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SUMMARY

This thesis presents the analysis of the deformation of soils
based on the theory of plasticity and its application to the settle-
ment of embankments. As the basis of the settlement analyses of
embankments, the constitutive relations for both the isotropically
and anisotropically pre-consolidated soils are derived from the flow
rule of elastic-plastic materials which is given its thermodynamical
base. Based on the constitutive relatioms for soils, three dimen-
sional consolidation analysis and stability analysis of the embankments
at the end of construction are established. Using the constitutive

relations for soils, the immediate and consolidation settlement of
the embankments are analysed.
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PREFACE

This thesis is concerned with the analysis of the deformation of
soils and with its application to the settlement of the embankments.
In most of the textbooks of soil mechanics, we cannot find any chapter
describing the deformation characteristics of soils as a whole. This
fact may seem stranpge to the readers who are familiar to continuum
mechanics including the theories of elasticity., plasticity, fluid
mechanics, etc. in which the stress-strain relations of the materials
are the most fundamental subjects. Throughout this thesis the author
tries to make the deformation characteristics of soils easier to
understand, andchooses, as the example, the settlement of embankments
which are very familiar to the engineers in the field of soil

mechanics and foundation engineering.

The present paper is prepared from the author's research works
carried on for five years. The author is fortunate to have the
opportunity to study soil mechanics and construction engineering as a
graduate student under the supervision of Professor Shojiro Hata
during these five years. To Professor Shojiro Hata, the author should
express his special thanks for his encouragement and criticism on
these investigations. And the author is indepbted to Professors Toru
Shibata, Minoru Matsuo and Toshihisa Adachi for their helpful
criticisms and suggestions. The author is also grateful to Messrs.

Susumu Yoshitani and Makoto Kaneuji for their calculations.






CHAPTER 1
INTRODUCTION

Embankments have been one of the most important and popular
structures in the field of civil engineering. With the development
of railways and highways, and with the increasing necessity of the
flood control, the importance of the embankments is swelling.

In advance of the construction of embankments, the civil engi-
neers must be engaged in design works in which used are many theories
based on the assumptions about the mechanical behaviors of soils.

But at the present stage, the assumptions about the mechanical beha-
vior of soils, on which the current methods of analyses of soil
structures are based, are not able to represent the mechanical beha-
vior of real soils with the satisfactory accuracy. Even in the
routine works by means of the current analyses of soil:structures,
engineers are expected to have the proper understanding of the
mechanical behavior of soils. And in future, new analyses of soil
structures based on the more reliable representaion of the mechanical
behavior of soils, especially of the constitutive rotations of soils
are to be established.

Most analyses concerning the deformation of soil structures are
based on the constitutive equations of linear elastic material, but
the mechanical behavior of soils suggests that the soils have to be
considered the elastic-plastic materials. In this thesis, the author
tries to comstruct a theory which can explain the mechanical behavior
of soils to the satisfactory extent from the viewpoint of practical
engineering and tries to make the mechanical behavior of soils easier
to understand.

The proposed new methods to analyse the behavior of embankments
under and after construction are in such a primitive stage that the
practical use of them in the routine works is not so easy. But the
informations given by new methods of analyses show the accuracies and

limitations of the current analytical methods. And in addition to



that we have the more systematic understanding of the change of the
mechanical state of soils due to the change of effective stress state
during and after the construction of embankments. These informations
on the change of mechanical state of soil are useful for the safe and
complete construction of embankments,

Analysis of deformation of soils and its application to the
settlement of embankments is presented in this thesis which consists
of eleven chapters, This is a brief introduction of the main subjects
of each chapter.

In Chapter 2, presented are some preliminary considerations on
the mechanical behavior of soils, especially on the principle of
effective stress which plays the important role through this thesis
and on the consolidation and dilatancy of clays on which the theory
presented in this thesis is based. The constitutive .relations for
soils are derived from the concept of flow rule in plasticity in the
theory mentioned in this thesis. Then in Chapter 3, the thermody-
namical base of the flow rule for the rate dependent elastic-plastic
materials is discussed from the viewpoint of irreversible
thermodynamics.

In Chapter 4, constitutive relations for isotropically consoli-
dated soils are presented. And in Chapter 5, the theory mentioned in
Chapter 4 is expanded in order to make the theory applicable for
anisotropically consolidated soils. The subjects discussed in
Chapters 4 and 5 are fundamental analyses of deformation of soils
that should be applied to the practical analyses in soil mechanics
and foundation engineering. Experimental examinations of the
theoretical results are presented in Chapter 6 in order to give some
confirmations to the theory,

In Chapter 7, three dimensional consolidation analysis is
presented based on the constitutive relations for soils given in
Chapters 4 and 5. The contents of Chapters 2 - 7 are rather of
academic interest. Then we apply these fundamental considerations

to the practical engineering problems in foundation and constructing



engineering in the following chapters.

In Chapter 8 presented is the immediate settlement of embankment
analysed by using the finite element method based on the stress-
strain relations for clay given in Chapter 5 and some discussions are
given on the current method of estimation of immediate settlement
with the informations of the calculated results.

In Chapter 9, immediate and consolidation settlement of embank-
ments are calculated by using the three dimensional comsolidation
theory given in Chapter 7, assuming that the stress distribution set
up by the construction of embankments is determined by elasticity.
Based on the informations from calculated results, the current
estimation method determining the development of settlement are
discussed. And the accuracy of the current estimation method of
final settlement due to consolidation is discussed.

In Chapter 10 the critical state of embankment is discussed.
This problem is what is called stability problem of soil structure.
In this chapter, the theory of characteristics field of stress is
developed based on the stress condition for the critical state
derived from the constitutive relations for soils presented in
Chapter 5. And with the informations obtained from the theory, the
proper use of the current analyses to the stability problem of soil
structures is discussed.

It has been considered that the practical design method should
be simple. Then, the researchers in the field of soil mechanics
have tried to construct simple analyses. But recently the situation
is changing.

In the routine design works of analysing the deformation and
stability of embankments under and after construction, we are going
to have the excellent ability of numerical analysis with the rapid
progress of electronic computer. Then, we need not try to represent
the mechanical behavior of soils in extremely simple forms. In place
of the simplification, the necessity of more reliable and logically

self-consistent descriptions of the mechanical behavior of soils



is increasing. Based on such a reliable representaion of mechanical
behavior of soils, new methods to analyse the soil structures are toO
be established. The investigations presented in this thesis are

motivated by the thought mentioned above.



CHAPTER 2

PRELIMINARY CONSIDERATIONS ON THE
MECHANICAL BEHAVIOR OF SOILS

2.1 Introduction

In this chapter we have some preliminary considerations on the
mechanical behavior of soils in advance of the construction of the
theory presented in the following chapters. The principle of
effective stress has played the important role in the analysis of
mechanical behavior of soils and therefore at first we consider on
this subject. The term effective stress peculiar to soil mechanics
is used in this thesis throughout and the physical meaning of
effective stress should be clarified here.

The theoretical consideration presented in this thesis are based
on the characteristics of consolidation and dilatancy of soils and
therefore these two characteristics of soil should be
reviewed and their definitions should be clasified. 1In the last part
of this chapter presented is the short survey on the stress-strain

relations for soils.
2.2 Princinle of Effective Stress

In these two decades, some researchers in the field of applied
mathematics and applied mechanics have developed the mechanics for
generalized continua by constructing systematically elasticity.
plasticity, fluid mechanics and thermodynamics into the classical
field rheory. At this present stage, one of the topics interested
by researchers is to construct the theories for materials whose
mechanical behaviors have not been represented by the ready made
theory to the extent of satisfactory practical use in engineering
design. Soil is also such a material with the complex mechanical
properties.

One of the causes of the apparent complex mechanical behavior
of soil arises from the fact that the soil is a multiphase composite

material composed of gas, fluid and solid. Difficulty arising from



such a cause has been eliminated by the Principle of effective stré8s
initially proposed by Rendulic (1936) and confirmed to some extent
by Henkel (1960). Principle of effective stress is a postulate that
the mechanical behaviors of the three phases constituting the soil
are independently determined by their allotted stresses respectively.
Effective stress is defined as the allotted stress of the soil skelton
composed of the soil grains and particles. The principle of effective
stress is easily accented intuitively and it leads to the fairly
simple representation of apparently complex mechanical behavior of
soil.

In the field of soil mechanics, effective stress, defined by

Terzaghi as

G%j ==d%j —-5iju (2.2.1)
has been commonly used for the completely saturated soils, where Gij
is Kronecker s delta. Terzaghi's effective stress is an approximate
representation of the stress allotted to soil skelton and its
1imitation was studied in detail. On the other hand, Biot (1954)
gave the definition of effective stress as

-~

- _ e
27~ Y T N Tas

(2.2.2)
where ¢ is the voil ratio of soil.

Judging from the mathematical derivations for obtaining these
two definitions of the effective stress, the author considérs Biot-s
effective stress more reasonable. However, Biot s effective stress
has a difficulty as follows. The pore water pressure increment Au
induced by the application of additional hvdrostafic nressure Ao
under undrained condition in a completely saturated soil specimen

compressed isotropically is given by (2.2.1) and (2.2.2) as

AG = Ao” + Au (2.2.3)
_ . e
Ao = Ao™ + T3e Lu (2.2.4)

The assumption that the unchanged void ratio e proves unchanging



effective stress o leads to the conclusion of Ao~ = 0. Therefore,
from eq. (2.2.3) and eq. (2.2.4), it follows :

Au = Ac (2.2.5)
l1+e

M = Ac > Ao (2.2.6)

e
The physical meaning suggested by eq. (2.2.6) is contrary to the idea

commonly accepted in the field of soil mechanics.

But it is note worthy that this experience that is contrary to
the derivation given by eq. (2.2.6) is carried on by the application
of total stress to soil specimen by means of the increasing cell
water pressure which is separated by a thin rubber membrane from the
soil specimen. Under such a condition, the induced additional stress
in the soil skelton and in the water are of both same value on the
boundary of the specimen which is covered by a rubber membrane.

And it is apparent that, under such a boundary condition, Biot’s
definition of effective stress cannot be derived. Comparing egs.
(2.2.1) and (2.2.2), we can easily understand that these two
definitions of effective stress coincide with each other when the
void ratio is sufficiently large compared with unit.

This conclusion is supported by Skempton (1960) from the
different viewpoint who stated that the principle of effective stress
is adaptable to soils when the area of contact between the particles
per unit gross area of the soil is sufficiently small. Skempton
(1960) proposed three definitions of effective stress but he insisted
that such a consideration on the exact definition of effective stress
was of no more than academic interest. And in the practical sense
the definition of effective stress proposed by Terzaghi in 1923 had
sufficient accuracy. His conclusions were essentially the same as
those given by Bishop (1955). As mentioned above the definition of
effective stress has many unclarified questions, but in this thesis
the effective stress defined by Terzaghi is used throughout.

Bishop (1955) insisted that Tergaghi”s effective stress gave the

reasonable understanding not only of the deformation and volume change



in soils but also of the strength characteristics of soils.
The usefulness of the effective stress is also emphasized by
Whitman (1960) and Bjerrum (1955) who proposed the several methods

to obtain the Hvorslev strength parameters.
2.3 Consolidation and Dilatancy

As shown by Rendulic (1936) and Henkel (1960) the unique rela-
tionship between the effective stress and the void ratio for normally
consolidated clay is to some extent confirmed. WNow in order to make
some further consderations about the stress and void ratio relationm,
it is convenient to consider the volume change of stressed clay
consists of two components: consolidation and dilatancy.

Consolidation is defined as the deformation process of the clay
stressed by the proportional loading, i.e., Géj / oy, - constant
loading system. This stress ratio constant loading is called
anisotropic consolidation in which the isotropic consolidation caused
by the application of .only the hydrostatic effective stress c& is
included. It is well known characteristics of consolidation process
that the void ratio and the logarithm of applied effective hvdrostatic
stress Ué are related linearly. But this well confirmed e-lncé
linearity of the consolidation process has been only the emperical
relation. The study on the microscopic mechanism of this consolidatio
process has been out of the attentions of researchers, although it is
known that the clay particles tend to rearrange parallel each other
normal to the maximum principal stress during the anisotropic
consolidation.

Here we try to make the mechanical model explaining the rear-
rangement of clay particles during anisotropic consolidation based
on the behavior of the microstructure of clay. An example of
isometric view of clay skelton given by Pusch (1970) is shown in Fig.
2.1.(a). During anisotropic consolidation the links of particles
connecting the network of small aggregates break down successively
at increasing shear deformation as shown in Fig. 2.1.(b).

Now let us consider the anisotropic consolidation process in which



Fig. 2.1. Schematic picture of the deformation

process in clay. (After Pusch)

the direction of the maximum principal stress is not altered. Since the
anisotropic consolidation process is characterized by the proportional
loading, the interparticle forces induced in the clay skelton by the
applicatien of additional stresses are also approximately and propor-
tionally increasing during the anisotropic consclidation process.
Assuming that the clay particles are not crushed by the increasing
proportional forces, relative movements between clay particles cannot

be induced if the compressibility of clay particles is negligiblly
small.

Therefore it is natural to assume that the volume change due to
consolidation process can be caused by only the buckling of the clay
skelton. But this buckling is possible to the parts of clay skelton
approximately parallel to the direction of maximum principal stress.
The clay particles constructing the pole like parts of the clay
skelton parallel to the direction of the maximum principal stress tend
to rearrange themselves normal to the direction of the maximum
principal stress, because during the progressive buckling process the

clay particles initially directed to the maximum principal stress



rearrange themselves to the direction normal to the maximum principal
stress when the links break down by buckling. These considerations
suggest that the rotation of the maximum principal stress during
anisoropical consolidation induces excess change compared with the
case of irrotational maximum principal stress.

Here we must comment on the isotropic consolidation process in
which the direction of maximum principal stress is not fixed. It can
be easily supposed that, in the isotropically consolidated clay
specimen, the local anisotropic consolidation processes are progress-
ing. This hypothesis gives a reasonable understanding that the clay
particles are to be aligned to the particular direction locally as
shown by Roscoe, Schofield and Thurairajah (1963).

Now let us consider the dilatancy process of clay. Here we
define the dilatancy process as the deformation process of clay
stressed with constant effect mean principal stress G&.

The characteristics of dilatancy have been clarified by serial works
by Shibata (1963), Shibata and Karube (1965) and Karube and Kurihara
(1966) . They concluded that the void ratio change due to dilatancy
is related linearly with applied stress ratio TOct/Gén It has been
considered in the field of soil mechanics that dilatancy effect is
accompanied with the distortional deformation of soil. But it is
note worthy that the volume changes due to dilatancy. as defined here,
do not occur in the anisotropic consolidation process in which the
rails deform distortionally to some extent.

Here let us consider the microscopic mechanism of dilatancy.

It is easily understood that all the frame works constructed with
clay particles reduce their total volumes when they deform distor-
tionally as shown in Fig. 2.2 briefly. With the assumption that
the length of the perimeter are not shortened by buckling or by
another sort of reasons this sort of volume change are essentially
different from the consolidation mechanism explained before. But the
mechanism of dilatancy of soils is not so simple because, as shown in

Fig. 2.1, the lengths of perimeters of the frameworks constructed

10



with clay particles are shortened by the application of shear stress.
Then in addition to the volume reduction explained in Fig.2.2,
another sort of volume reduction due to the shortening of the perim-

eters of the frameworks of soil skelton does exist

T

—_—

Fig. 2.2. Characteristics of dilatancy.

The extent of the shortening of the perimeters depends on the micro-
structure of soil. But it is likely that the floculent structure
shows the eminent tendency of dilatancy compared with well aligned
structure of soil skelton.

The distortional deformation explained in Fig. 2.2 cannot become
so large that all the voids vanish, because the aggregates
constructed with clay particles which is forming the perimeters of
the framework of clay skelton touch each other at the large
distortional deformation and prevent the clay skelton from deforming
further. At this critical state the frameworks of the clay skelton
behave as if they were the grains of sand and further distortional
deformation of soil is promoted by the rotation of the clusters
(the assemblages of the aggregated clay particles). In such a state
clays behave as if they were sands. This state may correspond
to so called critical state defined by Roscoe et al.

It is said that the sand grains do not rotate during the shear
process until it reaches the critical state and after arriving at

the critical state they begin to rotate each other. During the shear
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process of sand, before the critical state, the distortional
deformation of sand is mainly due to the relative sliding between the

sand grains, not mainly due to the rotation of sand grains.
2.4 Stress-Strain Relations

Stress-strain relations for soils are the most important to
solve the many practical problems in soil mechanics and foundation
engineering. Most of the present methods to analyse engineering
problems of soil structures are based on the simplified stress=strain
relations for soils which cannot represent the complicated stress-
strain relations of soils with sufficient accuracy.

Since 1960°s some research groups have been constructing the
logically self-consistent theories of stress=-strain relations for
soils. The research group with Roscoe as the central figure has been
developing its theory named "Critical state energy theory' based on
the estimation of dissipated energy and using the concept of normalit:
in plasticity. The researches of this group have been carried on at
Cambridge and published in the serial papers by Roscoe, Schofield
and Wroth (1958). Roscoe, and Poorooshasb (1963), Roscoe, Schofield
and Thurairajah (1963), Burland (1965), Roscoe and Burland (1968),
Schofield and Wroth (1968) and Burland and Lewin (1970).

Almost since the same time of the publication of Cambridge
theory, the research group initiated by Rowe (1962) has been also
publishing its works 'Stress-Dilatancy Theory" based on the energy
balance from the view point of the particulate mechanics which is
arising from the recognition that the soils are the assemblages of
granular materials.

Quite independently established theories are there at Kyoto
University. One of them has been constructed by Murayama in the
serial works (1964, 1965) and succeeded by Murayama and Matsuoka
(1971) from the view point of particulate mechanics. In their
theories the distribution of the contact angles between graing plays

important role. The other work at Kyoto University is the direct
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research of the dilatancy of clay initiated by Shibata (1963) and
successively continued by Shibata and Karube (1965), Karube and
Kurihara (1966), Hata, and Ohta (1968), Hata and Ohta (1969), Hata,
Ohta and Yoshitani (1969 a,b), Ohta and Hata (1971), Ohta and Hata
(1971 a,b). Ohta and Hata (to appear, a,b), Adachi and Ohta (to
appear). This thesis is the consequence of the works of the last

research group initiated by Shibata.
2.5 Conclusions

In this chapter some preliminary considerations on the mechani-
cal behavior of soils are made in advance of developing the theory
in the following chapters. In this chapter, the concept of effective
stress is clarified and the limitation of its use is discussed.

The principle of effective stress which plays the important role in
this thesis is rationalized in the discussions although the concept
of effective stress itself includes many physical vagueness.

The main part of this chapter is occupied by the considerations
of the microscopic mechanisms of the consolidation and dilatancy
processes of clay on which the theory presented later is based. In
the discussions the qualitative tendency of clay during consolidation
and dilatancy is clarified and reasoned out to some extent.

In addition to these discussions, a brief survey of the previous
research works on the stress-strain relations of soils is presented

to make the standpoint of the author s study lightened.
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CHAPTER 3
THERMODYNAMICAL BASE OF THE FLOW RULE
3.1 Introduction

In this thesis, the constitutive relations for soils are derived
based on the concept of associated flow rule which demands the incre-
mental plastic strain vector to be normal to the current yield surface
given in the stress space. Generally speaking, the concept of flow
rule of plastic material deforming irreversiblly with work-hardening
or work-softening effect is characterized by the assumtion of the
existence of plastic potentials as functions of stress temsor.

Drucker (1951, 1958, 1962) gave the rationalized explanations of the
associated flow rule for the stable plastic materials with convex
yield surfaces. Palmer (1965), Palmer, Marier and Drucker (1967)
expanded the Drucker”s explanation to the unstable materials.
Applications of the flow rule to soil mechanics have been tried by
Drucker and Prager (1952), Drucker (1954), Drucker, Gibson and Henkel
(1957) assuming the Mohr-Coulomb failure condition to be the plastic
potential. But in the author”s opinion, the Mohr-Coulomb condition
is not suitable to be considered as the plastic potential. Palmer
(1966) and Weidler and Paslay (1969) tried to give the plastic
potential for soils from the standpoint of using the non-associated
flow rule.

In this chapter considered are the constitutive equations for a
rate dependent elastic-plastic material by using thermodynamic
equations.

In microscopic view, the plastic strain (in general, irreversible
deformation) associated with internal dissipation differs the material
behavior from elastic one. It is always noticad that the mechanical
response of real materials shows definite rate effect. Thus, elastic
(reversible) and plastic (irreversible) strains and those time rates
are assumed to be state variables in addition to temperature and

temperature gradient, The 2nd time derivatives of the strains are
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postulated to be response functions of the state variables.

Although, the existence of yielding function in stress space is
usually assumed in classical plastic theory. we give attention to the
above constitutive assumptions and their interrelation to free energy
in this chapter.

After Truesdell and Toupin’s general thermodynamic frame work
(1960), the outstanding papers by Coleman and Noll (1963) and Coleman
and Mizel (1964) gave a definite idea how 2nd law of thermodynamics
to place restrictions on the constitutive equations of ideal
materials. Since then, their technique have been broadly used to
construct constitutive equations of ideal materials.

Green and Naghdi (1965) studied on invisid elastic-plastic
material and extended to a viscoelastic-plastic material (1967)

They used elastic and plastic strains as state variables and assumed
the existence of yield function in stress space as classical plastic
theory.

Colemen and Gurtin (1967) developed a phenomenological theory of
dissipation for viscous-stress type material by introducing internal
state variables (hidden state variables).

The applications of this theory to plastic material were done
by Leigh (1969) and Kratochvil and Dillon, Jr. (1969). Leigh chose
plastic deformation gradient as an internal state variable and assumed
a plastic-straining function of state variables which was different
from classical yield function and served as a constitutive assumption
for plastic strain rate. Kratochvil and Dillon, Jr. s paper was
almost similar to Leigh-s except they introduced dislocation arrange-
ment tensor as an additional internal state variable to attempt to
clarify the effect of microscopic dislocation phenomenon on macro-
scopic plastic behaviors.

For isothermal plastic material, Valanis (1970) proposed a
different way of consideration. He postulated that the internal
dissipation energy was a function of the current state of stress and

stress increments. His view was different from others in selecting
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state variables. There were, however, some questions in the use of
Drucker”s stability postulate (1951) to derive his plastic constitutive
equations in addition to the 2nd law of thermodynamics.

After above review, the author”s work lies on extension and some
modification of the werks by Green and Naghdi and Coleman and Gurtin.
In Sec.2, presented is an analysis of the interrelation of

elastic and plastic strains and their time rate.

Thermodynamics equations and the constitutive assumptions are
given in Sec.3. Also, the discussion is extended to the restrictions
on the constitutive assumptions by the 2nd law of thermodynamics.
Certain simplified cases are also studied.

In order to give physical interplitation of the obtained
constitutive equations, we discuss the result in strain space than
stress space, in Sec.4.

Finally, in Sec.5, we attempt to map the discussion in Sec.4 to
in stress space which are usually done in classical theory of

plasticity.
3.2 Reversible and Irreversible Deformation

For simplicity, our discussion is fixed in rectangular Cartesian
coordinate system through this chapter. The position of any particle
of a body is represented by X(Xk) for the state at rest, chosen to be
a reference state, x’(xK) for the deformed state, and X’(X'K) for the
state after the removal of applied stresses. Thus, the total
displacement of an arbitrary particle of the body is given by X-X,
irreversibld displacement is given by X°~X, reversible displacement
of the particle is given by X“-X as shown in Fig. 3.1. Therefore,
the position vector of any particle of the substance is given by eqs.
(3.2.1) or (3.2.2):

%, =-xk(XK,t) (3.2.1)
X; = X;(XK,t) (3.2.2)

at time t. Here we concider that the functioms g, X; are single

valued functions of XK and t. The line elements of the substance at
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rest, under defor-

mation and after

the removal of

applied stress are ~N ,1:
respectively defined

by egs. (3.2.3),

(3.2.4) and

(3.2.5):
Fig.3.1l. Reversible and irreversible
deformation
as? = ax, . dx (3.2.3)
K K
2 = =
ds™ = dxk . dxk xk’ka’LdXdeL
= Xk’mxk’AdXdel (3.2.4)
’2 = i 4 = - -
ds = dXKdXK XK,KXK’LdXKdXL (3.2.5)

and we define the total strain tensor, elastic strain tensor and

plastic strain tensor as follows:

2 2
ds”™ - d§" = (xk’ka’L - GKL)dXKdXL
= 2EKdedeL (3.2.6)
2 ,2_ - - .
ds” - dS = (xk’xxk’l - ﬁmk)dXdeh
- e S
= ZEKAdXKdXA (3.2.7)
.2

12_ - -
ds” - ds*%= (X7, X5, -8, )dX dX

2E§deKdXL (3.2.8)
e

where EKL’ EKX and Egﬁ are the total strain tensor, elastic strain

tensor and plastic strain tensor respectively Flirm‘nating the terms

of left hand side of eqs. (3.2.6), (3.2.7), ves the
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following relation:

e T _ P

EKAdXKdXA (EKL EKL)dXKdXL (3.2.9)
and then by using:

dXé = x;’KdXK R dXR = XA’LdXL

we obtain the relationship between total strain ténsor, elastic strain

tensor and plastic strain tensor as follows:

e - - = - p

Bl = Bxp T Bir (3:2+10)
If we confine our attention to the case of infinitesimal deformation,
we get:

B =g, - EP {32,005

where the relations X7, = Sy » Xiop = GAL are used, Egq. (3.2.11)
shows that the total strain temsor is given by simple sum of elastic
strain tensor and plastic strain tensor only for the infinitesimal

deformation.
3.3 Constitutive Relations for Irreversible Process

Let define the equation of energy balance:

Pe =t dr T ki kim T W,k T OT Gs3-1)

where £ denotes the specific internal energy. p is the specific
density, tkl and m, ;. are the stress tensor and the couple stress
tensor, de and Wy are the deformation rate tensor and spin tensor
and q. T are the heat flux and heat supply by radiation respectively.

Now on we consider only non-polar case, then eq. (3.3.1) is reduced

to:
Introducing:
1 5 3
rE - p qk’k - Q (3-3-3)

eq. (3.3.2) yields as follows:
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- _1 o & (3.3.4)
£ ke T O
Substituting the relationship between deformation rate tensor dkl and

and Lagrangean strain tensor ERZ:

= F (3.3.5)
Yz = ElXpen®nor
and the relationship between the stress tensor t,. and Piola-
Kirchhoff stress tensor TKL:
- B (3.3.6)
%t T o K K*ULKE
into eq. (3.3.4), we get the equation of energy balance as:
¥y 1 5 =0 (3.3.7)
£ pCTKLEKL Q
If ¥ is the free energy defined by:
P =€ - Bn (3.3.8)

where 6 is the absolute temperature and n is the specific entropy,

we get:
Y =¢ - én - 6n (3.3.9)
Combining eqs. (3.3.7) and (3.3.9) it follows:

. . . 1. . _ .
bt bn o - o Ty By - 0 (3.3.10)

We define the irreversible deformation process of the substance as

follows:

80 = 6n - Q 2 0 ¢3.3.10)

where o is internal dissipation introduced by Coleman and Gurtin

(1967). The substitution of eq. (3.3.10) into eq. (3.3.11) gives:

l . . .

EOTKLEKL -Y¥ -6n20 {3.3.12)
The material derivative of eq. (3.2.10) leads:

£ =P+ £ x°, x° (3.3.13)

xr = Zxr Y EaXoar -3

9 - - - - - -
i EKA (vm;uxu,KXl,L + VA;BXB,LXK,K)

where V_ is velocity at X“. Substituting eq. (3.3.13) into

20



eq. (3.3.12). we get:

«D e . . .
TerBer + T Xo ior + TrrBo Viya¥oridir
+ VA .8 3 I K’K) - ng - %}GH; 0 (3.3.14)
For the case of infinitesimal deformatiom, eq. (3.3.14) is reduced

to:
T P 4+ T E® -y -p 6n>0 (3.3.15)
KLUKL T CkLUkp T P o °N = WAL

We postulate the constitutive assumption for the dubstance whose

mechanical behavior is rate dependent as

- € P o€ oP -
Vo= (B, B, EC,, B, 8, 8,p) (3.3.16-2)
- e P € =P i
n=n (EKA, Eyrs By Eyps 6 e,k) (3.3.16-b)
= € D et =P -
Tor = Ter (E v Brre Eoye Egpo 65 G’k) (3.3.16-c)
= u P & P by
qp qp (EK;\, EKL) EKA, EKL’ 6, e,k) (3.3.16 d)
Material time derivative of eq. (3.3.16-a) leads:
. aw s lp Hp au) Y- aw --p
I = S, S Skt SRR
V=g e * P KD * i Poa ¥ p ko
KA KL KA KL
+obs 4 2 e Br (3.3.17)

'k
From eqs. (3.3.14) and (3.3.17), we get the thermodynamic restriction

for the rate dependent elastic-plastic material as follows:

- P, B zp
(Tyr = % aEp =) B, -, P KL T Crr¥er¥ror
KL KL
v -2 Yy r-e e
BBy~ 8 o B Y R e K i
OE 3E
KA KA
+ V, X2, X°,.) —p.(n +-—— )8 -p - >0
A;B B’ LK o o 38, 6o
(3.3.18)

“Men we confine our attention to the case of infinitesimal deforma-

tion eq. (3.3.18) is reduced to:
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_ 3 . Lp 3y --p 3 e
T =% 2 Ba T G Bat Tt h o
KL XL 3y,
aw sap _ _a-(k . _ ._a@ .
~0 T By % (A0 -n T2 0
2ET k

(3.3.19)

Eq. (3.3.19) gives the general thermodynamic restriction for the rate

dependent elastic-plastic material in the case of infinitesimal

deformation with which we deal in the later discussion.

