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In our previous paper (Kono 2008), we introduced two essentially different
concepts of correlated equilibria: one is an “exogenous correlated equilibrium
relative to Z” of a noncooperative game with a mediator and the other one is an
“endogenous correlated equilibrium.” In this paper, we will generalize the former to
an “exogenous correlated equilibrium relative to Z, and Z,” of a noncooperative
game with agents. Under the newly defined framework, we will show that the
example given in Fudenberg and Tirole (1991, p. 54) is indeed an equilibrium in
the sense of Definition 2 of this paper. We will also investigate Aumann’s (1974)
examples that were not discussed in the previous paper. We will show some other
strategy profiles that are correlated equilibria as per our paper but not found in
previous works including Aumann (1974) and Fudenberg and Tirole (1991)”.
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1. Introduction

In this paper, in the same way as in our previous paper (Kono 2008), that is, by
using random variables, we will generalize a noncooperative game with a mediator
to the one in which, instead of a mediator, each player has his or her own agent
who gives a suggestion only to his or her own employer. Under this framework,
we can define a new equilibrium concept such as a Nash equilibrium and by using
this newly defined framework, we can investigate the examples discussed by
Aumann (1974, 1987) and Fudenberg and Tirole (1991) in the context of

D Partly supported by a Grant-in-Aid for Scientific Research [C], Project No. 21592735.
? The main results of this paper have been presented at the 47th Conference of the Japanese
Association for Mathematical Sociology (May 7-8, 2009) held at the Kyoto Sangyo University.
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correlated equilibria.

As in our previous paper, we will investigate a noncooperative strategic game
I" using random variables. Our “random variables” are rigorously defined on an
abstract and universal probability space (Q, F, P)”, where Q is an abstract set that
is sometimes called the sample space, F is a o-field whose element is called an
event, and P is a probability measure on . The sample space Q can be assumed
to be rich enough, if necessary. Fortunately, in this paper, all our calculations on
probability are so elementary that any advanced probability theorems are not
required.

In this paper, we will discuss a game involving two players, Player 1 and
Player 2. Note that with this assumption, a formal extension to an #z-person game
becomes very easy.

Let Si{i=1, 2) be a finite set of Player i’s pure strategies and let set
S:=8:%S,. Let ui(si, s2)i=1, 2) and (s, s2)€ S, denote a real-valued function
defined on S, and let us call it Player ¢’s pay-off function. Let 7R.(S;) be the set of
all Si-valued random variables and R(S) be the set of all S-valued random
variables, that is, R (S)=TR(S1) X R(S:). A strategy of Player ¢ is an element of
R(S:). An element (X, Y)ETR(S) is called a strategy profile of the game, that is,
a strategy for Player 7 is the selection of a random variable from R(S:). If
P(X=s,, Y=5,)"=1 for some s1€ S and s:E S», then (X, V) is called a pure
strategy profile; otherwise, it is called a mixed strategy profile. Player ¢’s utility is
represented by E[u(X, V)], which is the mathematical expectation of a real-
valued random variable #:(X, Y).

2. Formulation of a Noncooperative Game with Agents

In our previous paper, we introduced a noncooperative game with a mediator.
However, in this paper, we assume that each player has his or her own agent who
will give a suggestion only to his or her own employer.

Let T be a finite set of choices for the Player i’s agent and let R (7") be a set
of all Ti-valued random variables. A Ti-valued random variable could be
interpreted as the agent’s suggestion to Player 7.

Now, we will formulate a framework for a noncooperative game with agents.
First, let us fix Z;€R(T)i=1, 2) and let Rz, 2,(S) be the subset of R(S) that
satisfies Conditions (A-1) and (A-2).

Condition (A-1): (X, YER 2, 7,(S) is conditionally independent relative to
Z1 and Z,, that is,

3 Most textbooks on probability theory include the axioms of probability, and therefore, we omit
the details.

Y (X=s1, Y=s52):={w€Q: X(w)=s)N{wEQ : Y(w)=s:) is an event, that is, an element
of o-field 7, by the definiton of random variables and the axiom of F.
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P(X=1i, Y=j/Z\=k, Z,=0)=P(X=i/Z,=k, Z,=V)P(Y=jIZ,=k, Z,=/)

holds for all i€ Sy, jESs, kRE T, and { € T.
Here, P(A/B) refers to the conditional probability of an event A€ F relative
to an event BEF defined by P(A/B)=P($’B>B). When P(B)=0, then P(A/B)

is not defined or is supposed to be zero for convenience.

