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Abstract 

This is a summary of our preprint [5]. We give a time-asymptotic expansion with pointwise 
error bounds for solutions to 1D barotropic Navier-Stokes equations. The leading-order term of the 

expansion is the well-known diffusion wave and the higher-order terms are newly introduced family 
of waves which we call higher-order diffusion waves. These waves provide accurate description of 

the long-time behavior at the "tail" of the diffusion wave, that is, around the origin x = 0. They 
complement the diffusion wave approximation and provide a precise description of the long-time 
asymptotics of the flow. The remainder estimate of the expansion is given in a pointwise manner 

similar to the work by Liu and Zeng [6]. In particular, the expansion is valid locally around x = 0 
and also in the L町良）—norm for all 1 :S p :S oo. 

1 Introduction 

We shall consider the motion of a one-dimensional viscous compressible fluid. Let v = 
v(x, t) be the specific volume (the reciprocal of the density p) and u = u(x, t) the flow 
velocity. Here t is the time and x is the Lagrangian mass coordinate which is related to 

the Eulerian coordinate X by x = fox p(X', t) dX'. We consider barotropic flow, that is, 
the pressure p = p(v) is a function only of the specific volume and does not depend on 
the temperature. Here we assume that p'(v) > 0 and p" (v)ヂ0for v > 0. We also assume 
that the viscous coefficient v > 0 is a positive constant. Under these settings, the flow is 
described by the following lD barotropic Navier-Stokes equations: 

{：tt —+;［こ゜； u（妬／V）”’
v(x, 0) = vo(x), u(x, 0) = uo(x), 

XE艮， t> 0, 

XE恥 t> 0, 
XE艮．

(1) 

The first equation is the conservation of mass, the second is the balance of momentum, 
and the third equations are the initial conditions. 

1.1 Long-time behavior of the flow and the diffusion waves 

The objective of our study is to obtain a precise understanding of the long-time behavior 
of the solution (v, u) when the initial data (v0, u0) is a small perturbation of the steady 
state (vs, us)= (1, 0). We note that for the purpose of describing the long-time behavior, 
it is more convenient to consider 

p"(l) 
［ （ 

p"(l) 
妬＝ー v-1)+u/c], 四＝ ［（v-l)+u/c] 
4c 4c 

(2) 



31

instead of (v, u). Here c = ✓冒 is the speed of sound for the state (vs, us). These 
are Riemann invariants of the inviscid and linearized counterpart of (1). A well-known 
fact about the long-time behavior is that ui has the nonlinear diffusion wave 0i as its 
asymptotic state. Here 0i is the self-similar solution to the following convective viscous 
Burgers'equation: 

｛訊＋入凰＋叫0:/2)＝ ；8訊 ::恥t> 0, 
息仇(x,t) = ([: ui(x, 0) dx) r5(x), x E股

(3) 

Here入i= (-l)i-lc and r5(x) is the Dirac delta function. An explicit formula for 0i is 
obtained by the use of the Cole-Hopf transformation: 

叫 t)＝:n(e芋＿ 1)e―:亡［喜＋（e芋＿ 1)j~,―y2dyl (4) 

We wrote above that the diffusion wave 0i is the asymptotic state of the solution四
Let us make precise what we mean by this. By the explicit formula above and by the 
results in [6], we have 

ll0i(・, t)IILP乏t―(1-1/p)/2 and ||（佑一仇）（•， t)IILP乏t―(3/2-1/p)/2 (1 ::; p ::; 00). (5) 

These decay estimates are optimal. Therefore,仇describesthe leading-order asymptotics 
of ui in the び（股）—norm for 1 ::; p ::; oo. The key to prove the decay estimate above 
especially for 1 ::; p < 2-is the pointwise estimates of Green's function (the fundamental 
solution) of the linearization of (1) around (vs, us)三 (1,O); see [6, 7, 9]. Using the 
pointwise estimates for Green's function, they obtained the following pointwise estimates 
for the solution itself: 

|(叫 -0i)(x,t)I ~ [(x —入i(t + 1))2 + (t + l)J-3/4 + [Ix十入i(t+ 1)ド＋（t + 1)2]―1/2_ (6) 

By an integration in the spatial variable x, we get the LP-decay estimates (5) above. 