(a) The case that the free energy ¥ is independent of the strain
rate, As a special case of the constitutive assumptions given

by eqs. (3.3.16), we first discuss the rate independent behavior

of material:

___az =—L?p =0 (3.3.20)
aEKL aEKL

In this case eq. (3.3.19) is reduced to:

(Tyr = 2, ;zz—q;'—) ﬁ% + (Tyr = o ;‘i’j’é—)é?@ ~p (n+ %}g-) 6
KL KL
B %%,—ké’kio (3.3.21)
With the assumption that:
ﬁgz = EEL(EE " EiL, 6, 8,4) (3.3.22)

and considering the dissipative energy loss to be induced by plastic
deformation, we can derive the following relations according to

Coleman and Noll technique:

9
Ty = pO—Ez—— (3.3.23)
KL
)
1, = = 5-‘5 (3.3.24)
W
3, 0 (3.3.25)
- ¥ 4P
(Tyr, = P . JEpr 2 0 (3.3.26)
KL
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Eqs. (3.3.23) - (3.3.26) are the sufficient condition, but not the
necessary condition for eq. (3.3.21). Therefore it is possible to
image the ideal material which does not behave according to eqs.
(3.3.23) - (3.3.26) in spite of its rate independent mechanical
characteristics. Egs. (3.3.23) - (3.3.26) have already given by -Green
and Naghdi (1965).

(b) The case that the free energy ¥ is depend on the strain rate.

In this case, we have:

3_¢+ o, _3L+ 0 (3.3.27)
yEC aEP
XL XL

In order to develop our discussion let us limit our interests into

the case for which the following relations are approximately valid:

Ile < e p .e
ES = a(Ey,, B, 8, 8,)E (3.3.28)
£ eD - e D 27]
Byr, = B(Egps Epps 85 052)Ep, (3.3.29)

where o and B are continuous rate independent functions. Substitution

of eqs. (3.3.28) and (3.3.29) into eq. (3.3.19) leads the following

inequality:
_ 3y . 8% yep By 3y se
(Tyr oo p  PoFlp Ve, + (Typ Po gl PoT ze VEyr
KL KL KL KL
_ _a—[_b_ = _ ad) .
po(n + ae)e pogajiﬁ,k >0 (3.3.30)

With the assumption given by eq. (3.3.22), we get the sufficient
condition for the inequality (3.3.30) because of the same reason

mentioned in case (a):

T, =p I poa—gg— (3.3.31)
KL~ "o qqe Youd
XL XL,
L (3.3.32)
i )
a—gi’— =0 (3.3.33)
%
80 = (T, - pp—b— - p 222 > 0 (3.3.34)
KL 3EP ° oEP
KL, KL
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Eq. (3.3.34) gives the non-negative internal dissipation for the
elastic-plastic material whose mechanical behavior is dependent on
the deformation rate. Egqs. (3.3.23) - (3.3.26) are included in egs.
(3.3.31) - (3.3.34) as a special case. Egs. (3.3.31) - (3.3.33) make
the B,k be dropped out from the constitutive assumptions given by

egs. (3.3.16-a,b,c) as follows:

= y(Eé , P, ¢, &P .3.35-
U] MEKL’ EKL’ EKL’ EKL’ 8) (3.3.35-a)
= e p =€ wP -
n n(EkL’ E:., EKL’ EKL’ 8) (3.3.35-b)
= e D =€ PP -
TKL TKL(EKI’ EKL’ EKL’ EKL’ 8) (3.3.35-¢)
= e P o€ EP x
qp qp(EKL’ EKL’ EKL’ EKL’ 9, G,RJ (3.3.35-d)
3.4 Normality Rule in the Strain Space
Eq. (3.3.34)
shows that dissipative Ie )
Taf- i, 2 B__c
mechanical work of T =
the material should
be non-negative.
Here we give the TS
physical interpre-
tation of eq. (3.3.34) _
— Ef - Ei

and then, based on
the some considera- Fig.3.2. Internal dissipation
tions, derivg the flow rate

rule of plasticity.

Let us consider the

loading cycle ABCD in Fig. 3.2 for the rate dependent elastic-plastic
material under isothermal condition. 1In the loading cycle ABCD,
dealt is the special case when the functions ¥ and o are chosen so

that the elastic loading curve AB completely coincides with the

elastic unloading curve CD. Therefore, and o must be independ-

aEKL

ent of the plastic strain tensor E§L and the elastic strain rates E°
KL
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on the loading and unloading process must be selected to the same
value at the same stress level. Under these conditions, the elastic
stress—-strain curve ABBS and DC'C are completely similar. The area
given by ABCD is purely internal dissipation energy rate 60 which is
mathematically given by eq. (3.4.1):

6o =T ﬁp - ¢T ﬁp

KLKL KL"KL
» - * op
(TKL CTKL)EKL (3.4.1)
where the coefficient ¢ is a scalar function of S EP £ ép
KL’ "KL® "KL’ "KL’
& and should be in the range of:
02ecx1l for the work-hardening process,
-l1<£cz0 for the work-softening process.

Comparing eqs. (3.3.34) and (3.4.1)., we can easily derive:

S S o el (3.4.2)
' °3gP ° 8P
KL XL

Therefore we get the constitutive equations for rate dependent

elastic-plastic material as follows:

Ty = Pom 40 ot (3.4.3)
KL OaEe lo} 31::6
KL, K,
. o]
OBy Epr
For convenience sake, TKL and iKL are devided into two parts:
Ter = Twxr ¥ Txr (3.4.5-a)
where
T =p ¥ (3.4.5-b)
(1)KL 0.8
aEKL
= 5 400
Teayar = ° gl (3.4.5-c)
I,
Ter = Toyxr ¥ T2yxr (3.4.6-a)
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where

P
i = o 3 4.6-b
Yyxr = ¢ - (3 )
XL
; ) Paf =y (3.4.6-c)
(2)KL c P
DE;;

It is note worthy that even in the constant strain rates process in
which the coefficient a and B equal to zero, T,, and T,  are rate

dependent, because the free energy y is the function of the strain

T te dependent.
rate and therefore T(l)KL and T(l)KL are also rate dep '
Fqs. (3.4.5-b,c) and (3.4.6-b,c) show that T(I)KL’ T(Z)KL and T(l)KL’
T(Z)KL are nothing else but the gradients of the free energy Y in
the strain space and in the strain rate space respectively.
Therefore we can conclude that T(l)KL and T(é)KL are directed normal
to the y~constant contours respectively in EKL and EKL space and
that T(Z)KL and Té2)KL are also directed normal to the y-constant

contours in the EKL space and the égL space respectively. These
relations can be called the normality in the strain space and in the
strain rate space. T

Wow let us add
another restrictions
to our consideration,
i.e. constant strain

rate deformation in | /e

which the coefficients

o and B are selected Ex
to be zero. In such a Fig.3.3 Loading cycle ABCD
constant elastic and

plastic strain rate

deformation, the

t T__ and T,, are identical T : .
stress T, XL ntical to T(l)KI and T(l)KL' Assuming this
constant elastic and plastic strain rate deformation process ABCD as

shown in Fig. 3.3, we can find that T is completely identical

(1)KL
at the stage A and D:
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(T ) By Ly o
(DXL"A (Dane )A - (Qane )p = (T(I)KL)D
.4 KL
At point A and D, the elastic strain is same:
e _ e
Eppda = Cgply
then, we can conclude that By is independent of EEL and éﬁL’ i.e.:
3
XL
€ P RE wP
- = D ¢l =D
On the process from B to C in Fig. 3.3, plastic strain rate E
caused by the stress increment TKZ which is given by
i - Co 2
KL ¢ 4gP 'C Ex
KL
as shown in Fig. 3.4. i
The elastic strain -
t £°_ iner o
rate E,, increases
as shown in Fig. 3.5 1
and the applied stress
T —ED
TKI at the stage C is v v@/f
given by
i = T 3 e) Fig.3.4. Plastic component of free energy
KL 0,8 “C
3E
KL Ek
1
v
B
/
w el

Fig.3.5. Elastic component of free energy
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3.5 Normality Rule in the Stress Space

Here we confine our discussion in the case of constant
temperature and constant elastic and plastic strain rate in which
. = 2 3
only T T a 1t. Under such a condition is given
Y Sre Teuyrp 2ve ded v 8

as follows:

(3.5.1)

because

- _C'e -
6 = %, 0.
Combining egs. (3.4.5), (3.4.7) and (3.5.1), we get:
- +e
Po¥ = TrByp
By means of the same manner, we get &pas follows:
WP = _EEEEP
SgP KL {(3.5:3)
KL

From egs. (3.4.6-b), (3.4.7) and (3.5.3), the following relation is

derived:

(3.5.2)

lp - 3 cp
ooV = Ty Byr (3.5.4)

Now let us consider

the complementary

elastic free energy BT

¢e for the elastic
free energy we*as

shown in Fig. 3.6, T
We can easily get

the following

equation: *Ex,

Fig.3.6. Stress-elastic strain
relation

28



T (3.5.5)

i
o

It follows:

e%
B2, w S (3.5.6)
KT O

KL

In the same manner,

we consider to com-

P _ ‘P -
plementary plastic free (ER-¢ER )T

*

free energy wp for
wp as shown in Fig. A
3.7 and we get:

P
TEKL

Fig.3.7. Stress-plastic strain

relation
o l])p 7 (3.5.7)
where ¢* = 1 - ¢ and then, we get:
P p
.
By, = % o (3.5.8)
KL

Egs. (3.5.6) and (3.5.8) are very familiar to us in the field of
elasticity and plasticity. Eq. (3.5.8) is nothing else but the
normality rule in plasticity and shows that, under the constant
temperature and constant elastic and plastic strain rate, the
normality rule are applicable for the apparent yield surface which

is the function of temperature and strain rate.

3.6 Conclusions

In order to give the physical interpretations to flcw rule in
plasticity from the viewpoint of thermodynamics, some considerations
are made in this chapter. Based on newly proposed definitions of

reversible and irreversible deformation, thermodynamical constitutive
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relations for rate dependent irreversible process are constructed.
By means of physical interpretation of the derived thermodynamical
restrictions, normality rule in the Strain space is reasoned out.
And then the so called normality rule for rate dependent plastic
materials in the stress space is obtained under some restrictions.
It can be concluded that the plastic potential represented in terms
of strain and strain rate has much broader physical meaning than
those in terms of stress and stress rate. But By the investigations
presented in this chapter, the use of normality flow rule in the
following chapters is rationalized to some extent.

The investigations given in this chapter were not achieved to
the present stage unless the cooperation of Prof. T. Adachi. It
should be noted that the definitions of reversible and irrrversible

deformation are of his original idea.
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CHAPTER 4
CONSTITUTIVE RELATIONS FOR ISOTROPICALLY CONSOLIDATED SOILS
4.1 Iﬁhtroduction

Many engineering problems in respect to the stability of soil
structures have been practically treated with the assumption that
soils were rigid-plastic materials. This simple assumption and the
subsequent simple analysis were very convenient to design soil
structures upon or under complicated subgrade. This analysis is
based on the following conditions;

(a) the equilibrium condition of mass

(b) the failure condition of a soil element (ordinarily Mohr-

Coulomb failure condition is used)
and places no restrictions on the deformation of mass. Therefore it
is the inherent defect that this analysis is useless for the
practical problems with respect to the deformation of soil structures.
For such problems the analyses based upon stress-strain relation of
soils are necessary. One of them is elasticity. Elasticity is used
very often to solve the stress or strain in the soil mass under
loading, but it is not so reliable because of its assumptions that
are not appropriate to mechanical properties of soils under shear.
A new analysis based upon the stress-strain relation adequate to
soils is necessary.

It might be more easy to establish a theoretical system of
mechanical behaviors of soils including stress-strain relation to
detect entire shearing process than to concentrate our attention on
the failure point whose definition is physically quite vague.
Strength properties are the limited part of mechanical properties of
clays under shear.

One of the most reasonable approaches to stress—-strain relation
of clays is to consider the clays as the work-hardening materials.
Incremental stress-strain relation for work-hardening (stable)

materials with convex yield surfaces are explained by Drucker (1951).
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But the concept of yield surface and normality are not necessarily
applied to clays. Because it is still unknown whether the assump-
tions on which the theory is based are satisfied by clays. Many
difficulties arising from the path dependent behaviors should be
overcome before practically useful stress~strain relations of clays
are found out. Some people tried to propose the reasonable yield
surface of clays. Drucker, Gibson and Henkel (1957) proposed cone
shaped yield surface with spherical cap for normally and over con-
solidated clays. The proposed yield surface itself could not
thoroughly explain the plastic deformation of clays, but had eminent
influence upon the following researches for stress-strain relation
of soils.

Roscoe, Schofield and Wroth (1958) studied the state boundary
surface (yield surface). In their theory, the concept of critical
state line (critical void ratio line) played the important role.
Roscoe, Schofield and Thurairajah (1963) developed the energy theory
combining the concepts of normality. critical state, state boundary
surface and yield locus suggested by Calladine (1963) in the discus-
sion to Roscoe and Poorooshasb (1963) who gave the relation between
strains for the undrained shear test and for the anisotropic
consolidation. Roscoe, Schofield and Thurairajah (1963) have also
derived the incremental stress-strain relations for normally con~
solidated clays by means of Drucker's postulate (1959) of the
incremental stress-plastic strain relations for stable materials with
convex yield loci. Palmer (1967) proposed a new energy theory for
clays. Schofield and Wroth (1968) derived the stress-strain rela-
tions, based on the energy theory. for the idealized soils, Granta
gravel and Cam clay. An empirical strain equation was proposed for
sands by Wroth and Bassett (1965) and for normally consolidated clays
under undrained shear by Wroth (1965). Wroth's stress-strain
relation coincides with that given by Schofield and Wroth (1968).
Roscoe and Burland (1968) presented the generalized stress-strain

relations for "wet" clay based on the modified energy theory proposed
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by Burland (1965). Chaplin (1969) proposed another type of stress-
strain relations.

The subject of this chapter is to show the state surface and
swelling wall (the assemblage of state paths of the soils which had
been consclidated with the same hydrostatic pressure) and to derive
the stress-strain relations for the idealized isotropically con-
solidated soils stressed under various conditions with a rather slow
strain rate.

After deriving them, the author found that some of the results
of this chapter had already been given by Schofield and Wroth (1968)
in spite of the quite different, at least apparently. basic
assumptions. Of course, there are some differences, in detail,
arising from the different basic assumptions, but they are not
essential. It is likely that the rate of dissipated energy during
shear depends not only on the distortional strain increment but also
on the volumetric strain increment. From this viewpoint, it seems
that the modified energy theory proposed by Burland (1965), Roscoe
and Burland (1968) is more appropriate than the original energy
theory given by Roscoe, Schofield and Thurairajah (1963). Schofield
and Wroth (1968). But the results of our study support, on the
contrary, the derivatives from the original energy theory. Whether
or not the coincidence of the results of our study and the original
energy theory is merely fortuitous will be clarified later.

These theories mentioned above do not deal with the "elastic"
component of distortional strain. Murayama (1968), (1969)
constructed a general theory on stress-strain relations by developing
his preceding theory (1964) for sands in the elastic state. General
stress—strain relations derived from Murayama's theory belong to the
so-called hyperbolic type initially proposed by Kondner (1963) and
Kondner and Zelasko (1963). to whom Hansen (1963) proposed three

types of stress-strain relations.
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4.2 State Surface and Swelling Wall

1. Definition of Mechanical State of Clays

In this chapter the word "stress" means the "effective stress'.
Effective stress is the macroscopic conventional concept, and is not
equal to the interparticle stress. Therefore effective stress is
not suitable to discuss the microscopic mechanics of clay skelton
under shear. Then our following discussion on the mechanical
behaviors of clays has limited accuracy.

Many physical components come forward as the candidates for the
essential variables (state parameters) expressing the mechanical
state of clays. Most popular candidates are the three of shear
stress 1 and normal stress ¢  applied on the potential failure plane
and void ratio e. These three state parameters were used by
Hvorslev (1960). In spite of many experimental studies on the
mechanical characteristics of soils concerning the effects of these
components, no theory or hypothesis can explain these effects sys-
tematically with adjustment, because these effects are too complex
to analyse. Therefore, it is necessary to reduce the number of
parameters defining the mechanical state of a soil element. One of
the most radical questions in soil mechanics might be the selection
of these parameters. Generally speaking, at least stress, strain,
time and temperature should be included in these parameters. In
other words, the mechanical state of a soil element might be repre-
sented as a point on a surface given by the constitutive equation in
the space defined by stress, strain, time and temperature. The
effects of other physical components are represented by some soil
constants.

An important problem following the selection of these parameters
is how to mathematically represent the mechanical behavior (i.e. the
transient process of the mechanical state) of a soil element. The
mechanical behavior of soils has been studied from various viewpoints

for instance, shear strength, deformation, rheological properties,



consolidation, microscopic structure of the soil skeleton and so om.
At the present stage, the available information from these studies
seems to be miscellaneous. To represent these various aspects of

the mechanical behavior of soils with mathematical idealization, it

is necessary to find the most convenient point of view in order to
keep the logical consistency through the representation. This
problem is, in the figurative sense, similar to the selection of the
most proper reference frame to represent a geometrically complex body.
Here the mechanical state of clays are expressed by the points in
(Toet’ o e) space. These points are called "state points" and this
space is called "state space". It might not be sufficient to define
the mechanical state of clays by these three components, but this set
of physical components is one of the most convenient set to define
the mechanical state of clays. A transition of the mechanical state
of a clay element is shown by a locus of the state point. This locus
is called "state path" It will be shown later that a rule governing
the movement of state points does exist. All state points should
move in the state space under the rule described later with the

change of conditions.

2. Time and Path Dependent Behaviors of Clays

The deformation of clays (both isotropic and distortional
deformation) causes the rearrangement of the structure of clay
skelton. The deformation of clays means that the structure of
skelton constructed of clay particles changes to keep equilibrium.
The necessary duration for this rearrangement of clay skelton induced
by the external agency is considerable. The experimental studies on
consolidation and creep or relaxation show the existence of this
time lag. We must not ignore the fact that this time lag is con-
siderably long. The interval of loading in conventional stress
controlled tests and strain rate in conventional strain controlled
tests are decided unreasonably. In this chapter only experimental
data with sufficient duration for rearrangement of clay skelton are

interesting, because in such a case clay can be considered as a
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elastic-plastic material with hardening effect.

The mechanical behavior of clay (for instance, state path) is
governed by the rearrangement of clay skelton caused by the external
agency, and then depends not only on the present state but also on the
stress history. The clays whose pre-consolidation pressures are same

behave variously with various overconsolidation ratio. Fig.4.1 shows
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an example of such a history dependent behavior of clay given by
Henkel (1959). A theory on mechanical behavior of clay should be
adaptable not only to normally consolidated clays but also to over-
consolidated clays.

Path dependent behavior mentioned above is the mechanical
behavior of clay depending on stress history. It is noteworthy that
there exist another sort of path dependent behavior of clay. This is
the mechanical behavior of clay depending on strain history. The
mechanical behavior of a normally comsolidated clay under shear with

smoothly and monotonously increasing shear strain differ from that of
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the same normally consolidated clay under shear with cyclic
increasing and decreasing shear strain. This path dependent behavior
relating to strain is shown experimentally by Murayama and Kurihara
(1968) and Sangrey, Henkel and Esrig (1969). The physical meaning of
stress history is quite equivalent to that of strain history in a
stable clays, but not in an unstable clays, for instance, heavily
overconsolidated clays, because in the latter case the shear strain
increases while the shear stress decreases.

Here only the mechanical behaviors of clays under shear with

smoothly and monotonously increasing shear strain are interesting.

3. Volume Change of Clays
It is convenient to consider the volume change of clays to be
consisting of two components; consolidation and dilatancy component
of volume change. On the consolidation volume change of clays, there
is well ascertained experimental law; e-logc& linear relatiomn for
normally consolidated clays. Fig.4.2 is the typical w-logoé relation
for normally and overconsolidated

clays given by Henkel (1956).

\\\ The linearity between ¢ and 1ogcé
25
h ns for swelling curve and reloading
% \\\\\\E\\ curve is not recégnized in strict
g \\\\\\\*53 sense, but is acceptable
Ew ™ N approximation.
~ The e-Joga% linear relation
3 0 TR is represented by the following
consolidation pressure (Ib/in?) equation 4
. D
Fig.4.2. w-logcm relations e=eo-Cln = (4.2.1)
(after Henkel) mo

where the coefficient ¢ equals to
A and ¢« for normal consolidation
curve and swelling curve

respectively. The point (on:wJ eq)
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is an arbitrary point on the normal consolidation curve as shown in
Fig.4.3. The coefficient k is not necessarily a constant for a clay,

but a variable depending on the consolidation pressure applied to the

clay before swelling. The coefficient ¢ in the anisotropic con-

solidation is also equal to A for normally consolidated clays.
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Bjerrum (1951) showed that the failure points ploted on (e)fr(lnoé)f
diagram are also represented by eq.(4.2.1), and the coefficient C
equals to A for normally consolidated clays as shown in Fig.4.4.
The stress ratio Toct/cé in anisotropic consolidation or at failure
is constant judging from the experimental data up to date. These
=lnc”~ 1i i {4 -
facts suggest that e~Ino  linearity under the condition of Toct/cm
constant is one of the fundamental properties of clays.
The void ratio change on the consolidation process (r t/b’ -
oet’ "m
constant) represented in the e-oé diagram is given in Fig.4.5.

Normal consolidation line is a sort of stress-deformation curve on
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the loading process and swelling curve is that on the unloading and
reloading process. Therefore whereas the swelling process induces
only the reversible void ratio change, the normal consolidation
process induces not only the reversible void ratio change but also
the irreversible void ratio change. This means that the swelling
line shows the elastic process and the normal consclidation process

shows the elastic-plastic process.

10

4@, irmversible void ratio change
AB,  reversibls void retio change

%

3 o
| 4
=
3 0 !0, =4.50 kg/em?
- o, =2.73 kg/an’®
O T 10 15
(a—o,) /02
Fig.4.5. Normal consolidation Fig.4.6. Dilatancy of
and swelling normally
consolidated clay
(after Shibata)
Differentiating eq.(4.2.1):
daé
de=-h—37 : elastic-plastic state (4.2.2)
m
dué
de=-« el elastic state (4.2.3)
m

are obtained while the stress ratio TOct/Gé is kept constant.
Shibata (1963) gave the relationship between applied stresses
and volume change accompanied with distortional deformation by means

of drained tests of normally consolidated clays keeping oé constant
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as shown in Fig.4.6. Karube and Kurihara (1966) made further discus-
sion on dilatancy. From the works carried by Shibata, Karube and
Kurihara, volume change accompanied with distortional deformation is

given by the following equation:

Ae Toct 4
Treg - —HAC ar k1) (s 2a%)

where the coefficient p is a constant for normally consolidated clay.
and the symbol A means the total change. Until the magnitude of the
ratio of applied octahedral shear stress Tpet O effective mean
stress o  exceeds the constant ky, dilatancy does not take place.
As shown later, the interpretation of the data given by Richardson
and Whitman (1963) tells that the non-dilatant stress ratio k; is a
increasing function of strain rate. Using their words, the behavior
at the fast strain-rate may be characterized by saying that the
specimens "hung together" to larger strains, and thus developed more
shear resistance. And k, might be essentially zero when the shearing
speed is thoroughly slow so that the rearrangement of soil skelton
can occur completely.

Eq.(4.2.4) is based on the experimental facts in drained tests
keeping Gé constant or in undrained tests of normally consolidated
clays with the suitable interpretation. Then it is not guaranteed
directly by experiments that eq.(4.2.4) is able to represent
dilatancy when 0% increases in the process of shearing. This problem
will be discussed later with drained test data.

From eq.(4.2.4) it is apparent that Toct/ﬁé “constant means that
the volume change of dilatancy does not take place. In the case of
k1=0, the loading and unloading processes of dilatancy (oé-constant)
can be represented as Fig.4.7. Here the reversible void ratio change
is assumed to be negligiblly small. Then, differentiating eq.(4.2.4),

we get:

droct Toct ,
de=u(l+eg) (- ot = 7y : elastic-plastic
m

m m state

(4.2.5)
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des0 : elastic state (4.2.6)

Eqs. (4.2.5) and (4.2.6) mean that the dilatancy process 1is purely

plastic. "

General stress state of clay

under shear consists of two
components; one is the hydrostatic &
9
component and the other is devia- . o \\\\\\\\
toric component. Therefore the i

volume change of clays under

general stress state includes Torfin

consolidation and dilatancy. But
Fig.4.7. Dilatancy

consolidation and dilatancy are not characteristics

necessarily independent of each other

on the shearing process, and then

the volume change of a clay might not equal to the simple summation
of consolidation and dilatancy independent from each other.

However the infinitesimal volume change induced by the infini-
tesimal stress change may be equal to the summation of infinitesimal
consolidation and infinitesimal dilatancy, neglecting the second
order coupling effect of consolidation and dilatancy. Based on
these consideration, the infinitesimal void ratio change of clay is
to be derived by summing up eqs.(4.2.2) and (4.2.5) for the clay in
elastic-plastic state and eqs.(4.2.3) and (4.2.6) for the clay in
elastic state as follows:

do~

m Toet dcé dToct
d8=’l U‘ +(1+30)U( O,A 0_» - DJ )
m m m m
: elastic-plastic state (4.2.7)
do”
de=-k GT : elastic state (4.2.8)
m

Egqs.(4.2.7) and (4.2.8) are the approximate equatioms which the state
parameters T _ ., 0%, ¢ of a stressed clay should satisfy. Egs.

(4.2.7) and (4.2.8) may be altered judging from the more reliable
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experimental data and more general theoretical consideration in

future.

4, State Surface and Swelling Wall

The surface in the state space given by the solution of eq.
(4.2.7) is named the "state surface" which is a similar concept of
"state boundary surface" defined by Roscoe, et.al. (1958,1963).

As mentioned above, the state point of clay in elastic-plastic
state under any stress state must be on the state surface. Let us
consider a normally irotropically consolidated clay specimen with the

pressure of o~ The void ratio of this specimen is ep. Then, the

m0”*
state point of this specimen is on the normal consolidation curve

lying on the t_ ,=0 plane in state space. Some sorts of additional

oet
stress system, for instance, the undrained shear or triaxial drained
compression, necessarily bring the irreversible deformation to the
specimen. This well-known experimental fact shows that the initial
state point (Toct=0’ oé=aéo, e=egy) of isotropically normally con-
solidated clay belongs to the state surface before the application
of additional external agency.

The solution of eq.(4.2.7) is derived as follows with the
boundary condition that the state point (7oct=0, oé=oéo, e=ep) 1is on

the state surface given by the solution:

(o8 T
e-egtAln—— +(1+eo)u6€c—t =0 (4.2.9)
mo m

Fig.4.8 is the isometric view of state surface for clays. CZD
is the critical state line defined later. APB is the normal con-

solidation curve and the state point P is represented as (1 =0,

oet
o= géo, ¢=ep). On the other hand, the state point of clay in

eTastic state must be on a surface given by eq.(4.2.8). This surface
is named swelling wall. Swelling wall is a similar concept of
elastic wall or elastic surface defined by Roscoe, et al.(1963).

Now let us consider the normally isotropically consolidated clay

specimen again. If the applied effective hydrostatic pressure ig
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reduced from the initial value of c};zo, the specimen swells elastically.

Then we can easily conclude that the initial state point (Toct=0,
0 =00 e=ey) 1is also on the swelling wall. Solving eq.(4.2.8) with

such a boundary condition, we get:

g
e-egﬂcltra-:m— =0 (4.2.10)
m0

Swelling wall given by eq.(4.2.10) is independent of the value of
L and therefore is a wall like surface standing normally on the

1__,=0 plane as shown in Fig.4.8.

oet
T ot

Fig.4.8. State surface and swelling wall of isotropically
consolidated clay
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PZ1S1 on the Toet=0 plane is the swelling curve and the vertical wall
on the swelling curve $;ZPZS is the "swelling wall". PZS is on the
state surface, and the swelling curve PZ)5; is under the state
surface. The state surface should be limited by e=e, » plane and
e=e_.
min
When the clay specimen normally consolidated with the pressure

plane.

of 0%0 is allowed to suck the water by reducing the confining
pressure, its state point will move from the original point P in
Fig.4.8 to the point on the swelling line PZ;S5) depending on the
amount of reduced pressure. Such a clay is called to be in the
overconsolidated state. Overconsolidation ratio (the ratio of the
maximum pre-consolidation pressure ¢~

mQ
after the reduction of consolidation pressure) gives the extent of

to the confining pressure 0%

overconsolidation of the sgpecimen. Then the mechanical states of
overconsolidated clay specimens (including the normally consolidated
specimen as a special case of 0.C.R.=1) whose maximum pre-consolida-
tion pressure are 0%0 are represented by the state points on the
swelling line PZ;S; before the application of shear stress. Here
these state points are called the initial state points.

Generally speaking, the stressed clay is in the elastic state
under the stress state within the yield surface. But further
increasing shear stress makes the clay yield and be in the elastic-
plastic state accompanied by the work-hardening or work-softening
effects, and finally makes the clay be in the perfectly plastic state,
which is called the critical state by Roscoe et al.

