v) = 2D(v) = 2mv

For v = 2n, C(v) + I(v) =D(v) + 2I(v/2)
N(w) = 2{D(v) + I(v/2)}

In these equations we count the number of fixed points only with respect to the
lowest power of T; therefore, for instance, the number of directly unstable
fixed points under Tz.is not counted if they are inversely unstable fixed points

under T.
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1.6 Invariant curves of the mapping T and their related properties

We now summarize some definitions and properties concerning invariant curves
of the mapping T with respect to a directly or an inversely unstable fixed point
under the mapping. In the following a curve C in the xy plane is called invari-
ant under T if for any integer n and any point P € C, " (P) € C.

Let D be a directly unstable fixed point of the mapping T and let consider
the mapping in a small neighborhood of the point D. From the assumption of £
and g in Egs. (1.3), if u, v are appropriately taken coordinates with the point

D at u = v = 0, the mapping T may be represented as follows:

1 Alu + U(u, v)

=
1]

(1.14)

ALV o+ V(u, V)

¥y 2

where 0 < Al <1« 12 and U(u, v), V(u, v) and their first order partial deriva-
tives vanish at u = v = 0. Under this situation, it is known, see for example
[11] Chap. IX, that there exist a neighborhood of D and two differentiable arcs*

;+ and 7~ which have the following properties:
+ + -1, - - + -
Te)ICe, T )Cz, e =D
where :+ and £  are not tangent at D. Following H. Poincaré [29] and G. D.
Birkhoff [4], the arc ;+ is called an w-branch or a stable arc passing through
D and the ¢  is called an a-branch or an unstable arc passing through D. The

+ -
arc ¢ or ¢ may be decomposed as two branches:

+

z

1]

+ + + +

¢ = ;U UD, 2, Nz, = ¢

* An arc or a curve is said to be differentiable if the associated mapping

is differentiable.



L%

It is clear that T{CE)C: C;, T-l(cijc::;; for i =1, 2. It is worthwile con-
sider the following qualitative properties; there abut at D four invariant
branches, that is, two w-branches ;; and ;; whose points converge toward D on
indefinite iteration of T, and two a-branches ;; and g; whose points converge
toward D on iteration of T T,

We now define global invariant branches under T with respect to the point

D as follows:

—_ ” -n o

w; (D) = %:% T(E)

o; 0 = UJ D
n=0

for i = 1, 2.
These branches are also called w- and a-branches with respect to D which are

invariant under T. It is clear that the following properties are satisfied:

1.  1lim TO(P) =D for P € w, (D),
n—>®
lim T™™(P) = D for P € a, (D),
N

2. w;0)Mw,0) =¢, o, O®)Na,D) =9,

3 For every neighborhood U of any point P € w 2(D) and for every

lor
neighborhood V of any point Q E-ulorE[D), there exist a point RE U

and a positive integer n such that Tn(R) E V.

Notice that, however, an a-branch may intersect an w-branch, and the points of
intersection in such a case are called doubly asymptotic points. If the two
branches which intersect at a doubly asymptotic point P actually cross, i.e.,
are not coincident or merely tangent at P, then P will be said to be tranversal

or of general type; in contrary case, P is of special type.
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We introduce some terminology defined by H. Poincaré [29] and G. D. Birkhoff

=]

[4] under more general situation. Let D., i = 1, 2, ..., n, be directly unstable

n-periodic point and let “k(D23 and ak(Dg], Be=1, 2y del, 2, v Ay be -
and a-branches with respect to D? under the mapping T®. A doubly asymptotic

point P is called homoclinic if

n n
P=wy 00 ()40 O5)

for some i (1 < i < n), or

B mlorZCDE)(—walorZ(D?}
for some i, j (i # j, 1 <i<mn, 1< j <n).
For convenience, let us say that the homoclinic points of the former type are
simple. In addition to the points D? above, let D?, j=1, 2, ..., m, be another
direcﬁly unstable m-periodic point and wk(D?) and ak(D?), k=1, 2; j =1, 2,
..., m, be w- and a-branches with respect to D?. Then a doubly asymptotic point
P is called heteroclinic point correlated with Dz and D? if

n m
N LL)101‘2(]3]'_)r-]mlch(Dj)

ja~]
|

or
m

n
B 0‘101‘2([):1.)(“1mlorza)j)

for some i, j (1 < i <mn; 1< j <m).

The solutions of Egqs. (1.3) correlated with the homoclinic and heteroclinig

points are called the homoclinic and heteroclinic solutions, respectively.
Let 1D and 2D be directly unstable fixed points and H be a transversal

heteroclinic point correlated with 1D and 2D. Then by definition one of w-

branches (or a-branches) of 1D intersects at H with one of a-branches (or w-

branches) of 2D. TE ml(lD), which is one of w-branches of 1D, intersects at H
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with al(zD), which is one of a-branches of 2D, we shall say that lD is chained
to 2D and two arcs 2Da1(2D)H and le(lD)lD which are connected at H are a tran-

sition chain from 2D to 1D through H (see Fig. 1.2). Note that the assertion

I, -
that 1D is chained to 2D does not implies that %D is chained to 1D. If "D is

i}
chained to 2D and 2D is also chained to lD, the transition chains from 2D to D

and from 1D to 2D will be said to form a cycle. More precisely, let H1 = al(zD)

r‘]ml(ID) and H2 = al(lD)fq]wl(ZD) be two heteroclinic points correlated with

1 2

D and D, and let Dal(zD)Hl and Hlml(lD)lD be the transition chain from 2D to

1D and 1Dal(lD)H2 and szl(zD)zD be the transition chain from 1D to 2D, then

the two fixed points 1D and 2D have a cycle property with a cycle 2Du1(2D)HI

wl(lD]IDal(lD)HZwZ(ZD)zD, or simply 2DHllDszD (see Fig. 1.3). More generally,

let lD, 2D, .eey D be directly unstable fixed points. We shall call that 1D,

2 n : 1 2 2 3
D, ..., D forma cycle if a, . ( D)(ﬂ]mlorz( D) # ¢, oy o D)r7‘310r2( D) # ¢,

n 1 : : 5 g
o alorz( D)(] mlorz( D) # ¢. Notice that a directly unstable fixed point
with a homoclinic point has always a cycle which will be called homoclinic cycle.

We now summarize some properties of doubly asymptotic points and w- and a-

branches. Let 1D, 2D and 3D be directly unstable fixed points. In the follow-

ing we assume that doubly asymptotic points, if they exist, are all transversal.

1. If H is a homoclinic point of 1D (or a heteroclinic point correlated

1

with "D and 2D), then there exist infinitely many homoclinic

points of 1D (or heteroclinic points correlated with lD and 2D).

1

2 IF 2D is chained to "D and 3D is chained to 2D, then 3D is chained

to 1D.

3. If %D is chained to 1D, then there neighborhood U of any point P €
1 . : 2
“10r2( D) and for a neighborhood V of any p01nt(1€ alorz( D), there

exist a point R,€ U and a positive integer n such that Tn(Rj € v.
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4. If lD and 2D have a cycle property, then there exist homoclinic points
of 1D and homoclinic points of ZD.
5. In every neighborhood of a homoclinic point there exist infinitely
many periodic points.
For many more details on this subject, see H. Poincaré [29], G. D. Birkhoff [4,
5], G. D. Birkhoff and P. A. Smith [6], S. Smale [32, 33], Y. I. Neimark [23, 24],
L. P. Silnikov [30, 31], V. I. Arnold [2], V. I. Arnold and A. Avez [3], V. A,

Pliss [27, 28], and H. Kawakami [17].

1.7 Examples of the patterns of invariant curves

In this section we shall discuss some examples of the behavior of invariant
curves, of which the simplest possible cases will be treated, of the Poincaré
mapping T defined by Duffing's equation (1.1) with a positive dissipative cons-
tant k. In this case, since the maximum invariant set of the s}stem (1.2) is
bounded and has zero area, the possible types of fixed points or periodic points
are completely stable, directly unstable or inversely unstable ones. Using the
theorem of N. Levinson and J. L. Massera in Sec. 1.5, we find the following
results. It is noted that, in the following examples, only fixed point under T

will be considered although the mapping T may have many periodic points.

(a) T has only one fixed point: N(1) =1
Two different cases listed in Table 1.1 are considered. For the case 1
in Table 1.1, the simplest structure of the maximum invariant set A is that A
has a single point which is completely stable, In this case Egs. (1.2) has
one periodic solution of period 2w toward which all other solutions tend.
On the other hand, for the latter case in Table 1.1, A has at least two 2-peri-

odic points of completely stable or inversely unstable type.
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Table 1.1 Number of fixed points (f.p.)
of different types.

Type of f.p.
S I D
No. of f.p.
Case 1 1 0 0
Case 2 0 1 0

(b) T has three fixed points: N(1) = 3; An example of the appearance of
homoclinic points.
In this case, we have always a directly unstable fixed point as listed in
Table 1.2. Let us consider briefly the possible behavior of invariant branches
of the directly unstable fixed point D. Let Hij be a set of homoclinic points,

which will be assumed transversal, with respect to mi(D) and aj(D):

Hij = mi(D)r"]aj(D)

Table 1.2 Number of fixed points of
different types.

Type of f.p.
S I D
No. of f.p.
Case 1 2 0 1
Case 2 1 1 1
Case 3 0 2 1
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for i, j = 1, 2. Then there are sixteen different combinations of Hij as follows:

1 Hij = ¢ for i, j =1, 2

2, Hpy By gy el = Moo=t

5. Hpg#9, My =Hy =Hyp=9

B By #9s  Hyy =By =lhyy=¢

5. Hoo #9,  Hpy =By =l =4

fo. By #8.  Ho#e,  Hy =By =4

Po. By #de Wy ke Hypy=lp =

B. Hy,#e, Hy#¢, Hyy=Hy=9¢

% By By hgp ¥ Hyy =y =9

0. Mg e Ny By =Hy,=4¢

Ho My #8y Mgty Nl =4

12, Hig#9: Hyp #4 Uy #d, Ry o=d
15, By, #Fe, Wy e, Hp#d,  Hy =4
14, Hll £ o, le £ o, H22 # ¢, H21 = ¢
15. Hll £ 9, le £ ¢, H21 Z ¢, H22 = ¢
l6. Hy, #9 for i, j = 1, 2.

By the assumptions of uniqueness of solutions and transversal homoclinic points,
the cases from 10 to 15 cannot occur. Hence we have ten different combinations.
As an example, we consider the case 1 in Table 1.2, Combining the results
of the sets of homoclinic points above, we obtain some different patterns of
invariant branches illustrated in Fig. 1.4. In this figure, the pattern (a)
shows that the maximum invariant set A consists of three fixed points and a-
2

branches of D, while the boundary of the domain of attraction for 18 or °S

is the directly unstable fixed point D and its w-branches. All other cases
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show the appearance of homoclinic points. Therefore, it may be expected that
there appear infinitely many periodic points in the neighborhood of a homoclinic

point.

(¢) T has five fixed points: N(1) = 5; An example of the appearance of

heteroclinic points.