Condition (A-2): Each player's strategy depends only on his or her own agent’s
suggestion, that is,
() PX=ilZ\=k, Z;=()=P(X=i/Z,=F) and
() P(Y=jlZ\=k, Z,;=()=P(Y=j/Z,={)
hold for all iES,, jE€S,, kE Ty, and Y€ T, whenever P(Z,=Fk, Z,=/{)>0.

Now, we can formulate the equilibrium concept of a noncooperative game with
agents.

Definition 1. A game [" is called a noncooperative game with agents who
suggest Z; to Player ¢ (i=1, 2) if and only if all strategy profiles (X, Y)ER(S)
are restricted within the set TR.z,.z,(S).

Definition 2. A strategy profile (X*, Y*)€R z,7,(S) is an equilibrium of a

noncooperative game with agents who suggest Z; to Player ¢ (i=1, 2) if and only
if

() EludX*, Y)IZE [uiX, Y*)]
holds for all XETR(S1) such that (X, Y*)ER z,2,(S), and
(i) EluX*, Y)IZE [uX*, V)]

holds for all YER(S:) such that (X*, VVER z,2,(S).
We shall call this equilibrium an exogenous correlated equilibrium relative to
Z1 and Z».

Remark 1. If we assume that 71= T3 and P(Z,=Z,)=1, then the notion of
the noncooperative game with agents and its equiliblium concept in this paper
completely coincide with those of the noncooperative game with a mediator
defined in our previous paper (Kono 2008).

Theorem 1. For any agents’ suggestion Z,ER.(T1) and Z>ER.(T>), the set
Dz,z,(S) of the distributions on S induced by all strategy profiles
(X*, Y*)ER2,.2,S) that are the exogenous correlated equilibria relative to 2
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and Z: includes the distributions of all the Nash equilibria in the usual sense.

In order to prove Theorem 1, we need to rewrite Definition 2 by using the
distributions of (X*, Y*)€R2,2,S), (X, Y ER 2 2(S), and (X*, Ve
R 2,29

Let (X, V)ER 2,2,S). Set pij:=P(X=1, Y=j) and zr:=P(Z =k, Z:=/).
Then from our conditions (A-1) and (A-2), we have

pii = 2 2 PX=1i, Y=y, Zi:=k, Z,=/)

kETWET,

= > > PX=i, Y=jlZi=k, Z:={)zu

RETWET,
by using the condition (A-1)
=X X PX=i/Z\=k, Z:;=V)P(Y=Jj/Z =k, Z:=V)zw

kETET,
by using the condition (A-2)
=X > PX=iZ,=RP(Y=j/Z:={)zw

RETWET,

= Z Z -rt/kyj/[zkl,
RETWET

where Zi/r:=P(X=1i/Z,=Fk) and y;0:=P(Y=3j/Z,=/).

Since the probability structure of any strategy profile (X, Y)€ R z,2,(S) is
determined by a family of probability measures on Si, (Zi/k)ics, EP(S1);
k€T and on Ss, (yj/i}ics,EP(S2) : /€ Ts), we represent the distribution of
(X, VER2,2(S b y

(X, V)=(xi/n)ics, » RE T, lyin)jes, s VETo).

We note that the distribution of (X, ¥) on S alone is not enough to determin
the probability structure of (X, ¥)ER z,2,(S) because random variables Z: and
Z are given in advance.

Now we can rewrite Definition 2 by using these families of probability
measure.

Let the distributions of (X™*, ¥*), (X, Y*), and (X*, Y) in Definition 2 be
represented as follows:

(X", Y)=(xhelics, s RE T, ylidjes, ; P (ET))
(X, Y )=(zxim)ics, s RE T, lyii)ies, s VET2)
(X*, VN=(xie)ics, s RE T, lyisdies, s VET2).

5 As is in our previous paper, we use the term 7P(M) to denote all the probability measures on a
finite set M.
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From simple calculation, conditions (i) and (ii) of Definition 2 can be written as
follows.

Elu X", Y)=Elu(X, Y*)= 2 20 2w, j)(xz-’?k—xm)(g; Y3l ze) =0

i€ES1JESRET

holds for all {xi/e}ics,EP(S1), RE T and

EludX*, Y)I=ElwlX*, V= T % 3 wli, o=y B 2z =0

i€S1JESHET,

holds for all {y;/¢}jes,EP(Ss), L E Ts.