In the perfectly plastic state, the shear strain in the clay
specimen increases infinitely in spite of the unchanging stress state.
Since the state point of the clay in elastic-plastic state should be
on the state surface, the state point of the clay in perfectly
plastic state (a special state of elastic-plastic state) must also be
on the state surface. The state points representing the perfectly
plastic state shape a curve on the state surface shown in Fig.4.8 as

the critical state line. The curve PZS is called elastic limit cyrve
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because it shows the boundary between the elastic state and elastie-
plastic state.

Now, according to the definition by Roscoe, Schofield and
Thurairajah (1963), we call the clay whose state point at its initial
yielding is on the part PZ of the elastic limit curve in Fig.4.8 to
be wetter than critical and the clay whose state point at its initial
yielding is on the part ZS of the elastic limit curve in Fig.4.8 to
be drier than critical. Fig.4.8 shows that the state points of
elastic-plastic clays wetter than critical should be on the part
BPZD of the state surface and those of elastic-plastic clays drier
than critical should be on the part CZS of the state surface. From
these considerations, it can be easily concluded that the elastic-
plastic clays wetter and drier than critical are respectively the
work-hardening and work-softening materials.

Fig.4.9 is the isometric view of state surface for clays pre-

consolidated with the pressure of 0% =1kg/cm2- The state paths

0
starting from the initial state
fudi points on the swelling line with

el the increasing shearing strain
creep the swelling wall and then
creep over the state surface,

and they cannot enter the domain

1 under the state surface but on
the swelling wall. The critical
state line does not allow the

state paths to cross it. Then

the state paths starting from
the initial state points on PZ;

with the increasing shearing

strain can be on the swelling
) wall PZZ; or on the state
Fig.4.9. State surface and

state paths surface BPZXYW, and those

starting from the initial state

45



points on Z;Q can be on the swelling wall Q°ZZ;Q or on the state
surface Q“ZVC. PW, PY, PX, QQ°V are cited as instances of the state
paths., When the restraint of increasing shearing strain is elimi-
nated, for instance, loading and unlcading cyclic shear, the state
paths can enter the domain undér the state surface as mentioned by
Murayama and Kurihara (1968).

If e=constant, the following equation is derived from eq.(4.2.9):

- -

o 0
m m
# —_— - = = 0 4-2-10
lim 1 . = lim [T (eg-e lna;;—ﬁ ( )
Om”

cm+ 0
Eq.(4.2.10) means that e-axis is contained within the state surface.
The fact that eq.(4.2.9) consists of consolidation term and dilatancy

term suggests that consolidation and dilatancy may be essentially

independent phenomena.

4.3 State Paths under Various Conditions
l. Undrained Shear
The state paths of clays whose initial state points are on the

swelling curve including normally consolidated state point (t =0,

oct
cééoéo, e=e() creep the swelling wall and creep over the state
surface.

When a saturated clay was sheared under undrained condition,

void ratio e is kept constant:

e=e.2e _ (4.3.1)
where: =
C .
ok 1
e{‘ 60 K 0, (4.3.2)
md
Then the state path starting from the initial point (TO t=0’
e
Ummgmt__mo, e=ei;§0) is given by the intersection of the state

surface or the swelling wall with the e=e. plane. The intersection
of the state surface with the e=e, plane is given by substituting
eqs.(4.3.1),(4.3.2) into eq.(4.2.9):

% Om O
T g Olo—=— - «1n"2") (4.3.3
oet  (l+eg)n o) o )
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If the initial state is the normally consolidated state, G%i=050’ and
then eq.(4.3.3) is reduced to:
oct  (1+eg)u

. m
Jmlua, (4.3.4)
mo

This is the same equation derived by Roscoe, Schofield and Thuraira-
jah (1963) for normally consolidated clays. Hata and Ohta (1969)

discussed on the stress paths of normally consolidated clays under

T

undrained shear represented by eq.(4.3.4).
Fig.4.10 shows the stress paths (projections of state paths onto
the stress space) of normally consolidated clays for various value of
A/ ((1+eg)p), under e=g

condition. The state paths

w3 represented by eqs.(4.3.3).

—4
Ute e ™

Lo

(4.3.4) are shown in Fig.11.
All these state paths pass

through the e-axis. The state

paths of overconsolidated clays

under undrained shear consist

Fig.4.10. Undrained stress paths of two parts: one is 0°=0~.

of normally consolidated m mi
clays line on the swelling wall, PR~

or Z1Z or QQ” in Fig.4.11, and
the other is the curve from R~
or Q7 to the critical state
point U or V (mentioned later)
along the intersection of the state surface with a=ay plane. The

state point R” or Z or Q° in Fig.4.11 is represented by:

_ . A=k . mi
e=e€;s “m mi* Toet” (1+eg)u Gmflnﬁé (4.3.5)

Fig.4.12 shows the stress paths of clays which have the same pre-

consolidation pressure o~ Fig.4.13 shows the stress paths of clays

mo"
whose void ratios are the same of ei.

2. Triaxial Drained Shear

When clays are sheared under drained condition, the stress state
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Toet

Fig.4.11l, Undrained state paths

-

Qe

A o S o,
Fig.4.12. Undrained stress Fig.4.13. Undrained stress paths
paths of the clays of the clays whose e.
pre-consolidated are identical %

with the same
pressure of Uﬁ

is defined directly as the applied stress state. In the conventional

triaxial drianed tests, stress paths are represented by:

Toct=/it°é_céi) (4.3.6)

Then the state paths are given by substituting eq.(4.3.6) into eq.

(4.2.9). For normally consolidated clays 0%i= then the state

o
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paths of conventional triaxial drained tests on normally consolidated

clays are given by:

-

5
e=eg-Aln U,m - J§(1+eg)u(l- —%QJ (4.3.7)
m

m0

and eq.(4.3.6). Eq.(4.3.7) shows the projection of the state paths
of normally consolidated clays under drained shear on Toct=0 plane.

In Fig.4.14, the plane given by eq.(4.3.6) is PWW,P,, and the
surface given by eq.(4.3.7) is PWW;. Then the state paths of a
normally consolidated clay under drained shear is given as the curve
PW. The state paths of overconsolidated clays are shown as RHL and
QKM. They consist of two parts; one is the intersection of the plane
given by eq.(4.3.6) with the swelling wall, RH or QK and the other is
the intersection of the plane given by eq.(4.3.6) with the state
surface, HL or KM. The projection of HL or KM on v ct—O plane is

o
given by:
e=eg-An —i— - V2(l+eg)u(l- —7—) (4.3.8)
mo m
!

T et

I/ On

Fig.4.14. State paths in drained Fig.4.15. e-c~ relations in drained
triaxial compression triaxial compression test
test

49



the projections of these state paths on Toct=0 plane are shown in
Fig.4.15. Fig.4.15 reasons out the tendency of dilatancy of normally,
slightly and heavily overconsolidated clays.

3. Gé—constant Shear

Substituting oé=%5 into eq.(4.2.9), the term of consolidation

is eliminated:

-

— |
oct (1+eg)u

Eq.(4.3.9) represents the projection of the state path of c%- cons-

a

T (e-ep) (4.3.9)

tant test on a normally consolidated clay on oa=0 plane. Fig.4.16
shows this state path by PY as the intersection of the state surface

with o =0 1 plane. Substituting Um=cmi*dm0 into eq.(4.2.9),

0%=oéi-constant state paths are derived. cé—constant state paths for

overconsolidated clays are shown in Fig.4.16 as RR“S, Z1Z, QQ°T.

The state paths on the state surface, R°S, Q°T are given by:

. o,
S i B s (i mi
Tt Treg)n (e=-ep+iln Uéo) (4.3.10)

Toet

Fig.4.16. State paths in Fig.4.17. Construction of
U%-constant shear state surface
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Eq.(4.3.10) shows that the intersections of the state paths with

Toct=0 plane are on the normal consolidation line which is given by:
a’,
o me
e=ej-iln e (4.3.11)

mQ
as shown in Fig.4.17. The obliquity of the state path is

-o%i/((1+eo)u). From these consideration, it is apparent that the
state surface is the assemblage of inclined straight lines shown in
Fig.4.17. At the stress state of U%=G%i <0é0 state paths of over-
consolidated clays climb up vetically along the swelling wall and
then go straight ahead to the critical state line, along the inclined
lines given by eq.(4.3.10),

When oéi=0, the obliquity of the state path becomes zero and
then it is apparent that €-axis is included in the state surface.
Substituting Gﬁi=0 into eq.(4.3.11), e becomes infinite and this does
not seem to be supported by the experiments. But true Oﬁi=0 condi-
tion can hardly exist for clays then this problem should be discussed
in future with more fundamental considerations. From the considera-
tion of e-constant state paths and cé-constant state paths, it is
apparent that the mechanism of dilatancy of normally consolidated
clays is essentially the same as that of overconsolidated clays.

The difference of positive and negative dilatancy is derived from

only the difference of the initial condition.

4, 1 t/o’—constant Shear
oct’ "m
Substituting Toct/0%=k into eq.(4.2.9), straight lines parallel
to the normal consolidation curve in e-lnc& diagram are derived as

follows:
O
e=-)1n 5> +{ep+(1+ep) uk} (4.3.12)

mQ

One of these lines shown in Fig.4.18 and Fig.4.19 shows the critical

state line.
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ln o

Fig.4.19. e—lncm relations in T Cq,{_/c:m—const.-ant shear
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4.4 Stress-Strain Relations

1. Yield Surface

For a work-hardening material whose yield surfaces in the stress
space are convex and time independent, Drucker (1951),(1959) reasoned
out the concept of normality that the irreversible plastic component
of incremental strain vector is normal to the current yield surface
from his stability postulate. Palmer, Maier and Drucker (1967)
extended Drucker's explanation to work-softening materials from the
broader quasi-thermodynamic condition with some restriction on the
extent of the falling of stress-strain curve.

Generally speaking, soils can be considered as work-hardening or
work-softening materials, but the mechanical behavior of soils is not
time independent. When an external agency is applied to a clay
element, it deforms not only instantaneously but also time dependently.
This time dependent deformation process has mainly two aspects: one
is the pore water dissipating process and the other is time dependent
deformability of the clay skelton constructed with clay particles.

It is not unnatural to assume that the stress-strain curves for clays
are defined uniquely while the clays are permitted to deform with
sufficient duration. With such an assumption, the normality concept
may be applicable to clays. In this thesis, the normality concept is
applied to clays not only in the mechanical state of work-hardening
but also of work-softening.

Many researchers have proposed various yield surfaces for soils.
The yield surface of Mohr-Coulomb type associated with continuous
dilation after yielding has played a dominant role in the stability
analysis of soil structures. To the best of the author's knowledge,
only a few researchers, Cox (1963), Poorooshasb, Holubec and Sher-
bourne (1967) and Davis (1968) have studied the stability analysis
based on the non-associated flow rule. Drucker, Gibson and Henkel
(1957) proposed the cone shaped yield surface with a spherical cap.
Calladine (1963) proposed the yield surface as the intersection of
the state surface with the swelling wall. Barden and Khayatt (1966)
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proposed G{K=A/§6§ as the plastic potential for sands. Poorooshasb,
Holubec and Sherbourne (1966) proposed non-assoclated yield surface
oj/o3=constant for sands accompanied with the plastic potential
similarly shaped as the yield surface proposed by Calladine or by
Barden and Khayatt. Some researchers considered soils as the materials
ruled by the non-associated flow law. De Josselin de Jong (1964) and
Palmer (1966) proposad an associated surface (g-surface) distinguished
from the yield surface. Weidler and Paslay (1969) stated that the
direction of the incremental plastic strain vector for a granular
material may be related to the surface shffted from the yield surface.

These proposals mentioned above are based on the assumption that
soils behave elastically under the stress state inside the current
yield surface. This assumption is not supported by experimental data
and therefore Roscoe and Burland (1968) and Chaplin (1969) proposed
a double yield surface.

It is easy to draw inferences about yield locus from above
discussion concerning state surface and swelling wall. As suggested
by Calladine (1963), the border line between elastic state and
elastic-plastic state is the intersection of the swelling wall and
the state surface which is called elastie limit curve. The initial
yield surface showing the stress condition for initial yielding is
given as the projection of this elastic limit curve onto the stress
space. Since the yield surface is a function of stress invariant for
the initially isotropic soil skelton it is given by projecting the
elastic limit curve onto Toct-oé diagram. Therefore the initial
yield surface is derived by eliminating void ratio e from eq.(4.2.9)
and eq.(4.2.10) as follows:

Toet M-k 1n m B
o (1+ p)u O o

The initial yield surface is the yield locus given by eq.(4.4.1) on

T -0 diagram.

oct
Assuming the yield locus to expand or shrink proportionally with

the increasing irreversible deformation, the current yield locus of
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soil in elastic-plastic state is given by:

-

Toct A -k m
— = - In — (4.4.2)
o (1+ep)u Umy
where cé represents work-hardening or work-softening effect and
corresponds to the value of 0% for B 0%-0. The yield locus given

by eq.(4.4.2) coincides with the one derived from energy balance by
Roscoe, Schofield and Thurairajah (1963). For the stress ratio

LI cﬁéo, state surface is reduced to normal comsolidation curve and

then the void ratio ey corresponding to Géy is determined uniquely

from the normal consolidation curve as follows:

e
e —eq=-Aln— (4.4.3)
¥ mo

Inversely, Gﬁy of the current yield locus for the soil stressed by

T and cé with void ratio e is given as the effective mean principal

oct

stress of the intersecting point of the swelling curve passing the

point (e, Gé). Then:
°m

e-epg=-«ln 5 (4.4.4)
ny

and substituting eq.(4.4.3) into eq.(4.4.4). Géy is given from the

current applied mean stress c& and void ratio e as follows:

- -

g o

e-eg+iln —— -(A=x)1ln —=— =0 (4.4.5)
a o
mQ my

Fig.4.20 shows the yield conditions given by eqs.(4.4.1)-(4.4.5).
In the later section, it will be given that the stress condition
of the critical state is represented by the stationary points of the

yield loci in the Tt -o% diagram as shown in Fig.4.20. For elastic-

oet
plastic clay wetter than critical, the current yield locus expands
proportionally (work-hardening) and for elastic-plastic clay drier
than critical, the current yield locus shrinks proportionally (work-

softening) with the increasing plastic strain.

2. Incremental Stress—Plastic Strain Relations

Most of the incremental stress-plastic relations of work-
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0, Toct hardening or work-softening
materials in the elastic-plastic

state are able to be represented

by:
deP. = Agi; (4.4.6)
ig % ;

where 555 is the plastic com-

ponent of strain and f is the
plastic potential given as a
function of stress. The yield
locus is given by f=0.

Then, the plastic potential for

Fig.20. Yield condtions and soil can be derived from eq.
yield loci (4.4.2) as:
T o
o BE y AT g, (4.4.7)

= +
Um (1+eg)u Umy

A in eq.(4.4.6) is a function of currently applied stress and stress
increment. Eq.(4.4.6), an empirical law pointed out by von Mises, is
called associated flow law and its reasonable interpretation is given
by Drucker (1951), Palmer, Maier and Drucker (1967).

From eq.(4.4.6) plastic component of volume strain increment P

is derived as:

e P _ 3]
dvp'aijdeij Aaij 39{{ (4.4.8)
The right hand side of eq.(4.4.8) is
aT 9o~
3 of oct, 3f “m
he, . L = hs, oty 3L (4.4.9)
%] acij 1J atoct Bcij Bom Boi.

and substitution of eq.(4.4.7) into eq.(4.4.9) gives

of _A A-k oot

AS, i = —H = =} (4.4.10)
zgasij O (1+egp)u o,
Now, the plastic component of volume strain is defined by
P
p_ _ _de”
dv= - T ok & (4.4.11)
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deP = de - de® (4.4.12)
where dee and dep are elastic and plastic component of void ratio
change respectively. Substituting eq.(4.2.7) and eq.(4.2.8) into
eq.(4.4.12), dep is given as:

dc £ Ué droct
deP = 08 = 5 (4.4.13)
m m m m
From eqs.(4.4.8),(4.4.10),(4.4.11) and (4.4.13), is derived as:
1+eg
- A - K oet
ke e [ju oct[{(1+eo)u T oo’ ] (4.4.14)

m
The void ratio e in eq.(4.4.14) is given by eq.(4.2.10) as a function

of stress. But in the case of small strain the volume strain is

approximately defined by

_ de
dv = - (l+ei) (4.4.15)
where ei is the initial void ratio. Then A is
1+eo TOCt
A=y [do +dt 1] (4.4.16)

{ i
e, "m oct/ (teg)n o

Substituting eq.(4.4.7) into eq.(4.4.6), we get the incremental

stress-plastic strain relations:

p 1+eg 3 = i oct
dezg BT [dam+dfoct/{(1+eg)u - Om }]
A=K oct 1
[{ - }8. + (07 5 By (4.4.17)
(1+eg)u Gm W Toat id m LJ
where =
Gm oct .
e = ep- Aln st (l+eg)u (bis 4.2.9)
md m

in the case of large deformation, and

e = e,
z

in the case of small deformation.

3. Stress-Elastic Strain Relations
It is assumed that a function W of stress invariants gives the

; ’ e
elastic component of strain Eij as follows:
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e oW

sy = —— .4.18
ezg -90 5 . (4 )
1J
Assuming W to be a function of a& only, it follows:
a0~
& - 335” — - %'61/ gﬁf (4.4.19)
Then v°=5 . 1is
Td
e aw
W —— 4&4.2
# db% ( ®

The elastic component of volume strain ve is given by eq.(4.2.8) as:

d® = S o (4.4.21)
1+e cé Ll

For the infinitesimal strain, eq.(4.4.21) is approximately
do”

e K m
dv” = Tie. _E; (4.*’-’&.22)

Integrating eq.(4.4.22), o is given as:

e _ m
U sl 1+e 11’1 G‘. (4;4.23)
mw

where (e - G ) is the initial state of soil and corresponds to a
point on the swelllng curve passing through (eq, 0 ) on e-um

diagram. From eqs.(4.4.20) and (4.4.23), it follows:

-

daw K m
T = et o, (4.4.24)
m T mt

And solving eq.(4.4.24), one gets:

-

0

1+e. [0 (1n 5;;--1)]+const (4.4.25)

W=

Substituting eq.(4.4.25) into eq.({4.4.19), the elastic strain is
given as:

a
e 1 K m
& e lnT(S.. 4.4 26
7 3 1+e£ on: L ( .26)

58



And the incremental stress-elastic strain relation is given as:

do”

e _1 « m
dsij =3 1+ei G% 6£j (4.4.27)

Eq.(4.4.26) shows that the assumption of W to be a function of only
oé leads to the conclusion of vanishing elastic (recoverable) shear
strain. In the ordinary undrained shear test for clay, some recover-
able axial strain is observed. Then, eq.(4.4.26) cannot give a
reasonable explanation for such an experimental fact. This trouble-
some difficulty arising from the concept of elastic component defined
immediately as the reversible component is also pointed out by Lee
(1966), Barden, Khayatt and Wightman (1969) from another point of
view. This difficulty might be overcome by assuming the double yield
loci such as proposed by Roscoe and Burland (1968) and Chaplin (1969).
The theory mentioned above demands, the clays whose state points
are on the swelling wall to behave recoverably or elastically. But
this demand is not satisfied by the clays in a strict sense. The
experiment carried on by Murayama and Kurihara (1968) shows the
irreversible behaviors of clay whose state point is on the swelling
wall. They sheared a clay with repeated loading under an undrained
condition within a certain amount of axial strain. The stress path
of this experiment does not behave recoverably. The normally con-
solidated clay under repeated load behaves gradually as an over-
consolidated clay. In other words, repeated loading makes the clay
change from the normally consolidated state to the overconsolidated
state. Theoretical reasoning of these phenomena is not given in the
present stage. But it might be possible to interpret these phenomena
as follows. The stress-strain curve in a certain stage of the
repeated loading test is shown in Fig.4.21, In Fig.4.21,
elasticity means the equality between the energy released during
unloading process BCDE and the work done by the applied stress in the
loading process EFG when the distance BG is neglected. If the
material yields plastically in the unloading and reloading process,

the reloading stress-strain curve is to be on the right-hand side of

59



Toct

Fig.4.21. Loading cyclcle

Foct

the unloading stress-strain curve. Assuming that clays are not such
materials, unreleased energy CDEFG might be spent for making the clay
more heavily overconsolidated. Therefore, this unreleased energy
might not be the plastically dissipated energy which is dissipated as
the work for increasing the plastic strain. From these discussions
it can be concluded that the shearing characteristics of the clays
whose state points are on the swelling wall are not necessarily
plastic, although they are not necessarily elastic in a strict sense.
In this thesis, only the clays under shear with increasing shear

strain are dealt with.

4. Critical State

Generally speaking, on the loading process, the elastic-plastic
state path is to reach the final point on the critical state line
which represents the perfectly plastic state, i.e., the state para-
meters Toct’ oé and e do not change any more in spite of infinitely
increasing shear strain at the perfectly plastic state. Fig.4.8
shows that the critical state line lying on the state surface
intersects with the elastic limit curve at the point Z. An over-
consolidated clay specimen whose initial state point is just under
the point Z cannot experience the elastic-plastic state on the

shearing process under undrained condition, because the state point

arrives at the critical state line immediately when it reaches the
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elastic 1limit curve after experiencing the purely elastic state.
The critical state is defined by Roscoe, Schofield and Wroth
(1958) as:
de _ dam = dToct
dYoct dYoct d*oat

=0 (4.4.28)

which does not coincide, in general, with the so-called failure point

is

defined by either (of-cé)max or (of/og)max. In eq.(4.4.27) Yoot

defined as:

T = % V(e1-€9) 2+ (ep—€3) *+(e3-€1) 2

oct
Assuming the normality rule to be adaptable for clays, the critical
state is represented as the stationary points of the yield loci in
the Toct-cé diagram.

From eq.(4.4.17), we can understand that the stress condition
for the production of infinite shear strain increment is given by:

Toct A -k

Corerit™ ey (4:4.29)

0f course eq.(4.4.29) gives the stress condition for the critical
state. Stress ratio Toct/oé of the critical state is a comstant
value for the clays pre-consolidated with the pressure of 0&0.
Little consideration shows that the stress condition given by eq.
(4.4.29) represents the stationary point of current yield locus in
the T -0% diagram. Then the critical state point is given by a

oct
set of equatioms as:

_ A -k 2 _
Toouds ™ TFeg)r cmyexp.( 1)
6" = o~ exp.(-1) (4.4.30)
m my XP o)
= gqotk+iln O_rf'—
my

Substituting eq.(4.4.29) into eq.(4.2.9) representing the state
surface, parallel line to the normal consolidation curve on the e-

lnoé diagram is derived as follows:
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c
e = eg -(A\-x)-Aln —— (4.4.31)
mo

This relation is supported by a lot of experimental data, for
instance, by those of Bjerrum (1951), Henkel (1959) and Henkel and
Sowa (1963).
The critical state line is closely neighboring the ordinary
-0~ diagram for clays wetter than
cet m
critical state, but not for heavily overconsolidated clays drier than

d’_o» .
(o7 3)max failure envelope on T

critical state. The intersection of Toct axis and the critical state

line of the clays whose initial state points are on the same swelling

curve is zero. If the critical state line is represented as follows:

T
oet

el + n;tan¢'
e' is to be zero and tan¢  is equal to eq.(4.4.29).

The (a{~o§)max failure envelope of clays wetter than critical
coincides approximately with the critical state line, but the peak
points of heavily overconsolidated clays do not necessarily coincide
with the critical state points. From Figs.4.12, 4.13, it is apparent
that the stress paths of overconsolidated clays under undrained shear
can pass through the upside of

(01-03)max failure envelope. This

05 ; ¥
» s‘:o\"

o Murayama and Kurihara (1968). These

—= e results show that the stress state

is supported experimentally by

kg /em*

Fact
N

of clays can be outside the failure

0.5 1 envelope substituted by the critical
= ¥ /on? state line as shown in Fig.4.22.
Fig.4.22. (of - Ué)mﬂx The inherent physical meanings
envelope of Mohr-Coulomb failure criterion
for clays are made vague by these
results. Then supposing Mohr-
Coulomb failure criterion to be
true for clays, it may be merely

fortuitous. The theory mentioned
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here is based on the concept of octahedral stresses without clear
reasons, but it can reason out many mechanical behaviors of clays
systematically. These considerations do not support that Mohr-
Coulomb criterion is more adaptable for clays than extended von

Mises criterion.

5. Normality Rule in the Octahedral Stress Space

In the above discussions, we use the normality rule in the stress
space. But as shown later, it is convenient to derive the stress-
strain relations under various conditions to use the normality
concept in the octahedral stress space. The proof given in the

Appendix gives us the confidence that the following relations can be

used:
%dvp - %.Sgi (4.4.32)
m
A of
dwgct = 3 97 (w430)
oct
if
f= f(Toct’ oé) (4.4.34)
and
deP = A§£§§ (4.4.35)
i

where €2 and Ué are principal strain and principal stress respectively.
As shown in Fig.4.23, incremental stress-plastic strain relations

for clays are to be deduced applying the normality concept in the

octahedral stress space. Differentiating eq.(4.4.2), the tangent of

the yield locus is given as:

Yoot | A=<y, n g, (4.4.36)
do_ (I+eu " o T

and substituting eq.(4.4.2) into eq.(4.4.36), we get:

dt T
oct _ oct A=K (4.4.37)

dom o (1+eg)u
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e— jacremental strain vector

w==-=- jn¢tegmental stress vector

0T
— s )'
= yia
‘e ‘ro ';'
e Up d 61
B ‘\ilﬂ Lacyg = =i0p
e

on &b
Fig.4.23. Associated flow rule

Normality demands that:

%dvp dt ¢
= - (4.4.38)
dvP doy,
oet

on the yield locus. From eq.(4.4.17), the incremental plastic

volumetric strain is given as:

b = (1+QU)“,{ A -k Toct, P N I yet (4.4.39)
1+e Y (1+eg)u oé ’ cé U& i

Therefore, substituting eq.(4.4.39) and eq.(4.4.37) into eq.(4.4.38),

octahedral shear strain increment is given by:

d

T
oct
(1+eg)u do’ o’
_l m m
dygct =371T%¢ oot = } (4.4.40)
m A - x oct

+ - -
(1teg)u 9

The incremental plastic shear strain given by eq.(4.4.40) is a func-
tion of e, o&, T oot and the incremental stresses. Substituting the
equation of the state surface into eq.(4.4.39) and (4.4.40), we get

the incremental stress-plastic strain relation for clays as:
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AP 1 ook _ Toct}d% N dToct]
;._Toct ) N . o (1+epg)u o " o o
u o (1+eg)u 0
d&oct
P =1 . En m }
o 4 1 Toct _ A In m  m N -k Toct
u o, (1+eg)u %0 (IH+eg)u S,
(4.4.41)

Eqs.(4.4.41) show the incremental linearity of stress-plastic strain
relations for clays. Assuming that no plastic strains occur in the
clays whose state points are on the swelling wall, the boundary

condition for eqs.(4.4.41) are given as:

-

T (o]
_ _ oct _ _ _A -k m
cht =P =0 at o Ty 18 i (4.4.42)

for the clays pre-consolidated with the pressure of 0%0. The solu-
tions of eqs.(4.4.41) with the boundary condition given by eq.(4.4.42)

y . " . P
give the surface in 1 0, oP space and Tpat? O Yoot SPace.

oet’ “m
These two surfaces represent the general stress-strain relations.

Appendix
The subject is to prove that:

9

=

1 _A "
§dvp‘330‘ (A-1)
m
p _A_3f -
dToct 3 9t (&-2)
oct
when
f= 1l s o) (4-3)
def = A-Jiﬁ (A-4)
1 aai

Defining the stress vector ¢ and strain increment vector de in the

three dimensional coordinate whose base vectors are i, J, and k as

65



shown in the figure, we get:

0" = oii + 03] + o3k (A-5)

deP = de?i + degj + degk (A-6)

Let us introduce another base vectors ec’ eT and et. ea is the vector
directed to the same direction of the space diagonal. eT is defined
as the unit vector lying on plane constructed by eo and ¢ and normal
to eU. et is the unit vector normal to both egand eT. Translations

between these two sets of base vectors are as follows:

e = l(1‘ +J+ k)
° 3
1 . . s - P s
e‘l’ = { (2071 - 03 = 03)1 + (2035 - g3 = 01)J
3/37 z 5 .
oct + (203 - of - o3)k}

’ 3T1 {(05 - o)1 + (of - 05)J + (05 - o]k} (A-7)
oet

(1°]
]

and
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. /3 1 1
1=—=e +———(20] - 05 - 03)e_ + (o3 - o3)e
3o 3/§}oct T 3Toct ¢
=3 ‘/3— 1 - - - l a -
32758 ¥ o (20E - 0f - oDe b (o] - oDy
3 3Toct oct
V3 1 “ . . 1 P .
k = —-'3"90_ + _'_'*"_'_'_‘/_ (20’3 - gy - Oz)eT + 3’;"""—(02 - Gl)et (A-S)
3 BTDCt oct

Substitution of eq.TA-8) into eq.(A-5) leads:

¥ ‘/_ L —_—

o BOmEU + /g}octet (A-9)
Now partial derivation of f is given by:

3f _ af acrm + af aToct (A-10)

90, do” 30 3T a0

% m i oct 1

Substituting eqs.(A-4), (A-8) and (A-10) into eq.(A-6), we get:

df = BLi e 4 BAM o (A-11)

3 Bom o 3 BToct T

On the other hand, ombination of eqs.(A-6) and (A-8) gives:

aP = /3 2@k + def + deBye, + ——( (201 - o7 - o§)dek
] 3/§foct

+ (203 - 05 - of)deh + (205 - of - o3)deRle_

i -3-}—{(05 - 07)de} + (of - 03)deb + (03 - a{)deg}et

oet
(A-12)
Comparing eqs.(A-11) and (A-12), we get:
1P = Laek + af + ab) - %{’i (A-13)
“m
Then, from egs.(A-6), (A-11) and (A-13), it is derived that:
def = defi + a<hj + debk
1 A 3
= /3 3(del + deb + defe + /3 3 Ff_ e (A-14)

oct
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And by considering the absolute values of the plastic strain incre-

ment,vector we get:
oet 3 9ot
oet
Eqs.(A-13) and (A-15) show that the plastic strain increment vector

is normal to the f=0 locus in the octahedral space.