In this case, heteroclinic points may appear in addition to a possibility
of sets of homoclinic points, since we have always two directly unstable fixed
points. As an example, we consider the case 1 in Table 1.3. Some different
patterns of invariant curves are illustrated in Fig. 1.5. The patterns (a),
(b), and (c) show that the maximum invariant set A consists of five fixed points
and a-branches of two directly unstable fixed points, although heteroclinic
points appear in the patterns (b) and (c). The pattern (d) is an example with
cycle property. In this case homoclinic points appear and A have complex

structure. Further discussion will be made in Chap. 4.

Table 1.3 Number of fixed points of
different types.

S I D
Case 1 3 0 2
Case 2 2 1 2
Case 3 1 2 2
Case 4 0 3 2
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(a) Completely stable (b) Completely unstable (c) Directly unstable (d) Inversely unstable
fixed point fixed point fixed point fixed point

((8) = 1) (@ =1 (@) = -1) (@M =1

Fig. 1.1. Types of simple fixed points in the xy plane.
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Fig. 1.2. Transition chain from 2D to 1D through H: Da1(2D)Hw1(1D)1D.



. 2 2 ) | 1 2..2
Fig. 1.3. Cycle Dalt D)Hlml( D) Dal( D)szl( D)7D.



(a) (b

(c) (d)

(e) (f)

Fig. 1.4. Some different configurations of invariant curves.



(a) (b)

(c) ()

Fig. 1.5. Some different configurations of invariant curves.



CHAPTER 2

METHODS OF NUMERICAL ANALYSIS

2.1 Introduction

The present short chapter is concerned with the methods of numerical com-
putation for the solutions of Duffing's equation. These methods will be used
in the following chapters. Numeri¢al analysis are carried out by using both
analog and digital computers. The iterations of the Poincaré mapping discussed
in the previous chapter are easily accomplished by using an analog computer
with memories and sequential logics. From a computational standpoint analog
computers are quite available for solving the initial value problem of ordinary
differential equations, but the accuracy of computation is poorer than in dig-
ital computers. Therefore calculations will be done in the following manner.
First, an analog-computer study is carried out with the aid of the qualitative
properties of Duffing's equation and with the aid of various approximate solu-
tions which are stated in Ref. [12]. Secondly, if it is needed, a digital com-
putation is carried out with the aid of the results of the analog-computer
study.

In Sec. 2.2, the procedure of numerical analysis is stated. Sections 2.3
and 2.4 deal with an analog-computer study and a digital-computer study, re-

spectively. An example of numerical solution is shown in Sec. 2.5.

20
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2.2 Procedure of numerical analysis

The purpose of numerical analysis is at the first place to find the maxi-
mum invariant set of a given equation and to find w-branches of directly or
inversely unstable fixed or periodic points. These behaviors in the phase plane
reveal the global aspect of the qualitative properties of the given equation.
Secondly, fixed and periodic points will be found in the maximum invariant set
and periodic solutions corresponding to the fixed or periodic points will be
calculated. Stability of the periodic solution is also investigated by the
calculation of characteristic multipliers of the variational system of the peri-
odic solution. Hence for the D-system, in particular for Egs. (1.2) with k > 0,
the procedure of numerical analysis is as follows:

1. By using Egqs. (1.13), calculate the limit cycle C, of this equations.

0

This simple closed curve is satisfied the condition of D-system:

T[CO) C CD'
2. Apply several iterations of the Poincaré mapping T to this curve CD:
T(Co) = Cl’ T(Cl) = C2’ nas T(Cm_l] = Cm' After some repetitions

of this process the area of interior domain of Cm which contains the
maximum invariant set A is now properly small.

3. Find the fixed and periodic points in the interior domain of Cm'
In this step completely stable fixed or periedic points are found
automatically. On the contrary it may be difficult to find directly
or inversely unstable points. After several trials we can obtain
these points because the interior domain of C is not so large.

4. Calculate the invariant curves of each directly or inversely unstable
point. Small changes of initial conditions in the neighborhood of

the point lead to find these curves.



22

For finding w-branches, we set the inverse time system, that is, for

Egs. (1.2) we set

dx _
at - 7

(2.1)
dy _ _3
= ky - CqX = CpX7 B cos t + BO

Equations (2.1) has the same fixed and periodic points and invariant
curves as Eqs. (1.2), but the stability and the direction of suc-
cessive points on the invariant curves under T are converse in com-
parison with Eqs. (1.2). Therefore we can find w-branches of the
original equation as a-branches of the inverse time equation.

5. Calculate periodic solutions corresponding to fixed or periodic
points. And investigate the stability of the periodic solutions, i.e.,
calculate the characteristic multipliers of the varational equations.

From step 1 to step 4 we generally use an analog computer and for step 5

we use a digital computer. In step 3, if the accuracy of computation is needed,
a digital computation is carried out after the finding the results of an analog
computation.

For nondissipative system, that is, for Egs. (1.2) with k = 0, we have no

information for step 1. In this case the analysis is done as a limiting case of

dissipative system, i.e., as k — 0.

2.3 Analog-computer study
By nature analog computers do not require a detailed programming of the
individual mathematical operations as digital computers. Each operational

element may be considered as a fixed subroutine for eﬁgution of prescribed



23

mathematical operation, where the algorithm is fixed and determined by the
design principle of the operat%Pal elements (integrator, adder, function gener-
ator, etc.).

An algorithm for the Poincaré mapping defined by nonautonomous system with

periodic forcing term is shown in Fig. 2.1. This diagram consists of a system

equation with harmonic oscillator, samplers with analog memory, and a logical

control elements which control the samplers and a recorder pen.

(a)

System equation

Let us consider the system (1.2)

dx
dt
(1.2)

dy

at X -cC x3 + Bcos t + B

- Ky - 6y 3 0

The initial dependent variables x,y and the independent variable t are represent-

ed in an analog computer by the machine variables X, Y and t:

X = ax
Y = By (2.2)
T = 68t

To reduce the error it is desirable

that the machine variables X, Y are

that the scale factors o, B are chosen so

as closed as possible to the maximum possi-

ble voltage in the working range

we select the scale factors o, B

(*100 volts in our machine). For this reason

from the conditions

(2.3)
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where x and y are the maximum values of x and y. As for the time scale
max max

6, the characteristics of the operatinal elements impose constraints on the

choice of minimum and maximum values. The time scale is therefore chosen 1 <

® < 4 in our problem. Substituting Eqs. (2.2) into Egqs. (1.2) we obtain the

machine equations;

§§_= yﬁax Y
dt ox
max
(2.4)
Cc.X c x3 3 B
-g-=-l;-¥- Lmax x . Smax Xy P 100 cos F+ z— 100
ymax ymax 100 ymax yﬁax

Figure 2.2 shows a block diagram of an analog-computer setup for the solutions

of Eqs. (2.4).

(b) Control circuit

Control circuit for the mapping is divided into two parts; samplers with
analog memory and a control circuit of a recorder pen. Fig. 2.3 shows the block
diagram of samplers with analog memory. This circuit is achieved by a sample-
hold circuit of mode controlled integrators. The X(t) and Y(t) of Eqs. (2.4)
are sampled at the instants of T = 2nén(n = 1, 2, ...) and holded in integrators
I-1 and I-2. - Mode controlled integrators I-1 and I-2 operate according to the
logical input signals R and C listed in the table under the figure. The values
X(2n6w) and Y(2new) which are holded in I-1 and I-2 are successively plotted on
an X-Y recorder by a circuit shown in Fig. 2.4. 1In this figure a recorder pen
marks its input values when relay RY is energized.

In this way, for any initial point, we obtain its successive images under
the mapping on X-Y recorder. Another circuit for automatic plotting device is

found in Ref. [13].
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2.4 Digital-computer study

Digital computations are mainly carried out for the following purposes:

1. To find accurate location of a fixed or periodic point,

2. To calculate the periodic solution corresponding to a fixed or
periodic point, and to calculate harmonic components for the
periodic solution,

3. To calculate the characteristic multipliers of the variational

equation (1.12) corresponding to the periodic solution.
The procedure for the purpose 1 is as follows:

L By using the results of analog-computer study, choose an initial point
P0 on the xy plane which gives the initial condition for Egs. (1.2).
2. Calculate the successive images of P0 under T until the following

convergent condition is fulfilled

| B, ~B., | 4% (2.5)

n+y
where £ is a small positive constant, v = 1 for fixed point, and
v = m for m-pericdic peint.
Numerical examples of the following chapters will be developed usig a TOSBAC
3400 and single-precision arithmetic with ten significant digits. The algorithm
is programmed in FORTRAN IV. Numerical integration is carried out by the Runge-
Kutta-Gill method. The interval of integration 2m is divided 60 steps for
examples with the parameter B < 0.5 and 120 steps for that with B > 0.5. The
value of € in the inequality (2.5) is taken equal to 10_4 v 10—5.

It is noted that for a completely stable fixed or periodic point the suc-

cessive images of step 2 above are automatically convergent; for a directly or
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inversely unstable point it will be divergent generally, but several number of
trials lead to obtain satisfactory results. Once the fixed or periodic point
is determined, the corresponding trajectory and periodic solution are easily

obtained. Hence the calculations 2 and 3 are achieved easily.

2,5 An example of numerical solution

As a specific example of Eqs. (1.2), we consider

dx _
at 7
(2.6)

dy _ 3
g =" 0.2y - x~ + 0.3 cos t

In this example Eqs. (1.13) becomes

ac - 7
(2.7)
3
i 0.2y - x7 + 0.3 sgn y

Following the procedure described in Sec. 2.2, we obtain a limit cycle C0 of
Egs. (2.7), and obtain the successive images T(CD) = Cl’ T[Cl) = C2. After
this procedure we find two completely stable fixed point 18, 28 and a directly
unstable fixed point D. Figure 2.5 shows the limit cycle CO’ its images C1 and
Cz, three fixed points lS, 25 and D, and a-branches of the point D. For the
w-branches of D we set the inverse time equation (2.1) and we obtain these
branches. Then we find the complete phase portrait for the system (2.6) under
the mapping T. Figure 2.6 shows a photograph of the phase pa&rait on the xy
plane obtained by analog computation. In Fig. 2.7, which is the cofy of Fig.

2.6, the arrows on the invariant curves indicate the direction of the movement



of successive images under T,

points are shown in Fig. 2.8,

27

The trajectories of the corresponding three fixed

The waveforms of these periodic solutions are

illustrated in Fig. 2.9. 1In this figure the periodic solution correlated with

the directly unstable fixed point D is shown by xD(t) and the periodic solutions

correlated with completely stable fixed points s and %s are shown by x;4(t) and

xzs(t), respectively. They are given by

1}
1
(=]

xD{t) .7394
+ 0.0223

+ 0.0009

I
]
(=]

x;g(t) = .3100

- 0.0007

1
(=]

t) = .6864

28(
- 0.0597
- 0.0001

+ 0.0002

Cos

cos

cos

COSs

COos

cos

Ccos

cos

CcOos

t

3t

5t

3t

3t

5t

7t

+

.6752

.0250

.0007

.0671

.0006

L9841

.0215

.0032

.0000

sin

sin

sin

sin

sin

sin

sin

sin

sin

t

3t

5t

3t

3t

5t

7t

The fixed points and related properties are listed in Table 2.1 below.