Since the probability measures {zi/¢}ics, €P(S1) and {yj/}jes,EP(S2) can be
chosen arbitrarily for each € T and € T, respectively, we have the following
lemma.

Lemma 1.
Condition (i) of Definition 2 is equivalent to the following condition.
(i) For each € T, such that [ZT Zrw=:Zre >0

> 2wl j)(xf/k—xi)(/EZT Yinzr) =0 (1)

I€ES1JES,

holds for all {x}ics, EP(SV).
Condition (ii) of Definition 2 is equivalent to the following condition.
(ii) For each /€ T such that kZT Zr=:2e;>0

> 2 uli, j)(yj*/f—yf)(kEZT THrze) =0 (2)

i€S1JES,
holds for all {y;};cs,EP(S>).

Remark 2. Lemma 1 is equivalent to the definition of “correlated
equilibrium” in Rosenthal (1974, p. 119), if one likens Rosenthal’s notation

(x'/Cyy oy T Cr Y /Dy, o, §IDY)
to our
(zinticsy o (irrdies, s {yinkiesy . (Yidics)),
where Cs={Z,=s):s=1, .., k: D,={Z;=¢#:t=1, .., 0, and T'/Ciresp.

y’/D,) is a conditional probability relative to Ci(resp. D;), though he does not
mention conditions (A-1) and (A-2) explicitly. The essential difference between
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our definition of correlated equilibrium retative to Z1 and Z, and his “correlated
equilibrium” is that ours is defined for each fixed agents’ suggestions Z: and Z
but his definition seems to deﬁne for a possible choice of partions {C t} & and
correlated equ111br1a with trivial partitions. I believe that if he would have stated
that ordinary Nash equilibria are always correlated equilibria by identifying a Nash
equilibrium (z*,7 *) with z* =z'/C(i=1, .., k) and ¥ * =y’ /D,G=1, .., ),
then his assertion would coincide with our Theorem 1.

The problem of correlated equilibrium’s dependence on the information
structure (which is equivalent to a family of partitions) also arises in Aumann'’s
definition. We note that our Theorem 1 clearly states that for any suggestions
Z,ERI(T)) and Z,ER(T>), which may or may not be trivial random variables,
ordinary Nash equilibria are always exogenous correlated equilibria retative to Z1
and Z,. Definition 2 does not imply that a strategy profile (X*, ¥*) is an
equilibrium if and only if for properly chosen Z: and Z», cond1t1ons (i) and (ii)
hold.

Now, the proof of Theorem 1 is easy. In Lemma 1, when one sets
{xie)icsi=1x]}ics, for all RE Ty and {y})jes, =y }jes, for all £ € T, then, the
inequlities (1) and (2) satisfy the following.

) 2 2w, priyf= 2 2w, riy]
i€ES1JES, i€ES1JES,
holds for all {x}ics, €EP(S1), and
(11) Z Z uz(i, ]).I’z !/; = Z Z uz(l ]).Z’z Yi.
iES1IES,

holds for all {y};cs,€EP(S >.
These conditions are the same as those that validate that ({(;}ics,, {y;}jcs,) is
a Nash equilibrium. This completes the proof of Theorem 1.

As is well known, in the case of a usual Nash equilibrium”, the following
lemma arises. This lemma will be usuful in finding a distribution of equilibrium
when the pure strategy set S; has more than two choices.

Lemma 2. For each #E T such that z,e >0, set

S1(Y*):={i€S: ; max 2 uils, ])( Z y///zkz) Z ul(l J)( Z y]//zu)},

SES1JES,

and for each /€ T such that ze >0, set

S X*):={€S, : max 2 us(i, t)( Z Ii*/kzk£>: ,Z u(1, j)( Z x??kzkz)}.

tES, i€S,

Then, Condition (i) of Lemma 1 is equlvalent to the following cond1t10n.

9 ¢f. Osborne and Rubinstein (1994, p. 33, Lemma 33.2)
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(i) For each k€ T\ such that zre >0
i€ S 2l >0lCSi(Y™) (3)

holds.