6. Stress-Strain Relations under Various Conditions

Undrained Shear
The initial state points of clays pre-consolidated with the

pressure of oﬁo are given by:

-
oct

cm = Umi ;:0%0 (4.4.43)

=eg. > e
@= Ep Ll

The stress states of clays under undrained shear whose state points

are on the state surface are given as:

o~ o~

T .
oct A m K mw .
— = - In — + In — (bis 4.4.3)
+
o (1+ep)u %m0 (1+eg)u S0

Differentiating eq.(4.3.3), we get:

-

o o

1 m mi
dr ., ==~—=— (A + A\ln = - kln —=)do"~ (4.4.406)
oet (1+ep)u o0 o0 m

Substituting eq.(4.3.3) and eq.(4.4.44) into eq.(4.4.41), we get:

K

(1+eqg)n do”
¥ = - g’ UT
1 K 1 mi m
1 & -
u (+eg)u o9
(4.4.45)
do”
__m
q =_l K r Gm
dYoct 3 o’ .t o, o}
B £ 1n £ fay <R hiny
-l+ - = K = Xxin —Q n—
u o (Iteglu Opm0 o, S0
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Solving eqs.(4.4.45) with the boundary condition:

— p = ] T
£ =0, Yo, =0 at or = o (4.4.46)
we get: o
c . Gm‘z:
l+ey - «xln i
mQ (4.4.47)
U%d c&
K A=k = ¢kln — + Aln —/
p __1 A mo m0
Yoot 3 1 = oéi In céi
= - in —= (- ){1ln — +1}
po (l+eg)n o0 0

Eqs.(4.4.47) give the stress-plastic strain relations for clays under
undrained shear. The graphical explanation of these deductions is

given in Fig.4.24, Substituting eq.(4.3.3) into eq.(4.4.47), we get

Tl O

Fig.4.24. Stress paths and plastic strain increments
(undrained shear)

; = P
the relation between Toat/am and Yoo

t:

(1+eg)u T oot

K 1 - -

1 I A=K Om

-\{p = - — 5 l'n - (404048)

oet 3 o”, o’.
1 K mi mi
= - THe D 1n — 1+ 1n -~
M 90 H Umo mo

When the stress ratio TOct/GA reaches the critical value (A-k)/(14ep)u,

plastic shear strain becomes infinite. The critical value of the
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stress ratio Toctfﬁé corresponding to the value of ¢ /p is not
constant for the clay elements consolidated with various pressures.
The value of A tends to decrease slightly with an increase in con-
solidation pressure and the value of k conversely tends to increase
with an increase in consolidation pressure. The value of u tends to
decrease very slightly with an increase in pressure judging from the
data published by Shibata (1963). From this knowledge on A, k, u, €
it cannot be concluded whether the critical value of the stress ratio
Toctlgé increases or decreases with an increase in consolidation
pressure, Therefore, the value of cu/p is not necessarily constant
for a particlular clay and is the function of the consolidation
pressure. It should be noted that this theory is based on the
assumption of linearity of the e-lnc% relation, i.e., the value of

is constant which is valid for a limited range of the consolidation
pressure. FEq.(4.4.48) suggests that for normally consolidated clays
(and for overconsolidated clays which have the same overconsolidation
ratios) the cht-Toat/aé relations coincide with each other while the
values of k/X, 1/u, /(l+eg)u and (A-x)/(ltep)u are respectively the
same.

Elastic volumetric strain is given by:

e _x . do,
R e e (4.4.49)
1+ eg= kln — m
a
mo
and:
O"
e K m
v = o—‘ ln o—". (404050)
1+ ep - «kln UTm Mt
mi

Then total volumetric strain under undrained condition is given from
eq.(4.4.47) and eq.(4.4.49):

e
v=2v"+2F =0 (4,4.51)
For normally consolidated clays, we have:
9od = G (4.4,52)
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The stress-strain relation is deduced from eq.(4.4.47) as:

o
- K m
W = 1+ e In o
cé (4.4.53)
5 o K-K-i-?\lna—;rg
Yoet = 7 3 ln-
A=k
or from eq.(4.4.48) as:
T
€ oet
P w2
m
(4.4.54)
(4e du T
i 0 oct
cht =T "3?’1“{1 TN -« Ué }

Eqs.(4.4.54) suggest that all equi-plastic strain curves for the clays
normally consolidated with various pressures should be concentrated
to the origin in the Toct_cé diagram provided the shear strain rate

is selected to be sufficiently slow.

Drained Shear

When the clays pre-comsolidated with the pressure of o~ are

mQ
compressed (G&: increase, o;: constant) under a fully drained condi-
tion in the conventional triaxial apparatus, the stress state is

given by:

Tk ™ VFZ-(G?;? - 0-2) (4.4.55)

Theoretically it is assumed that plastic strains do not occur so far
as the state paths are on the swelling wall. Therefore, the initial

stress state (T Gﬁp) at which plastic strains begin to develop

is determined a:cige intersecting point of the state surface, the
swelling wall and the stress state plane defined by eq.(4.4.55). The
point is shown as P or H or K in Fig.4.14. The intersection of the
state surface with the swelling wall is given by:

A om

- A K- _m_
Toet ~ T (T+egu %y 10 om0 (4.4.56)
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The initial stress state (TO . Gép) for plastic deformation is

et
obtained by solving eq.(4.4.55) and eq.(4.4.56) simultaneously.

Then the stress state for drained test is given by:

= T

ouip /E(oé = cép) (4.4.57)

Differentiating eq.(4.4.57), we get:

Toat

droct = /Eacé (4.4.58)

Substituting eq.(4.4.57) and eq.(4.4.58) into eqs.(4.4.41) gives the

incremental stress-plastic strain relation as:

A=k Jibmp ~ Toctp
(1+eg)u o, dbm
dup = ¥ P = =
g -1 o} o}
1 _ 5 mp oetp A m m
-z A o T ey ™ 5”
" m a4 B m0
1 1
dvp ==
V2g”~ - e
oct 3 1 5 Zamp Toctp ) o
m B/ mo0
/Ebmp - Toctp A -k
cé (1+ep) v doé P
.f— = _ P 5.
20mp Toetp A -k m
> + -2
g (1+ep)u
m
For normally consolidated clays, there exists:
Toetp = 0 @nd G ™ (4.4.60)
Solving eq.(4.4.59) with the initial condition of :
=0, =0at o = o (4.4.61)

we can obtain the stress-plastic strain relations for clays by the
triaxial drained test. The graphical explanation of these deductions

are given in Fig.4.25.
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Tt et

Ohi o o oul')
Fig.4.25., Stress paths and plastic strain increments (drained
compression test)

cr?;-cons tant Shear

For clays stressed keeping the effective bydrostatic pressure o~

constant at the initial value of dﬁi the incremental stress-strain

relations are given by substituting Uﬁ?ﬁéi and doé=0 into eq.(4.4.41):

dToct
O
aF = - ==
1l _ _oet _ A ¥ mi.
u a’. (1+egu a”
e e i (4.4.62)
oet
Yp 1 Oéi
d = = -
ot 31 Tt 1 g omi A -k Toet
u o s (1+eq)u o (l4eg)u — Ot

Solving eqs.(4.4.62) with the initial condition of:
P _ - -
P =0, cht 0 at %ot ™ Yoty (4.4.63)

where Toctp is given by eq.(4.3.5), we get stress-plastic strain

relations for oé-constant test as follows:

o-.
i K 1n mi
u o (l+eg)u o
vp = 1ln < mg.
1_ oet _ A n mi
u o (ltegdu o 0

(4.4.64)
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- 1
th‘3 a”

oc ;
X I +" 1n 2=
(I+eg)u v = (1+eplu i
1 £ .1 O A -k _ Toct
TR CETS IS (L+eqdu ~ o~
'ln{ T G_J. O’- A }
1 oct A mi mi -«
1_ _oet _ In = (1 + 1n == )
oo (1+eg)u S0 mo  (Fegdu

. e
In this case the elastic volumetric strain v =0, and therefore vp
means the total volumetric strain. For normally consolidated clays,

i.e., o~ eqs. (4.4.64) are rewritten as:

mi mo’®

ve=t = 1n—u=>l

=g

T
1 u —%%z
m0
(4.4.65)
2 __(l+e°ZE Toet
1 1 A=K o 0
='§ 1n
A=k 1 1 oect
(1+ep)u 0%0

It is apparent from eqs.(4.4.64) or egs.(4.4.65) that when the stress
ratio Toctlcé reaches the critical value of (A-x)/(1+eg)u, shear
strain becomes infinite. The graphical explanation of these deduction

is given in Fig.4.26.

Tt (7 :n )

¥
2E
e
TR
0N
G

Oni O g i On %v "

Fig.4.26. Stress paths and plastic strain increments

(Ué—constant shear)
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From eqs.(4.4.65), we get:

(I+eglu T
A=k 1 _ oct
Mdreny - phher = ¢ = Il - goty (h.4.66)

A=K UmO

From eq. (4.4.54), we can see that the right-hand side of eq.(4.4.66)
is enual to -(BAIKu)(cht) undrained. Then we obtain the relation
between the strains of normally consolidated clays stressed with the
same stress ratio Toctlgm under the condition of om-constant and
under undrained shear as follows:

= {2, 3 }(Y

( (l+e Ju

) (4.4.67)

oct oct’'s

where the suffix u and s denote "undrained" and "aé—constant" shear
respectively. Assuming the elastic component of shear strain to be
negligibly small compared with the plastic component, eq.(4.4.67) may
be rewritten as:

3\ _ A=k _ 1
u (Yoct)u a (v)s - 3{(1+e0)u u}(Yoct)s (4.4.68)

Inversely, if the two constants are determined from the undrained and
a -constant tests assuming that eq.(4.4.68) is valid, those two
constants may be slightly different from A/«p and {(A-k)/(l+eg)ul- ;
respectively because of the existence of the elastic component of

shear strain.

o -constant Shear
3ct/ m

The incremental stress-plastic strain relations for clays
sheared underrt /U -constant conditions, i.e., the anisotropic con-

oct
solidation, are derived by substituting the following relations:

T Joo =k
dfct T - (4.4.69)
oct m
- =k -
(0] g
m m

into eqs.(4.4.41) as follows:
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(1+eg)u do”
P = i
1 k A m m
m el P 7
A - K
i 1 (1+eg)u dom
dyict ) - o
L_x- . in 2 Ao K _ "
u (I+eg)u Omg  (IteQ)M

The intersection of the state surface with the swelling wall is given
by: -

o
e e B o .
Toet (14eg)u L o (bis 4.4.56)

Therefore, the intial stress state (10 s Gﬁp) for plastic deforma-

c
tion is given by solving eq.(4.4.69) and eq. (4.4.56) simultaneously.

Then we get the following initial condition:

o (1+eg)u
vp = 0, cht = at In Unj = - Y < % k (4,4.71)
mo

Solving eqs.(4.4.70) with the initial condition given by eq. (4.4.71),

we get stress-plastic strain relation as:

.

1 A m
A C T ¥ kl- (1+i°)“ M
;-+ T k
(4.4.72)
"
Aﬁ—K i—_ k= (l-i-io)u In 0:“:
cht - -k . - l.+ -
(1+eg)u booN -k

The graphical explanation of these deductions is given in Fig.4,27.

Elastic volumetric strain is given from eq.(4.3.12) as:

i e _ K dcm - K dc;;
YV *T%e 0”'? e 57 (4.4.73)
(1+e) (1 ~ wk) = A2 7
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Talri)

Fig,4,27. Stress paths and plastic strain increments

Toctlcm-constant shear)

Assuming that the initial state point of <t /o -constant test is on

oet' m
the state surface, namely:
e o (1+eg)u
v =0 at In ——= = ——— ¥k (4.4.74)
g A - K
mo0
we get:
-
1 A m
k - =
e K H (I+eg)u " mo
Vo= - K—ln (4.4.75)
1 K
i k

Then, the total volumetric strain is derived from eqs.(4.4.72) and
eq.(4.4.75) as:

1 A °
w KT Trew 1 os
v =-1n (4.4.76)
1, <
# + T k
From eqs. (4.4.72) and eq.(4.4.76). we get:
A~ K
p 3k
Y ™ ~;——————~—— v (4.4.77)
Ao .
(1+eg)u

It is noteworthy that eq.(4.4.77) is not defined for k=0, because the

yield surface is cornered at the stress state k=0. The linearity of
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the relation between the total shear strain and total volumetric

strain for Tt -constant test is supported by the experimental data

foy
oct
by Roscoe and Poorooshasb (1963). Substituting eq.(4.4.76) into eq.
(4.4.54), we get the relationship between the strains of normally
consolidated clays tested by the same stress ratio Toctlcé under the

condition of undrained and Toct/oé-constant shear as follows:

(I+eg)u
(Y ). = -1nf{ : {2 )k} (4.4.78)

oct u 3x %

Yoot
where the suffix u and % denote respectively "undrained" and "k-
constant'" shear. Assuming the elastic component of shear strain to
be negligibly small compared with the plastic component, eq.(4.4.78)

may be rewritten as:

32 {(1+90)u Y )} (4.4.79)
(Y ) 1n ( s
it 34 Yoct k

Inversely, if the two constants are determined from the undrained

test and the k-constant test assuming that eq.(4.4.79) is valid, the
so-obtained two constants may be slightly different from A/ku and
(l4+eg)u/r, respectively, because of the existence of the elastic
component of shear strain. Even in the case of the different value
of ey for the undrained and k-constant test, eq.(4.4.79) is expected
to be approximétely valid provided the range of 0& is not so wide

that (A-«)/(1l+eg)u and A/ (l+ep)u cannot be considered as the constants.
In other words, it is valid while the stress Uﬁ is within the range
where, for the clays normally consolidated under various pressures
and stressed under the undrained condition so-called failure envelope,
can be considered as a straight line and their stress paths can be
considered similar., The author believes that eq. (4.4.79) may give
the theoretical confirmation to the work of Roscoe and Poorooshasb
(1963).
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Ko-consolidation

The clays dealt with in this chapter are those which are iso-
tropically pre-consolidated with the pressure of oé . When the clays
whose state points are on the state surface are sheared in the
conventioanl triaxial apparatus by keeping the stress ratio kgToct/Gﬁ
at the certain value of kj, it is experimentally confirmed that the
lateral deformations of the specimen do not occur. Such a sort of
shear process is generally called Ky-consolidation which is a special
case of anisotropic consolidation. In Kg-consolidation, lateral

strain € and €3 are to be zero and therefore we get:

p _ 2

Yoot = Yoet = ~3°1
(4.4.80)
v =gy
then:
cct _ /2 (4.4.81)
v 3
Substituting eq.(4.4.8l) into eq.(4.4.77), we get:
A - K A=K
A=K _ B .- S 4.4,.82
= i (4.4.82)

and the true value of ky in Kp-consolidation is given by solving eq.
(4.4.82) as follows:

1 1
ko= - QIgey ~ 72 5t (4.4.83)
Representing o3/0{ as K, we get:
—————-——/E(l Ml (4.4.84)
%o = 1T, 4

and then Kp-value is derived from eq. (4.4.83) and eq.(4.4.84) as:
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-k __ A=k
2 V2 (1+eq)p
i = : (4.4.85)
JE!A -K) , K

(1+60)]1 X

4.5 Extension of the Theory to Sands and Silts

Clays, sands and silts are all the granular materials and then
should behave mechanically ruled by the similar principles. The
theory for clays mentioned above is based on the experimental laws
about consolidation and dilatancy. If these assumptions are adapta-
ble to sands and silts, the discussion for clays can be extended to
all sorts of soils.

The linear relation between e and lnaa is valid for normally
consolidated sands as shown in Fig.4.28 given by Vesié and Clough
(1968). But it should be noted that sand is ordinarily in the over-
consolidated state and becomes to be in the normally consolidated
state by the application of hydrostatic effective pressure excessively
large cimpared with clay. The attempt to point out the essential
difference between the mechanical state of clay and sand in the
normally consolidated state by means of the fact that the additional
hydrostatic pressure to the normally consolidated sand causes
crushing of sand grains might not prove successful. The additional
hydrostatic effective pressure applied to normally consolidated clay
crushes the aggregated clusters of flocculent structure into small
clusters. In the author's opinion, the sand grains correspond to the
aggregated clusters of clay, not to clay particles. Therefore, the
author do not consider that there is any essential difference between
the representation of their mechanical behaviors.

Normally consolidated state may be defined as the state that
the maximum void ratio is maintained for the applied hydrostatic
pressure. In this sense, normally consolidated state is quite
sensitive to disturbance. The skelton of soil particles under nor-

mally consolidated state is prone to decrease the void ratio with
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small disturbances.
Usually sands may be in overconsolidated state and this is

supported by the undrained stress paths of sands as shown in Fig.4.29,.

10°

kglem®

10t .

z — 1.0}- samraterl
g — "!ﬂ:tof';#'l Tayoura Sand
TR B T e ] e

P 1

R R T 0 05 10 15

volumetric strain-%}: %
oy kg/e?
Fig.4.28. Consolidation of Fig.4.29. Undrained stress paths of
sands (after Vesié loose sand

and Clough)

Silts may be in similar state judging from the data given by Schultze
and Horn (1965). It is hard to put sands into normally consolidated
state under the usual cell pressure, and therefore shear tests of
normally consolidated sands are hardly carried on with a few excep-
tions. The stress paths of normally consolidated sands under
undrained shear given by Bishop, Webb and Skinner (1965) are quite
similar to those of normally consolidated clays. These facts suggest
that the assumption on dilatancy. eq.(4.2.4) is adaptable to sands.
Because of experimental difficulty, it can hardly be proved to be so
directly by Uﬁ—constant tests of normally consolidated sands. If the
theory is adaptable to sands, the shearing properties of ordinary
sands under cé—constant condition should be similar to those of over-
consolidated clays shown in Fig.4.16 as QQ°T. G%—constant test
carried by Yagi (1968) is quite similar to QQ°T in Fig.4.16. Such a
datum was also given by Frydman and Zeitlen (1969).

From those facts, it can be concluded that the theory is adapt-

able to sands and silts. It is noteworthy that the theoretical state
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paths of soils in overconsolidated state are quite similar to those
given by Rowe (1962).

Ordinary sand compressed in the conventional triaxial apparatus
under drained condition decreases its volume in the beginning of the
shear process and then, with the increase of shear stress, tends to
dilate. This tendency can be easily reasoned by the curve QKiM; in
Fig.4.15. Based on these considerations, it can be suggested that
the so-called negative and positive dilatancy for sand and heavily
overconsolidated clay do not have important physical meanings, and
are not the inherent nature of sand and overconsolidated clay, because
the negative dilatancy of them does not take place in the extension
drained test by the conventional triaxial apparatus as shown by
Tatsuoka (1971).

Schofield and Wroth (1968) extended their theory to sand which
they call "Granta Gravel" in order to distinguish their idealized
sand from the real sand. Barden, Khayatt and Wightman (1969) showed
that the deformation of sand, which should be completely reversible
in the range of considerable stress according to the author's theory,
consisted of recoverable and irreversible components. And they
suggested the latter component of deformation of sand was due to the
grain to grain slip behavior. Rowe (1969) has also pointed out the
slip component of deformation of sand during unloading.

In the author's opinion, this irreversible deformation is arising
from the considerablly unstable packing of sand grains at the initial
state, and this instability of packing can be eliminated by the
application of small amplitude cyclic loading, for instance, vibration.
Murayama (1964) gave the experimental data which seem to support this
idea. This troublesome difficulty in the extension of the theory to
granular materials does exist even in the mechanical behavior of
overconsolidated clay, and prevents expanding the theory to the case

of cyclic loading.
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4,6 Stress-Strain-Temperature Relations

The discussion mentioned above is restricted by the condition:
(a) sufficiently slow strain rate and (b) constant temperature. Here
we examine the influence of temperature on the stress-strain relations
of the clay based on some of the experimental facts. The influence
of temperature on the consolidation characteristics was studied by
Matsuo and Kamon (1970). Their conclusion is shown in Fig.4.30
briefly. From Fig.4.30, we
can realize that the tem-
perature effect on the
consolidation process causes
the parallel shifts of the

normal consolidation line

normal
L A s and swelling line in the
ne
state |ne

order of temperature. Then

In g the coefficients A and «
Fig.4.30. Influence of temperature are: independent of tempera-
(after Matsuo and Kamon) ture. It should be noted
that the experiments were carried without varying temperature during
the tests. Therefore our discussion should be limited to the constant
temperature condition. Parallel shifts of the normal consolidation
line and swelling line can be described by making ¢y a function of

temperature T':
eg = eo(D) (4.6.1)

In order to confirm the temperature independence of the consolidation
coefficients )\ and k, let us examine the relationship between the
normal consolidation line and the critical state line on e—oédiagram.
The critical state is nothing but the perfectly plastic state of clay
and therefore is the special state of elastic-plastic state of clay
then it should be on the state surface representing the stress-void
ratio relation of clay in elastic-plastic state.

It has already shown that the critical state line on the
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e-lnoé diagram is nothing but the shifted normal consolidation line
by amount of A=k to the direction parallel to e-axis., If the co-
efficients A and « are independent of temperature T, the distance
between the normal consolidation line and the critical state line on
e-lnoé diagram must be also independent of temperature. The experi-
mental data given by Matsuo and Kamon (Fig.4.30) show that this
reasoning is satisfactorily correct.

The influence of the temperature on the dilatancy characteristics
has not yet been detected directly. But we have some experimental
works for constant volume shear tests of the clay.

The stress path for the constant volume shear test of the
normally consolidated clay in elastic-plastic state is given by eq.
(4.3.4). The constant volume shear test data under the condition of
various constant temperatures are given by Matsuo and Kamon (1970) as
shown in Fig.4.31 briefly. It is apparent that the coefficient

. A/ (1+eg)u for high temperature
is larger than that for low
temperature. But for the
consolidation characteristics,

we have already realized,eq is

a monotonously decreasing

function of temperature T and
Fig.4.31. Influence of temperature % is independent of temperature.
(after Matsuo and Kamon) Therefore the coefficient u
should be highly monotonously
increasing function of

temperature as follows:

u = u(l) (4.6.2)

Eq.(4.6.2) can be confirmed by Matsuo and Kamon's experiments data
that the stress ratio Toct/G% of the critical state line for clay
sheared under the constant volume condition is decreasing in

accordance with temperature. Therefore from eq.(4.4.29), we can
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derive eq.(4.6.2). Eq.(4.6.2) shows that the dilatancy effect is
eminent for the case under high temperature. Introducing eqs.(4.6.1)
and (4.6.2) into the stress-strain relations represented by eqs.
(4.4.17) and (4.4.27), we get the incremental stress-strain-temperature
relations which are applicable for the case of constant temperature

as follows:

W(T) l4eq (T) _ T
def , = — [t K - T (4.6.3)
1 3om 1+e£(T) [1+eo () Ju(T) Oy  Ld
dt
+ = L (07, = 078; )1 [do7 + g% —
oet J A - K _ _oct
[Treo (D ~ o
da”
e _1__k "m
desg =3 Tre, (D o ij (4.6.4)

where ei is also the monotonously decreasing function of temperature
like ep. The incremental stress-strain-temperature relations given
by eqs.(4.6.3) and (4.6.4) are adaptable only to analyze the defor-
mation of the clay stressed under the conditions of constant
temperature and sufficiently slow loading rate. The deformation of
clay stressed with the changing temperature cannot be represented by
these equations, because the normality rule in such a case may not be
valid for elastic-plastic materials. In order to estimate the in-
fluence of changing temperature or rate dependent viscous behavior of
clay, new flow rule theory based on the thermodynamical assumptions
is necessary. In other words, such a problem cannot be analyzed until
the thermoplasticity theory is constructed. 1In this thesis the
failure condition of frictional material was derived from the concept
of normality in plasticity. The stress condition of the critical
state given by eq.(4.4.29) seems to be the failure condition of the
frictional material, but none of the coefficients in the right-hand
side of eq.(4.4.29) do not relate to the frictional behavior.
Generally the granular material like clay is considered to behave as

a frictional material. It seems to the author that macroscopic

85



frictional behavior of granular material might be merely apparent
behavior. In other words, soils in elastic-plastic state might resist
to the applied load mainly by the deformation of the frame work
constructed with the soil particles accompanied with the rotation of
soil particles, not mainly by interparticle frictional slide. The
soil may resist to the load by the interparticle frictional slide,

but such a resistence is that of the soil in elastic state. It is
inconsistent to consider the interparticle frictional slide, which is
irreversible process, in so-called elastic state. Indeed soil deforms
plastically even in unloading process. This irreversible process of
the soil in so-called elastic state makes soil mechanics very complex.
At the present stage, we cannot avoid to neglect, in this theory,

this irreversible process in the so-called elastic state.
4.7 Conclusions

In this investigation, mechanical states of isotropically pre-
consolidated clay are shown to be governed by a logically self-
consistent theory based on the concepts of state surface and swelling
wall derived from the characteristics of consolidation and dilatancy
of clays in elastic and elastic-plastic state. For example, the
mechanical behaviors of clay stressed under various conditions are
derived.

Combining the concepts of the state surface and swelling wall
and the concept of normality, fundamental equations of incremental
stress-strain relations of isotropically consolidated clays in
elastic and elastic-plastic state are presented.

Based on the incremental stress-strain relations, the concept of
critical state is clarified. And integration of the incremental
stress-strain relations leads to the various stress-strain relations
with the various restricting conditions. These stress-strain rela-
tions are to be used as the fundamental equations in the analyses of
practical problems which the soil engineers often encounter in their
routine works concerning the design and construction of soil

structures.
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In the last part of this chapter, the theory is shown to be
applicable not only to clay but also to sand and silt. The influence
of temperature on these stress-strain relations is also discussed and

the constitutive equations are derived.

’
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CHAPTER 5
CONSTITUTIVE RELATIONS FOR ANISOTROPICALLY CONSOLIDATED SOILS

9.1 Introduction

In this chapter constitutive relations for anisotropically
consolidated soils are derived by means of the theoretical expansion
of the results presented in Chapter 4. We have the isotropically
consolidated clay only in the laboratory. All the natural clay
deposits are consolidated under the anisotropic stress condition.
Therefore we have to get a systematic understanding of the mechanical
behavior especially of the constitutive relations of anisotropically
conscolidated soils. 1In this chapter, the anisotropically consolidated
clays are of interest. But as discussed in Chapter 4, the theory is
considered to be adaptable for sands and silts.

The eminent nature of anisotropically consolidated clay is that
it behaves mechanically in quite different styles depending on the
loading conditions in spite of the same conditions of stress
invariants and void ratio. This difference can be easily examined
by comparing the compression and extension test results of anisot-
ropically consolidated clay stressed in the conventional triaxial

apparatus.

5.2 State Surface and Swelling Wall

1. State Surface and Swelling Wall

Let us consider the anisotropically consolidated clay which is
consolidated by keeping the stress ratio Toct/cé at the constant
value of kX on the process of normal consolidation. The characteris-
tics of consolidation of anisotropically consolidated clays are
similar to those of isotropically consolidated clays, as shown by
Walker and Reymond (1969). They show that the e—lnoé lines for the
various stress ratio Toctlcé are parallel and coincide each other by
shifting them. Then, assuming that the anisotropically consolidated
clay is an elastic-plastic material, the infinitesimal void ratio

changes due to the consolidation, i.e., T t/cé—constant deformation

oc
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process, of the clay in state of elastic-plastic and elastic states

are respectively given as follows:
de = -ld(lnc%) ¢ elastic-plastic state (5.2.1)
de = —Kd(lno%) : elastic state (5.2.2)

where X and k are the obliques of normal consolidation line and
swelling line on e-lncé plot. 1In Chapter 4, the dilatancy is

characterized by:

T
de = =(1 + eg)ud( ift) ¢ elastic-plastic state (5.2.3)
m

de =0 : elastic state (5.2.4)

But for the anisotropically consolidated clay, eq.(5.2.3) is conside
considered to be altered in the form as:
oet

O_a
m

.
de = +(1 + eg)ud(

)] : elastic-plastic state (5.2.5)

where the upper and lower signs are corresponding to the cases in
which the applied stress ratio Toctfgﬁ is greater or smaller than the
initial value k of the stress ratio respectively. These two loading
states are defined here as the active state and passive state
_respectively. The compression test and extension test in conventional
triaxial apparatus are corresponding to the active and passive state
respectively. The alternation of eq.(5.2.3) into eq.(5.2.5) will be
rationalized later in this chapter.

A specimen of anisotropically consolidated clay stressed by the
application of increasing stress ratio Toctfcﬁ is to reach the
critical state. On the other hand, when the specimen is stressed by

decreasing stress ratio T /oé from the initial value of k, we say

oct
that it is in the passive state. On this passive shear process of

clay specimen, the value of applied stress ratio Toctloé becomes

smaller than %k and then reaches zero. And after reaching the state

of t t/0’=0, the direction of the maximum principal stress rotates
o

90" in the case of extension test in conventional triaxial apparatus.

for

Then with the progress of extension test, the stress ratio 7 O

oct
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begins to increase (because Toot is defined as non-negative) and
finally reaches the critical state value. But here, for the con-—
venience of mathematical expressions, we define the negative value of
Toer 0 the case of passive loading after the stress ratio Toctlo’
reaches the value of zero.