Table 2.1 Fixed points and related properties correlated with the periodic

solutions for Egs. (2.6).

giii: zziigiiﬁ X y Aps Ay Classification
D Harmonic | - 0.7163 | 0.7464 2.457, 0.116 Directly unstable
lS Harmonic | - 0.3107 | 0.0689 - 0.389 * 0.3651 Completely stable
2S Harmonic 0.6267 | 1.0331 0.098 % 0.5241 Completely stable
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Fig. 2.7, Fixed points and invariant curves for Egqs. (2.6).
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Fig. 2.8. Trajectories of the periodic solutions for Eqs. (2.6).
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Fig. 2.9. Time responses of the periodic solutions for Egs. (2.6).



CHAPTER 3

PERIODIC SOLUTIONS OF DUFFING'S EQUATION

3.1 Introduction
In this chapter we deal with the periodic solutions of the following simple

but typical case of Eq. (1.1), [12]:

2
é—% + kg% + xs = Bcost+ B
dt

: (3.1)

where k > 0, B and BO are real parameters.” Since the external forcing term of
Eq. (3.1) has period 2w, any periodic solution must have a period commensurable
with 2m. We shall see that the equation can possess a wide variety of pericdic
solutions in addition to harmonic solutions which have the period 2w. Namely,
the equation has subharmonic solutions the smallest period of which may be some
integral multiple of the period 2n. The investigation is conducted with the
aid of computer facilities discussed in Chap. 2.

In Sec. 3.2, certain bifurcation of fixed points is discussed and a con-
ventional classification of the periodic solutions is introduced. In Sec. 3.3,
numerical results for harmonic and higher-harmonic solutions are considered.
Similarly, subharmonic solutions of orders 2 and 3 are discussed in Secs. 3.4

and 3.5, respectively.

* The nonlinearity in Eq. (3.1) is simply given by a cubic function of x.
The inclusion of a linear term and/or higher-degree terms in x does not es-

sentially alter the numerical analysis in what follows.

29



3.2 Bifurcation and classification of periodic solutions
Before going into detailed discussion for the periodic solutions of [q.(3.1),
we consider some basic properties for the nature of the system (3.1) and its
pericdic solutions with respect to the system parameters. In the most part of
this and next chapters, we shall consider Duffing's equation of the form:
2

d™x
dt2

dx 3

fo— = B 2

+ Ldt + X Bcost (3. 2)
This equation is unchanged if the sign of x is reversed and t is shifted by =

radians. Therefore the system (3.2) is called the*symmetrical system. On the
other hand, the system (3.1) is called the unsymmetrical system because of the

external forcing term with the unidirectional component B Equation (3.1) may

0
readily be transformed to one with unsymmetrical nonlinearity but with symmetri-
cal external forcing term. Throughout the following, we shall treat unsymmetri-

cal system only in order to obtain some typical numerical examples.*

Let us consider the symmetrical system (3.2), or the equivalent system:

dx
dt

I
<

dy
dt

1l

- ky - x3 + Bcost

Let x(t) = x(t; X yo), y(t) = y(t; Xg» yD) be a periodic solution of Egs.(3.3)
) =-x0 and

v(0; XO’ yo) = yU. Let T denote the Poincaré mapping defined by Eqs. (3.3).

with the period 2w determined by the initial conditions x(0; Xqs Vg

Then the solution - x(t+m; xD, yO), - y(t+m; X yoj is also a periodic solution

of Egqs. (3.3). For convenience in the following discussion, if a periodic

* A subharmonic solution of the even order may exist for Eq. (3.2), but

this type of solution is apt to occur when the system is unsymmetrical [12].
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solution x(t)., y(t) satisfies the equalities

x(t; Xg. ¥g) = - x(t+m5 x4, ¥g)

y(ts xg, ¥g) = - y(t+m; x5, ¥,) ]
then we call the solution primary. And the corresponding fixed point P(xo, yOJ
will be called primary fixed point. Any primary solution can be equivalently
defined by Fourier-series expansion in the following form:

sin (2n+1)t ]

x(t) = §£ 85,1 €05 (2n+1)t + b, .

n=
{3:5)

y(t) =n§£(2n+l)b2n+1 cos (2n+1)t - (2n+1)32n+1 sin (2n+1)t ]

If a periodic solution does not satisfy the equalities (3.4), or equivalently,
is expressed by Fourier-series expansion containing the even order components,
then the periodic solution is referred to as non-primary solution. Correspond-
ing to a non-primary solution x(t) = x(t; Xg» yDJ, y(t) = y(t; Xg» yo), we can
find two fixed points P(xo, yo) and Q(-x(m), —y(ﬂ))‘in xy plane. For Eqgs. (3.3)
with k>0, since the total index is always unity, this equation possesses at
least one primary solution for any value of B. Furthermore, a primary solution
is either completely stable or directly unstable, since the coefficients of the
variational system of Eqs. (3.3) for the primary soluticn have period w.

We now consider the variation of the qualitative structure of the phase
portrait when the system parameter varies. The qualitative structure of the
phase portrait is determined by the maximum invariant set A and invariant curves
with respect to directly and/or inversely unstable points introduced in Chap. 1.
That is, for Eqs. (3.3), the qualitative change of the phase portrait may be

occurred by the appearance and disappearance of fixed and periodic points and
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by the variation of invariant curves. In this section we shall discuss the
appearance and disappearance of fixed and periodic points. The nature of in-

variant curves will be treated in the next chapter.

(a) Generation and branching of fixed points for Egs. (3.3)

Bifurcation theory in nonlinear two dimensional autonomous system was studied
in standard treaties by A.A. Andronov, A.A. Vitt and S.E. Khaikin [1], N. Minorsky
[22] and others. Analogically, we discuss the appearance and disappearance of
fixed and periodic points under the Poincaré mapping T defined by Eqs. (3.3).

Let us consider the system (3.3) under a fixed dissipative constant k > 0.

In this case, the system has a parameter B: the amplitude of the external forc-
ing term. It may be expecied that for a sufficiently small value of B, the

system has only one completely stable fixed point. For a large value of B,
however, the system possesses a various type of fixed and periodic points. By
reason of this fact, we discuss the possibility of the bifurcation for Egs. (3.3).
For simplicity, let us consider the bifurcation of fixed points. Similar dis-
cussion is applied to the bifurcation of periodic points.

If for some changes of B the solution varies without undergoing any quali-
tative changes in its topological structure, such valuesB are called ordinary
values. If, however, for some special value B = Bc’ the topological structure
of the phase portrait undergoes a qualitative change, such a special value is
called critical value, [1].

On the other hand, for any closed curve C in xy plane, the index of C is
continuous on the parameter B provided that no fixed points appear on the curve
C. Thus, a fixed point with non-zero index cannot either appear or disappear

for the variation of B. A completely stable fixed point whose characteristic
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multipliers are both real and positive, can disappear only after having previ-
ously merged with a directly unstable fixed point, thus forming a non-simple
fixed point with an index equal to zero. Conversely, a directly unstable fixed
point or a completely stable fixed point can appear or generate from the split-
ting up of non-simple fixed point with an index equal to zero. Therefore, for
fixed and periodic points of Eqs. (3.3), the possible types of the qualitative

change of the phase portrait are as follows:

TYPE I (Generation of fixed points or SD-generation)

Let A(B) be the maximum invariant set of Eqs. (3.3) for an ordinary value
of B. Consider the variations of the parameter B. If a non-simple fixed point
stated above appears at B = Bg and the topological structure of A(Bg) is the
same as A(B) except the non-simple fixed point and a-branch with respect to this
point and for further changes of B this non-simple fixed point splits into a
completely stable and a directly unstable fixed points, then we say that this
phenomenon is that of the generation of a stable and a directly unstable fixed
points, or simply, SD-generation. This situation is illustrated in Fig. 3.1 (a).
In this figure A(B) is skeched by a hached area but for Eqs. (3.3) A(B) has
evidently zero measure. The disappearance phenomenon is defined conversely.

In accordance with the change of stability of a fixed point, there appear
or disappear other fixed or 2-periodic points. These phenomena will be referred
to as branchings. Two different types, i.e. Type II and Type III, of branching

can be considered.

TYPE II (SD-branching)
Let a point S be a completely stable fixed point for an ordinary value of

B. Under the variations of B, at B = Bb’ if the corresponding fixed point § is
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changed into a non-simple fixed point with an index equal to unity, and further
variations of B cause this point to split into three fixed points: two complete-
ly stable and one directly unstable fixed points, then we say that this phenome-
non is SD-branching. This process is simply regarded as follows: During the
variations of B, a fixed point, say an original fixed point, cont;nues to exist
and changes its stability at B = B

b

points, say branched fixed points, after the critical value of B = Bb. The

and puts forth to branches of two fixed

passage of B through its critical value B, is illustrated in Fig. 3.1 (b). In

b
this figure the points S and D denote the original fixed point, and lS and 28

are branched fixed points.

TYPE III (SI-branching)

Let a point S be a completely stable fixed point for an ordinary value of
B. Consider the variations of the parameter B. If at some special value B = Bb
the corresponding fixed point S is changed into a non-simple fixed point with
an index equal to unity, and further variations of B cause this point to split
into an inversely unstable fixed point and two completely stable 2-periodic
points, then this phenomenon is called SI-branching. In this case, the original
fixed point is changed into an inversely unstable fixed point, while the branch-
ed points are two completely stable 2-periodic points. Figure 3.1 (c) shows
SI-branching. In this figure S and I denote a completely stable and an inverse-
ly unstable fixed points, respectively. S? and S§[= T[Si)) are branched 2-pe-
periodic points.

We now summarize the relation between the bifurcation and primary or non-
primary solutions for Egs. (3.3).

1. For SD-generation, there are two cases: primary fixed points genera-
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tion and non-primary fixed points generation. If generated fixed
point are non-primary, then four fixed points, two completely stable
and two directly unstable fixed points appear.

2. No SI-branching can occur in a primary fixed point.

3. Branched fixed points by SD-branching always appear in pair.

(b) Classification of the periodic sclutions of Duffing's equation

From the numerical analysis which will be discussed in the next sections,
we shall see that the system (3.2) possesses a various types of periodic solutions.
This fact impels us to distinguish those periodic solutions into several types
despite of the lack of theoretical background. From the physical point of view,
an oscillatory system governed by Duffing's equation may have a periodic response
the fundamental period of which is either equal to that of the external forcing
term or equal to its integral multiple. The terms harmonic and subharmonic osc-
illations are applied to those responses, respectively, [12]. Corresponding to
such a periodic oscillation, a solution of period 27 of Eq. (3.2) is called har-
monic solution. A periodic solution with period 2Zmm, i.e., m times the period
of the foring term is called subharmonic solution of order m.