1.2 Long-time behavior at the "tail" of the diffusion waves and time-asymptotic 
expansion of the solution 

We now turn our attention from the decay estimates in the global び（股）—norm to local 
decay estimates. Fist, we note that 0i(x, t) ~ t―1/2 for x = Ait+O(l) unless Mi= 0. Next, 
from the pointwise estimates (6), we see that|(糾-0』(x,t)I乏t-3/4for x = Ait + 0(1). 
Therefore, the diffusion wave 0i describes the leading-order asymptotics locally around 
the characteristic line x =入it. However, as can be seen by (4), the diffusion wave 0, 
decays exponentially fast around the origin x = 0. And 0i provides almost no information 
about the long-time behavior around x = 0. In this sense, the origin x = 0 lies at the 
"tail" of the diffusion wave 0か
We then set the goal for the current study as follows: obtain a clear picture of the 
long-time behavior around the origin x = 0. We note in passing that this problem has 
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some implications to a fluid-structure interaction problem (see [2, 3, 4]). The difficulty 
lies in the fact that, as we explained above, the origin is at the tail of the diffusion wave 
0i. To resolve this issue, we need new waves describing the long-time asymptotics of the 
flow. A natural direction is to investigate higher-order asymptotics of the solution. In 
fact, van Baalen, Popovic, and Wayne constructed a time-asymptotic expansion in an 
£2-framework [8], and it turned out that the first higher-order term beyond the leading 
order term 0i decays as r312 around the origin. This higher-order term is then expected 
to describe the long-time behavior of the flow around x = 0. Unfortunately, we cannot 
conclude that the solution ui is asymptotically equivalent to this higher-order term. The 
reason is because the remainder estimate of the expansion is given only in the H1（股）―
norm; this implies a far from optimal decay estimate around x = 0. To overcome this 
problem, we construct a time-asymptotic expansion with pointwise error bounds for the 
remainder. We explain our results in the next section. 

2 Time-asymptotic expansion with pointwise error bounds 

2.1 Higher-order diffusion waves 

We first define higher-order d~げ'usion waves畠 (n2: 1) which consist of the higher-order 
terms in our time-asymptotic expansion. 
Let (v, u) be the solution to (1) and define ui and 0i by (2) and (3), respectively. We 
set ~i;O = 0d2 and define畠 inductivelyby the equations: 

｛底，n＋M心＋似鯰，n）＋ 0x(O心，n-1）＝ ;0誌，n， XE艮，l> 0, (7) 

妬 (x,0) = 0, XE股，

where i'= 3 -i (1'= 2 and 2'= 1). 
Although we do not have a simple explicit formula for ~i;n, we can still understand the 
long-time behavior of品 quitewell. To explain this, we set 

and 

3 1 
% ＝2 -2n+1' ぬ＝う― 2正 1 (n 2 -1) 

叫(x,t;入） ＝ ［（x-入(t+ 1)げ＋（t + 1)]―nn/2, 
如(x,t;入)＝ ［ |X —入(t+ l)l°'n + (t + 1)(3nl―19 

也；n(x,t)＝叫(x,t;入』＋如(x,t;入i').

Then we have the following decay estimates for ~i;n· 

p roposition 2.1. Let n be a natural number. If f -00杓（x,0) dx is sufficiently small for 
both j = 1 and 2, we have 

閲知(x,t)I :S Cn,k(t + 1)―k/28n+lwi;n-1(x, t) (k 2: 0) 

for some positive constant Cn,k・
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We conclude in particular that 

此 (x,t)I乏t―(2-l/2n) for X = 0(1). 

This decay estimate is optimal. In fact, we can also write down a simple asymptotic 
formula for妬 aroundx = 0. We refer to our preprint [5] for the precise statement. 
Also note that by setting n = 1, we get l~i;1(x, t)I乏r3/2for x = 0(1). This is the 
decay rate obtained by setting x = 0 in (6). Thus it is expected that ~i;l describes the 
leading-order asymptotic behavior around the origin x = 0(1). This is rigorously justified 
by the theorem in the next section. 

2.2 Main theorem and its consequences 

We now state our main theorem. To state the assumptions of the theorem, we set u。=
(v0 -1, u0) and denote its anti-derivatives by u古：

叫 (x)= [~ uo(Y) dy, ut(x) = 100 uo(Y) dy. 
” 

Theorem 2.1. For u。=（Vo -1, uo) E J戸（戦） XH6（罠）， let(v,u) be the solution to (1) 
and define ui by (2). Further, we define 0i and ~i;n by (3) and (7), respectively. Set 

四1=知＋'°Yi'a』i'' 佑；n= ~i;n +'°Yi'aよi';n-1 (n 2: 2). 

Here,が＝ 3-i and'°Yi= (-1) iv/ (4c). Then for n 2: 1, there exist positive constants On 
and Cn such that if 

0 := lluoll6 + sup[(lxl + l)"nluo(x)I + (lxl + 1)514lu~(x)ll 
xE恥

+ sup[(lxl + 1)f3n(lu0(-x)I + lut(x)|）］こ 6か
x>O 

the solution (v, u) satisfies the following pointwise estimates: 

（佑一仇ーt糾；k)(x,t)I:::;C証叱；n(x,t) (8) 

for all x E艮 andt 2: 0. 