From egs.(5.2.1)-(5.2.5). we get the differential eauations of

state surface and swelling wall for anisotropically consolidated clay

as follws:
do~ dt T do”
m = oct oct m
de = -x—=+ (1 +eg)u(—= i =
m m m m
: elastic-plastic state (5.2.6)
dbé
de = = : elastic state (5.2.7)
m

These infinitesimal void ratio changes are the functions of stress
invariants even for the anisotropically consolidated clay. It is
reasonable to consider that the deformation of the initially isotropic
material is represented by a function of the stress invariants. But
it is apparent that the anisotropically consolidated clay cannot be
assumed to be intially isotropic material because the clay particles
of anisotropically consolidated clay with no lateral displacement
tend to be aligned parallel. Therefore there is no reason to
rationalize the deformation of anisotropically consolidated clay to
be represented by the stress invariants. Nevertheless, we assume the
validity of eqs.(5.2.6) and (5.2.7) here, hoping that the microscopic
anisotropy of clay skelton does not affect seriously on the macro-
scopic mechanical “ehavior of anisotropically consolidated clay.

The boundary condition for eqs.(5.2.6) and (5.2.7) is given by
the initial state of normally anisotropically consolidated clay as

follows:

= Toctolc%O =k
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e = gy

Then, we get the general stress-void ratio relations for the aniso-

tropically pre-consolidated clay as follows:

0m Toct
e - ey + AMn — +(1 + eg)u(——- %) =0
6° - o
mo m
: elastic-plastic state (5.2.8)
’
e - egg + «ln - 0 : elastic state (5.2.9)
mQ

Eqs.(5.2.8) and (5.2.9)

give the state surface and
swelling wall whose physical
meanings are discussed in
Chapter 4. The isometric
view of state surface is

shown in Figs.5.1(a),(b)

and that of wetter side of
swelling wall is shown in
Fig.5.2.

As presented in Chapter
4, the mechanical state of
elastic limit is represented
by the intersection of state
surface and swelling wall as

shown in Figs.5.1{a),(b) and

5.2. Eliminating the void

Fig.5.1(a), (b). ratio from eqs.(5.2.8) and
Isometric view of State surface of (5.2.9), we get the stress
anisotropically consolidated clay condition for the initial

yielding as follows:

Toct A=K Um
+(—)— - k) + ln — = 0 (5.2.10)
- Um (1+eo)u Umo
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Fig.5.2. Swelling wall of
anisotropically
consolidated clay
(wetter side)

2. State Paths under Various Conditions

Undrained Shear

The initial state of normally consolidated clay anisotropically
compressed with the pressure of a0 keeping the stress ratio Toct/”m
constant is as follows:

e = ep

The initial state of overconsolidated clay rebounded from the

normally consolidated state with the constant stress ratio T

oct/°m=k

is given by:

Then the state points of normally and over consolidated clay should
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be on the swelling wall as
shown in Fig.5.3. In the
case of anisotropically
consolidated clay. the
state points of over-

consolidated clay are not

necessarily on the swelling

curve lying on the Toct/0m=k

plane. For instance, on the Fig.5.3. State paths in undrained

swelling process of Ko- shear
consolidated clay with no

lateral displacement, the stress ratiort /c& decreasingly changes as

oct
shown by Henkel and Sowa (1963). The initial state point on the

swelling wall passing through the point (ToetO’ 6&0,'80) is

represented by (t .y 0., €.) where

octi mi
T .
ogky | k, (5.2.11)
mi
and -
i
2. =eg - kln —— 2 e (5.2.12)
% g
mo

Yoeti = Toeto

It is apparent that the state path of anisotropically con-
solidated clay stressed under undrained condition, i.e., with the
constant void ratio ei is given by the intersection between e=e.
plane and the swelling wall or the state surface. The equation
representing the swelling wall is given by eq.(5.2.9), and from egs.
(5.2.9) and (5.2.12) the intersection of the swelling wall and e=e,

plane is given as:
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z (5.2.13)
g

Egs.(5.2.13) show a line normal to the e-cé plane. As mentioned
above, the state point of a volume element of clay in the purely
elastic state is on the swelling wall and after it reaches the
elastic limit curve which is given as the intersection of swelling
wall and state surface the clay element begins to yield with work-~
hardening or work-softening effect. Then the line given by egs.
(5.2.13) must lead to the intersection of state surface and e=ei
plane across the elastic limit curve., The initial yield locus given
as the projection of the elastic limit curve onto the stress space
given by eq.(5.2.10).

The height Doy of the line represented by eq.(5.2.13) is given
from eqs.(5.2.10) and (5.2.13) as follows:

o-.
. A - K mi
Toetp = Gmi{k T (o) 1n 0;0 (5.2.14)

and depends on the value of oé - In Fig.5.3, the normal anisotropic
consolidation curve is AP and the point P on the normal consolidation
curve is (e=eg, oé=cé0, Toct=Tocﬁ0)' XZV lying on the state surface
is the curve showing the perfectly plastic state and named the
critical void ratio line by Roscoe, Schofield and Wroth (1958), and
renamed the critical state line by Roscoe, Schofield and Thurairajah
(1963). The projection of this critical state line onto Y oas O
plane is the straight line passing the origin. Further consideration
about the critical state line is given later.

For normally consolidated clay, eq.(5.2.14) becomes

Toctp - k“ma = Toeto

with ¢ .=ag”
m. m

elastic state for normally consolidated clay stressed under the

0’ then it can be concluded that there is no purely

undrained condition. Now, the state path of the element of yielding
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clay is represented by the intersection between the state surface and
e=e. plane under undrained condition. Such a state path can be

derived from eq.(5.2.8) by substituting e=e, as follows:

g T
e; - e+ MnT+ L+ep) (-22E-1) =0 (5.2.15)
m0 m

Eq.(5.2.15) shows that the state path of clay stressed under undrained
condition is dependent on the initial value of void ratio ep. In Fig.
5.3, the state paths lying on the state surface for active loading

are represented by PX, RU and VQ. For normally consolidated clay,
e.=eg and therefore eq.(5.2.15) becomes

Tact - A Ué
— = + 1n -+ k (5.2.16)
Cfm (l+@0)u Omo

giving the state path PX for the active loading state.

On the loading process, the elastic-plastic state path mentioned
above is to reach the final point on the critical state line which
represents the perfectly plastic state, i.e., the state parameter
Toot? o& and e do not change any more at the perfectly plastic state.
Fig.5.3 shows that the critical state line lying on the state surface
for the active locading state intersects with the elastic limit curve
at the point Z. An overconsolidated clay specimen whose initial
state point is just under Z cannot experience the elastic-plastic
state on the active shearing process under undrained condition,
because the state point arrives at the critical state line immediately
when it reaches the elastic limit curve after experiencing the purely
elastic state. The stress path is defined as the projection of the

state path onto the stress space, for instance, the Tt G& plane,

as shown in Fig.5.4. The projections of the state paiﬁz on e-cé
diagram are also shown in Fig.5.5.

In the above discussion, the domain enclosed by state surface,
Toet=0 plane, 0%=0 plane and e=0 plane is considered to show the
purely elastic state. Then, the plastic deformation should not be

found even in the repeated loading and unloading process so far as
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'Il’n t

the state point is in the
elastic domain, i.e., on
such a process the loading
and unloading state path

_ should coincide each other,
T

However, on the contrary.

experimental data given by

Murayama and Kurihara

(1969), Sangrey, Henkel

Fig.5.4. Siress paths in undrained and Esrig (1969) show that
shear

the induced pore pressure
in the normally consoli-
dated clay increases
monotonously on the un-
drained shear process.
This means that the state

paths for loading and un-

loading process do not

coincide each other and

0 % furthermore the state path
Fig.5.5. e-0_ relations in.undrained
shear

direction of Ué axis in accordance with the repetition. To eliminate

shifts to the negative

such a difficulty, only the loading processes with monotonously
increasing shear strain are to be treated in this thesis.

The undrained state paths obtained in the above discussion are
corresponding to the case of increasing shear stress from the initial
state (active state). Let us consider the case of decreasing octa-

hedral shear stress from the initial state of Tt (passive

oct ‘octi
state). Judging from the data on normally consolidated clay given by
Skempton and Sowa (1963), the state path for this case seems to be
represented by eq.(5.2.16) with the lower sign. This is the reason

why the characteristics of dilatancy given by eq.(5.2.5) are assumed.
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Triaxial Drained Shear

Generally speaking, the mean effective stress cé and octahedral
shear stress T ot 2Te able to be applied to clay specimen indepen-
dently from each other under drained condition. The state path of a
clay element in elastic-plastic state can be obtained by subsituting

the applied stresses oé and T into eq.(5.2.8). Here, let us

oet
consider a few cases corresponding to some special stress paths.

The stress path for the conventional triaxial drained test carried on
by changing the axial stress with constant radial stress is given as

follows:

T i ™ Jz‘(cr;r -0 .) + ko (5.2.17)

And for the loading system of changing radial stress with constant
axial stress, the stress path is represented as:

1. . . =
T op = -75(0m Gmi) + kcmi (5.2.18)

Fig.5.6. State paths in drained shear

(Ua; increase, 0,3 constant)
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Egs.(5.2.17) and (5.2.18) are both representing the planes in the
state space. Then the state paths corresponding to such cases should
be on these planes. From the above consideration, it can be concluded
that: (a) the stress path in elastic state is given as the intersec-
tion of the plane defined by eq.(5.2.17) or (5.2.18) with the swelling
wall given by eq.(5.2.9) and (b) the stress path in elastic-plastic
state 1s given as the intersection of the plane defined by eq.(5.2.17)
or (5.2.18) with the state surface given by eq.(5.2.8). These state
paths, in the case of changing axial stress with constant radial
stress, are shown in Fig.5.6 for the active loading systems with the
condition (Toctjcé); k. In Figs.5.7 (a) and (b), the stress paths
of conventional drained
tests of the clay wetter
T and drier than critical
are shown respectively for
the active loading state.
Fig.5.8 shows the projec-

tions of these state paths

for active loading, in the

on case of changing axial

stress with constant radial
Fig.5.7(a). Stress paths of conventional

drained tests (wetter than
critical) plane. It is the well

stress, onto the e-U&

accepted experimental
result that the volume of
the heavily overconsolidated
clay specimen or sand

o e specimen decreases in the

beginning of conventional

)
\
N
w0

- drained compression test
and then increases

Fig.5.7(b). Stress paths of conventional afterwards. Fig.5.8
drained tests (drier than

critical) suggests that such a
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tendency is merely arising
from the initial state and
the stress path and is not
the general mechanical
behavior of such a soil
stressed under the drained
condition. In the text-

books of soil mechanics,

the volume increase and

L ~ 7"  yolume derease of soil
Fig.5.8. e-o_ relations in drained .
shear (o : increase induced by the shear stress
g,: cons ant) are called positive and

negative dilatancy respectively. But in the author's opinion, such a
definition of dilatancy is not physically important. So-called

positive and negative dilatancy do not represent the essential mecha-
nical behavior of soil. They can be controlled by the combination of

the initial state and the stress condition of loading system.

o%—constant Shear
Now let us consider the case of drained shear under constant
effective mean stress Ué in which the stress path is confined on the

plane defined as follows:

Op = Uéi (5.2.19)

where Gﬁi is the initial
effective mean stress. In
elastic state, the state
path is given by the inter-
section of the swelling
wall and the plane given by
eq.(5.2.19). And the state
path in elastic-plastic

Fig.5.9. State paths in cé—constant
shear

state is given as the

intersection between the
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state surface and ¢”=0”. plane.
m °mi P =

The isometric view of these state

paths for the active loading condition of (Toct/U');ﬁ is shown in

m

Fig.5.9. Substituting o-=c-. into eq.(5.2.8) for the stress condition

(

Toctfoé);k leads to

-

[o
e - ep+ An 333 + €1 ¥ egiu(
mo

N

Stress paths in
d%—constant shear

Fig.5.10.

u
Fig.5.11. e-c relations in
cé—constant shear
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T
oct
G -

mt

. dation curve.

-k)=0 (5.2.20)

and it can be concluded

that the void ratio e and

octahedral shear stress

T are linearly related

oct

under constant effective

mean stress aé. Then we

can see that the intersec-

tion of the state surface

with the o’=c”, plane is
m mi

always a straight line

regardless of o‘i. The

m
intersecting point of
(Toetlom)=k plane with
this straight line is given
from eq.(5.2.20) by elimi-

nating the third term as

follows:
6-60+7\1n'&=0
o]
mo
(5.2.21)

Eq. (5.2.21) shows that the
intersecting point is to
be on the normal consoli-
In other
words, the straight lines
given by eq.(5.2.20)



intersect with the normal consolidation curve passing through the
point (eg, Uéo) on (Toct/cé)=k plane. Because the obliquities of
these straight lines are represented by Uéi/(1+eo)u, the obliquity of
the line corresponding to c%£=0 is to be zero. From the above con-
sideration, it can be concluded that the state surface is constructed
with inifnite number of straight lines whose obliquities increase in
order of the value of cé. Figs.5.10 and 5.11 shows the projections

of cé—constant state paths onto T —c& plane and e—c& plane

oct
respectively.

5.3 Stress-Strain Relations

1. Critical State

The critical state is defined as the perfectly plastic state of
soil. Roscoe, Schofield and Wroth (1958) defined the critical state
by

de do& dToct

dYoct dYoct dYoct

=0

where Yoot is the octahedral shear strain. Assuming anisotropically
consolidated clay to yield according to the associated flow rule, the
the critical state can be defined as the stationary points of the

yield loci on the T —dé diagram. The initial yield locus is already

oct
given by eq.(5.2.10). After the initial yielding, the yield locus
expands or shrinks according to the work-hardening or work-softening

effect. Then the current yield loci are given by

T o
oe \ A -k m

+(—— - k) + In——=0 (5.3.1)
o (1+eg)u Umy

where Oﬁy is the parameter representing the hardening effect.
Now the critical state, the stationary points of the yield loci,

is given by differentiating eq.(5.2.1) as follows:

T T
GJE%E = ?%:é—§— f zet >k (active state) (5.3.2)
om  erit 0JH m
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(Toet - __A-kx for Toc;,
°m erit (I+eo)u m

k (passive state) (5.3.3)

Figs.5.12(a), (b) show the

critical state line and

-

yield loci on T o]

oet
G55 plane for the clays wetter

° ‘1:' . and drier than critical

sl respectively. It should
be noted that the value of
/o

oet' m
at the critical state 1is

the stress ratio T

Fig.5.12(a). Critical state line and independent of its initial
¥;zigei0§;an critical) value (Togtfcé)initiaz=k'
This leads to the conclu-

sion that the critical
states of clays anisotro-
pically consolidated with

various stress ratio

i i

T .
T oett” mi
determined by

are uniquely

T
ocet _ A -k
»

o (1+ep)H

, 1f the

coefficients A, k, u do

Fig.5.12(b). Critical state line and not vary according to the
yield loci ~
(drier than critical) value of 7  ../o .. 1In

order to clarify the shape
of the critical state line in the state space, egs.(5.3.2) and (5.3.3)
are to be substituted into eq.(5.2.8) representing the state surface
as follows:

-

g
e - eg + Aln —C:fo +A -k k(+epu=0 (5.3.4)
m
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Eq.(5.3.4) gives the projections of critical state lines ontp the
e-cé plane. The critical state line on the e-c& plane coincides to
the shifted normal comsolidation curve by the amount of A-ky k(lt+eg)u
parallel to the e-axis downward.

2. Stress-Strain Relations under Various Conditions
Ineremental Stress-Strain Relations
From the current yield loci for anisotropically consolidated

clay given by eq.(5.3.1), we get the plastic potential as follows:

A=K G%

In — (5.3.5)
l+eg)u g
( 20) my

Toet
=42+
m
The intersection of the .
current yield surface with //
the Rendulic plane is shown o v
in Fig.5.13. '

By means of similar

reducing process used in

7o)

Chapter 4, the incremental

stress—-plastic strain re-

lation is derived as:

Fig.5.13. Yield locus in the Rendulic
plane

1+ e

T
r _ - ® - kK = oet 1
deij T l+4e [dbm i dfoct/{(1+eo)u cé 1 30;
T
A -k = oct + 1 5 .
[{ =%}§.,, - —(05., - 076..)] (5.3.6)
(1+eglu op W Toee W m g
where
. Toct
e =ey - Aln ;@- A+ eul - k) (bis 5.2.8)
m0 m

in the case of large deformation, and

= €e.
e T
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in the case of small deformation. The incremental stress-elastic

strain relation is also derived, in the same way explained in Chapter

4, as:
do”
dEe-- =l K —;fﬁ.. (5-307)
] 3 1+ei Um Ay

Applying the normality rule to the current yield surface in the

octahedral stress space, as shown in Fig.5.14, we get the following

relations:
P = (l+e°)“[{ A=k rd Toct}dom + dToct] (5.3.8)
1+e (1+egdu s o Gm
dt o
(I+eg)u do” o’
d oct =-% T+e f OT + . T ] (2539
m A -k oct
(1+eqg)u e
where ¢ is given by eq.(5.2.8). Tox 357
¢
The elastic strain increrents o o
0, LT W
are given by: K
= v I '+ du
P D (5.3.10) /N
l+4¢ o ion Li
m
0 On
e o,
dyoct 0 (5.3.11) A;
Then from egs. (5.3.8)=(5.3.11), X e Jio
ol iy
general relations between Q%%?
stress and strain increment ﬂh@

for the clay in elastic-plastic Fig.5.14. Associated flow rule

state as follows:

—2 3 “oct P + Loet
(1+eo).u 0,.- J 0» G/
d _ m m
= i 3 o - (5.3.12)
m_ < . oot
= = In—+ (—— - k)
W (tegdu 7o, o,
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1+ %, 1 Tt
3[_ o~ + T o’ ]
m A=Kk _ _oct
(Itegu + o
dYoct = = < (5.3.13)
L A In B ¢ oet _ %)
v (I+eg)u o0t O

Indrained Shear
The stress state of the clay in elastic=-plastic state under un-

drained condition is derived from egs.(5.2.12) and (5.2.15) as:

-

4] o
1

T
oct : m mi

— =k = {Aln —— - k1n —} (5.3.14)
o + (1+eg)u 0 %0

Then, differentiating eq.(5.3.14), we know that the stress Increments

are restricted by the following equation:

a” g’ .
S S m_ _ MU
dfoct = kdbm Treg)w {A+ Aln or k1ln G@O}dom (5.3.15)

Substitution of eq.(5.3.14) into eq.(5.3.15) leads:

"
_; oct = A N
dToct = 0% + (1+go)u}d°m (5.3.16)

With eq.(5.3.16), eqs.(5.3.15) and (5.3.16) are rewritten as:

dv =0 (5.3.17)
LS
3
d'Y = = -
oet + 1 < Ump
1 (l+epdu Ln o
2 0 mo
-
—_m
I
{ = ”éi } (5.3.18)
- (1+ep)uk + llngg— - kln =3
md m0

Solving eqs.(5.3.17) and (5.3.18) with the boundary condition:

-

5 v o A -k me
at o =0 . =Ko~ , -
m omi’ Yomt = K T (1+e)u I o
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v=20 (5.3.19)
K A - K ;: TC?C?t
_ 3\ (1+eqg)u Ué
Y = + - In =
oet o . O =
2 - = 1n 2% (i¢_ § {1n qu + 13+ k
u  (l+eplu O e o) o

(5.3.20)

as the stress-strain relations for anisotropically pre-comsolidated
clay stressed under undrained condition. Figs.5.15 (a) and (b) show
the stress paths and plastic strain increments of clay wetter and
drier than critical respectively. The obtained stress-strain rela-
tions are given in Fig.5.16. Toct/Oim

0.CR.

&80

active state

=

(+) Watter than cricfcal

Xt

passive state

Fig.5.16. Stress-strain
relations
(undrained shear)

(a) Drier than critical

rig.5.15. Stress paths and plastic strain increments

(a) undrained shear, wetter than critical
(b) undrained shear, drier than critical
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Triaxial Drained Shear

Let us consider the stress-strain relations of anisotropically
pre-consolidated clay stressed with constant cell pressure in the
conventional triaxial apparatus under undrained condition. The stress

path for such a test is given by:

T t=|fr2-(or;1-0n’77;)+'r

oe (5.3.21)

ceti

where (T crn’n:) is the initial stress state of the clay before

octi’
shear. Then, the stress state (Toetp’ Uﬁp) for the initial yielding
is given by solving the following equations simultaneously:

-

g
s o XK .. D
Tootp komp i (l+eo)u Ompln Uéo (5.3.22)
. Jf(o?;p S B S (5.3.23)

The incremental stress-strain relations of clay in elastic-plastic

state are given by substituting the differential form of-eq.(5.3.21):
dt = V2dg-
oct m

into egs, (5.3.12) and (5.3.13) as follows:

¢ N 7 Vﬁ&%p = N i ﬁdcf;r
(1+ep)u a’ : cé
dy = = T (5.3.25)
) g’ -1
" ey In o t G- /Dt —E —
H 0/H mo m
d -
Lo i 2 o
= A -k - V20" atp, Om
_.—K_ + (Jz- = __Lﬂ&‘___p_)
(1+eg)u O M-
dYOCt = 1 2 Gj‘-?'? \/2_0" -TOG T
T eon 1t 5e +(k—l/2_)-l_-—'rﬂL—-ﬂo.

Egqs. (5.3.25) and (5.3.26) cannot be solved analytically. Figs.5.17
(a) and (b) show the stress paths and plastic strain increments in
this case. The obtained stress-strain relations by the numerical
method are shown in Fig.5.18 for the active loading state. It is

interesting to compare the stress—strain relations of clay stressed
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under undrained and drained condition in the conventional triaxial
apparatus. The stress paths and stress-sheav strain relations in

each case are shown in Figs.5.19 (a) and (b).

Tt

(a)

=3

=

Fig.5.17. Stress paths and plastic strain increments
(Ua: increase, 0, constant)

(a) wetter than critical (b) drier than critical
Tea(Qm
0.CR
4.0
C;iticla'L State
/_,_',————'—’_—_'__
//;»/””#""‘—'_
1w
k.
o T

Fig.5.18. Stress—-strain relations (Uai increase, Gri constant)
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Toa

Fig.5.19 (a). Stress paths in undrained and drained shear
Tucl/ﬂ'ﬁm

Critical State
oCR

rm:l

Fig.5.19 (b). Stress-strain relations in undrained and drained shear

o, -constant Shear
In this case, the stress condition is given by:

B = O (5.3.27)
dbm =0 (5.3.28)

Substituting eqs.(5.3.27) and (5.3.28) into eqs.(5.3.12) and (5.3.13),

we get:

+ oct
0/
dv = e = = (5.3.29)
1! m. = oct
- = 1n - ( - = k)
H (1"‘80)1.! [¢) 0 O’m?:
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dt

1 1 oct
3 A=K 5 Toct “mi
(1+eg)u o’
& - 0 mi (5.3.30)
YOct o’ T
1 A mi = , oet x)
T MFeon 1n = + ( -
H 0 mo mi

The clay begins to yield when the applied LI reaches the value of

- i - =mg”, .(5.3.22) as:
Toctp given by subsitution of Gmp O into eq. (5 )
A -k c%i
=ko . ¥ = 0 .ln —— 5.3.31
Toetp kﬁmz ® (1+egiu Umtln Umo ( )

Then, solving egs.(5.3.29%9) and (5.3.30) with such a boundary condition,
we get the stress-strain relations of anisotropically pre-consolidated

clay under Ué-constant shear as follows:

= - In i
B (I+ep)u %m0
v = 1n = (5.3.32)
ag_ . T
1 A T~ T ¢ oct _ %)
W (I+egdu “mo mi
1 1
Yoot =13 o
A -k = i A mi
et k- =+ >
(1+eg)u n o (lteg)u % %m0
A -« 2 Toct 1__x , %m
i} (1+eg)u Um u (1+eplu O
=gy, O AF kLA, m T2t _ g
(1+ep)u céo b (1+eg)u 5;0 oé
(5.3.33)

The stress paths and plastic strain increments in this case are shown

in Figs.5.20, Stress—-shear strain relations in this case

are also given in Fig.5.21.
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Fig.5.20. Stress paths and plastic
strain increments
(cé-constant shear)

passive state

Fig.5.21., Stress-strain
relations in
oé—constant shear

5.4 Stress Condition for Plane Strain Deformation

The practical design of engineering soil structure using the
general stress=-strain relations mentioned above will need considerable
laboriousness and a computer with large capacity. But most of the
engineering problems are able to be treated as plane strain two
dimensional problems. Then it is useful to find the plane-strain
stress~-strain relations by means of the stress condition for plane
strain.

Plane strain condition is derived from intermediate pricipal

strain increment de;=0. But, here, plane strain condition is assumed
to be dt§=o approximately. Then, the stress condition for plane

strain is given as:
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of _ 0 (5.4.1)
30’2

From egs.(5.3.5) and (5.4.1) the stress condition for plane strain

deformation is given by

- octy A -k = Toet

0% {Feg)n 0; (5.4.2)

Approximate plane strain deformation can be maintained when the
stress state is controlled to satisfy eq.(5.4.2) throughout the
shearing process., If the stress state is controlled to satisfy eq.
(5.4.2) for some part of shearing process, the change of the inter-
mediate principal strain dsg will not take place for this while.

The shearing process of anisotropically consolidated soil is
performed by increasing or decreasing the stress ratio Toct/dé until
it reaches a certain critical value. This final state called critical

state is such that shear strain increases and volume strain remains

unchanged in spite of constant value of stress ratio Toct/d;. The
critical value of stress ratio Toct/cm is given by:

T

oet A -k

(0.,;1 )C!I’?:t - i‘ (l+30)1-l (5.4.3)

Then the stress ratio Toctlcé changes from the initial wvalue of

to the critical value +(A-k)/(1+ep)u through the shearing process.
Eq.(5.4.2) shows that the intermediate principal stress oj is

equal to the mean principal stress U& at the zero stress ratio

(1,54/9,=0) and at the critical state [t . /o =+(A-<)/(l+eg)u].

2

This conclusion is rather convenient for the practical designs,
for instance, the stability problem under plane strain condition can
be analyzed by using the theory of characteristics line field with
the stress condition given by:

oy 03
- +

0= = (5.4.4)
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Eq.(5.4.2) gives a quadric parabolas of 1 /oé_ In the active

oet

case the value of Toct/ " changes from to (l-r)/(1+eo)u, then the

range of 65/0& is given by:
1 02

A - K 2 o
1 - {(1+eo)u} ”U;%=l (5.4.5)

Since the value of (A-x)/(l+eg)u is about 0.6-0.7 for the common clay,
the minimum value given by eq.(5.4.5) is about 0.9. Therefore in the
case that the error of 10% is permitted, the stress condition for
plane strain deformation is approximately given by eq.(5.4.5). On
the other hand, in the case of passive loading state, the range of

03/0, is given by:

1
1 -5

A= K

(]-TU)IJ + k} (5.4.6)

1o

Hq\ | r\?\
i~
=
+
~
A

For Kp-consolidated natural clay deposit, the wvalue of Xy is about
0.5 and this corresponds to k=0.35. Then, the range of 05/0& for the

passive loading state is given as:
0.9 < =—<1.3

with the value of (A-k)/(1+eg)u =0.65.

Then we can realize that in the passive case, the error arising
from the approximation of eq.(5.4.4) is considerable. But since
eq.(5.4.2) is rather complex to use in the practical design works,
we conclude that the approximate stress state for plane strain defor-
mation is given by eq.(5.4.4) from the view point of practical
engineering.

Experimental works carried on by Henkel and Wade (1966), Karube
and Harada (1967) show the rather small value of 65/0% compared with
unit. But this small value of 07/0_ in experiments may arises from

the end friction of clay specimens to some extent.
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5.5 Comparison with the Cambridge Eneray Theory

The relationship between Cambridge theories (original energy
theory and modified energy theory) and the present theory is mentioned
in Chapters 2 and 4 briefly. Here we make further discussions. To
say briefly, the original enmergy theory constructed by Roscoe,
Schofield and Thurairajah (1963) and by Schofield and Wroth (1968)
can be considered as a special case of the present theory. Of course,
the author appreciates their originality, since their works were
published before the publication of the present theory.

In the original energy theory, the stress condition for the

critical state is given by:

fﬂ —i -
‘p)critical % (5.5.1)

where

oi- 03

Q0
1]

1

== 0» + 20; = -
3( 1 3) Um
M : constant

According to the present theory, the stress condition of the critical

state for the active state is given as follows:

.
oet _ A - Kk
¢ G% )criticaz T (l+ep)w £5.5.2)

Substituting c3=03 and o’

mo
the active state brings the derivatives of the original energy theory.