On the other hand, a periodic solution is expressed by a Fourier-series
expansion. For the purpose of notational covenience, comparing the coefficients
in the expansion, various harmonic and subharmonic solutions will be distinguish-
ed as follows: From the numerical results if the coefficient of the terms cos t
or/and sin t is predominant and the other coefficients are relatively small, then
we say the periodic solution harmeonic. If the coefficient of the terms cos mt

or/and sin mt is dominant in the periodic sclution, then the solution is called
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higher-harmonic solution of order m or m-harmonic solution. Similarly, if the
coefficient of the terms cos nt/m or/and sin nt/m is dominant in a subharmonic
solution, then we call the solution subharmonic solution of order m/n or n/m-
harmonic solution. In the case of weak nconlinear system, cne can find more

persuasive classification in Ref. [18].

3.3 Harmonic and higher-harmonic solutions
This section describes numerical results on the harmonic and higher-harmonic
solutions for Eqs. (3.3) as the parameters in the equation are varied over large

intervals.

(a) Regions in which harmonic and higher-harmonic solutions exist

Before going into a ditailed computation for specific parameters B and k,
we shall investigate the regions of the parameters in Bk plane in which harmonic
and higher-harmonic solutions are obtained. Figure 3.2 shows these regions
obtained by analog computations. The six regions in Fig. 3.2 are as follows:
In the regions I and III, there exists a harmonic solution correlated with a
completely stable fixed point. In the sense of nonlinear physical phenomena,
the harmonic solutions in the region I and III are often called nonresonant and
resonant responses, respectively. Between the regions I and III, an overlapped
region II exists in which there are three harmonic solutions. Two of them are
completely stable and the third one is directly unstable. Therefore, under the
variations of B from the region I to III, we see that, at left side boundary of
the region II, SD-generation appears, the generated fixed points are primary;
while at right side boundary, the disappearance phenomenon, i.e. SD-disappear-
ance, occurs. Transfer from the region IIT into IV gives rise to SD-branching.

Hence a harmonic solution changes into three periodic sclutions, two of which
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are completely stable and the third one is directly unstable. The two stable
solutions contain even harmonics in addition to the fundamental and odd harmonics,
i.e. these solutions are non-primary. In the region V, seven periodic solutions
appear: four completely stable and three directly unstable solutions. That is,
for the entrance to the region V from left side boundary, SD-generations occur,
while for leaving the region V along right side boundary, SD-disappearance are
observed. In the region VI, there are three harmonic solutions: one directly
and two inversely unstable solutions. Hence on the boundary between the regions
IV and VI, SI-branching appears. Thus in the region VI, subharmonic solutions
of order 2 appear. Above situation are summarized in Tables 3.1 and 3.2. It

is to be noted that Fig. 3.2 and also Table 3.1 show only harmonic solutions.
When the parameter k is sufficiently small, subharmonic solutions may appear

in every region. This will be stated in the following sections.

Table 3.1 Number and type of harmonic solutions in the different

regions in the Bk plane illustrated in Fig. 3.2

Number of harmonic | Type of fixed point correlated

Region solutions . with the harmonic solution
I 1 5
= 3 Sx2, Dxl
III 1 &
= . Sx2, Dx1
v T E Sx4, Dx3
- 3 Ix2, Dxl
i
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Table 3.2 Types of bifurcation when B is increased

Boundary Types of birfurcation Generated, disgppeared
between or branched points
I 1I SD-generation primary
11 III SD-disappearance primary
III v SD-branching non-primary
iigft sidz) SD-generation non-primary
V IV s -
(right side) SD-disappearance non-primary
Iv VI SI-branching 2-periodic points

(b) Loci of fixed points and patterns of phase portraits as B varies

To get more specific information on the nature of the harmonic solutionms,
we consider Eqs. (3.3) with a fixed parameter k. The loci of fixed points are
schematically illustrated in Fig. 3.3, as the parameter B varies. The locus of
the fixed point correlated with the primary solution is shown by heavy line
OAIAZ"' in Fig. 3.3. As B increases the fixed point moves along this curve in
the direction of the arrows. The fixed point starts from the origin 0 (for
which B = 0) and moves toward Al. When it reaches Al, another fixed point ap-
pear at AS’ i.e., SD-generation occurs. With a further increase in B, three
fixed points appear, moving from Al to Az, from A3 to Az, and from A3 to A4,

respectively. When the first two fixed points coalesce at A,, the third point

23

reaches A4. A further increase in B results in the disappearance of the coale-

sced fixed point, i.e., SD-disappearance, and the remaining fixed point moves



from A, to A

4 53 Aé, Investigating the stability of the fixed point, one

see that the fixed points on the solid-line portions of the curve are complete-
ly stable and those on the dached portions are directly unstable.

When B is increased beyond AS, the locus breaks into three; namely, the
original locus A_A_..., B-branch ASB

56 6"

branching occurs. The loci of the branched fixed points are shown by fine lines

., and C-branch A5C6"" that is, SD-

in Fig. 3.3. Periodic solutions on B-branch and C-branch are non-primary, i.e.,
they are characterized by the presence of even harmonics in addition to the
fundamental and odd harmonics. Thus, for a given value of B,‘there exist three
fixed points, say A6, B6’ and CG; AG is directly unstable while BG and C6 are
completely stable. When B is increased further, fixed points on B-branch and
C-branch proceed to B7 and C7, respectively.* Then the subdivision of the two
branches occurs simultaneously at those points, i.e., SI-branching occurs.

Fixed points on B7D8"" B7ES"" C7F

-‘8“.’

second iterate of the mapping T; therefore, the corresponding periodic solutions

C7GS"' are obtained under every

contain subharmonic component of order 2 and its higher-harmonics. Thus we
obtain three fixed points and four 2-periodic points: a directly unstable AB’
two inversely unstable BS and CS’ and four completely stable 2-periodic points
DS’ E8’ F8 and GS'

The phase portraits for some fixed B and k are pictorially shown in Fig.

3.4. This figure shows schematically the location of fixed points and invariant

* When k is large the jump phenomenon, i.e., SD-generation and SD-disap-

pearance, of fixed points on the original locus (from A, to A, and from AS to A

2 4 )

1

disappears. On the contrary, if k is very small the jump phenomenon occurs

also on B- and C-branches.
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curves which pass through the directly and inversely unstable fixed points.
The arrows in the figure indicate the direction of the movement of successive
images of the mapping T. Figure 3.4 (a) shows the pattern of a phase portrait
obtained in the parameter region II in Fig. 3.2. The patterns (b), (¢) and
(d) in Fig. 3.4 show the phase portraits obtained in the regions IV, V and VI,
respectively. It is to be noted that for small k subharmonic solutions may
exist. For example, in the region II subharmonic solutions of order 3 exist.

The phase portrait is skeched in Fig. 3.4 (e). This situation will be discuss-

ed in the next sections.

(c) Harmonic solutions
We now discuss more completely representative cases of Egs. (3.3). To
begin with, let us consider a case in which the parameters are chosen in the

region II in Fig. 3.2, i.e., k = 0.1 and B = 0.3. Thus we are dealing with

2
83X, 008 .5%=0.3c0st (3.6)
2 it

In this case, there are three fixed points corresponding to the periodic so-
lutions of Eq. (3.6).* One of them is directly unstable and the other two are
completely stable; details of the fixed points are given in Table 3.3. Figure
3.5 shows the location of the fixed points and a pair of invariant curves which
pass through the unstable fixed point D. The arrcws in the figure indicate the
direction of successive images of points on the invariant curves under T. For
this example one of the invariant curves, i.e., w-branches drawn in heavy line,

along which the successive images approach the point D is the boundary of the

* These fixed points are situated on the original locus OAlAZ... in Fig. 3.3.
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Table 3.3 Fixed points and related properties correlated with the periodic
solutions for Eq. (3.6).
Fixed Periodic Y :
. - “Wiki) at
point St kDG X Y ll’ AZ, Classification
D Harmonic -0.9170 0.3812 3.763, 0.142 Directly unstable
lS Harmonic -0.3228 0.0360 | -0.586 * 0.4361i | Completely stable
25 Harmonic 1.1381 0.7447 | -0.170 £ 0.7101 | Completely stable
two domains of attraction. On the other hand, a-branches of D, drawn in fine

2 .
line, with two fixed points 18 and “S form the maximum invariant set of this

equation. The periodic solution correlated with the directly unstable fixed

point D is found to be

0.9022 cos t + 0.3046 sin t

xp(t) =

+

0.0149 cos 3t + 0.0241

0.0001 cos 5t + 0.0008

The stable periodic solutions xlS(t) and XES(t)

25 are respectively given by

xls(t)

X, (1)

0.3219

0.0009

1.1183

+

0.0211

0.0020

cos t

cos 3t

cos t

cos 3t

cos 5t

+ 0.0350

+ (0.0003

+ 0.5246

+ 0.0679

+ 0.0032

sin 3t

sin 5t

correlated with points

sin t

sin

sin t
sin 3t

sin 5t

18 and
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- 0.0002 cos 7t + 0.0000 sin 7t

+ LI

The values Al and 12 in Table 3.3 are calculated by the solutions of the

variational equations of Eq. (3.6) with respect to the above periodic solutions.

(d) Higher-harmonic solutions
We consider the second case in which B is increased (in the region IV in

Fig. 3.2) and the equation becomes

2
g—%—+ 0.1 iﬁ + x3 = 2.6 cos t (3.7)
dt at
Corresponding to the periodic solutions of Eq. (3.7), we have three fixed points
under the mapping T, the details of which are listed in Table 3.4. These fixed
points and the invariant curves are shown in Fig. 3.6. The w- and a-branches

are drawn in heavy and fine lines, respectively. The periodic solution corre-

lated with the directly unstable fixed point D is found to be

xD(t) = 1.6672 cos t + 0.1328 sin t
+ 0.2609 cos 3t + 0.0446 sin 3t
+ 0.0302 cos 5t + 0.0091 sin 5t

0.0036 cos 7t + 0.0016 sin 7t

o+

0.0004 cos 9t + 0.0003 sin 9t

+

The stable periodic solutions xlS(tJ and xzs(t) correlated with points lS and

28 are respectively given by

xls(tJ = - xzs(t + 1)

- 0.0468
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Table 3.4  Fixed points and related properties correlated with the periodic

solutions for Eq. (3.7).

i ey |
Fixed Periodic e .
soint o X y ll’ 12 Classification
D 3-harmonic 1.9625 0.3261 2.000, 0.267 Directly unstable
lS 2-harmonic 1.4083 2.0971 0.061 ¥ 0.7281 | Completely stable
25 2-harmonic 1.6875 -1.7049 0.061 * 0.728i | Completely stable

+ 1.4959 cos t + 0,1771 sin t

- 0.0627 cos 2t + 0.7037 sin 2t
+ 0.0870 cos 3t + 0.0256 sin 3t
- 0.0315 cos 4t + 0.1156 sin 4t

- 0.0274 cos 5t - 0.0067 sin 5t

- 0.0042 cos 6t + 0.0071 sin 6t
- 0.0061 cos 7t - 0.0029 sin 7t
+ 0.0003 cos 8t - (0.0010 sin 8t
- 0.0005 cos 9t - 0.0004 sin 9t

+ 0.0002 cosl0t - 0.0003 sinlOt

We now consider the cases in which B is varied in the region V in Fig. 3.2.
Figure 3.7 shows schematically the location of fixed points and invariant curves
of directly unstable fixed points when the parameter B = 2.8, 3.2, 3.5 and 3.8

with k = 0.1. From this figure one can see how to change the pattern of phase
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portrait in the region V. It is noted that for sufficiently small k the fixed
points 1S and 28 change into inversely unstable fixed points, But under the
variation of the system parameters, these inversely unstable fixed peints disap-
pear after the passage of the left side boundary of the region V in Fig. 3.2.
Thus the appearance of inversely unstable fixed points in the region VI means

the SI-branching of the fixed points 38 and 48 illustrated in Fig. 3.7.