Let us now discuss some consequences of the theorem. 

Corollary 2.1. Under the assumptions of Theorem 2.1, we have the optimal LP-decay 
estimate 

(佑-0i-t,糾；k)(-, t)IILP：：：：： Cn8(t +り四叫p)/2 (1：：：：： P ：：：：：叫
Remark 2.1. By the Corollary above and Proposition 2.1, 

00 
糾～仇＋こ叫；n

n=l 
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is a time-asymptotic expansion in the L列股）—norm for every 1 :Sp :S oo. Note that 

llui;n(・, t)IILP乏t―(an-1-1/p)/2. 

This is in contrast to the result in [8]: due to the lack of pointwise estimates, their 
asymptotic expansion is proved to be valid only in the び（政）—norm for 2 :S p :S oo. 

As we stated in the introduction, our goal is to obtain a clear understand of the long-
time behavior around x = 0. For this, we have the following answer. 

Corollary 2.2. Under the assumptions of Theorem 2.1, we have the optimal decay esti-
mate 

(u, -0,―芦叫；k）（x, t) < cn6t―an 
for x = 0(1). 

Remark 2.2. By the Corollary above and Proposition 2.1, 

00  

糾～ 0i ＋こ叫；n
n=l 

is also a time-asymptotic expansion locally for x = 0(1). Note that 

lu叫x,t)I乏t―°'n-1.

In particular, we see that ui is asymptotically equivalent to知 aroundthe origin x = 0. 
As we wrote soon after Proposition 2.1, we have a simple asymptotic formula for,i;n for 
x = 0(1). Therefore, we now have a very precise understand of the long-time behavior of 
the flow around the origin. 

We give a remark on comparison of our time-asymptotic expansion and the one in [8]. 

Remark 2.3. The higher-order terms in the expansion constructed in [8] and the higher-
order diffusion waves,i;n are closely related although defined in seemingly different ways. 
One crucial difference between them is that the higher-order terms in the former are in 
self-similar form but ours are not. In fact,,i;n resembles Wi;n-l and it has two waves 
moving with speeds入iandー入； seeProposition 2.1. Thus we cannot approximate畠 by
a single self-similar wave. The higher-order terms in [8] are essentially the higher-order 
diffusion waves ~i;n with the“—入i-part" neglected. The neglected part is higher-order in 
the LP（民）—norm for 1 :S p'.S oo but is important for the pointwise estimates. 

We finally remark on the limit n→00. 

Remark 2.4. The sumと:=1佑；nis actually convergent but the constant Cn on the right-
hand side of (8) diverges as n→oo. It seems plausible that if we add a log(t + 1)-factor 
on the right-hand side, the pointwise estimates are also valid in the limit n→oo. To go 
beyond log t/t-order, we need to identify the logarithmic correction. This was done for 
scalar generalized Burgers'equation in [1] and is an open problem for our system. 
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2.3 Possible extensions 

We discuss some possible extensions of our theorem. 
First, it should be possible to extend the theorem to general quasilinear hyperbolic-
parabolic systems of conservation laws considered for example in [6]. Another possible 
extension is the corresponding theorem for the hyperbolic balance laws considered for 
example in [10]. 
Another natural direction is its extension to initial-boundary value problems, for ex-
ample, to the free-boundary problem considered in [2]. We hope to present such results 
in the near future. 

2.4 Outline of the proof 

The proof is a higher-order analogue of the Green's function method in [6]. We refer to 
our preprint [5] for details. 
The first step of the proof is to write down an integral formulation of (1) using Green's 
function (the fundamental solution) of the linearized system. Then, with the ansatz that 
叫 satisfiesthe conclusion of Theorem 2.1, we estimate the convolutions in the integral 
equation. Roughly speaking, if we could show that all the convolutions in the integral 
equation also satisfy the same ansatz, we can show that the ansatz is true. The convolu-
tions are bounded using pointwise estimates of Green's function in [6, 7]. 
The important part of the proof is to understand how one should define the higher-
order terms in the expansion, namely, ~i;n· We explain this in the next section. 