=1 and eo=ea into the present theory for

In other words, the original energy theory is a special case of the
present theory. In the original energy theory, the critical state
line in the stress space is uniquely defined by eq.(5.5.1), But in
the present theory. the inclination of the critical state line in the
stress space depends on the maximum pre-consolidation pressure o

mo?

because ep, ¥ and « depend on the value of céo. Therefore the shape

of the state surface in the present theory is dependent on the

maximum pre-consolidation pressure o~

ppe This is the reason why we
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do not call the state surface the state boundary surface. It is not
the boundary in the present theory. The critical state of the present
theory can be represented as follows in Roscoe style:
q -3 -k
(p)critical V2 (1+ea)u (5+5.3)
Now it is noteworthy to comment about the basic assumption of
the original energy theory that is the estimation of energy dissipa-

tion during the deformation process of clay, i.e.:
di = Mpde? (5.5.4)

where dW is the dissipated energy and
2
de = '5‘(d€1 - dag)

Eq.(5.5.4) shows that the dissipated energy during shear process of
clay does not depend on the volumetric strain. And this assumption
cannot easily be accepted by our intuitive feelings as pointed out by
Rowe, Barden and Lee (1964), Burland (1965) and by Palmer (1967). The
modified energy theory was developed by the research group at
Cambridge starting from the assumption of dissipative energy estimated

by the following equation initially proposed by Burland (1965):

aw = p/(@F)2 + (MdeP)? (5.5.5)

Eq.(5.5.5) shows that the dissipative energy depends both on the
plastic volumetric strain and on the plastic shear strain, and so
seems to be more adequate than that of original energy theory.

In the present theory, the fundamental incremental stress-plastic

strain relation can be given by:

T

it = 4300 K g ook (5:546)
dﬁp . =" *(1l+ep)u o

oe

Rewriting the eq.(5.5.6) for the active loading state into Roscoe

style, we get:
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ﬁ.M_ﬂ (5.5.7)

def p

The dissipated energy is defined as:
aw = pdvp + qdep

and the substituting eq.(5.5.7) into eq.(5.5.8), we get the estimation

of energy dissipation as follows:

Eq.(5.5.9) shows that the dissipated energy estimation, eq.(5.5.4),
in the original energy theory coincides with that derived from the
present theory.

Although Roscoe, Schofield and Thurairajah (1963) did not mention
that their estimation of dissipated energy contained the effect of the
plastic volumetric strain, it is clear that their estimation included
the effect of the plastic volumetric strain on the process of

deformation.
5.6 Conclusions

In this chapter, the theoretical extension of Chapter 4 to be
applicable to anisotropically consolidated soils. It is emphasized
that the mechanical behavior of anisotropically consolidated soil
seems apparently quite different in the active and passive state.

The discussions presented in this chapter are of use to analyse the
practical problems in the field of soil mechanics and foundation
engineering. For convenience of such an application of the theory,
stress condition for plane strain deformation is derived. In the
last part of this chapter, it is shown that the original energy
theory at Cambridge, which has been well confirmed experimentally, is

included in the present theory as the special case.
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CHAPTER 6
EXPERIMENTAL EXAMINATIONS
6.1 Introduction

In this chapter, some experimental investigations are presented
in order to give the theory mentioned in Chapters 4 and 5. The
objects of the presented experimental works carried on by the author
are the isotropically pre-consolidated clays.

The experiments are carried on with quite 'small strain rate or
loading rate in order to eliminate the rate dependent behavior of
clays. In the ordinary undrained shear tests on clays, the strain
rate is selected sufficientlt slow to realize the complete equalization
of pore pressure throughout the clay specimen. But in the author's
opinion, such a criterion for the determination of strain rate is only
the necessary condition. This thought is supported by the data given
by Akai, Yamamoto and Ozawa (1962) and Richardson and Whitman (1963).

Fig. 6.1 is
the stress path

L-g.fm:
=
«

of a strain con-

A“wﬁﬂ\\w trolled triaxial

: A 20000 win/ 10 ! test on a clay

i BY Ayiei 10 }A (P.L. = 31.2%,
v 05 1.0 L.L. = 51.5%, P.I

a; i fem » = 20.3%). The

Fig.6.1. Time dependent behavior of strain ratesof the

of a clay under beginning part and
undrained shear
the following part
of the test were
20000 min/10 mm and 300 min/10 mm respectively (35 mm diameter and
80 mm height specimen). About 10 minutes were spent for the exchange
of gears to change the shearing speed. This datum shows that the
strain rate affects not only the development of pore water pressure

but also the mobilization of shearing resistance.
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6.2 Sample Preparation and Test Procedures

1. The Clay Used in the Investigations

The clay used in the investigations is Osaka alluvial clay
containing shells deposited in the sea water. The index ppoperties
of the clay, percentage of clay particles (< 2u), activity and specific
gravity are shown in Table 6.1. The water was added to the clay and
then this clay paste was made to pass the 0.074 mm screen to elliminate

the shells and was left still in a bucket for about two months.

L.L. P.L. P.L =2u Activity Specific gravity

69.295 32.5% 36.7% 25% 1.47 2,64

Table 6.1. Physical properties of clay .specimen

Then the clay paste was consolidated with its own weight. This half
consolidated clay paste was mixed again and consolidated in a

cilinder (30 cm diameter, 15 cm height) with about 0.3 kg/cm2 for four
weeks. The consolidated clay was coated with parchment paper and wax
and then was preserved in the machine oil for several months. The
water content of the clay in this state was about 88%. This high
water content of the cday seemed to be derived from the high water

content of the clay paste before consolidation.

2. Test Procedure
Triaxial Test

The clay specimens (35 mm diameter, 80 mm height) covered with
drainage filter and thin rubber membranes were mounted directly on
the pedestal in the triaxial cell. Porous stone was not used because
of the possibility of residual air bubbles. Cell pressure and pore
pressure were measured by the height difference of mercury columms.
Consolidation time was about 5 days and swelling time was about 15
days. Back pressure was applied for the undrained tests. Strain rate
was selected quite slow. Loading rate of the stress controlled drained

tests were about a few weeks for one loading step. Area correction
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was put in with natural strain.

Shear Box Test

Constant volume tests were carried. In constant volume test,
the volume of the specimen (60 mm diameter and about 10 mm thickness)
is maintained constant during the test by increasing or decreasing the
normal pressure keeping free drairnage condition. Area correction was

not put in because of the reasons given by Matsuo and Karube (1966).
Loading rate of the test was selected quite slow.

6.3 Consolidation Test

In order to obtain the values of the coefficients X and k, a
consolidation test is carried on in the oedometer. The sample is in
60 mm diameter and 18 mm thickness. Loading rate is 24 hours for
each step. This loading rate is not sufficient to get the final
settlement of the clay specimen. But the values of ) and perhaps «k

are not so sensitive to the loading rate as shown by Crawford (1964).
Test data are shown in Fig. 6.2.

70
65
Fig.6.2.

[y w-log p plot
260 [
1]
e
c
o
o
o
855
=

50 1 ] L ool

0.1 1.0

consolidation pressure ( ka/cm? )
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The reliable values of A and k corresponding to the consolidation
pressure of 1 kg/cm2 are 0.25 and 0.03 respectively. The value of

coefficient p is given in the following section.
6.4 Undrained Stress Paths

1. Normally Consolidated Clay

A normally isotropically consolidated clay specimen (initial w
= B88.34%) was consolidated with the cell pressure of about 0.998 kg/
cm2 (the cell pressure was changed from 0.967 kg/cm2 to 1.029 kg/cm2
by the friction of the constant pressure apparatus) for 5 days. The
void ratio eg of the specimen after consolidation was 1.594. The
stress path of the clay under strain controlled shear with the strain

rate of 4.40 X 10-4 mm/min

(%‘?)crii. =0.7082
(22719.98 min/10 mm) is ]
B (1+1e T 00081 :_vet;mrmm
given in Fig. 6.3. g ' O criten
03 e state

The strict determi- o .
nation of the critical J #
state point on the stress 0 s i
path is quite difficult. 05 kg/em?

thi th th
In s case © author Fig.6.3. Stress path of the normally

would like to select the consolidated clay under

0 point as the critical undrained shear

state point.
The theoretical stress path of a normally consolidated clay

under undrained shear for = 0.8081 is suitable with the

A
(1 + egu
experimental stress path. At the experimental critical state point,

T = 0,3058 kg/cm2 and aé = (0,4312 kg/cmz, then the stress ratio

oet
(Toctfcm)criL.= 0.7092. The theoretical stress ratio at the eritical
state is given by:

(Toct) A =

G%’ crit. (1 + ep)u
Substituting the values of ey = 1.59, A = 0.25, « = 0.03 and
e
oet - =

( U& )crit. 0.71 into the above equation, we get u 0.12.
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A1l following calculations for the theeretical analysis will be
carried with A = 0.25, ¢« = 0.03 and u = 0.12.

2, Overconsolidated Clay

An overcomsolidated clay (initial water content was 88.44%) was
consolidated with the cell pressure of 1,010 + 0.001 kg/cm2 for 5
days and rebound to the pressure of 0.296 + 0.031 kg/cmz for 16 days.
This specimen was sheared under strain controlled undrained conditiom.

The strain rate was selected as 3.049 X 10-4 mm/min (32800 min/10 mm).

eritical slale

kg /fem*

Teel

0 0.10 0.20 0

conventicnal strain &,

Fig.6.4. Stress—strain relation Fig.6.5. Stress paths of the
of the overconsolidated clays under undrain-
clay ed shear

Judging from the stress strain relation shown in Fig. 6.4, the
author would like to select the 0 point in Fig. 6.5 as the critical
state point. The stress path of this overconsolidated clay is shown
in Fig.6.5 and the stress ratio (Toct/ré) of the 0 point of the over-
consolidated clay is 0.7049.

The critical state line in Fig. 6.5 derived from (1

oct/Um'crit.)
= 0.7092 is suitable with the experimental critical state point of
the overconsolidated clay. The theoretical stress path is RpR7U; for

the overconsolidated clay in Fig. 6.5.

3. Shear Box Test
Stress paths of normally consolidated clays under shear in shear

box are shown in Fig. 6.6. Strain ratesare given in Table 2.

121



Assuming that the stress

state (T,-Uﬁ) is synonymous
with that on the ¢~ maximum
mobilized plane as shown in Lof

Fig., 6.7, the theoretical

stress paths are calculated LT *’fl;cii:
as shown in Fig. 6.8, The s tlm:::m

¥ kg/em?

stress state in the shear box 0 s =

» 1
seems to be approximately YV el

plane strain. Karube and

Fig.6.6. Stress paths of normally
Harada (1967) showed that the consolidated clays under
value of ¥ = (03 - 03)/(o{ - shear in shear box
c3) varied from 0.2 to 0.4,

Then the theoretical stress

paths of normally consoli-. Consolidation Pressure 2 kgf/cm?

dated clays under plane

Disqlga-caement Strain rate
x mm i
strain shear may be substi- ( ) s
0~70 0.01
tuted approximately by the
70~140 0.02
theoretical curves for ¥ =
140~300 0.04
0.35. The value of Afu of
300~500 0.05
the theoretical stress paths -
500~600 0.10

in Fig. 6.6 is derived — =
: Consolidation Pressure 1kgfcm?
from A = 0.25 and u = 0.12. - =

DiSPlacgement Strain rate

The theoretical curves agree (%107 mm) mm/min
with the experimental stress 0~20 0.005
paths. And this agreement 20~-50 0.01
suggests the appropriateness 50~100 0.02

5 100~200 .

of the assumption about the e
200~ 600 0.05

stress state in the shear

box.
Table 6.2. Strain rate of the

shear box test
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Fig.6.7. Stress state on the ¢~ Fig.6.8. Theoretical stress paths
maximum mobilized of clays in shear box
plane

6.5 Analysis on Drained Tests

1. Normally Consolidated Clay

A normally consolidated clay specimen (initial water content was
86.18%) was consolidated with the cell pressure of 0.967 + 0.050 kg/
cm2 for 2 days and then sheared under stress controlled drained
condition. The void ratio after consolidation was 1.606. The axial
stress was increased with 5 steps remaining the radial stress constant.

The expelled water is shown in Fig. 6.9,

Fig., 6.10 shows the experi- 0 T,

."“—-n..__\_k
mental data comparing with the N ===y B
g 2 2l -
theoretical curve derived from ) k“x\n
o
the data of A = 0.25, k = 0.03 i s SO [t
g -‘-‘_‘-—-.
and y =-0.12 and it suggests the 25 o T
possibility of the incomplete i o S = e
T —] S .
drainage in spite of the very 2 (S G ST Wi -
1 10 10% 10% 10¢
milutes

long duration for each step of tine

loading. The clay specimen Fig.6.9. Expelled water ~time

could not arrive at the critical relation of consolidated

state point, because the defor- clay

mation of the specimen was too
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s theory

= expcriment

1.0 1 1
] Lo 2.0

0l kg/m?

Fig.6.10. ¢-m relation of the
normally consolidated
clay under drained
shear

large to continue the test with
The

stress paths of the undrained

the next step of loading.

and drained tests on the
normally consolidated clay and
the theoretical critical state
line are shown in Fig. 6.11.
Fig. 6.12 shows the projection
of the state paths of the
undrained and drained test to
the Toct = (0 plane, and the
two points combined with the
dotted line is the pair of the
Je=

oet' "m
The theory requires that these

same stress ratio Tt

dotted lines are parallel to

the normal consolidation curve.

kg /om®

Tace

1.0

U hg/em*

Fig.6.11. Stress paths of the

15

1.0

normally consolidated
clays

o drained

ul

Fig.6.12. "oct/°m.: constant lines
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Judging from the experimental data shown in Fig. 6.12 (including the
possibility of incomplete drainage in drained test), the theory is

generally acceptable.

2. Overconsolidated Clay

An overconsolidated clay specimen (initial water content was
87.46%) was consolidated with the pressure of 1.892 % 0,051 kg/cm2
for 16 days (eq = 1.3738) and rebounded to the pressure of 0,9189 +
0.0364 kg/cm2 for 9 days. This specimen was sheared under stress
controlled drained condition with 3 steps of loading. The effective
mean stress Gé was kept nearly constant because the cé - constant test
in strict sense cannot be carried on by the difficulties in the exact
expection of the shear strain and of the radial stress. The shear
strain increased suddenly about 5 minutes after the last step of
loading and it was apparent that the last lpad was over the critical
load.

Fig. 6.13 shows the state sk

01 067=0,
path of this test. The last 1:;=:$§

2! 0/=1.0232
step of loading was carried 32 0=0.9370

rather under the undrained

Foet kg/em®

theory

condition than under G% -

constant condition, because

0
0.5 Lo
the pore pressure could not

dissipate. The point 0, 1, 2, o
Fig.6.13. "m - constant test on
the overconsolidated

and the point Sy and S, are clay

3 are the experimental data

the critical points for oé
= 0.9189 - constant and Ué = 1,0232 - constant test respectively.
The section of the swelling wall and the state surface are shown in
Fig. 6.13 as RR” and R”Sp respectively for cé = 0.92 ., Fig. 6.13
shows that the swelling wall is standing vertically on the swelling

curve.

These experimental data can be reasoned out approximately by the

theory mentioned above.
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6.6 Stress-Shear Strain Relations

As shown in the previous sections, excellent agreements exist
between experimental data and the theoretical results. Here we
examine the stress-shear strain relations. In Fig. 6.14, presented

are the stress—shear

strain relations for o

Critical State. °
undrained and drained /,r”rr' »
tests of normally .

- ® Undrsined Shaar
consolidated clays. [.- 2 e
The theoretical

° [T} [ (I Feet

curves can represent
the tendencies of
experimental curves. Fig.6.l4, Stress—-shear strain relations

in the cases of undrained and

But the accuracy is dvatied ehemr

not so satisfactory.

In the author's

opinion, this dis-

crepancy is mainly

arising from the nonuniformity of shear strain in the specimen

caused by the end friction
6.7 Experimental Results by Other Researehers

As mentioned in chapter 5, the Cambridge original theory is the
special case of the present theory. The derivatives of the Cambridge
original theory are completely coincident with those of the present
theory in the case of conventional triaxial tests on isotropically
consolidated soils. In Fig. 6.15 (a}l, (b), Roscoe, Schofield and
Thurairajah (1963) gave some experimental confirmations of their
hypothesis about the energy balance which is theoretically justified
from the viewpoint of the present theory in chapter 5. They also
showed that the stress ratio-constant lines on the e-log p (oé)
diagram constructed a set of paralled lines as shown in Fig. 6.16 (a),

(b). Such relations were also given by Walker and Reymond (1969).
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Using the experimental
data of Bishop, Webb and
Lewin (1965), Schofield and
Wroth (1968) showed that the
Cambridge original energy

40

o theory could excellently
4/p predict the stress path and
M stress-strain relation of

08

undrained shear test on

normally consolidated clay.

04

Their results are shown in
Fig. 6.17 and Figs. 6.18. (a),
(b).
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Fig.6.18. Undrained shear test (After Schofield and Wroth)

(a) Stress path
(b) Stress-shear strain relation
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6.8 Conclusions

In this chapter, some experimental confivrmations of the present

theory are given. The conclusions are as follows:

(a) In order to obtain the unique stress-deformation relationms,
strain rate or loading rate is to be thoroughly slow. Equalization
of pore water pressure throughout the specimen stressed under un-
drained condition is only the necessary condition, not the
sufficient condition. In the case of drained test, complete
expulsion of the pore water is to be expected.
(b) Theoretical state surface for the isotropically consolidated
clay shows the excellent agreement with the experimental results.
(c) Theoretical swelling wall for the isotropically consolidated
clay does describe the mechanical behavior of clay in elastic
state to the satisfactory extent.
(d) The tendencies of stress-shear strain relations are predicted
by the theory to some extent., But experimental and theoretical
curves for the undrained test do not coincide completely. This is
considered to be caused by the remarkable non-uniformity of shear

strain in the specimen arising from the end friction.
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CHAPTER 7
THREE DIMENSIONAL CONSOLIDATION ANALYSIS

7.1 Introduction

Consolidation analysis has been one of the most popular topics
in the field of soil mechanics. The term '"consolidation" used in
this chapter is defined as the dissipating process of excess pore
water pressure set up by the application of load. Therefore it is
quite different phenomenon mentioned in the previous chapters.

The term '"consolidation" in this chapter is of the current usage.

The one dimensional consolidation theory initially constructed
by Terzaghi in 1924 (introduced by Aboshi, 1969) is based on the
assumption that the clay is able to be substituted by spring which
deforms reversely in one particular direction. Biot (1941)
constructed a three dimensional consolidation theory based on
elasticity. Akai (1953) gave two dimensional consolidation theory
based on elasticity, too. There have been too many research works
about one dimensional, and two or three dimensional consolidation
theory to introduce here, But most of them are based on the
linear recoverable stress-strain assumptions for clay. Davis and
Reymond (1965) constructed a non-linear theory of one dimensional
consolidation based on the e—lnc% linear relation. But as presented
in the previous chapters, the stress-void ratio relatiocns for clay
under the general stress state are not represented by e-lncé
linearity. In this chapter, a three dimensional analysis of
consolidation is presented based on the general stress-strain rela-
tions for clay. In addition to that, some considerations on the
anisotropic consolidation are made. It should be noted that the
experimental confirmation of the present analysis by the conventional
consolidation test in triaxial cell is hardly carried on, because
the stress-strain relations, presented in the previous chapters and
used in this chapter as the basic relationms, are to be applied in

the case of sufficient slow loading and strain rates.
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It is apparent that the duration for the complete expulsion of
the pore water is rather short compared with the duration for the
rearrangement of the clay particles accompanied by deformation in the
case of consolidation test on a considerablly small specimen. In the
author's opinion, the secondary consolidation is arising from the
time lag between the compulsion of the pore water and rearrangement

of the clay particles,
7.2 Three Dimensional Consolidation Process

1. Stress-strain Relations
The incremental stress-strain relation for anisotropically pre-

consolidated clay in elastic state is given by:

1 « dcé
dsij = 3-1 T ei 0% Gij (7.2.1)

when the stress state is within the range given by initial yield

condition, i.e.:

Toc A -k cé
+H——=-k) £~ ln — (7.2.2)
s (1+eg)u qwa

where the upper and lower sign are respectively corresponding to the
active (Toct/cm;k) and passive (Toct/0m<k) state. From eq.(7.2.1),
we get the incremental stress-void ratio relation in this case
derived as:
e Ln
dv = TH o g (7.2.3)
T m
When the stress state of the anisotropically pre-consolidated clay is

beyond the initial yield condition, i.e.:

-

Toot A -k m
- k) > - 1% *= (7.2.4)
o (1+eg)u %m0

the incremental stress-strain relation is given by:
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1 + ey T
A -k = ‘oet + 1
de.. = == [{ °2}s, . = tel, = 578..)]
g 3crm 1+ e, (1+ep)u Op U Topr U m ig
dt do”
[dcé + oct ]+ 3K‘_1 +ﬂ
X = ¢ - Yoot o, e, (7.2.5)

+ —=
(I+eqgiu o

The first and second terms of the right hand side of eq.(7.2.5) are
representing the plastic and elastic component of incremental strain,

Applying Gij to eq.(7.2.5), we get:

1+ -
o ( eo)u[dﬁm{ 1 - Toct}i‘ dToct] (7.2.6)
1+e, = o (L+edn ~ o “m

2. Dissipation Process of Pore Water Pressure
Here we discuss the dissipation process of pore water pressure

in the same manner that was used by many of the previous researchers.

Continuity of the Water

Assuming that the clay is completely saturated and neglecting
the compressibilities of clay particle and pore water, the rate of
the change of volumetric strain must equal to the volume of expelled

water per unit time. Then we get:

v __x . Y, 2
9t 9x + oy + 3z (7.2.7)
where V., V., V_ are the x-, 0 \
x* Yy’ = e
y-, z— component of the water ///f L//ﬂl“
’ I
velocity as shown in Fig.7.1. o x| ﬁ/yl
vil o i - -
Darey's Law ol
Gy i g{l’/’/,,-‘—— ______

Assuming the validity

of Darcy's law, we get:

=

k
v o= - _x AU Fig.7.l. Continuity of the water
x pw ax
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k
V = - —E—E (7.298)
y - e, ¥

kz U
V2= "0 2

ﬂw

where km’ ky’ kz are the coefficients of permeability in x, y, 2z
direction, P and 4 are respectively the density of pore water and
pore pressure., It is noted that the values of kx’ ky, kz depend on

both the position (x, y, z) of the element and time t.

Fundamental Equation for Clay in Elastic-Plastie State

Substituting eqs.(7.2.7) and (7.2.8) into eq.(7.2.6), we get the
fundamental equation for the pore pressure dissipation due to the
consolidation of anisotropically pre-consolidated clay in elastic-

plastic state as follows:

k k k
_..JQGJE.EE) = .Jieii.gﬂo _._QG_E.EEQ

9x P X 3y 'p.. 9y dz P 9z
) (1+20)u[{ A ) Toct} 1 (Bam su + __l_.EIEEE]
1+ e (1+eg)u O 0, =U 3t 9t cm-u ot
(7.2:9)

Eq.(7.2.9) gives a constraint on the pore pressure u and applied
total stresses T ot and Ty Generally speaking, deformation of clay
accompanied by the expulsion pore water induces the change of total
stresses applied to the clay element. Therefore Toot and Um are

not independent of time t. But here we pay our attention to the case

of constant total stresses, i.e.:

aToet
acm Um U

Then eq.(7.2.9) is reduced as:
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k
” _.3_(_23. ﬁ‘.) - (;_CE Gy _ﬁ(kz a“)
ox Pu ax Y Py 3y oz p z
_ 1 1 ot
“Tre; o - =2 +(+eg )"__‘_u"a_t (7.2.12)

Eq.(7.2.12) is the differential equation about pore pressure u,

because oot and g, are assumed to be constant.

Fundamental Equation for Clay in Elastic State
With the similar procedure mentioned above, we get the funda-

mental equation for clay in elastic state as follows:

_afe oy o fuuy o K
9x P Ix 3y By Ay 3 P 9z
K 1 3u

(7.2.:13)

Eq.(7.2.13) corresponds to eq.(7.2.12) in the case of elastic-plastic
state.

Discussion

Dissipating process of the pore water pressure set up in the
natural clay deposit loaded by the construction of buildings and
embankments or by the another sort of external agency can be clarified
by solving eq.(7.2.12) or eq.(7.2.13) with initial state of total
stress distribution and initial pore pressure distribution and with
the boundary condition of pore pressure. Unfortunately, eqs. (7.2.12)
and (7.2.13) are in too complicated forms to be solved analytically.
Then we have to carry the numerical calculation in order to obtain
the practical informationms.

In advance of the numerical computation, we must define the
values of e and ¢ and soil constants A, x and u. The total stresses
L and ¢ are also to be defined to each point in the clay deposit
throughout. The initial pore water distribution canm be known as
follows from the total stress distribution. Immediately after the
loading, the clay deforms under undrained condition. Then the stress
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state of a clay element located at any arbitrary point in the clay
deposit must be on the undrained stress path obtained in Chapter 5.

As mentioned in Chapters 4 and 5, the stress state of clay
element sheared under undrained condition is defined by the intersec-
tion of the e=e£ plane (ei=eo for the normally consolidated clay)
with the swelling wall in the case of elastic state, and with the
state surface in the case of elastic-plastic state.

Summing up these discussions

(a) elastic state

When the applied octahedral shear stress Toot is smaller than
Toctp which is given by:
A -k i
= g° (k- - 7.2.14
Toctp CIm'f,{k+ (1+eg)n ln o0 ( )
(bis5.2.14)
(Toctp= o0 for normally consolidated clay)

The effective mean principal stress remains unchanged, i.e.:

Op = Ot (7.2.15)

and therefore the pore water pressure set up in the clay element is

given by:

u=o -0 . (7.2.16)

where o, 1is the applied total mean principal stress.
(b) elastic-plastic state

When the applied octahedral shear stress T is larger than

oct
Toctp given by eq.(7.2.14), the effective mean principal stress d%

must be related with L. in the way given by:
Gé Toct
e. - eg + AMn — +(l+ep)u(—=—=-%k) =0 (7.2.17)
t mo ~ m

(bis5.2.15)
and the pore water pressure set up in the clay element is also given
by numerical method.

With the initial values of the coefficients of permeability
which are .also defined to each point in the clay layer, and with the

knowledge of initial pore water pressure distribution, we can begin
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to solve eq.(7.2.12) or eq.(7.2.13) numerically. On the progress of
pore pressure dissipation accompanied with the expulsion of pore
water from the clay layer, the values of coefficients of permeability
may change in the way that should be clarified before the computatiom.
In this way, the dissipation process of pore water pressure set up in
the clay deposit by the loading can be known.

It should be noted that eqs.(7.2.12) and (7.2.13) are based on
the assumption of constant total stress. But constant total stress
condition can be hardly realized in general practical problems, but
only in the artificially controlled experimental works. Generally
speaking, the progress of deformation of clay deposit due to the pore
pressure dissipation causes the change in total stress distribution
throughout the clay. But in some of the practical engineering
problems, this change in total stress distribution may not be serious
because of the small deformation of clay layer. Therefore we can
conclude that the three dimensional analysis presented in this
section is of practical use with sufficient accuracy compared with
that of the current Terzaghi's one dimensional consolidation theory
or with those of three dimensional consolidation theories in
Terzaghi-Rendulie type.

Now let us consider the transition of effective stress state
during the pore water pressure dissipation. The stress states of the
clay in elastic-plastic state just after the loading, are to be re-
presented by the points on the current yield locus shown in Fig.7.2.
It is easily understood that the points on the current yield locus
begin to move to the right hand direction parallel to the Ué-axis
with the dissipation of pore water pressure under the condition of
constant total stresses.

It is apparent from Fig.7.2 that the clay initially in elastic-
plastic state can never become to be in elastic state. Such a clay
wetter than critical must continue to yield with work-hardening
effect during the dissipation process of pore water pressure. When

the total stress ratio Tactlom is smaller than k, it is possible that

137



the clay which is wetter than critical and initially in the active
lecading state becomes to be in the passive loading state on the
process of pore water pressure dissipation. And now the clay wetter
than critical yields with work-hardening effect and it will never

reach the critical state.

On the other hand, Toct Dryer than critical ;
{work sesteming) * Wetter than critical

the stress state of the clay S _{work hardening)

initially in the elastic-
plastic state which is re~

presented by the point on
the drier side of the
current yield locus is

rather unstable. When the

pore water pressure decrease,

the clay must experience Fig.7.2. Yielding of clay

further ylelding with the

work-hardening effect and

then becomes to be in the critical state, if the applied total stress
ratio ltoctfgml is smaller than the critical value.

The stress state of the clay in the elastic state just after the
loading is to be represented by a point within the domain enclosed by
the current yield locus. In this case, the current yeild locus is
nothing other than the initial yield locus. Accompanied with the
dissipation of pore water pressure, i.e., with the increase of effec-
tive mean principal stress Gé’ the stress point of clay in elastic
state moves to the right hand direction of Fig.7.2. It is easily
found that the stress point will finally reach the initial yield
locus and then enters the elastic-plastic domain. After arriving at
the initial yield locus, the situation is quite the same as for the
stress point of clay in elastic-plastic state. It is noted that the
clay initially in elastic state cannot become to be in the elastic-
plastic state drier than critical under the constant total stresses.

Seeing Fig.5.8, we can easily realize that the characteristics of
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vold ratio change of clay in elastic and elastic-plastic state are

considerablly different from each other. Therefore many complicated
difficulties will be encountered in the analysis of pore water pres-
sure dissipation of pre-comsolidated clay, especially of clay drier

than critical.