(e) Higher-harmonic solutions with subharmonics
We consider the fourth case in which B is still further increased and the
equation becomes
>

B, 0.1 %%—+ x3 = 5.0 cos t (3.8)

dt

This example illustrates the interpretation of SI-branching. As the result of
this phenomenon, three fixed points: two inversely and one directly unstable
fixed points, and four completely stable 2-periodic points are obtainad. Their
details are shown in Table 3.5. The locations of fixed and 2-periodic points
and invariant curves are skeched in Fig. 3.8.

The periodic solution correlated with the directly unstable fixed point

D is found to be

xD[t) = 1.8319 cos t + 0,1189 sin t
+ 0.5105 cos 3t + 0.0470 sin 3t
+ 0.8710 cos 5t + 0.0151 sin 5t
+ 0.0162 cos 7t + C.0039 sin 7t

+ 0.0030 cos 9t + 0.0010 sin 9t

+ 0.0006 cos 11t + 0.0002 sin 11t
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Table 3.5 Fixed points and related properties correlated with the periodic

solutions for Eg. (3.8).

. . |
Fixed Periodic ; e .
ficat
point solvtion X Y Al, A Classification
D S5-harmonic 2.4493 0.3750 1.166, 0.458 Directly unstable
1I - 2-harmonic 2.7130 1.2398 -1.146, -0.465 Inversely unstable
2I 2-harmonic 1.7131 -0.3496 -1.146, -0.465 | Inversely unstable
18% 2-harmonic 2 45359 2.5433 0.387 * 0.3661 | Completely stable
lsg 2-harmonic | 2.7507 | -0.1816 0.387 * 0.366i | Completely stable
28% 2-harmonic 1.5100 -0.3099 0.387 * 0.3661 | Completely stable
72
281 2-harmonic 1.9278 -0.3709 0.387 t 0.3661i | Completely stable
and

The inversely unstable periodic solutions xlI[t)

points lI and 21 are respectively given by

xlI(t) = = xZI[t +7)

= - 0.4508

+ 1.8171 cos t + 0.1445
+ 0.7435 cos 2t + 0.1909
+ 0.3034 cos 3t + 0.0174
+ 0.1623 cos 4t + 0.0624

+ 0.0719 cos 5t + 0.0285

+ 0.0353 cos 6t + 0.0166

+ 0.0162 cos 7t + 0.0097

sin

sin

sin

sin

sin

sin

sin

xZI(t) correlated with the

2%

3t

4t

5t

6t

7t



+ 0.0076

+

0.0035

+

0.0016

+

0.0007

+

0.0003

Ccos

Cos

Cos

cos

COs

8t

9t

10t

11t

12t

+

+

The periodic solutions correlated with the

X151 (8D

0.0052
0.0028

0.0015

0.0008

0.0004

sin

sin

sin

sin

sin
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8t

9t

10t

11t

12t

2-periodic points are as follows:

= xlSz(t + 21) = - szI(t + ) =
0.4384

+ 0.0026 cos %{ - 0.0204 sin
+ 1.8061 cos t + 0.1475 sin
+ 0.0613 cos %{ + 0.0106 sin
- 0.7174 cos 2t - 0.1924 sin
- 0.2534 cos 3t - 0.0174 sin
+ 0.2927 cos 3t + 0.0200 sin
+ 0.0162 cos 2t + 0.0174 sin
- 0.1491 cos 4t - 0.0603 sin
- 0.0523 cos %t - 0.0111 sin
+ 0.0667 cos 5t + 0.0266 sin
+ 0.0251 cos }%{ + 0.0135 sin
- 0.0277 cos 6t - 0.0148 sin
- 0.0152 cos <3t - 0.0059 sin
+ 0.0130 cos 7t + 0.0080 sin
+ 0.0073 cos lé{ + 0.0047 sin

- xzsz(t - )

ra| =
ct

M(Lw :_\3 NJ:‘" t
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- 0.0053 cos 8t - 0.0042 sin 8t

- 0.0037 cos —Et - 0.0027 sin —E{
+ 0.0022 cos 9t + 0.0020 sin 9t
+ 0.0018 cos 352’{ + 0.0016 sin %t

- 0.0009 cos 10t - 0.0010 sin 10t

where the subscript for x(t) means that iji[t), for example, is the periodic

solution correlated with the point JS?.

3.4 Subharmonic solutions of order 2

In the preceding section we have seen that, as B increases for Egs. (3.3),
higher-harmonics. (odd and even) and subharmonics develop in the periodic solution.
In a system with small dissipative constant k, however, we have a situation con-
siderably different from that described in Sec. 3.3, i.e., subharmonic solutiomn
may occur. As already reported in Refs. [25] App. V and [12] Chap. 10, the
system (3.3) has subharmonic solutions of order 2 in some parameter regions.

In this section we investigate subharmonic solutions of order 2 for Egs. (3.3).

(a) 1/2-harmonic solutions for Egs. (3.3)

In Ref. [25] App. V, the region of 1/2-harmonic solutions for Egs. (3.3)
was investigated. We reproduce the result in Fig. 3.9 with some additional
results. The figure shows the regions of harmonic, 1/2-harmonic and 1/3-
harmonic solutions for Eqs. (3.3). In this figure the region of 1/2-harmonic
solutions is divided roughly into two: the region in which four completely

stable and four directly unstable 2-periodic points are obtained (surrounding
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narrow region in the figure), and the region in which four inversely unstable

and four directly unstable 2-periodic points are obtained (surrounded region).
As representative examples of two cases stated above, we consider first

the equation:

.26 cos t {(%:9)

The pattern of phase portrait for 2-periodic points is skeched in Fig. 3.10.

In this figure two groups of 2-periodic points of the same types are seen, i.e.,

192 12 . .19 22 T2 . . BE
7, 7S5 (= T(CSD) and “sy, “s5 (= T("S]))
1.2 3% ; il 2 2.2 2.2 . .22

D], "Dy (= T(D])) and “D, “D; (= T("D)).

Their details are given in Table 3.6. The invariant curves which pass through

i 2
the directly unstable 2-pericdic peint JD; (j =1, 2; 1 =1, 2) are obtained
by the mapping T2.

The pericdic solutions correlated with the 2-periodic points are as follows:

By (6] = Ry §5 * 2] = = myp b8 4 W) = = B, LR <)
= 0.0522

+ 0.3127 cos =t + 0.1281 sin =t
- 0.3455 cos t + 0.0523 sin t

+ 0.0046 cos 5t - 0.0081 sin 3t
- 0.0044 cos 2t - 0.0052 sin 2t
+ 0.0056 cos g¢ + 0.0003 sin 2t
- 0.0013 cos 3t + 0.0007 sin 3t
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Fixed and 2-periodic points and related properties for Eq. (3.8).
Fixed Periodic e
point solution X y Al’ AZ Classification
D Harmonic -0.9389 0.4281 3,481, 0.153 Directly unstable
1S Harmonic -0.2737 0.0266 | -0.386 * 0.6471 | Completely stable
5 Harmonic 1:1162 0.7449 | -0.077 £ 0.7501 | Completely stable
2
lDi 1/2-harmonic | 0.0238 0.0968 3.271, 0.099 Directly unstable
1D§ 1/2-harmonic | -0.6220 -0.0086 3.271, 0.099 Directly unstable
zDi 1/2-harmonic | -0.5309 0.2283 3.271, 0.099 Directly unstable
2
‘Dg 1/2-harmonic | -0.2579 | -0.0981 3.271, 0.099 Directly unstable
lSi 1/2-harmonic | 0.0961 0.0737 | -0.391 £ 0.4121i | Completely stable
153 1/2-harmonic | -0.6616 0.0364 | -0.391 I 0.412i | Completely stable
28? 1/2-harmonic | -0.5063 0.2578 -0.391 £ D.4121 Completely stable
28; 1/2-harmonic | -0.3697 -0.1252 -0.391 * 0.4121 Completely stable
Xy (B) = Rygplt = 20} = = Xpg [k & B} = = Hagelt = m)
= 0.0341
1 .1

+ 0.3669 cos 5t + 0.0631 sin St

- 0.3580 cos t + 0.0580 sin t

+0.0052 cos 3t - 0.0065 sin 3t

- 0.0063 cos 2t - 0.0028 sin 2t

+ 0.0065 cos gt - 0.0012 sin g{
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- 0.0014 cos 3t + 0.0009 sin 3t

+

where the subscript for x(t) means that iji(t), for example, is the periodic
solution correlated with the point jDE.

For the second example, we consider Eqs. (3.3) with k = 0.05, B = 0.22.
Figure 3.11 shows the phase portrait in this case. When compared with Fig. 3.10,
one sees that the completely stable 2-periodic points change into the inversely
unstable 2-periodic points, that is, SI-branching for 2-pericdic points is
observed. For instance, jSi in Fig. 3.10 changes into in in Fig. 3.11. In
this case it may appear inversely unstable v-periodic points (v = 4, 8, 16, ...),
i.e., SI-branching may proceed successively. Moreover, simple homoclinic
points with respect to jDi exist. It is difficult, however, to observe clearly
this qualitative change in the phase portrait by numerical computation. In

this example, we also observe 3-periodic points which will be discussed in the

next section.