We note that the set (i€ S1 ; x>0} is called the “support” of the probability
measure () ics, €EP(S1). In other words formula (3) implies that the support of
{4} ics, is included in the set of the best pure strategy response against the given
opponent strategy Y. *

Condition (ii) of Lemma 1 is equivalent to the following condition.
(i) For each /€ T such that ze;>0

UE Sz yin>0}C SulX™) (4)

holds.
Proof of Lemma 2. First suppose that (3) holds. Then, from the definition of
S1:(Y™), it follows that

max 2 ui(s, ) 2 yiuze) = Z 2wl ])x,/k( Z y;/fzw)
SES1JES, (ET, ESIFES,

Z
€S,

( )( Z y]//Zk/>

I\/

holds for all ¢€ S:. Now multiply the both sides of the above inequality by x; of
any {x:}ics, €P(S1) and sum with respect to 7. Then, from ZS: ;=1 we have the
1€5,

inequality (1). Conversely, if there exists 7o€S; such that x>0 and
10&S1,(Y™), then from the definition of Si,(Y™), it follows that

max > ui(s, ])( Z yj/éZk€)> Z ul(m, )(éezr Y3 0Zro).

SES1/ES
Therefore, we have

> 2w, ])xl/k( Z y;/éZké) > 2 ul(l J)xm( Z y,uzu)

i€ES1FES, €Sy, i+igJES

+ Z ul(lo, )xtg/k< Z Z/J/ézké)
<max > ul(s ])( Z Z/J/(’Zké)

SES1JES

=> > ul(z ])xt( Z ywzkf)

iESIJES,

holds for {zi}ics,€P(S1) such that {i€ S, ; £;>01C S1.(Y™), which contradicts
the inequality (1). We can check Condition (ii) in a similar manner.
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3. Examples

Now, we illustrate our concept using some examples given in Aumann (1974)
and Fudenberg and Tirole (1991).

(a) Our first example is referred to as the battle of sexes whose pay-off matrix
is given below (Fudenberg and Tirole, 1991, p. 54). Here, Player 1 picks the row,
while Player 2 selects the column. The numeral on the left in the parenthesis
represents Player 1's pay-off and that on the right denotes Player 2's pay-off.

Table 1 Pay-off matrix of the game

1 2
1 (,1) (0,0
2 4,49 Q5

There are three Nash equilibria whose distributions on S=S:X S> can be
represented as follows. Here, (p:) is a 2 X 2 matrix given by p;:=P(X=1, Y=))

<1 0> <O 0> <1/4 1/4)

01— , 02— , 03— .

00 01 1/4 1/4

By using Aumann’s (1974) suggestion, Fudenberg and Tirole (1991, p. 54)

show that the players can perform better than in the mixed Nash equilibrium
strategy if they use the following distribution for a strategy profile:

<1/3 0 >

00= .

1/3 1/3

Their method of obtaining the distribution oo induced by a strategy profile
(X*, Y*) by using a random device is as follows.

This random device has three equally likely events A, B, and C. Suppose that
if A occurs, then Player 1’s choice is X*=1 and if B or C occurs, then X* =2,
On the other hand, if A or B occurs, then Player 2's choice is Y*=1 and if C
occurs, then Y*=2. That is, two players receive different information from the
same random device.

Let us explain the above situation from the perspective of our framework. Set
T:={1, 2}; here, we abbreviate the event A to 1 and the event BUC to 2.
Similarly, set T>={1, 2}; here, we abbreviate the event AU B to 1 and the event
C to 2. Then, the joint distribution of Z: and Z», the conditional probabilities of
X™ relative to Z1, and that of Y™ relative to Z: can be determined from the above
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situation as follows.

P(Z,=1,Z,=1)=P(A4 (AUB)) P(A)=1/3,
P(Z\=1, Z,=2)=P(ANC)=P(@)=0,
P(Z\=2, Z,=1)=P(BUC)N(AUB)=P(B)=1/3,

u
P(Zl—z Z,=2)=P(BUC)N C) P(C)=1/3.

.1‘1/1 =P(X*:1/Zl_l) 1, .Zz/l - (X =2/Z,=1 ) ,
T2 =P(X*=1/Z,=2)=0, x3»:=P(X*=2/7Z,=2)=

y1/1 :P(Y*:l/Zz—1> 1 y2/1 —P(Y*—Z/Zz— )Z , and
y1/2 :P(Y*:1/22=2>=0, y2/2 —P(Y*_Z/Zz— )=

Then, from easy calculation we obtain 0o as the distribution of (X*, ¥™*).
Fudenberg and Tirole intuitively explain that ¢, is an equilibrium but they do

not deduce why 0y is an equilibrium.