3. Deformation of Clay due to the Dissipation of Pore Water Pressure

In the current analysis of consolidation process, the settlement
is calculated from the void ratio change of clay element induced by
the expulsion of pore water. But it is the physical reality that the
reduction of pore water pressure causes not only the woid ratio change
but also the further distortional deformation of clay in elastic-
plastic state,

From eqs.(7.2.1) and (7.2.5), we get the time derivatives of

strain as follows:

asij 1 « 1 Boé
2= — ] 3 .2.18
3t 3T+ 2 T 81 elastic state (7 )
o5 l+e T
- . + -
ot 30, 1 + e, (1+eg)u g,
& 1 %,
- (07, - 076..)]1— : elastic-plastic state
s G0 mig It
o (7.2.19)

The terms in right hand side of eqs.(7.2.18) and (7.2.19) are already
obtained by the way mentioned in the previous section. Then, we can
easily get the rate of deformation per unit time. But it is note-
worthy that the obtained change in strain distribution throughout the
clay deposit, i.e., the change in configuration of clay deposit

cannot satisfy the boundary condition of displacement completely.

7.3 Anisotropic Consolidation
In this section the stress path on the consolidation process of
isotropically consolidated clay specimen with some special constraints
of deformation in conventional triaxial apparatus is to be presented.

Such an analysis presented here is of little use in the practical
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engineering problems, but of academic interest.

Now we consider the consolidation process of isotropically con-
solidated clay specimen with no lateral deformation. This is similar
process to so-called Kg-consolidation on which Akai and Adachi (1965)
gave some contributions. Under the condition of o;=¢j, the octa-

hedral stresses are reduced as:

-~ l - -
O’m = 3(01 + 203) (7.3.1)
“2 - -
Toct = 5(0’1 - 03) (7-3.2)

and the plastic potential given in Chapter 4 is reduced as:

Toet A=k Gﬁ
V2(0f - o3) Lot + 203)

fob B g D ' (7.3.3)
gt + 203 (1+eg)u a’ e

my

It is already shown in Chapter 4 that the plastic strain increment is

given by:
7.3.4
dek . = A—if— . ( ‘
g aoéj (bis 4.4.6)
where
1+ e

T
/{ A=K Oat}]

A= UI_;_E__[dbé + dr (bis 4.4.14)

oet’ " (l+eg)u o
which is reduced as:
1 dng 2 %-d"f ”%"5
A = yo——[Zdo{ + doj + > 1 (7.3.5)
+ - .
l1+e "3 3 A-k /21 _ 93
(1+eg)u of + 203
Elastic strain increment is given by:
def, = & X dcﬁﬁ
i 31+e o if (7.3.6)

Combining these equations, we get the differential equation for

def + de§ =0 (7.3.7)
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as follows:

oy X -
{-3v2 Frar e eo)u}(l + eg)uldo{ + 2doj
V2do{ - V2do3
+
- ICHER L
(I +epuw  of + 203
= K(dﬁf + ché) (7-3-8)
Introducing,
= __3‘/2- A - K
ATy /T2 zon; L+ eo (7.3.9)
= A-k 5 l-K
BEWregr ~ 21T+ (7.3.10)
where .
o3
K=37 (7.3.11)

we get the differential equation which the effective stresses and

their increments should satisfy as follows:

wh

d"‘ _A(B+/2) - B 73,8, 10
do{ 5B - A@2B - /3)

Now let us consider the change in effective stress on the con-

solidation process of isotropically consolidated clay carried on with

no axial displacement, i.e.:
dep = def + de§ = 0 (7.3.13)

In this case, we get the identical form of eq.(7.3.12) with the

slight alternation of A as:

3v2 K + A=K (1 + ep)u (7.3.14)

AE{1+2K (1 + eg)u
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7.4 Conclusions

In this chapter, three dimensional consolidation analysis based
on the non-linear stress-strain relations for anisotropically con-
solidated clay presented in Chapter 5 is presented. This analysis
is characterized as follows compared with the previously proposed
three dimensional consolidation theories:

(a) The stress-strain relations used in the analysis are much
realistic, They describe the effect of dilatancy and are
consistent with the description of general mechanical behavior
of anisotropically pre-consolidated clay.

(b) The situation of the deformation due to the progress of pore
pressure dissipation is able to be described in detail connecting
with the change in the mechanical state of clay from the elastic
state to the elastic-plastic state and to the perfectly plastic
state (critical state).

(c) The difference between mechanical behaviors of anisotropically
pre-consolidated clay stressed in active state and passive state
is described.

In the last part of this chapter, some discussions on the stress
paths of isotropically consolidated clay specimen consolidated in the
conventional triaxial cell with some restraints on its deformation

are made.
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CHAPTER 8

IMMEDIATE SETTLEMENT OF EMBANKMENTS
ANALYSED BY FINITE ELEMENT METHOD

8.1 Introduction

In this chapter, the immediate deformation of anisotropically
normally consolidated clay layer loaded by the construction of an
embankment is analysed by the finite element method using the stress-
strain relation presented in Chapter 5.

Immediate settlement of clay layer stressed by the uniform strip
load has been analysed by the theory of elasticity. But the elastic
constants suitable for the analysis are hardly determined from the
soil tests. Then recently many researchers, Heg, Christian and
Whitman (1968), Girijavallabhan and Reese (1968), Dunlop, Duncan and
Seed (1968), Christian (1968), Christian and Boehmer (1970), Duncan
and Chang (1970) and Chang and Duncan (1970), have begun to analyse
the deformation problems by the numerical analyses using the non-
linear stress-strain relations for soils.

The stress-strain relations used in their analyses are to be
obtained from the soil testing. But it should be noted that the
stress-strain relations of clays are quite different depending on the
maximum pre-consolidation pressures, initial states, drainage condi-
tions and loading states as mentioned in Chapters 4 and 5. Even if
we discuss only the case of anisotropically normally consolidated
clays, stressed under undrained conditionm, their stress-strain
relations depend on their comsolidation pressure and loading states.
In addition to those, we must take the plane strain condition into
account. Therefore we can say that to determine the reliable stress-
strain relations of clays directly from the undrained tests on clays
is hardly possible practically.

In this chapter, the stress-strain relations of anisotropically
normally consolidated clay presented in Chapter 5 are used. Broms

and Casbarian (1965) showed that pore water pressure induced by the
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undrained shear depends on the rotation of principal stress axes.
It is noted that this effect 18 neglected in this thesis.

8.2 Procedures of Analysis

The immediate settlement of anisotropically normally consolidated
clay layer stressed by the construction of an embankment is to be
analysed., The embankment is replaced by the uniform strip load whose
width is 8 m. The thickness of the clay layer is assumed to be 20 m.
The maximum pre-consolidation pressure Gﬁa is assumed to be distri-
buted proportionally to the depth of clay layer. The values of c;a
of the clay elements located at the surface and bottom of the clay
layer are respectively 0.9483 t/m? and 13.5923 t/m2.

Here, the clay layer is devided into the
quadrilateral elements. A quadrilateral ' A
element can be devided into two triangles in '<£;;>'<<[:>.
two distinct ways as shown in Fig.8.1. The : :

stiffness of the quadrilateral element is

obtained by averaging the stiffness of Fig.8.1. Division of
elements 1, 2, 3 and 4. quadrilateral
element

The initial stress state of the clay

element located at the depth y is given by:

G = 2.1
y =Y (8.2.1)
i

o, = Kooy (8.2.2)
1

T =0 25
xy (8.2.3)

where p and Ky are respectively the weight of the clay element per
unit volume and coefficient of earth pressure at rest. Here the
value of Xp is assumed to be 0.5 and then corresponding value ko is
0.3536. From eqs. (8.2.1)-(8.2.3), we get:

. 1+ ZKO

Oy = T3 PY (8.2.4)
i V2

- =-—§(1 - Kp)py (8.2.5)
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In this analysis, the stress increments due to the application of the
load are calculated by finite element method regardless of the effect
of the own weight of the clay. Then the stress state in the clay
layer is obtained from the summation of the initial stress state and
stress increment. The effective mean principal stress o in each

clay element is determined by numerically solving the undrained stress

path:
T o’
oet = A m
O (1+eqg)u 0

The stress-strain relations of the clay elements are linearized
by the incremental-variable elasticity procedure indtroduced by
Zienkiewicz and Cheung (1967). The stress=-strain relations of the
clay elements are obtained by substituting the stress condition for
plane strain deformation:

-

03 = U& and e; = g »  k =k (8.2.6)

into the general undrained stress-strain relation:

K A=Kk = Toct
32X (1+eo)u U:"i"!
Y =+ — 1n =
oct o] o
1 K m A - K T m s
= - 1n — (In —/—+ 1} + &
u (1+eg)u 90 (1+eg)u o0

(bis 5.3.20)
where the upper and the lower signs correspond to the active and the
passive states respectively. On the compuEation process, one must
judge whether the clay elements are in the active state or not, and
apply the stress-strain relations corresponding to each case. The

poison's ratio v is assumed to be 0.49.
8.3 Remarks on the Calculation Results
The values of the coefficients used in the calculation are as
follows:

= 1.6322 t/m , A = 0.3112, k = 0.1089,
0.1150, ko = 0.3536 (Kg = 0.5)

= T
n |
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and the value of eg corresponding to o-, = 10 t/m’is 1.594.
Calculation is carried on for the following three cases:

0.15 t/m?

Case 2: load intensity gq = 0,225 t/m?

Case 3: load intensity gq = 0.30 t/m?

Case 1: load intensity g

with the boundary conditions:

(a) No lateral displacement on the line just under the center of
the uniform strip load and on the line 32 m apart from the
center line.

(b) No vertical displacement at the bottom of clay layer.

The stress increments due to the application of uniform strip
load are shown in Figs.8.2(a)-(c), 8.3(a)-(c) and 8.4(a)-(c). In
these figures we find some elements in which the stress increments
are negative, The physical meaning of this tendency is clarified by
seeing Figs.8,5(a)-(c).

In Figs.8.5(a)-(c), the elements with the mark P are in passive
loading state, i.e., the stress ratios Toetlgé in these elements
decrease from their initial value k. Figs.8.5(a)-(c) show that the
passive region is developing with the increase of load intensity. It
is noted that the passive region approximately includes the so-called
passive region derived from the theory of characteristics field. The
value of Toct/cé at the critical state for the clay layer is about
0.7. Then no element is in the critical state. But in Case 3, the
clay elements just under the strip load are almost reaching to be in
the critical state.

In Figs.8.6(a)-(c). the distributions of pore water pressures
set up by the loads are shown.

The strain fields are given in Figs.8.7(a)-(c), Figs.8.8(a)-(c)
and Figs.8.9(a)-(c). 1In all cases, the strains in the clay elements
just under the strip load are meaninglessly large. This arises from
their comparatively large stress ratios. From Fig.5.16, we can
easily understand the rapidly increasing tendenc ' ar strain in

a clay element stressed by the considerablly hi, ratio,
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Unfortunately such a characteristic of the shear strain brings the
difficulty into the computation and gives remarkablly limited usage
of the present analysis in the practical engineering problems.

The immediate settlement for each case is shown in Figs.8.10(a)-
(c) respectively. In spite of the undrained condition, the calculated
deformations show the volume decrease of clay layer. This is

considered to arise from the character of shear strain mentioned above,

8.4 Conclusions

In this chapter analysed is the immediate settlement of embank-
ments constructed on the anisotropically normally consolidated clay
layer. When considerablly rapid construction of embankments is
performed, the pore water pressures set up in the clay layer are not
allowed to dissipate. Stress and strain field induced by the appli-
cation of load are to be analysed with a set of equilibrium equations
accompanied by the stress-strain relations. This sort of analysis is
the logically conmsistent procedure applicable to any continuum. In
the case of saturated clay stressed under undrained condition, pore
water pressure is to be taken into account.

In the investigations presented in this chapter, these theoreti-
cal requirements are completely satisfied. And stress and strain
field in the clay layer are obtained numerically. As mentioned above,
the analysing method presented here is logically self-consistent, but
the computation results are not so satisfactory because of their
rough accuracy. In addition to the question of the accuracy, some
difficulties arising from the rapidly increasing tendency of shear
strain in the clay element stressed by high stress ratio Toct/dé.
Shear strain in such a clay element is hardly determined in the
computation process.

This investigations given in this chapter were not achieved to

the present stage without the cooperation of Mr.S.Yoshitani.
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CHAPTER 9
CONSOLIDATION SETTLEMENT OF EMBANKMENTS
9.1 Introduction

As mentioned in the previous chapter, the logically consistent
analysis of stress and strain field in the ground loaded by the con-
struction of an embankment is too laborious and its accuracy is not
so satisfactory. Then, in this chapter, the immediated and consoli-
dation settlement of embankments are deducted based on the stress-—
strain relations and three dimensional consolidation theory presented
in Chapter 5 and 7 respectively. And with the informations obtained
from the computation, discussed is the accuracy of current estimation
methods of immediate settlement, consolidation settlement and final

settlement of embankments.
9.2 Procedures of Analysis

1. Stress Distributions

The embankment constructed on the anisotropically consolidated
clay layer is replaced by the uniform load.
Initial Stress Distribution

The initial stress distribution in the clay layer before the

application of the load is determined from the own weight of clay as

follows:

7 \
g = p (9:2;1,
y y

7
Uw Uz ko 0Py
< =0 (9.2.3)
Xy

where y is the depth and x, z are the lateral distances of the
clay element and p is the specific dencity of the clay element.
Additional Strese Distribution due to the Loading

The additional stress distribution due to the loading is assumed

to be determined from the theory of elasticity. Fortunately, stress
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distribution given by the theory
of elasticity is independent of ' "

the elastic constants in this RN : ' : T

case. The stress distribution !

derived from the finite element

method is rather symilar to e é

that given by the theory of . /\ . I
elasticity as shown in Chapter 8. QLJ_‘u el
Then, the stress distribution in -

this case is considered not to Fig.9.l. Stress field induced by

strip loading

be so sensitive to the stress-—
(after Akai)

strain relations. Then we assume

that the additional stress distribution is given by:

r:; = 4(2¢ + sin2ecos2$) (9.2.4)
oz =-&(2€ - sin2ecos2¢) (9.2.5)
z T
TZ = ﬂsin2331n2¢ (9.2.6)
xy T

where q, £ and ¢ are shown in Fig.9.1.
Total Stress Distribution
The total stress distribution is assumed to be given by the sum

of the initial stress and additional stress as follows:

Gy = oy +-%(25 + sin2ecos2¢) (9:.2:7)
Op = Kooy +-§(2e - gin2ecos24) (9.2.8)
Tmy = ﬂsin2631n2¢ (9.2.9)

As mentioned in Chapter 5, the intermediate principal stress is
approximately equal to the mean principal stress in the case of plane
strain deformation. Then, we get the distributions stress invariants

of total stress after loading as follows:
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I q
o, 7 —5— oh + J2¢ (9.2.10)
T = o - 0)? + Ex2 (9.2.11)
oet 6 x  ‘y 3 ay .2.

Effective Stress Distribution (just after loading)
Just after the loading, the clay layer is considered to deform
under the undrained condition. The stress path of the anisotropically

normally consolidated clay is given by:

-

Tosh ™ koam + (Treq)n Umln 0&0 (9.2.12)

.where the upper and lower signs show the active and passive loading
states. The octahedral shear stresses in terms of effective stress
and total stress are coincident. Then from eqs.(9.2.11) and (9.2.12),
we can obtain the effective mean principal stress Gé. In such a way,
the effective stress distribution is determined throughout the clay
layer. At the same time, the pore water pressure distribution is

calculated as the difference between Um and G%L

2. Immediate Settlement
Stress-Strain Relation

Stress-strain relation of normally consolidated clay is given as:

H A -k = ‘oot + 1
dE.- - ,[{ + - }60- = e {U' -0'15..)]
i 30 (1+eg)u o W Toap m mig
dt do”
+ oet K m
[do” - ] + 5= T9e 5i' (9.2.13)
o A - x - oct 3 0o w

(1+eg)u Um

We must integrate the strain increments along the loading history in
order to obtain the strain field in the clay layer stressed by the
uniform load.q. In this chapter, we devide the load into 100 load

{increments, and calculate the strain field by the repetitious
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integration of the strain increments induced by the imaginary load

increments q/100.

Immediate Settlement
From the strain distribution obtained in the way mentioned above,
the immediate deformation (undrained deformation) of the clay layer

is to be deduced. Strain is defined as:

3s
e, = a_xm' (9.2.14)
38
Ey = a_y,y— (902-15)
3S 38
1Y = (9.2.16)

Yoy T 2% TEy
where Sm and Sy are the displacements in x and y direction respectively

In this chapter, we obtain the difference between the displacement of

any neighboured points as follows:

AS = € Ax (9.2.17)

8S = e, by (9.2.18)

where Ax and Ay are the distances of any neighboured points in the

clay layer.

3. Consolidation Settlement
Dissipation of Set up Pore Water Pressure

In Chapter 7, we have already constructed the three dimensional
consolidation theory based on the stress-strain relations presented
in Chapters 4 and 5. Reducing the fundamental equation of three
dimensional consolidation into the two dimensional comsolidation, with
the assumption that the values of coefficients of permeablity km’ ky’

kz are identical to k and do not change during the consolidation

process, we get:

k 324 32y, _ 1 .+ ‘oct A__you

2 cl-u’ pcn‘q—u T (1+eg) ot (9.2.19)
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, As shown in Fig.9.2, we know the

= ore water pres
m;"::Zf:IEE$ P P sures at the
il \‘\\ neighboured points k~1, k¥ and k+1.
r\\ The pore pressure gradient is
approximately represented as:
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b Su _ Au
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Utk-1]=Ulk) j |

X(K-X{k—1)

A1} Nik} Xlie+t}

Fig.9.2, Distribution of pore

water pressure

Then we get:

ulk = 1) - uk) _uk) - uk +1)
32y cx(k) - x(k-1) x(k+ 1) - x(k)

3x?

(9.2.21)
%{x(k +1) - x(k ~ 1))

If all the distances between neighboured points are coincident to ,
eq.(9.2,21) is reduced to:

ax? (px)?

02y _ u(k = 1) = 2u(k) + u(k + 1) (9.2.22)

In the same way as mentioned above, we obtain the left hand side of
eq.(9.2.19), and then the pore water pressure change Au in the
duration of At.
Consolidation Settlement

Using the infinitesimal pore pressure decrease Au, we get the

effective stress increment after At as follows:

:-=- . » 02-2
Acag &uéta ¢ 3)
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Then the effective stress after At is Géj + Acéj. From eq.(9.2.13),
we can calculate the strain increment &aij. By adding the strain
increments to the previous strains, we know the strain field at the

time t+At, and the deformation of the clay layer,

9.3 Immediate Settlement

Clay layer is assumed to be normally consolidated. The strengths
of the clay elements located at the surface of clay layer are zero.
Therefore the clay. to the depth of 1 m from the surface, is assumed
to be replaced by sands. But on the calculation, the strength and
deformation of the sand layer is neglected, i.e., the sand layer is
assumed to deform following the settlement of clay layer without
mobilizing its shear resistence. Grand water table is assumed to be
at 1 m below the ground surface.

Sand layer is also assumed to exist under the clay layer. The
clay elements located at the bottom boundary between the clay and
sand layer is assumed to displace only laterally. The vertical
displacements Sy of the clay elements are calculated by integrating
Ey from the bottom of the clay layer. The points located just under
the center of uniform load are not allowed to move laterally. The
lateral displacements Sx of the clay elements are calculated by
integrating € from the line just under the center of the load.

The values of the coefficients used in the calculation are as

follows:

p = 1,6322 t/m} A = 0.3112, « = 0.1089,
u = 0.1150, ko = 0.3536 (Kg = 0.5)
= = 6
kx ky 1.0x10 © cm/sec
and the value of e corresponding to Uéo = 10 t/m? is 1.594. These

constants are identical with those used in Chapter 8.
Calculation is carried on for the following four cases:
Case 1: Load intensity q = 0.5 t/m?
Thickness of clay layer: 20 m
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Case 2: Load intensity q = 0.3 t/m
Thickness of clay layer: 20 m

Case 3: Load intensity q = 0.15 t/m
Thickness of clay layer: 20 m

Case 4: Load intensity q = 0.3 t/m
Thickness of clay layer: 10 m

. Fig.9.3. Key sketches
. . q
M.K% FTTT% st of the problem
é NORMALLY
f gﬁmmnm (a) Cases 1,2,3
!
= :
2m *] SAND
- —
= [ ' [ ‘i q = 0.3t/n
3 Sand
| i (b) Case 4
! Normally
:5 ] Consolidated
I; Clay
l
S | W Sand

The brief descriptions of the problems are shown in Fig.9.3(a)

(Case 1,2,3) and Fig.9.3(b) (Case 4).
The stress distributions in the Case 1 and Case 4 are shown in

figs.9.4(a)-(c) and in Figs.9.5(a)-(c). These stress fields are

rather similar to those given in Chapter 8.
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The pore water pressure distributions set up by the loading are
given in Figs.9.6(a)-(d). It is noteworthy that the induced pore
water pressures in the clay elements located near the load are larger
than the applied load intemsities. This phenomenon is caused by the
effect of dilatancy and eminent in the clay with large u. This
arises from the present theory which takes account of the effect of
dilatancy and remarkablly distinguishes the present theory from the

current consolidation theory.
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Fig.9.6. Induced pore water pressure
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165



The strain fields just after

15 20 (»)

the loading in the Cases 1-4 are
e shown in Figs.9.7(a)(b)(c), Figs.9.8
(a) (b), Figs.9.9(a)(b) and Figs.9.10
(a) (b) respectively.
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The immediate settlement (undrained deformation) of each case is
given in Figs.9.11(a)-(d) respectively. In the case of real embank-
ments, the swelling of the clay surface beside the embankment is often
observed just after the comnstruction. But the calculation results
presented above do not show such a swelling. This is caused by the
incomplete set of boundary conditions and by the stress distribution
derived from the theory of elasticity. This sort of calculation was
also presented by Burland (1969) based on the Cambridge modified
energy theory.
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9.4 Consolidation Settlement
With the boundary condition that the pore water pressure is
always vanished at the boundary between sand and clay layer, the
consolidation settlement (additional deformation due to the dissipa-
tion of pore water) is calculated for the Case 1 and Case 4. The

infinitesimal time At in the calculation is:

At = 1 day for 1-10 days,
At = 10 days for 10-100 days,
At = 100 days for 100-1000 days,

in the Case 1. But t determined in this way does not seem to be so
adequate because the stage of consolidation in every clay element is
different from each other depending on its location in the clay layer.
In Case 4, At = 10 days throughout the dissipation process of pore
water pressure. 8 [T nmm M.m: mm::

Fig.9.13 shows the dis- in g 0.3y

o

AN
.\'.\‘

1!

f’. -— mudiatelf

;r — —after 1000 days

—-—after 5000 days
—- —after 10000 days

sipating processes of pore
water pressures in the clay
elements located just under

the tip of the load (4m apart

from the center of the load).

The situations of pore A e RN R T

pore pressure

water pressure dissipation at Fig.9.13. Description of pore

the typical points and the water pressure
surface settlements are shown (Case 4)
in Figs.9.14(a)-(d) and Fipgs.9.15(a)(b) for Case 1 and Case 4
respectively. They show that the immediate settlement of embankments
is considerablly larger than the consolidation settlement.

Fig.9.16 shows the deformation of clay layer after 100 days in
Case 1. Fig.9.17 shows also the deformation after 10000 days in C
Case 4. We can easily realize that the clay elements flowed laterally
at the moment of loading come back to their original positions
accompanied with the vertical settlement with the progress of pore

water expulsion. But it is notes that on this process the clay
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elements deform distortionally further. Then, the clay elements in
the uniformly loaded clay layer deform one-demensionally consequent
on the undrained shear and following dissipation of pore water
pressure,

The calculations presented here are still in the primitive stage
and contain a lot of questions concerning the computation procedure,
In order to make the analyses useful in fhe practical design and

construction of embankments, further improvements are expected.

9.5 Final Settlement due to Consolidation

To analyse the progress of consolidation settlement, electronic
computers are necessary. In the practical engineering activity, we
often have to know the approximate consolidation settlement of
embankment. In such a case, the simplified analysing method is to be
used.

As clarified in the previous sec¢tion, the displacements of the
points in the clay layer stressed by uniform strip load can approxi-
mately be assumed to be one dimensional. This suggests that the
settlement of embankments can be calculated from only the void ratio
changes of clay elements. Here the calculation by such a simplified
method is presented. The void ratio change is obtained from the

concepts of state surface and swelling wall presented in Chapter 5.

The brief description 1 t/m? Cu t/m?

of the example is given* — [ JJIlnnn. . S

. . O | O30 Omo |Cocte| €0 ILEEUStEd ’lv

in Fig.9.18. And r=101/m3
30(15|20|07 202 o 2{f=L0Um

calculated settlement o 3

is shown in Fig.9.19. 5.0|25|33|/2 189 Za|——-—

. . ?-5l_

This method is so simple |, |35|47|/6 180 6}— _____ -

that we can perform the S 7"

calculation in a few %0 |45]60|2/ 147 JI_ ]

P r— —
1/234567

hours without computers. distance

In the clay ele-
ments located just under Fig.9.18. Key sketch of the problem

the center of the strip
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load, no volume change due to distance m
dilatancy can occur. Then, the I I I l 2 ¢ 2 0o
void ratio changes of such clay Al S
elements can be predicted from total settlement 7
the e-lnp curve. This considera- [ z_"__"_‘___,_—.-— 0 ¢
tion gives the rationalization of ;3_ I 5'&
the current method of final | 40%
settlement estimation. 3 ¢ g%
This simplified method p 5¢ P
presented above is based on the o Og
similar phylosophy proposed by _T 5
Lamb (1967). His "stress path T Lo
method" requires the engineers 3 0
to perform a lot of experimental )

works, because systematic descrip-
tion of mechanical behavior of Fig.9.19. Final settlement
gsoils is not established.

The deformation analyses
presented in this chapter are considered to be much reliable compared
with those proposed by Skempton and Bjerrum (1957) and improved by
Davis and Poulos (1968).

9.6 Conclusions
In this chapter, presented are the mechanical states of the
anisotropically normally consolidated clay layer stressed by the
uniform strip load (embankment) just after the loading, and on the
process of pore water expulsion and at the final stable state. And
in the discussions the accuracy and limitation of the current methods

of settlement estimation are evaluated.
In the analysis of the immediate settlement of embankments, we

can see the progress of the shear deformation of clay layer with the
increase of applied load. The situations are easily accepted by our
intuitive feelings. The distributions of the induced pore water

pressure obtained by the analysis tell us that the pore water pres-
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sures set up just under the strip load are a little larger than the
load intensity. This tendency caused by the dilatancy effect shows
us some aspects of the characters of the present theory. The
development of the critical state zone (so-called plastically flowing
zone) with the increase of load intensity is clarified. The calcula-
tion results are in the remarkable contrast with those derived from
the theory of elasticity or from the' theory of characteristics

field,

In the analysis of the consolidation settlement of embankments,
we can also see the progress of shear deformation of the clay laygr
which suggests the appropriateness of the current estimation methed
of the final consolidation settlement of the embankments.

Based on the informations given by these analyses, a simplified
estimation method of final settlement of the ground surface is
proposed. This simplified method gives the same estimation of settle-

ment so far as the center of the uniform strip load is concerned.
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CHAPTER 10
CRITICAL STATE OF EMBANKMENTS
10.1 Introduction

In this chapter, the critical state of embankment is discussed.
This sort of engineering problem has been called the "stability
problem". It can be said that the soil mechanics has been developed
with the stability problem as the central topic. The main subjects
in the stability problem are considered to be the following two:

(a) The strength of soil
(b) The analytical method to solve the stability problem based on
the failure condition of soil.

Here we try to construct a field theory of stress characteristics
line based on the description of the mechanical behavior of soil
presented in Chapters 4 and 5. And with the informations obtained
in the process of construction of the theory, some practical consid-
erations on the current failure conditions of soils and stability
analyses that are based on the concepts of effective stress and
total stress. In those considerations, the necessity of the proper
understanding of the change in mechanical state of soils in the

practical design and constructing works is emphasized.
10.2 Failure Conditions

1. Failure Conditions in Terms of Effectéve Stress

The stress state of normally consolidated natural clay layer is
generally anisotropic. In the case of Kp-state, the stress ratio
Toct/oé in the normally and over-consolidated clay is kept constant
at K, on the normal consolidation process and decreases on the
swelling process as shown in Fig. 10.1. Here we consider the natural
clay layer in normally or over-consolidated state. The stress ratio
Toct/c% of the clay in normally consolidated state is represented by
Ky. Maximum pre-consolidation pressure is 1;0 and the void ratio

corresponding to the maximum pre-consolidation pressure S0 is egp-
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In order to discuss
in general the

failure condition

i gy

of clay, let us deal
with the over-con- = S i
solidated clays in Jgff/’/
which the normally i gﬁr;//

consolidated clay is S
e
£

included as a spe- 0

VL m

cial case. Then the

initial state of the Fig.10.1.
Consolidation and swelling
process without lateral
deformation

clay is represented

by a set of (Tocti’
O s ei).

As mentioned in Chapter 5, the stress condition for critical

state is given by:

“oot _ A —k
0& T (lteg)v

where the upper and lower signs are corresponding to the active
and passive loading state respectively. But it is noted that the
negative value of Tk is defined in Chapter 5 for the sake of
convenience. Then here we can rewrite this relation as follows in
mathematically correct form:

T

cet _ A -k _
o- ~ (eQw M (10.2.1)

In eq. (10.2.1). the values of k, p and ¢ are dependent on the

maximum pre-consolidation pressure 0% Therefore the value of ¥

cannot be determined uniquely for the?gonsidered clay layer, because
the maximum pre-consolidation pressure depends on the depth of the
clay element. But many experimental data show that the value of M
itself can be assumed to be a constant for the clay layer regardless
of 0, with quite excellent accuracy. Fortunately, eq. (10.2.1)

maQ
represents not only the critical state of normally consolidated clay
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but also that of over-—consolidated clay.