(b) 3/2-harmonic solutions for Egs. (3.3)

The phase portraits of the above examples are concerned with the 2-peri-
odic points around the fixed point correlated with a nonresonant harmonic so-
lution. For the parameters k small, 0 < k < 0.07, and B large, 0.7 < B < 1.2,
2-periodic points around the stable fixed point correlated with a resonant

harmonic solution appear. As an example, let us consider the equaticn

2
X, 0.0+ x3-09cost (
122 dt

3.10)

The phase portrait is shown in Fig. 3.12. The details of fixed and 2-periodic
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The periodic solutions correlated with the

2-periodic points are as follows, where the subscript notation is the same as

stated in (a):

Xyp (8) =

I

+

+

+

0.3761

2m)

1
cos 5t

1.1316 cos t©

0.6666 cos %t

0.1711

cos 2t

=T %o

+ 0.0304 sin

B =
o

+ 0.1233 sin

+ 0.3082 sin

MJ_._LH ot

+ 0.0646 sin 2t

(t +1) = - X4

=

p2(t - ™

Table 3.7 Fixed and 2-periodic points and related properties for Eq. (3.10).
;éiii Eiiigiig X y 1;’ Az Classification
S Harmonic 5318 0.1727 -0.858 * 0.206i | Completely stable
lDi 3/2-harmonic | F257 1.1579 1.819, 0.333 Directly unstable
'2 | 3/2-harmonic | 1.1122 | -0.5203 | 1.819, 0.333 | Directly unstable
ZDf 3/2-harmonic .5706 1.2309 1.819, 0.333 Directly unstable
’0} | 3/2-harnonic | 1.1289 | -1.5448 | 1.819, 0.333  Directly unstable
15? 3/2-harmonic L1192 2.1311 | -0.057 * 0.7761 | Completely stable
153 | 3/2-harmonic .6022 | -0.7620 | -0.057 £ 0.7761i | Completely stable
28% 3/2-harmonic 1420 0.8130 | -0.057 * 0.7761i | Completely stable
ZSS 3/2-harmonic L4111 | -1.8669 | -0.057 £ 0.7761 | Completely stable
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(c) Successive multiplication of SI-branching

We have seen in Fig. 3.4 (d) and also stated (a) above that, when SI-

branching occur, 1i.e., a fixed point of the mapping T becomes inversely unstable,

the invariant curve emanating from this point tends to a pair of completely

stable.Z-periodic points. We may say that, when completely stable v-periodic

points change into inversely unstable v-periodic points, v pairs of completely

stable 2v-periodic points appear. Under certain circumstances, such multipli

cation of SI-branching proceeds successively as the parameters vary. If we

denote the number of completely stable v-periodic points by S(v) and that of

inversely unstable v-periodic points by I(v), then the number of periodic points

thus produced is given by the formula:

52"y = 2"

v being 0, 1, 2,

As a specific example we consider the equations
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Figure 3.13 shows the regions in BBO plane in which harmonic, 1/2- and 1/4-
harmonic solutions are obtained. Under varing B and BD successive multipli-
cation of 2 -periodic points occurs as illustrated in Fig. 3.14. The system

parameters in the respective cases are given by
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3.5 Subharmenic solutions of order 3
As mentioned earlier and reported in Ref. [12] Chap. 10, subharmonic
solutions of order 3 are obtained in Egs. (3.3). We now investigate three

types of subharmonic solutions of order 3, i.e., 1/3-, 5/3- and 7/3-harmonic

solutions for the system (3.3).

(a) 1/3-harmonic solutions for Egs. (3.3)
Under the parameter k small, 1/3-harmonic solutions are obtained in the
situation 0 < B < 0.27 as skeched in Fig. 3.9. As an example, we consider

the equatiocn

d"x dx 3 -
i 0.1 i 0.15 ¢cos & (5.12)

This equation has three fixed points 18, %S and D, and six 3-periodic points

Si, Sg, Sg, Di, Dg and D;. Their details are given in Table 3.8. Figure 3.15

shows these fixed and periodic points and invariant curves which pass through



Table 3.8 Fixed and 3-periodic points and related properties for Eq. (3.12).

;i§§2 ziiizgii % y Aps A Classification
D Harmonic -0.7032 0.8532 2.144, 0.249 Directly unstable
18 Harmonic =0 1511 0.0155 0.313 * 0.660i | Completely stable
2S Harmonic 0.6547 0.9869 0.383 % 0.6221 | Completely stable
D? 1/3-harmonic| 0.0510 0.0675 4,911, 0.031 Directly unstable
Dg 1/3-harmonic | -0.1497 | -0.0628 4.911, 0.031 Directly unstable
Dg 1/3-harmonic | -0.4146 0.0719 4.911, 0.031 Directly unstable
Si 1/3-harmonic| 0.1766 0.0480 | -0.369 * 0.1261 | Completely stable
S; 1/3-harmonic | -0.2920 ; -0.0886 | -0.369 £ 0.126i | Completely stable
Sg 1/3-harmonic | -0.4167 0.1348 -0.369 * 0.1261 | Completely stable

the point D. The a-branches of Di (i =1, 2, 3) under the mapping T> are also

illustrated in the same figure. The w-branches of D; are already reported in

Ref, [12], p. 250.

The periodic solution correlated with the point
xD(tJ = - 0.7380 cos t + 0.7817 sin
+ 0.0340 cos 3t + 0.0262 sin

+ 0.0009 ces 5t - 0.0014 sin

0.0001 cos 7t + 0.0000 sin

o]
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7t

is found to be



The stable periodic solutions xlS{t} and x?s(tj correlated with points 15 and

? . :
“S are respectively given by
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where the subscript for x(t) means that xDl(t), for example, is the periodic
solution correlated with the point Di.

(b) 5/3-harmonic solutions for Egs. (3.3)

We now discuss the S/3-harmonic solutions of Egs. (3.3). This periodic
solutions are obtained in the parameter regions skeched in Fig. 3.16. Roughly
speaking, the region is divided into two: surrounded by bolded full lines. In
every region one obtains a pair of 3-periodic points: three completely stable
and three directly unstable 3-periodic points. Hence in the overlapp:d region
there exist six stable and six directly unstable 3-periodic points.

As an example, we consider the equation

2

d—§+0.1%+x3= 1.5 cos t (3.13)
at” p

This equation has a stable fixed point S and three completely stable and three
directly unstable 3-periodic points. Their details are given in Table 3.9.
The phase potrait of this equation is shown in Fig. 3.17.

The periodic solution correlated with the point S is found to be

xs(tj = 1.5142 cos t + 0.1719 sin

ct

+ 0.1601 cos 3t + 0.0464 sin

|5}
ct

+ 0.0134 cos 5t + 0.0070 sin 5t
+ 0.0011 cos 7t + 0.0009 sin 7t

+ 0.0001 cos 9t + 0.0001 sin 9t

The pericdic solution correlated with the 3-periodic points are given by

xDl(t) = XDZ(t - 2m) = xDs(t + 2m)



Table 3.9 Fixed and 3-periodic points and related properties for Eq. (3.13).
Fixed Periodic l _re .
point solution X y Al’ 12 Classification

S Harmonic . 6889 0.3530 | -0.209 % 0.7001i | Completely stable
Di 5/3-harmonic .8648 -0.5214 2.292, 0.066 Directly unstable
D; 5/3-harmonic .1673 1.5815 2.292, 0.066 Directly unstable
Dg 5/3-harmonic L4919 -0.4211 2.292, 0.066 Directly unstable
S; 5/3-harmonic L0966 0.4839 -0.147 * 0.3611 Completely stable
Sg 5/3-harmonic L2472 1.3564 | -0.147 * 0.3611i | Completely stable
S; 5/3-harmonic .9377 | -1.1306 | -0.147 * 0.361i | Completely stable
1 1
0.1535 cos gt - 0.1796 sin gt
+ 1,4148 cos t + 0.1981 sin ¢t
+ 0.4596 cos %t - 0.1492 sin %t
- 0.0476 cos %{ - 0.1292 sin %{
+ 0.0904 cos 3t + 0.0204 sin 3t
1
0.0754 cos L3t - 0.0007 sin e
+ 0.0134 cos li—t - 0.0255 sin %—
+ 0.0021 cos 5t 0.0063 sin 5t
1
+ 0.0056 cos :%t + 0.0011 sin l%{
. 9
+ 0.0033 cos 1%{ - 0.0021 sin lgt



xSl(t) xsz(t - 27) = xss(t + 2m)

= - 0.2446 cos =t  0.2558 sin %{

L =

+ 1.0645 cos t + 0.2828 sin t
+0.9909 cos 2t + 0.1097 sin 2t
+ 0.1225 cos %I - 0.0346 sin %{
+ 0.0019 cos 3t 0.0281 sin 3t
+ 0.0618 cos E%t + 0.0282 sin l%{
+ 0.0595 cos l%t + 0.0269 sin l%{
+ 0.0237 cos 5t + 0.0037 sin 5t
+ 0.0059 cos l%t - 0.0021 sin l%{
+ 0.0035 cos l%t + 0.0016 sin 1%{

Under varing k and B, the qualitative change of the phase potrait occurs
as illustrated in Fig. 3.18. The system parameters in the respective cases are

given by

(a) k = 0.05, B= 1.4 (b) k =06.05, B=1.52

(c) k=20.05, B=1.6 (d) k =20.05, B=1.67.

]
i
n
it

(c) 7/3-harmonic solutions for Egs. (3.3)
When B is largely increased, 7/3-harmonic solutions appear in Eq. (3.3).

As an example we consider the equation

d™x dx 3 ~
— 0.1 TR ¥ 5.8 cos t (3.14)
By numerical computation, we observe that the equation has one directly and

two inversely unstable fixed points, and three completely stable and three



directly unstable 3-periodic points.
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These fixed and periodic points and in-

variant curves for the directly unstable points are illustrated in Fig. 3.19.

From this figure the invariant curves with respect to the point D exhabit

complex structure, i.e., homoclinic points appear.

are listed in Table 3.10.

be discussed in the next chapter.

Fixed and 3-periodic points

Homoclinic points and their related properties will

The periodic solution correlated with the point D is found to be
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The inversely unstable periodic solutions xlI[t) and xZI(t) correlated with the

points lI and 21 are respectively given by
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Table 3.10 Fixed and 3-periodic points and related properties for Eq. ( 3.14).

;;?Ei zﬁiigiiﬁ 2 < y Al, A2 Classification
D 3-harmonic 2.5948 0.4065 7.854, 0.0638 Directly unstable
by 2-harmonic 2.8567 | 1.0652 -1.614, -0.330 | Inversely unstable
2I 2-harmonic 1.9355 | -0.2828 -1.614, -0.330 Inversely unstable
Di 7/3-harmonic 1.7254 4.4215 7.678, 0.020 Directly unstable
Dg 7/3-harmonic | 2.2106 | -3.4370 7.678, 0.020 Directly unstable
Dg | 7/3-harmonic 1.0987 0.0251 7.678, 0.020 Directly unstable
Si 7/3-harmonic | 2.3088 4.7863 | -0.322 * 0.2191 | Completely stable
Sg 7/3-harmonic 1.8835 | -3.0752 | -0.322 * 0.2191 | Completely stable
Sg 7/3-harmonic 1.1395 1.1239 | -0.322 = 0.2181 | Completely stable
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3.6 Supplementary remark

The periodic solutions of Duffing's equation (3.3) have been investigated
by using the Poincaré mapping and its computer realization. Bifurcation of
fixed or periodic points was also discussed for Eqs. (3.3) with a positive
dissipative constant k. As we have seen in several examples, if Eqs. (3.3)
has no homoclinic solution, the phase portrait cbtained by the mapping T is
relatively simple, i.e., the qualitative structure of the phase portrait is
characterized by fixed and periodic points, and invariant curves of directly
and inversely unstable points. Qualitative change of the phase portrait may
occur'only by the bifurcation of fixed or pericdic points, or by a change of
the global behavior of invariant curves. However, if a homoclinic solution
appears, the structure of the phase portrait becomes very complex one; for
example, infinitely many periodic solutions appear.