With our framework, we can analyze this example rigorously and also obtain
all the possible equilibria not found in previous literature. We note that the all

equilibria are outside the convex hull of the Nash equilibria.

Proposition 1. Assume that 211 =22:1=22=1/3 and z::=0. Then, the
possible exogenous correlated equilibria relative to Z; and Z» excluding the usual
Nash equlllbrla are the following. Since in this case, x7»=1—xi and

y3v=1—yiy, we only indicate xi/x(k=1, 2) and yidl=1, 2).
1) xin=1, 0<x:<1/2, yin=1, yi»=0,

/3 0 . [2/3 1/3
(1 I1/2>< >+x1/2< )
1/3 1/3 0 0

Here, x172 can be chosen arbitrarily between 0 and 1/2.
(2) x2in=0, 1/2<x1<1, yin=0, yin=1,

<1/3 1/3>+(1_ *)<0 0)
i T\ 13 9s3)

Here, x17> can be chosen arbitrarily between 1/2 and 1.
(3) I1*/1=1, I1*/2=0, 1/2£y1*/1£1, y1*/2=0,

<1/3 0 >+(1 )<0 1/3>
=yin 1/3 1/3 yin 0 2/3

Here, yi/1 can be chosen arbitrarily between 1/2 and 1.
(4) Il*/1=0, xl*/zzl, Oéyl*/lél/Z, y1*/2=1,

9
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ey ><1/3 1/3>+ . <2/3 0>
o1 Yol o 1s) T3 o)

Here, yin can be chosen arbitrarily between 0 and 1/2.
When we set 212=0 in (1) or yi/»=1 in (3), we can obtain Fudenberg and
Tirole's distribution 0.

Remark 3. A necessary and sufficient condition that X€7R(S:) and
YER(S:) are independent is that the matrix of probability measure
pii=P(X=1, Y=)))ics,jes, €EP(S1X Ss) has “rank” 1. Since two random
variables X* €R.(S1) and Y* €R(S>) of a strategy profile (X*, Y*), which is a
Nash equilibrium, are independent, from this criterion, we can check whether a
distribution of an equilibrium on S: X S> is a Nash equilibrium or not. In the case
of a 2 X 2 matrix, this condition is equivalent to the state where “determinant” of
this matrix is zero . Therefore, if the determinant of the matrix
(pii=P(X*=1, Y*"=j)}ic1,5j=1,2 for a strategy profile (X*, Y*) of a correlated
equilibrium is zero, then it is a Nash equilibrium; its converse is also true.

(b) The second example is the chicken game discussed in Aumann’ (1974)
example (2.7).

Table 2 Pay-off matrix of the game

1 2
1 6,6) (2,7
2 (7,2)  (0,0)

There are three Nash equilibria whose distributions on S=S1X S2 can be
represented as follows;

<0 1> (O O> <4/9 2/9)

01— , 02— , 03— .

00 10 2/9 1/9

Aumann (1974) shows that the players can perform better than in the mixed

Nash equilibrium strategy if they use the following distribution for a strategy
profile:

? The terminologies “rank” and “determinant” of a matrix can be found in any elementary
textbook of linear algebra.
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<1/3 1/3>

(e .

1/3 0

His method of obtaining the distribution 04 induced by a strategy profile (X*, Y™)
using a random device is as follows.

Consider an objective chance mechanism that chooses one of three events A,
B, and C with probability 1/3 each. Suppose that if A occurs, then Player 1’s
choice is X*=2 and if B or C occurs, then X*=1. On the other hand, if A or B
occurs, then Player 2’s choice is Y* =1 and if C occurs, then Y*=2. That is, the
two players receive different information from the same chance mechanism.

Let us explain the above situation from the perspective of our framework. Set
T.={1, 2}; here, we abbreviate the event A to 2 and the event BUC to 1.
Similarly, set T>=({1, 2}; here, we abbreviate the event AU B to 1 and the event
C to 2. Then, the joint distribution of Z; and Z», the conditional probabilities of
X* relative to Z1, and that of Y™ relative to Z» can be determined as follows.

P(Z,=1, Z,=1)=P(BUC)N(AUB)=P(B)=1/3,
P(Z,=1, Z,=2)=P(BUC)NC)=P(C)=1/3,
P(Z,=2,Z,=1)=P(AN(AU B))=P(A)=1/3, and
P(Z,=2, Z,=2)=P(AN C)=P()=0.

i =P(X*=1/Z,=1)=1, x51* :P(X*—2/21=1)= 0,
.Z’l*/z :P(X*:l/Zl_Z) 0 .Z’z/z —P(X*_Z/Z1— ) ,
yin:=P(Y*=1/Z,=1)=1, ym :=P(Y*=2/Z,=1)=0, and
yini=P(Y*=1/Z,=2)=0, ys»:=P(Y*=2/Z,=2)=1.