2.5 Heuristics behind the definition of the higher-order diffusion waves 

Define三ias the infinite sum of the higher-order diffusion waves (~i;n)~=1, that is, 

00 

三＝ど妬・
n=l 

Then by (7), we see that 

｛饂＋入i戸＋8x (O]／2 ＋疇＋固＝；亭， XE股，t＞ 0,i E {1, 2}， 

諏x,0) = 0, XE股，iE {1,2}. 
(9) 

Note that the equations for己1and 32 are coupled. We shall see below that these equations 
arise naturally from (1). 
We first note that (1) can be written in vector form as 

Ut+Aux =(〗：)匹＋（心）， (10) 

where 

u=(v~l), A=(＿ ~゚2 ~1), N = -p(v) + p(l) -c2(v -1) -v~妬
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The matrix A has 

p"(l) 
li = ~ (-1 1/c), l2 = 

p"(l) 
(1 1/c) 

4c 4c 

as left eigenvectors corresponding to eigenvaluesふ＝ candふ＝ーC.
Let wi =佑-0i.We investigate the differential equation satisfied by wi. First, multiply 
しto(10) from the left and apply Taylor's theorem to the nonlinear term N. Then we 
obtain 

屈＋入3厄＋ 8x(u1 —疇／2= ；況（U1 +叫＋仰(lul3+ lull8xul), 

Next, subtract (3) from the equation above. We then observe that wi satisfies 

虹＋鳩wi+a鵡／2）＋虹1叫＋0凸）―[況wi

= ax(-w『/2-w~/2 + u西）十 ;8詞噂O(lul3+ lull8xul)-
(11) 

The terms Wi and碕 decayas t-3/2 in the £00(罠)-normby (5). So these are compatible 
to O(lul3 + lul l8xul) and are expected to be negligible. Next, the term u西 isa product 
of waves of different family. Consider a similar example, namely, the product 0必． This
decays exponentially fast as can be seen from (4). By a similar reason,妬四 isnegligible. 
Finally, the term亨 isindexed by i'; such term has lesser contribution compared to 
waves belonging to the index i (cf. [6, Lemma 3.4]). Dropping these terms from (11), we 
get the equation for己， thatis, (9). 
From the consideration above, we see that wi approximately satisfies (9). So wi -Bi= 
叫ー ei―三 shoulddecay faster compared to Wi =糾 -0i.This heuristically explains 
why ui -0i -E:=1 ~i;n appears in Theorem 2.1. A more detailed analysis reveals that 
1t心 (0i,＋区:=1＆叫 isalso needed. Nevertheless, the argument above at least gives a 
heuristic explanation of the definition of the higher-order diffusion wave ~i;n· 

Acknowledgements 

This work is supported by JSPS Grant-in-Aid for Early-Career Scientists (Grant Number 

22K13938). 

References 

[1] M. Kato, Large time behavior of solutions to the generalized Burgers equations, Osaka 
J. Math. 44 (2007), 923-943. 

[2] K. Koike, Long-time behavior of a point mass in a one-dimensional viscous compress-
ible fluid and pointwise estimates of solutions, J. Differential Equations 271 (2021), 
356-413. 

[3] _,  Long-time behavior of several point particles in a 1D viscous compressible 

fluid, J. Evol. Equ. 22 (2022), https://doi.org/10.1007 /s00028-022-00820-8. 



37

[4] _,  Refined pointwise estimates for solutions to the JD barotropic compressible 
Navier-Stokes equations: An application to the long-time behavior of a point mass, 
J. Math. Fluid Mech. 24 (2022), https://doi.org/10.1007 /s00021-022-00732-0. 

[5] _,  Time-asymptotic expansion with pointwise remainder estimates for JD vis-
cous compressible fiow, Preprint (2022). 

[6] T.-P. Liu and Y. Zeng, Large time behavior of solutions for general quasilinear 
hyperbolic-parabolic systems of conservation laws, Mem. Amer. Math. Soc. 125 
(1997), no. 599. 

[7] _,  On Green's function for hyperbolic-parabolic systems, Acta Math. Sci. Ser. 
B (Engl. Ed.) 29 (2009), 1556-1572. 

[8] G. van Baalen, N. Popovic, and E. Wayne, Long tails in the long-time asymptotics of 
quasi-linear hyperbolic-parabolic systems of conservation laws, SIAM J. Math. Anal. 
39 (2008), 1951-1977. 

[9] Y. Zeng, £1 asymptotic behavior of compressible, isentropic, viscous 1-D fiow, Comm. 
Pure Appl. Math. 47 (1994), 1053-1082. 

[10] Y. Zeng and J. Chen, Pointwise time asymptotic behavior of solutions to a general 
class of hyperbolic balance laws, J. Differential Equations 260 (2016), 6745-6786. 

Department of Mathematics 
Tokyo Institute of Technology 
Tokyo 152-8551, Japan 
E-mail address: koike.k@math.titech.ac.jp 