Several examples of harmonic, higher-harmonic and subharmonic soiutions
have been illustrated. In addition to these examples, however, it will be
expected that other periodic solutions, especially subharmonic solutiocns, may

appear in Egs. (3.3) when the dissipative constant k is sufficiently small.
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Fig. 3.4. Some reprcsentative patterns of phase portrait of Eqs. (3.3).
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Fig. 3.7. Some representative patter=s of phase portrait in the regions IV

and V in Fig. 3.2.
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Fig. 3.10. 2-periodic points and invariant curves of the mapping for Eq. (3.9).



Fig. 3.11. 2- and 3-periodic points and invariant curves of the mapping

for Eqs. (3.3) with k = 0.05 and B = 0,22,



Fig. 3.12. 2-periodic points and invariant curves of the mapping for Eq. (3.10).
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Fig. 3.14. Successive multiplication of fixed points under varing system parameters.
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Fig. 3.17. 3-periodic points and invariant curves of the mapping for Eq. (3.13).
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Fig. 3.18. Some representative patterns of phase portrait in the regions of Fig. 3.16.



Fig. 3.19. Fixed and 3-periodic points and invariant curves of the mapping

for Eq. (3.14).



CHAPTER 4

DOUBLY ASYMPTOTIC SOLUTIONS AND THEIR RELATED PROPERTIES

4.1 Introduction

It is known that Duffing's equation without dissipative term possesses
infinitely many periodic solutions with period equal to the integral multiples
of that of the external forcing term. Some of these periodic solutions might
be center stable types and others be directly or inversely unstable types. It
is expected that the equation with a small dissipative term still possesses
many periodic solutions. Especially, directly and inversely unstable periodic
solutions remain for such small parameter variation because of their structural
stability. In this situation it is interegting to investipgate the behavior of
invariant manifolds of the unstable periodic solutions.

The present chapter is concerned with the doubly asymptotic solutions and
their related properties of Duffing's equation. As discussed in Chap. 1, a
doubly asymptotic solution is defined by a solution whose trajectory is the
intersection of stable and unstable manifolds for some directly or inversely
unstable periodic solutions. Therefore it is necessary to investigate the
nature of invariant curves of directly or inversely unstable fixed or periodic
points under the Poincaré& mapping. Mathematically, the invéstigation of the
behavior of invariant curves faces two unavoidable problems: the finding of
directly or inversely unstable fixed or periodic points and the determination
of invariant curves (w- and a-branches). Nevertheless, it is very important
to consider these problems for the study of transient responses in nonlinear
physical systems. As we have already seen in the previous chapters, although

these problems are quite difficﬂ%’ the numerical analysis with the Poincaré

64
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mapping is comparatively simple. Throughout this chapter we shall consider
the Poincaré mapping defined by Duffing's equation studied in Chap. 3.

In Sec. 4.2 homoclinic points correlated with a directly unstable fixed
point and its related properties are discussed. In Sec. 4.3 homoclinic points
correlated with directly unstable periodic points are investigated. Hetero-

clinic points are discussed in Sec. 4.4.

4.2 Homoclinic points correlated with a directly unstable fixed point
In this section we consider the appearance of homoclinic points and the
patterns of phase portrait obtained by the Poincaré mapping defined by Duffing's

equation

(3.3)
3
Er ot ky - x~ + Bcos t

The investigation is mainly done in the region II of Bk plane in Fig. 3.2, i.e.,
the region in which three fixed points are obtained.
(a) Homoclinic points in nondissipative systems
Let us consider the Poincaré mapping T defined by the equations
dx
ac - 7

(4.1)

%%—= - xs + Bcos t

The mapping T is area-preserving and the phase portrait obtained by T is symmet-
rical with respect to x-axis in the xy plane. As stated in Chap. 3, for 0 < B
< 0.44 (this value is obtained by numerical analysis, see Fig. 3.2 or 3.9),

Eqs. (4.1) has at least three fixed points one of which is directly unstable.
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Thus for the directly unstable fixed point, nine possible patterns of invariant
curves illustrated in Fig. 4.1 may be considered. But actual behavior obtained
by analog computations is as follows: For the parameter B small, 0 < B < 0.06,
the pattern of invariant curves (a) in Fig. 4.1 is observed. For 0.06 < B <

0.44, the pattern (d) is obtained. In fact, it is very difficult to determine

the critical value B 0.06 by numerical analysis. Therefore we can only say
that the behavior of invariant curves has changed at about B = 0.06 if one were
to view the solutions of Eqs. (4.1) as output of some electronic circuit.

As representative examples of two cases stated above, we consider first

the equation

2
g ; + x3 = 0.04 cos t (4.2)

dt

Figure 4.2 (a) shows schematically the location of three fixed points and a

pair of invariant curves which emanate from and ccnverge to the directly unstable
points D. Closed curve surrounding the point 2S is invariant under T. Many such
curves are observed in the neighborhood of 28. These curves may correspond to
the almost periodic points of T. On the contrary, around the fixed point 15, the
situation is considerably different. This is shown in Fig. 4.3. In this figure
the periodic points around 1S are, from the inside toward the out side, 7-, 5-,
4-, 3-, 2-, 3-, ... periodic points; for notational conventions see Sec. 1.3 in
Chap. 1. Invariant curves emanating from and converging to, i.e., a- and w-
branches, of directly unstable points are cbserved to be closed., Thus every
point on the closed curves is doubly asymptotic point of special type. In the
neighborhood of these curves many invariant closed curves corresponding to the

almost periodic points are also observed though they are not shown in the figure,

s,
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For the second example, we consider the equation

— + X" = 0.3 cos t (4.3)

Figure 4.2 (b) shows schematically the location of three fixed points and a pair
of invariant curves with respect to the point D. In this example, transversal
homoclinic points appear. In the small neighborhood of 15 or 25 closed invari-
ant curves are observed. On the contrary, in the neighborhood of invariant
curves with respect to D, the situation is extremly complex. Figure 4.4 shows
the phase portrait of interior part in Fig. 4.2 (b). The a- and w-branches
which issue from D intersect repeatedly giving rise to transversal homoclinic
points. Beside the fixed points D and Is of the mapping T, there are infinitely
many periodic points. To avoid the complexity of illustration, however, only

periodic points of the order 2 and 3 are shown in Fig. 4.4, i.e.,

(i

L}
—
-
3]
—

2-periodic points: D

(i

n
—
-
o8]
-
(92
St

3-periodic points: D

When compared with Fig., 4.3, one sees that the center stable periodic
points change into inversely unstable periodic points. For instance, jS? of
Fig. 4.3 changes into jlg in Fig. 4.4. In this case, successive multiplication
of the periodic points, i.e., SI-branching occurs; thus, though not shown in
the figure, each jli produces a pair of periodic points of the order 4, and so
on. The invariant curves of the mapping T2 issuing from the directly unstable
2-periodic points are also drawn in Fig. 4.4. These curves intersect one an-
other and also with the invariant curves of the mapping T. Thus we can locate
infinitely many homoclinic and heteroclinic points in the figure. To see the

successive images of a peoint in the neighborhood of a homoclinic point, let us
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consider a homoclinic cycle HmlDaIH illustrated in Fig. 4.5 (a). A point 0 in

the neighborhood of the homoclinic point [ is successively mapped to points 1,
2, «... In this particular example the point 0 is illustrated ag.8-periodic
an

point. Now we consider a point in the neighborhood of hetercclinic points.

Figure 4.5 (b) shows the invariant curves with respect to D, 2Df and 2D§, where

2
the invariant curves for ZD; (i =1, 2) are illustrated hy fine lines. As an

example, let consider heteroclinic points Kl’ K2 and a cycle KlwICD)Dul(D)K2
?)
N1(2DI)2D§31(2D§)K1 skeched in the figure. A point 0 in the neighborhood of

Kl 1s successively mapped to points 1, 2, .... In the figure the point 0 is
illustrated aqa;ﬁ-periodic point.

In Fig. 4.4, considering an appropriate domain in the neighborhood of
homoclinic points, we have so-called a horseshoe structure under the mapping
Ts.* An example is skeched in Fig. 4.5 (c). In this figure if we start a
horseshoe like domain I surrounded by arcs PQ, QR, RS and SP, we get the image

TSEZ) surrounded by arcs P3Q3, Q3R3, RSSS and S,P_, which intersects the domain

5 3
L. Therefore, the 3-periodic points lIg and ng are contained in this inter-

section.
We can observe the horseshoe structure more explicitly for the mapping T

defined by the following equations:

dx _
dac = 7
(4.4)

dy _ _ 3 ;
py % + D.3 dos 0.08

The phase portrait for the mapping T is shown in Figs. 4.6 and 4.7. Some

* The definition of a horseshoe structure is found in Ref. [32].
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representative fixed and periedic points under T are indicated in Fig. 4.7.
If we consider a rectangle domain PQRS illustrated in Fig. 4.8 (a), we get its
image PIQIRIS

1 skeched in the same fipure; where Pl = T(P), Ql = T(Q), R1 =

T(R) and S, = T(S). Thus in this example, the Poincaré mapping T has a typical

1
horseshoe structure. We can see two fixed points D and I in the domain PQRS.
Considering the splitted domains PP'S'S and Q'QRR' partially skeched by broken
lines in Fig. 4.8 (b), we see that PP'S'S and Q'QRR' contain fixed points D
and I, respectively. This assertion is obtained by the index calculation of
the domains. Moreover, 2- and 3-periodic points are observed and skeched in
Fig. 4.7. As the total number of n-periodic points is 2n, the number of n-
periodic points with least period n, which is the sum of directly and inversely
unstable n-periodic points with least period n, is easily calculated. Some
of them are listed in Table 4.1. 1In this example, in addition to fixed and
periodic points, there exists a minimal set which is homeomorphic to a Cantor
set [33].

It is to be noted that for the symmetrical system (4.3) the center stable
fixed point lS cannot change into an inversely unstable fixed point, since it
corresponds to a primary periodic solution. Thus, for symmetrical system, we

cannot obtain the phase portrait which is topologically equivalent to that of

Fig. 4.6,

(b) Homoclinic points in dissipative systems

We now consider the perturbed system of Eqs. (4.1), that is the Poincaré
mapping T defined by Eqs. (3.3). It is expected that homoclinic points still
exist for Egs. (3.3) with the small dissipative constant k. The numerical

result for the region in which homoclinic points are obtained is illustrated



Table 4.1.