Then, from easy calculation we obtain ¢, as the distribution of (X*, ¥™).
Aumann indicates that this distribution is indeed an equilibrium but he does not
provide any proof nor any explanation.
By our framework, we can analyze this example rigorously and also obtain all
the possible equilibria not found in previous literature.

Proposition 2. Assume that z11=212=221=1/3 and z=0. Then, the
number of possible exogenous correlated equilibria relative to Z: and Z»
excluding the usual Nash equilibria is four. Since in this case, £3/x=1—xi/ and
ys=1—yiu, we only indicate xi/x(k=1, 2) and yi/(f=1, 2).

(1) .Tl/l 1, Iim= 0, y1/1 1,?/1*/2:0,

<1/3 1/3>
04— .
1/73 0

(2) xin=1/3, xin=1, yin=1/3, yin=1
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_(7/27 8/27)
*\8/27 4/27)

(3) 1‘1/1 1, .1‘1/2—1/3 y1/1—2/3 y1/2 0,

3 <8/27 13/27)
6 .
4/27 2/27

(4) xi1=2/3, 21»=0, yin=1, yi.=1/3,

_<8/27 4/27)
13/27 2/27)

In the next section, we will discuss general 2 X2 games — S1=S,=(1, 2}
with agents’ suggestion sets 71=7>={1, 2} — and give brief proofs of
Propositions 1 and 2.

4., 2X2 games with T'=T.=1{1, 2}

In this section, we assume that S;1=S:={1, 2} and T:=T>={1, 2}. Since, in
this case, we have Tz2x=1—x1 for k=1, 2 and Yo =1—y1¢ for /=1, 2, we
use the expression (T, Ziz, Y11, Y12) to characterize the distribution of
(X, YER 2,2z,S) on S. We note that the marginal distritution of X(resp. ¥) is
determined by (211, Z1/2)(resp. (Y11, y1/2)), where x11 and Z12 (resp. ¥ and
Y1/2) can be chosen arbitrarily between 0 and 1. To avoid a trivial case, hereafter,
we assume that

Zre ' =2m+212>0 for k=1, 2 and zes:=2z1+22>0 for /=1, 2.
We also use the following abbreviations:

Ai=u(1, )—ui(2, ) G=1, 2) and Bi=u.(i, 1 )—u(i, 2) (=1, 2).

By using these notations and under the framework of this section, the
conditions (i) and (ii) of Lemma 1 state the following.

2
(i—1> <l‘fk/1—x)(AzZ1o +(A1—A2)E1y{“/gzw)20 (5)
holds for all 0<x<1,

(i—2) (1‘1*/2 _.I’)(AZZZO + (A 1 —Az)élyl*/em) =0 (6)
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holds for all 0<x<1,

(D) (yin—y)Bazor+(Bi— B) X xiuzn) 20 @
holds for all 0<y<1, and

(i-2) (gl ) Bazort(Br— B) X wtuzi) 20 ®

holds for all 0<y<1.

Now, let us check Table 1. Since in this case, z11=221=222=1/3, 212=0,
Ai=1,A,=—1, Bi=1, and B>=—1, conditions (5) to (8) can be written as
follows.

(i_l) (Il*/l—:c)(Zyl*/l—l)ZO (9)
holds for all 0<x<1,

(i—2> (If‘xz—x)(yf"/rl-yf/z—l)ZO (10>
holds for all 0<x<1,

(ii-1) (i —ylaintxi.—1)=0 (11)
holds for all 0<y <1, and

(ii—Z) (.1/1*/2_11)(21’1*/2_1)20 (12)
holds for all 0<y<1.

Now, it is easy to check that each case of Proposition 1 satisfies the conditions
(9) to (12).

Similarly, in Table 2, z11=212=221=1/3 and 2,:=0. Since A:1=—1, A.=2,
B:=—1, and B,=2, conditions (5) to (8) can be written as follows.

(i‘1> (If‘/l_I)(_3y1*/1_3yfﬁ/z+4)20 (13>
holds for all 0<x<1,

(i-2) (xie—ax)(—3yin+2)=>0 (14)

holds for all 0<x<1,
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(ii-1) (yin—y) =3z —3xir+4)20 (15)
holds for all 0<y<1, and
(ii-2) (yin—y(—3xi1+2)=0 (16)
holds for all 0<y<1.
Now, it is easy to check that each case of Proposition 2 satisfies conditions
(13) to (16).
5. Miscellaneous
We can investigate Aumann’'s (1974) other examples using our framework.

Here, we will investigate the following two examples.
(a) First example.

Table 3 Pay-off matrix of the game

1 2 3
1 (6,6) (0,00 (2,7
2 (0,00 4,4 (3,0
3 (7,2) (0,3) (0,0)

This pay-off matrix is obtained from example (b) in Section 3 by adding a
middle row and middle column with appropriate payoffs. We also assume in this
game that two players obtain the same agents’ suggestions as in the previous game,
that is, TWw=T.={1,2}, P(Z\=1, Z,=1)=1/3 , P(Z,=1, Z,=2)=1/3 ,
P(Z,=2, Z,=1)=1/3, and P(Z,=2, Z,=2)=0.

In this case, the distribution of (X, Y)ETR z,.z,(S) is characterized by

(xili=r2, k=1, 2 (yisdi=123 (=1, 2),

where (Zi/e)i=1,23, k=1, 2 (resp. {yi/i}j=1,23, =1, 2) determines the distribution
of X(resp. Y), and the joint distribution p;;:=P(X=i, Y=)) of (X, ¥) is
determined as follows:

by = 3 PX=ilZ,=k)P(Y=j/Z,=()P(Zi=k, Z,=1)

k=1,(=1

=@inyintxinyintrizyin/3 ,7=1,2,3.

Proposition 3 (Aumann (1974, pp.72-73)). The strategy profile
(X*, Y*)ER2,2,S) having the following distribution is a correlated equilibrium
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relative to the above suggestions Z1 and Zs.

rin=1, x51=0, x51=0, 21»=0, x3,=0, x3»=1 and
y1/1 1 y2/1 0, y3/1 0, yl/z 0, y2/2 0, Z/s/z—l

The joint distribution of P(X* =1, Y*=j)=:pf; 1, j=1,2, 3 is

1/3 0 1/3
pH={ 0 0 0
1/3 0 0

In fact, we can easily obtain E [ui(X*, Y*)|=E [u(X*, Y*)|=5. Further,
we can easily check that

(8x11 43221+ 7231 +6x1/5+723/5)/3
8<$1/1+x2/1+I3/1)/3+7($1/2+I2/2+$3/2>/3
5=E [u:iX*, V)

E [Ml(X, Y*)]

Al

holds for any Xz({-ri/l}i=1,2,3e7)(sl), {.Tz‘/z}i=1,2,3e7)(51)) and

E[u2<X*, Y)] =(8y1/1+3y2/1+7y3/1+6y1/z+7y3/z)/3
SS(ym+y2/1+y3/1)/3+7(y1/z+y2/z+y3/z)/3
=5=F [u(X", Y")|

holds for any Y={yin)i=12:EP(Ss), (Y2 =12 EP(S2).
(b) Second example. Aumann (1974, p. 71) also investigates a 3—person
game. His example (2.5) is as follows.

Table 4 Pay-off matrix of the game

1 2 1 2 1 2
1 (0,0,3) (0,0,0) 1 @222 (0,00 1 (0,0,00 (0,00
2 (1,0,00 (0,0,0) 2 0,000 (2,272 2 (0,100 (00,3

Here, Player 1 picks the row, Player 2, the column, and Player 3, the matrix:
Ss= {left, middle, right}. We denote “left” as 1, “middle” as 2 and “right” as 3,
respectively, and let X; be the Player ¢'s strategy, that is, X;ETR(S)).

In this game, there are three pure Nash equilibria and one mixed Nash
equilibrium. Furthermore, Aumann pointed out that the following situation allows
for a better payoff. Players 1 and 2 get together and toss a fair coin. If the coin
falls on heads, Players 1 and 2 choose 1€ S:1 and 1€ S,, respectively; otherwise,
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they choose 2€ S and 2 € S, respectively. On the other hand, Player 3 always
plays 2€ Ss. Then, the payoff is 2 for all players. Further, he explains that if
Player 3 would know the outcome of the toss, he would be tempted to move away;
however, he does not explain why this strategy profile is an equilibrium under the
given situation.