Number of fixed and periodic points in the domain PQRS for Eqs. (4.4)

Period (n) 1 2 3 4 5 6 7 8 9 10 11
Tkl SRR B 2 4 8 16 32 64 128 256 512 1024 2048
n-periodic pts. (27)

Numtges Wl gegeriaeie 2 2 6 12 30 54 126 240 504 990 2046
pts. (least period n)

Number of DU points 1 0 Ix1 4x1 5x3 6x4 7x9  8x14  9x28 10#48  11x93
Number of IU points 1 2x1 3x1 4x2 5%3 6%5 7x9  8x16  9x28 10%51  11=93

0L



F1

in Fig. 4.9. For small B, 0 < B < 0.06, it is observed that, when the dissi-
pative constant is present, most of the periodic points of Fig. 4.3 vafnish.
An example of the phase portrait for k = 0.02 and B = 0.04 is shown in Fig. 4.10,
where only the periodic points of order 3 are preserved. If the dissipative
constant k is small enough, some of the periodic points of other order are re-
tained.

On the other hand, for 0.06 < B < 0.44, the homoclinic points ares still
observed when k > 0. This situation is schematically illustrated in Fig. 4.11.

The system parameters in the respective cases are given by

(a) k=0, B=0.3 (b) k = 0.005, B = 0.3

(¢) k =0.05, B=0.3 (d k =0.1, B = 0.3

From these examples, we see some patterns of invariant curves stated in Sec.
1.7 (b). As a representative example, the phase portrait for Eqs. (3.3) with
k = 0.05 and B = 0.3 is shown in Fig. 4.12. The behavior of invariant curves
of the mapping T does not change very much from that of Fig. 4.4. As before,
the intersections of these invariant curves give raise to infinitely many

homoclinic and heteroclinic points.

4.3 Homoclinic points correlated with directly unstable 3-periodic points

In general, as an intersection of the invariant curves with respect to di-
rectly unstable n-periodic points, we can consider two kind of homoclinic point,
that is, simple and non-simple ones stated in Sec. 1.6. We now briefly observe
the appearance of simple and non-simple homoclinic points for 3-periodic points
correlated with the 1/3-harmonic solutions discussed in Sec. 3.5 (a).

Figure 4.13 shows the regions in which 3-periodic, simple and non-simple
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homoclinic points are obtained in the symmetrical system (3.3). Under the

variation of the parameters k and B, the qualitative change of the invariant
3 i ; . .

curves for T occurs as illustrated in Fig. 4.14. The system parameters in

the respective cases are given by

(a) k =0.1, B=0.2 (b) k 0.2

Il
1l

0.05, B

1]
1]
n

(¢) k =0.035, B=0.2 (d) k=10.02, B=20.2

From t?ge examples, we see the appearance of simple and non-simple homoclinic
points for 3-periodic points according to the gradual change of the parameter
k. In the case (a) and (b), homoclinic point does not appear and only the
deformation of invariant curves is observed. In the case (¢), we see the ap-
pearance of simple homoclinic points, i.e., an a[Di) intersects an u(Di) for
i=1, 2, 3. In the case (d), both simple and non-simple homoclinic points
appear, 1.e., in addition to the simple homoclinic peints of the case (c). an
a(Di) intersects an w(D?) for i, j =1, 2, 3.

It is to be noted that the examples stated above are considered only 3-
pericdic points, but in the cases (b), (c) and (d) Egqs. (3.3) has 2-periodic
points whose locations and invariant curves are situated in as surrounding the

rhase portraits illustrated in Fig. 4.14.

4.4 Heteroclinic points correlated with directly unstable fixed points

As we have seen in Sec. 3.3 (d), Egs. (3.3) has three directly unstable
fixed points in the parameter region V in Fig. 3.2, see also Fig. 3.7 for the
phase portraits. Therefore, the equations may have heteroclinic points cor-
related with these fixed points in the region V. Actually, we can see the ap-

pearance of heteroclinic points for small k.
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As representative examples, we consider first the equation

d™x . dx 3 (4.5)

The phase portrait for this equation is shown in Fig. 4.15. From this figure,
we see that an a-branch of 1D intersects an w-branch of 2D (or 3D). Therefore,
the point 2D (or 3D) is chained to 1D. But no other chain exists in this case.
Hence the minimal sets for the mapping T are only seven fixed points in the
figure, that is, only seven periodic solutions exist and all other solution
tends to one of these periodic solutions as t goes to infinity. The appearance
of heteroclinic points causes only the complexity of the shape of related in-
variant curves.

For the second example, we consider the equation

2
i <+ 0.0 %&.+ T P (4.6)
dt =

Figure 4.16 shows the phase portrait for this equation. In this case the trans-
versal intersections appear between an w-branch of 1D and an a-branch of 2D (or
3D). Therefore, 1D is chained to 2D (or SD]. All other properties are similar

to that of the first example.

The third example is given by the equation

2
£ . g1 B8 % = 5.0 pos & (4.7)
dt

2 dt

Figure 4.17 shows schematically the location of seven fixed points and invari-
ant curves with respect to three directly unstable fixed points. From this
figure, we see that any two directly unstable fixed points have a cycle property.

Therefore, as stated in Sec. 1.6, there appear homoclinic points correlated with
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jD (j =1, 2, 3). Hence there exist infinitely many periodic points in this
example. It is to be noted that, when compared with Fig. 3.7 (c), one sees

that the completely stable fixed points 1S and 28 change into inversely unstable
fixed points lI and 2I, respectively. This is the case stated in the last part

of Sec. 3.3 (d).

4.5 Heteroclinic points correlated with a fixed and 3-periodic points

In Sec. 4.2 (a), we have seen heteroclinic points correlated with a
directly unstable fixed point and a directly unstable 2-periodic point, see
Fig. 4.5 (b). 1In this section we shall investigate an example of the appearance
of homoclinic and heteroclinic points for Egs. (3.3) with a large parameter B.
As we have seen in Sec. 3.5 (c), when B is largely increased, Eqs. (3.3) has
3-periodic points. Under the small dissipative constant k, the pattern of in-
variant curves for a directly unstable fixed and 3-periodic points may be much
more complicated than that of the example stated in Sec. 3.5 (c).

As an example we consider the equation

2
d"x dx 3 _
5t 0.05 = w A = 6.0 cos t (4.8)

dt

Fixed points and 3-periodic points are the same that of Eq. (3.14), i.e.,

Eq. (4.8) has one directly unstable and two inversely unstable fixed points,
and three completely stable and three directly unstable 3-periodic points.
These fixed and periodic points and invariant curves with respect to the di-
rectly unstable points are illustrated in Fig. 4.18. From this figure, we see
that invariant curves with respect to D have a horseshoe structure, and the

points D and Di (i =1, 2, 3) have a cycle property. Therefore, the properties
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of the horseshoe structure discussed in Sec. 4.2 (a) are also applied to this
case. Moreover, in addition to the appearance of heteroclinic points correlated
with D and Di, homoclinic points correlated with Dg (i =1, 2, 3) appear.

An example of homoclinic and heteroclinic cycles is shown in Fig. 4.19.
For the point D and a homoclinic point H, Hmz(D)Daz(D)H forms a homoclinic
cycle. A point a in the neighborhood of the point H is successively mapped to
point b, ¢, d as illustrated in the figure, where the point a is indicated as
a 4-periodic point. On the other hand, for the point D, D?, Kl and Kz, Klml(Di)
Dial(Df)szz(DJDal(D)Kl forms a heteroclinic cycle. A point 0 in the neighbor-

hood of the point K. is successively mapped to points 1, 2, ..., where the point

1

0 is indicated as a 13-periodic point in the figure.

It is to be noted that although this example has many periodic points,

3
2

points. Therefore, every soluticn tends to the periodic solutions correlated

only three 3-periodic points Si, S. and Sé are observed as completely stable

with these three completely stable points as t goes to infinity.

4.6 Supplementary remarks

Some examples of doubly asymptotic points and related properties are
investigated for Duffing's equation. At the early stage of our study on this
equation, the appearance of doubly asymptotic points, especially homoclinic
points, was not expected, because our investigation had mainly been done for
relatively large dissipative constants. At the present time, however, the
existence of doubly asymptotic points seems to be very natural when tne dis-
sipative constant is sufficiently small. If we consider Duffing's equation
without a dissipative term, then the equation becomes a nonautonomous Hamilton-

ian system. Therefore, the phase portrait obtained by the Poincaré& mapping,
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which is defined by the Hamiltonian system, must have very complex structure.
Our investigation in Sec. 4.2 is only a part of this phase portrait. There

may be expected the existence of many other periodic points and non-periodic
points. Hence Duffing's equation with a sufficiently small dissipative constant

may have many periodic solutions and homoclinic and heteroclinic solutions.



(d) (e) (f)

(8) (n) (i)

Fig. 4.1. Paterns of invariant curves for Eqs. (4.1).



(a) (b}

Fig. 4.2. Paterns of the phase portrait for Eqs. (4.1).

() B =0.04. (b) B = 0.3.



Fig. 4.3. Fixed and periodic points and invariant curves of the mapping for Eq. (4.2).
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Fig. 4.4, Fixed and periodic points and invariant curves of the mapping for Eq. (4.3).



(a) A homoclinic cycle: le(D)Dul(D)H.

o . 2.2.2.2 2.3 .
(b) A heteroclinic cycle: Klml(D)Dal[D)le( Dl) Dlul( Dl)kl.

Fig. 4.5. Examples of homoclinic and heteroclinic cycles

of the mapping for Eq. (4.3).



(4.3).

for Eq.

3

An example of horseshoe domain PQRS of the mapping T

Fig. 4.5 (c).



Fig. 4.6.

Fixed points and invariant curves of the mapping

for Eqs. (4.4).




Fig. 4.7. Fixed and periodic points and invariant curves

of the mapping for Egs. (4.4).



(a) (b)

Fig. 4.8. An example of horseshoe domain of the mapping T for Eqs. (4.4).
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Regions in which fixed, periodic, and homecclinic points are obtained.

Fig. 4.9.



Fig. 4.10. Fixed and periodic points and invariant curves of the mapping

in a dissipative system (k = 0.02, B = 0.04 in Eqs. (3.3)).
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Fig. 4.11. Fixed points and invariant curves of the mapping for Egs.. [3.8).
(a) k=10, B=20.3 (b) k = 0.005, B = 0.3

(c) k = 0.05, B =0.3 (d) k = 0.1, B = 0.3,



Fig. 4.12. Fixed and periodic points and invariant curves of the mapping

in a dissipative system (k = 0.05, B = 0.3 in Eqs. (3.3)).
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Fig. 4.13. Regions in which 3-periodic, simple homoclinic,

and non-simple homoclinic points are obtained.



(a) k=10.1, B=0.2

(¢) k = 0.035, B = 0.2

(b) k = 0.05, B = 0.2

/5=

S

(d) k =0.02, B=0.2

Fig. 4.14. 3-periodic points and invariant curves of the mapping for Egs. (3.3).



Fig. 4.15. Fixed points and invariant curves of the mapping for Eq. (4.5).



Fig. 4.16. Fixed points and invariant curves of the mapping for Eq. (4.6).



Fig. 4.17. Fixed points and invariant curves of the mapping for Eq. (4.7).



Fig. 4.18. Fixed and 3-periodic points, and invariant cu

for Eq. (4.8).




Fig. 4.19. Examples of homoclinic and heteroclinic cycles of

the mapping for Eq. (4.8).
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