By using our framework, we can show that the above strategy profile is an
equilibrium in the sense of Definition 2. Moreover, we point out that some other
equilibria exist.

First, we note that our framework of a 2-person noncooperative game with
agents can be naturally generalized to an 7z-person noncooperative game with
agents. Since we can naturally generalize conditions (A-1) and (A-2) for an #-
person game, we can also define Rz, _ z,(S), where S=S,X -+ X S,.

Then, Aumann’s argument can be restated as follows.

Set Tl Tz—{l 2} and Ts—{l} Let P<Z1222=1>=1/2, P(Z1: 222):
1/2, and P(Z3=1)=1 (Z5 is a trivial random variable). Then, the strategy profile
(X7, X7, X$)ER 2,2,2{S) having the following conditional probabilities

P(X1*=1/21: ) , P(Xl =2/Z,= 2)2
P(Xz*zl/Zzzl) , P(Xz —2/Z1—2) 1, and
P(X5=2)=1

is an equilibrium.
In general, the distribution of (X1, X2, X5)E€R z,2,2,(S) can be determined by
the conditional probabilities

(X1—1/Z1— ): D, P(X1:2/Z1:1> pen=1—pin,
P(Xl_l/Zl_Z): D, P(X1:2/21:2) pe2=1—puis,
P(X,=1/Z,=1)=: qin, P(X,=2/Z,=1)= ‘qn=1—qun,
P( 2—1/22—2) “q12, P( 2—2/22—2) LY, 2=1— qi/2,

and

P(X:=1/Z;=1)=P(Xs=1)=:r, P(X:=2/Z;=1)=P(X;=2)=!7r,,
P(X3=3/Z;=1)=P(X;=3)=:7s.

We note that X is independent of (X, X3). Therefore, from conditions (A-1)

and (A-2), the joint distribution pije:=P(X:=1, X»=j, X;=Fk) can be expressed
as follows.

2
pijk :glp(Xlzi, Xz ], X3 k Z1—Zz=S, Zgzl)

2
= 2 PX\=ilZ,=9)P(X:=1/Z,=5)P(Xs=k)P(Z,=Z,=5)

s=1
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=pinqintpirgi)re2.

We also note that the distribution of (X1, X5, X35)€ER 2,2,2,S) has 6
parameters 0<p11<1, 0<p1»<1, 0<¢q:11<1,0=<¢q1,2<1, and 0<71, 0<7r>
with 71+7,<1 and that pi/1, p1» determine the distribution of Xi, qi:1, q1/2
determine the distribution of X5, and 71, 72 determine the distribution of Xs.

Let (X{, X5, X5)€ER 2,2,2,S) be an equilibrium in the sense of Definition
2: we express the distributions by attaching asterisks to the above notations.
Then, by using these notations and under the framework of this section, the
conditions of Lemma 1 state the following.

(-1 (pia—pldrs —rigin—2r5)=0 (17)
holds for all 0<p<1 and

(i-2) (plo—pNdri —ri)gin—2r)=0 (18)
holds for all 0<p=<1.

(ii-1) (gin—@@ry —ripin—2r +ri)=0 (19)
holds for all 0<¢=<1 and

(ii-2) (gie—@rs —ripi.—2r+ri)=0 (20)
holds for all 0<¢g<1.

(ii)

2

2 2 2
3(ri —rl)Z gt 20 —ra) 2 Rpsngsi+30rs = rs)égpz*/yqé‘?gzo (21)
holds for all 71, 72, #3=0 such that 71 +7,+7;=1.

Then, Aumann’s (1974, p. 71) argument implies that the strategy profile
(X7, X5, X3)ER 2,2,z{S) is an equilibrium in our sense when one sets
pin=1, pi»=0, gin=1, q¢i»=0 and 75 =1.

In this case, the joint distribution p/;:=P (X =i, X5 =)) is

“.)_(1/2 o>
PO=\ o 1)

Further, the strategy profiles with parameters having the following distributions
are also equilibria.
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pin=0, pi.=1, gin=1, qi»=0 and 75 =0, or
pin=1, pi»=0, ¢in=0, qi»=1 and 5 =0,

where 71, i 20 are arbitrary with the condition 7i +73; =1.
In this case, the joint distribution p/;:=P (X =i, X5 =j) is

(*)_<o 1/2>
PI=\1 5 0

The reader can easily check that both cases satisfy conditions (17) to (21).
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