The most strict definition of the failure condition of clay we
have had is proposed by Hvorslev in 1937 and given further
physical meanings by Hvorslev (1960). Hvorslev's failure condition
arises from the recognition that the mechanical behavior of clay
depends on the water content of clay. Eq. (10.2.1) is also derived
from the concept that the mechanical behavior of clay is closely
related to the void ratio., But experimental data and considerations
on the Hvorslev's paramenters given by Gibson (1953), Bjerrum (1954)
and Noorany and Seed (1965) show that the difference between the
Hvorslev's parameters and eq. (10.2.1) is seriously large.

This difference is considered to be caused by the definition of the
failure used in these research works.

As mentioned before, the failure state defined by the maximum
stress deviator does not coincide with the critical state.

The influence of this difference on the practical stability analysis
will be discussed later in this chapter.

Eq. (10.2.1) suggests that the stress state of the critical
gtate of soil is of von Mises type. On the other hand the experi-~
mental works carried on by Kirkpatrick (1957), Wu, Loh and Malvern
(1963) and Shibata and Karube (1965) show that the failure condition
of soil is approximately of Mohr-Coulomb type. Judging from the
experimental data presented in Chapter 6, especially from those
given by Henkel and Wade (1966). the mechanical behavior of clay on
the shearing process is considered to be governed by the octahedral
stresses. It is natural to consider that the failure state and
the critical state are nothing else but the special states included
in the shearing precess of clay. This dilemma must be vanished in
future based on the much reliable experimental data. In the author's
opinion, the extension test of soil in the conventional triaxial
apparatus and the triaxial test by means of the devices of inde-
pendent application of three principal stresses had many difficulties

in the reliable measurement.
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Many stability problems can be simplified to the plane strain
problems. The stress condition for the plane strain deformation is
discussed in chapter 5. And we get the approximate stress condition

for plane strain deformation as follows:
g

i - e
x + Yy

ag o}
. Lo~ 8 _
- =—= = 5 (10.2.2)

[} =
Substituting eq. (10.2.2) into eq. (10.2,1), we get the stress

condition for the critical state under plane strain deformation as:

. Z
oL = cm(l +-/; M cos 28 )
- oot -2
Uy = om(l 3 M cos 28 )
. g e B .
Gy = O f3 M sin 26 (10.2.3)

where 6 is the direction of maximum principal stress as shown in
Fig. 10.2. It x
should be noted

that eqs. (10.2.3)

are in the iden-

tical forms with 0';
those of Mohr-
Coulomb failure

condition in

terms of effec- 5

ti tress
kil Fig. 10.2.

4 r
without ¢'- Direction of maximum principal stress
parameter if

the coefficient /—%:M in eqs. (10.2.3) is substituted by sin¢”. This

relation is rather convenient to develop our discussion further.

2. Failure Conditions in Terms of Total Stress

Skempton (1955) proposed the coefficients of pore water pressure
A and B in order to represent the pore water pressure set up in clay
specimens stressed in the conventional triaxial apparatus under

undrained condition. Skempton's pore pressure coefficients are
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theoretlically extended by Skempton (1960) and Henkel and Wade (1960).
Here we try to derive the pore water pressure set up in the

inisotropically pre-consolidated clay in the critical state.

[n this case we must use again the expression of the conventional

lefinition of negative octahedral shear stress. Then the critical

state is:
T
oct A = K
= + = +
Ué * T Fepn *t M (10.2.4)
lhe current yield locus is given by:
Toet = O
- kg = + Mln pr (10.2.5)
m my
From eqs. (10.2.4) and (10.2.5) we get:
Gr; _ ko
The initial void ratio e; is given by:
e, - e = - xln & (10.2.7)
Z 0 g
m0

As shown in Fig. 10.3, the relationship between e; and céy is given

by:
m
ei =g - kln g (10.2.8)
g my
Since the point (Uéy’ ey) is on the normal comsolidation line we
get:
o
e, = eq - \n —H (10.2.9)
¥ mo
From eqs. (10.2.8) and (10.2.9). it leads:
o .
e. = ey - \ln =24 - «ln - (10.2.10)
7 o g
mo my
With eq. (10.2.7), eq. (10.2.10) is rewritten as:
o”. o’ é
cln —2% = A\ln =4 + kla — (10.2.11)
g o g
m0 m0 my

Then, we get:
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Fig. 10.3.
Effective mean principal stress at the critical state

K mi
lncmy = lnomo + T 1n Gé (10.2.12%
Substitution of Eq. (10.2.12) into eq. (10.2.6) gives:
Tng e 2K 44 '-(1$;I<0—)}+5—1c' (10.2.13)
o A 2000 M A i e
then:
o =0~ [ - (1 - E-)(1 ¥ EEO F =4 Eéi] (10.2.14)
m mo S*P* A M X, °é0 ree
Defining:
K - X K cﬁi
C=Zexp. [ - (1 - Kﬂ(l + —) + = 1n —] (10.2.15)
M A °m0

we get the effective mean principal stress c% at the critical state

as follows:

(10.2.16)

It is noted that the value of C is different in the cases of active
and passive loading state. But these value of C is uniquely

determined when the Géﬁ and Uéi of the clay element are known.
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For the normally consolidated clay deposit, the coefficient C

i8 reduced as:
C=exp. [ - (1 - %)(1 ¥ Hﬂ)] (10.2.17)

and is considered to be approximately constant throughout the clay
layer. For the over-consclidated clay deposit, the value of C is not
necessarily constant throughout the clay layer, because the initial
effective mean principal stress Uéi is the function of tge depth of
clay element and therefore the over-consolidation ratio —@Q is not
constant throughout the clay layer in general. But even ?%r the
over-consolidated clay layer, C can be assumed to be constant with
adequate accuracy in the practical sense.

As mentioned above, the C value is not generally constant
throughout the clay layer, but is uniquely determined for any clay
element. From (10.2.16). the induced pore pressure at the critical

state is given by:
MM =0 =0

- -Co” (10.2.18)

where Gm is the total mean principal stress applied to clay element
in critical state. Since the i¢nitially applied mean principal stress

is Uﬁi’ the increase of total mean principal stress Acm is given by:

= -0 . 10.2.19)
Aom 9, = G (

Then from eqs. (10.2.18) and (10.2.19). we get:

= T, - - 10.2.20)
bu = Bbo + o-. Coro (

Eq. (10.2.20) shows that the set up pore pressure in the clay element
in critical state is given by the summation of Acm and a constant
which is differently defined in the cases of active and passive
loading state. Eq. (10.2.20) is remarkably in different form
compared with Skempton's pore-pressure coefficients. 1In the author's
opinion, it is more adequate and simpler to represent the effective

mean stress at the critical state in the form given by (10.2.16) than
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to represent the set up pore pressure at the critical state in terms

of applied total stresses.
Now using eq. (10.2.16), let us rewrite egs. (10.2.3) as

2 -
A o +V/; MC 0 cos26
U = Jfg MC o mo cos26 (10.2.21)

2 M C o sin2e

follows:

Q
]

Tay ~

These are the stress conditions for the critical state in terms of
total stresses. It is noteworthy that eqs. (10.2.21) are in
different style of Mohr-Coulomb failure condition in terms of total

stresses.
10.3 Characteristics Field

The equilibrum equatioris of a volume element located in the

clay layer is given as follows:

3 3
o, N oy e

ox Yy

. - (10.2.22)
5 "oy Y

where y is the weight of the unit volume element. Eq. (10.2.22) is
in terms of total stresses. In the place of total stress, one may
construct the theory based on the equilibrium equations in terms of
effective stresses and determine the field of effective stress
characteristics, in such an analysis, the obtained bearing capacity
of clay layer in the state of the end of construction is also in
terms of effective stresses. This bearing capacity may be called
effective bearing capacity. But in the practical engineering
problems, such an effective bearing capacity is of no or little
use. It is considered to be only of academic interest.

The total stress conditions for the critical state of clay

stressed with no time allowance for the expulsion of pore water is
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given by eqs. (10.2.21). Assuming that the every point in clay layer
is in the critical state simultaneously, substitution of eqs. (10.2,
21) into eqs. (10.2.22) is required:

dg -
_m _ 5 38 i S
Sz X e T ¥ 3y 1/3 M C sin2¢
(10.2.23)
fz”—+}fa—6+}fﬁ=y{1+ 2y ¢ cos26)
3y 3z Y 3 cos

where,

XEZJ%MC (a + vy) sin26

TE ZEMC (a + vy) cos26

On the process to derive eqs. (10.2.23), it is assumed that:

Opp = 8@ + vy (10.2.24)

where a is a constant corresponding to the own weight of clay removed,
for instance, by the erosion.

The inclinations of the stress characteristics are obtained by
solving the characteristic equation of eqs. (10.2.23) as follows:
%% = ten (6 * ) (10.2.25)
The upper and lower sign in eq. (10.2.25) are corresponding to the
first and second family of stress characteristics. A little
consideration shows that eq. (1£.2.26) canlbe obtained with much
broader assumption that the maximum pre-consolidation pressure déo
of the clay element is given by a smoothly continuous function of

the position of the element, i.e.:

-

= g” 10.2.26
o s = 07 (x, y) ( )

Egs. (10.2.23) can be solved numerically with eq. (10.2.25).
But it may be convenient in calculation to transform them as:

my in(6 + 1) + Ycos(6 + D} T
sin(6 +-ZJ-E;; - {Xsin(® ZD cos P} Ts7
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dc

- sin(g - —D 2+ {Xsin(® - —0 + Ycos(6 - —O} dsz
2 :
w =gk O einZl (10.2.27)
T do
- cos(f + ZQ ds - {Xcos(® + -0 - Ysin(® + —D} d31
£ - ol d—cr--"f"'-+{x 8 -1 - Yain(e - &5 48
+ cos(9 - ZO a8, cos(6 - % sin Z ds,

= v(l + jg-M C cos28)

where ds; and ds; are respectively the line element of first and
second family of stress characteristics.

Solving eqs. (10.2.25) and (10.2.27) numerically with the
adequate boundary condition of stress, we can define the stress
field completely. But it should be noted that the coefficient C and
therefore X and Y in eqs. (10.2.27) are of different values in the
cases of active and passive loading state. This difference causes
the quite troublesome difficulty in the stability analyses; not only
in the present theory but also in the theorles proposed by a lot of
researchers and engineers.

The difference in the undrained strength of anisotropically
consolidated clay in the state of active and passive loading and its
influencé on the safety factor for the sliding of soil structures
are considered to be of vital importance in the practical sense.

And stability analyses logically consistent with this sort of
strength character of anisotropically consolidated clay are expected
to be proposed.

Brinch Hansen and Gibson (1948) gave an excellent theoretical
interpretation to the anisotropy of undrained strength of anisotrop-
ically consolidated clay and discussed the remarks to be consid-
ered in the practical designing. Taylor (1948) showed that the
undrained strengths of anisotropically consolidated clay in the
state of active and passive loading are uniquely defined in terms
of effective stresses. Lowe and Karafiath (1960) also discussed the

pore-pressure coefficient at failure of anisotropically consolidated
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clay. But theilr theory cannot be supported by the present theory.
Bailey (1964) showed that the c¢/p-value for the passive state is about
half of that for the active state. Duncan and Seed (1966 (a), (b))
showed the experimental data on this subject and stated that its
influence on the safety factor of sliding of slope was not so serious,

Now let us consider the velocity characteristiecs. It is appar-
ent that the theories of stress characteristics field are generally
based on the assumption that the considered material can be idealized
as the rigid-plastic material, Therefore the deformation of the
material is not induced while the material remains in the rigid state.
After the beginning of plastic flow in the material, the accompanied
deformation 1s considered to be ruled by the associated or non-asso-
ciated flow law. Most of the analyses of the stability problems in
the field of so0il mechanics and foundation engineering are in
modified or simplified forms of the theory of characteristics field
with the tacit assumption that soils deform plascically in accordance
with the associated flow law.

Drucker and Prager (1952), Drucker (1954). Cox, Eason and
Hopkins (1961) discussed the soil plasticity comsidering the yield
condition for soils to be Mohr—Coulomb criterion with the assumption
of associated flow rule. Cox (1963) and Davis (1968) gave the strict
treatment of stress and velocity characteristics field based on the
non-associated flow rule and Mohr—Coulomb criterion. Applying the
associated flow rule (normality rule) to the Mohr-Coulomb criterion,
the deduced plastic strain increment vector should be directed to the
normal direction of Mohr-Coulomb envelope, i.e. soils do not change
its volume before the stress state reaches the failure envelope, and
after yielding. They are to continue to dilate.

As mentioned before, the stress condition for critical state
under plane strain deformation is equivalent to Mohr-Coulomb criterion
in terms of effective stresses. But at the critical state, soils
deform distortionally without changing their volume. This suggests

that the non-associated flow rule should be assumed when one con-
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structs the effective stress and velocity field in the soil medium.
To say briefly the stress condition for the critical state and the
Mohr-Coulomb criterion are not adequate to be used as the yield
surface to which the normality concept is applied. Nevertheless we
use this sort of stress condition in the analysis of stability
problems for the sake of convenlence. To avoid the irrelevant conse-
quences arising from the above mentioned logical inconsistency, weé
must firstly recognize that the stress characteristics and velocity
characteristics, one of which is the slip line as shown by Roscoe
(1970) experimentally, are essentially indifferent. They coincide with
each other only when the associated flow rule can be assumed, i.e.,

the continuous dilation of soil in plastic state.
10.4 Critical State of Embankments

1. Short-Term Stability

The analysis of stress characteristics field presented in the
previous section is a sort of ¢ = 0 analysis in terms of total stress.
In this case the stress characteristics is directed to * 45° from the
maximum principal stress direction as shown in eq. (10.2.25) and is
coincident with the velocity characteristics. In the routine
stability analysis of the embankments at the end of comstruction, the
slip surface is assumed to be circular. This assumption will lead to
the slight under-estimation of the bearing capacity of the clay layer,
because the length of the assumed circular slip line is slightly
shorter than the stress characteristics given by the present theory.

But in the current ¢ = 0 analysis, the undrained strength of
anisotropically consolidated clay is determined from the unconfined
compression test on the undisturbed clay specimen. Therefore the
undrained strength used in the current ¢ = 0 analysis is rather
conservative compared with the active state strength in the ground
even if the sampling is completely carried on as shown by Ladd and
Lambe (1963) , Skempton and Sowa (1964) and Ladd and Bailey (1964).
Ladd and Bailey (1964) also pointed out that the passive state

strength in the ground is much smaller than the compression strength
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of completely sampled clay. In the case of the stability problems of
embankments, the area of passively loaded failure zone is considerable.
Then, the ¢ = 0 analysis using the strength obtained from unconfined
compression test on unditurbed clay specimen leads to the considerable
over-estimation of bearing capacity. But on the practical sampling
and testing processes, the clay specimen is considerably weakened by
the disturbance.

As mentioned by Ladd and Bailey, if is likely that these effects
are cancelled by each other. But it is noteworthy that current
¢ = 0 analysis on the stability problem in which the passively loaded
zone is dominant will lead to the remarkable over-estimation of
critical bearing capacity. For instance, in the design works of
sheet plles correct estimation of the strength of clay in the passive
state is vital. The theoretical basis of ¢ = 0 analysis for the
stability of soil structures at the end of construction was discussed
by Skempton (1948). The limitation of its use was shown by Bishop
and Bjerrum (1950). But its usefulness in the short-term stability
problems was emphasized by Nakase (1967). In the author's opinion,
¢ = 0 analysis is of use in the short-term stability problems with
sufficient understanding of the difference between active and passive

state strength of anisotropically consolidated clay.

2. Long-Term Stability

In the practical sense, the long-term stability analysis of
embankments on the clay layer which is in th? normally consolidated
or lightly over comsolidated state is not so necessary except in the
special problems, because the strength of such a clay layer increases
due to the dissipation of excess pore water pressure. But when
engineers encounter the necessity to know the bearing capacity of
such a clay layer stressed under fully drained condition, they have
only to analyse based on the theory of stress characteristics field.
In this case %-M corresponds to sin¢ and is assumed to be zero and
the strength difference for the active and passive loading state

vanishes. But it is noted that the slip line differs remarkably from
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the stress characteristics, because normally consolidated or lightly
over-consolidated clay considerably shrinks itself on the shearing
process to the critical state contrary to the requirement of the
associated flow rule that the clay is to continuously dilate after
yielding.

The use of effective stress analysis in the form derived by
Bishop (1954) for the long-term problems has been recommended by
Bishop and Bjerrum (1960), KjA&£rnsli and Simons (1962) and their
coworkers. It is vital to have proper knowledges about the change
in effective stresses and accompanied change in the mechanical state
of clay in the case of analysing the long-term stability problems of
embankments or cuts. But the use of effective stress analysis with
the circular slip line has to be reconsidered from the view point of
stress and velocity characteristics. Mikasa (1963) and Nakase,
Kobayashi and Katsuno (1969) recommended the useage of the total
stress analysis even in the long-term stability problems because of
its simplicity.

The stability of embankments constructed on heavily over-
consolidated clay or sand under the condition of full drainage of
pore water can be analysed with the theory of characteristics field
by substituting J%-M for sin¢ and C for zero. But the critical state
of such soils corresponds to the residual strength introduced by
Skempton (1964). In the ordinary stability problems of embankments,
this analysis gives considerable under-estimation of bearing capacity
of the ground. But on the contrary, the use of peak strength in the
analysis leads to remarkable over-estimation of the bearing capacity,
because the theory is based on the assumption that the yielding soils
have constant shear strength regardless of increasing shear strain.
Matsuo and Karube (1966) suggested an idea about the conventional
reduction of peak strength. It is noted that such soils considerably
dilate during the shear process, and therefore the associated flow

rule can be assumed.
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10.5 Conclusions

In this chapter, constructed is the theory of characteristics
field of stress and velocity in the anisotropically pre-consolidated
clay layer forced into the critical state under undrained condition
by the construction of an embankment. 1In the analysis, the difference
in strengths of the clays in the active and passive loading states is
taken into account. This difference remarkablly influences the wvalue
of critical bearing capacity of clay layer. Nevertheless, to the
best of the author's knowledge, none but the present theory do not
take the difference in the strengths of clay elements in the active
and passive loading states into account.

The present analysis is based on the realizatiom that the
characteristics field of stress and velocity do not, in general,
coincide with each other. But most of the previous analyses of
stability problems are indifferent to this basic theory of charate-
ristics field.

In this chapter, some considerations are made on the accuracies
and limitations of the current analyses used in the stability problems
of embankments with the evaluation of the influences of the above

mentioned two effects on the calculated critical bearing capacity.
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CHAPTER 11
CONCLUSIONS

Through these investigations on the analysis of deformations of
soils based on the theory of plasticity and on its application to
settlement of embankments, the following features are considered to
be clarified:

1. The current definition of effective stress is not appropriate
as the definition of the allotted stress to the soil skelton in
the special case of boundary condition of the stress in the clay.
2, The micro-mechanism of the consolidation and dilatancy of clay
is considered to pe described by the buckling of the frame works
of clay skelton and by the breakdown of the links connecting the
aggregated clusters of clay particles.

3. The flow rule of rate dependent elastic-plastic material is
described by the existence of two sorts of free energy.

4, With some restrictions, the normality rule for the flow rule of
plastic materials is rationalized.

5. The stress—-void ratio relations for both the isotropically and
anisotropically pre-consolidated clay in the elastic-plastic state
are described by the concept of state surface which is derived
from the characteristics of consolidation and dilatancy.

6. The stress-void ratio relations for both the isotropically and
anisotropically pre-consolidated clay in the elastic state are
described by the concept of swelling wall which is derived from
the characteristics of comsolidation and dilatancy.

7. Stress-strain relations for both the isotropically and anisot-
ropically pre-consolidated clay in the elastic-plastic state are
derived from the normality rule with the yield loci obtained by
the combination of the concepts of state surface and swelling wall.
8. Stress-strain relations for both the isotropically and anisot-
ropically pre-consolidated clay in the elastic state are derived

from the concept of swelling wall.
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9. The concepts of state surface and swelling wall are applicable
for sandy and silty soils.

10. The effect of temperature on the mechanical state of the soil
can be represented by the shift of the state surface and swelling
wall in the state surface under the condition of constant
temperature.

11, The intermediate principal stress in the clay deforming under
the plane strain condition approximately coincides with the mean
principal stress,

12, The derivatives of Cambridge original energy theory is derilved
from the present theory as a special case.

13, The constitutive relations for soils derived from the concepts
of state surface and swelling wall predict the experimental results
with a satisfactory accuracy.

14. Three dimensional consolidation analysis is established based
on the constitutive relations of soils given by the present
theory.

15. The effective stress paths of the clays on the process of con-
solidation with some special boundary conditions are analysed.

16. Stress and strain field in the anisotropically normally con-
solidated clay layer stressed by the construction of embankments
are numerically computed with the assumption of undrained condition.
And immediate settlement of the embankment is obtained.

17. Based on the stress field given by the theory of elasticity,
the immediate deformation of the anisotropically normally con-
solidated clay layer stressed by the construction of the embankment
is computed. And the development of deformation of the clay layer
with the progress of the expulsion process of pore water is
clarified.

18, A simplified estimation method of consolidation settlement of
embankments. is proposed.

19, An analysis of the critical state of embankments at the end of
construction is established using the theory of characteristics

field.

192



REFERENCES

Aboshi,H. (1969): Consolidation, Soil Mechanics (edited by Mogami,T.),
Gihodo, Tokyo, (in Japanese).

Adachi,T. and Ohta,H.(to appear): Thermodynamical Base of the Flow
Rule of Plastic Materials.

Akai,K. (1953): Study on the Two Dimensional Consolidation of
Embankment, Trans. J.S.C.E., 51 - 59, (in Japanese).

Akai,K. (1966): Soil Mechaniecs, Asakura-Shoten, Tokyo, (in Japanese).

Akai,K. and Adachi,T.(1965): Study on the One-dimensional Consolidation
and the Shear Strength Characteristics of Fully Saturate Clay, in
Terms of Effective Stress, Proe.6th I.C.S.M.F.E., Canada, Vol.2
146 -150.

Akai,K., Yamamoto,J. and Ozawa,R. (1962): On the Behavior of Pore
Pressure during the Shear of Saturated Clay, Trans.J.5.C.E., No.85,
1 - 6.

Barden,L. and Khayatt,A.J.(1966): Incremental Strain Rate Ratios and
Strength of Sand in the Triaxial Test, Géotechnique, Vol.l6,

338 - 357.

Barden,L., Khayatt,A.J. and Wightman,A. (1969): Elastic and Strip
Components of the Deformation of Sand, Canadian Geotechnical
Journal, Vol.6, 227 = 240.

Biot,M.A. (1941): General Theory of Three-dimensional Consolidation,
Journ.Appl.Phys., Vol.12, 155 - 164.

Biot,M.A. (1955): Theory of Elasticity and Consolidation for a Porous
Anisotropic Solid, Journ.Appl.Phys., Vol.26, No.2, 182 - 185.

Bishop,A.W.(1954): The Use of the Slip Circle in the Stability
Analysis of Slopes, Géotechnique, Vol.5, 7 - 17.

Bisﬁop,A.W.(lQSS): The Principle of Effective Stress, Norwegian
Geoteehnical Institute, No.32(1960), 1 - 5.

Bishop,A.W. and Bjerrum,L.(1960): The Relevance of the Triaxial Test
to the Solution of Stability Problems, A.S.C.E. Research Conference
on Shear Stregth of Cohesive Soils, 437 - 501.

193



Bishop,A.W., Webb,D.L. and Skinner,A.E.(1965): Triaxial Tests on Soil
at Elevated Cell Pressure, Proc.8th Int.Conf.Soil Mech.Found.Eng.,
Vol.l, 170 - 174.

Bjerrum,L. (1951): Fundamental Consideratiomns on the Shear Strength of
Soil, Géotechnique, Vol.2, 209 - 218.

Bjerrum,L. (1954): Theoretical and Experimental Investigations on the
Shear Strength of Soils, Norwegian Geotechnical Institute,
Publication No.5.

Broms,B.B. and Casbarian,A.0.(1965): Effects of Rotation of the
Principal Stress Axes and of the Intermediate Principal Stress on
the Shear Strength, Proe.6th Int.Conf.Soil Mech.Found.Eng., Vol.l,
179 - 183,

Burland,J.B.(1965): The Yielding and Dilation of Clay, Correspondence,
Géotechnique, Vol.15, 211 - 214,

Burland,J.B.(1969): Deformation of Soft Clay beneath Loaded Areas,
Proe. 7th Int.Conf.Soil Mech.Found.Eng., Vol.l, 55 - 63,

Calladine,C.R. (1963): Correspondence, GZotechnique, Vol.13, No.3, 250.

Chang,C.Y. and Duncan,J.M.(1970): Analysis of Soil Movement around a
Deep Excavation, Proc.A.5.C.E., SM 5, Sept., 1655 - 1681.

Chaplin,T.K.(1970): Inner and Outer Plastic Yield Surfaces in Clays,
Proe, 7th Int.Conf.Soil Mech.Found.Eng., Vol.l, 73 - 80.

Christian,J.T.(1968): Undrained Stress Distribution by Numerical
Methods, Proc.A.S.C.E., SM 6, Nov., 1333 - 1345,

Christian,J.T. and Boehmer,J.W.(1970): Plane Strain Consolidation by
Finite Elements, Proc,A.S.C.E., SM 4, July, 1435 - 1457.

Coleman,B.D. and Gurtin,M.E.(1967): Thermodynamics with Internal
State Valiables, Journ.Chem.Phys., Vol.47, 597 - 613.

Coleman,B.D. and Mizel,V.J.(1964): Existence of Caloric Equations of
State in Thermodynamics, Journ.Chem.Phys., Vol.40, 1116 - 1125,

Coleman,B.D. and Noll,W.(1963): The Thermodynamics of Elastic
Materials with Heat Conduction and Viscosity, Arch.Rational Mech.
Anal., Vol.13, 167 - 178.

Cox,A.D.(1963): The Use of Non-associated Flow Rules in Soil

194



Plasticity, Royal Armament Research and Development Establishment
Report, (B)2/63.

Cox,A.D., Eason,G. and Hopkins,H.G.(1961): Axially Symmetric Plastic
Deformations in Soils, Philosophieal Transactions of the Royal
Society of London, Vol.254, A-1036, 1 - 45. |

Crawford,C.B. (1964): Interpretation of the Consolidation Test,
Proec.A.S5.C.E., SM 5, 87 = 90.

Davis,E.H.(1968): Theories of Plasticity and the Failure of Soil Masses,
Soil Mechanies-selected topice (edited by Lee,I.K.). Butterworths,
London, 341 - 380.

Davis,E.H. and Poulos,H.G,(1968): The Use of Elastic Theory for
Settlement Prediction under Three-dimensional Condition,
Géotechnique, Vol.18, 67 - 91.

Davis,E.H. and Raymond,G.P.(1965): A Non-linear Theory of Comsolidation,
Géotechnique, Vol.,l5, 161.

De Josselin de Jong,G.(1964): Lower Bound Collapse Theorem and Lack
of Normality of Strain-rate to Yield Surface for Soils, Proe.I.U.
T.A.M. Symposium on Rheology and Soil Mech., Grenoble, 69 - 75.

Drucker,D.C. (1951): A More Fundamental Approach to Stress-strain
Relations, Proec.lst U.S.National Congr.Appl.Mech.,A.S.M.E.

487 - 491.

Drucker,D.C.(1954): Coulomb Friction, Plasticity and Limit Load,
Journ.Appl.Mech., Vol.21, 71 - 74,

Drucker,D.C.(1958): Plasticiﬁy, Structural Mechanics, Proe. of the
1st Symposium on Naval Structural Mechanics, 407 - 455.

Drucker,D.C.(1959): A Definition of Stable Inelastic Material, Journm.
Appl.Mech. ,Trans.A.8.M.E., Vol.26, 101 - 106.

Drucker,D.C.(1962): Stress-strain-time Relations and Irreversible
Thermodynamics, Int.Symposium on Second-Order Effects in Elasticity,
Plasticity and Fluid Dynamics, International Union of Theoretical
and Applied Mechanics, 331 - 351.

Drucker,D.C. and Gibson,R.E. and Henkel,D.J.(1957): Soil Mechanics
and Work-hardening Theories of Plasticity, Trans.A.S.C.E.,338 - 346.

195



Drucker,D.C. and Prager,W.(1952): Soil Mechanics and Plastic Analysis
on Limit Design, Quarterly of Applied Mathematics, Vol.1l0, No.2,
157 - 165.

Duncan,J.M. and Chang,C.T.(1970): Nonlinear Analysis of Stress and
Strain in Soils, Proc.4.S.C.E., SM 5, Sept., 1629 - 1653.

Duncan,J.M. and Seed,H.B.(1966)? Anitotropy and Stress Reorientation
in Clay, Proec.A.S.C.E., SM 5, 21 - 80.

Duncan,J.M. and Seed,H.B.(1966)? Strength Voriation along Failure
Surfaces in Clay, Proc.A.S.C.E., SM 6, 81 - 104.

Dunlop,P. Duncan,J.M. and Seed,H.B.(1968): Finite Element Analysis of
Slope in Soil, Report No.TE-68-3 to U.S. Army Engineers, Waterways
Experiment Station, Univ. of California, Berkley.

Frydman,S. and Zeitlen,J.B.(1969): Some Pseudo-elastic Properties of
Granular Media, Proe.?th Int.Conf.Soil Mech.Found.Eng., Vol,1,

135 - .141.

Gibson, R.E.(1953): Experimental Determination of the True Cohesion
and True Angle of Internal Friction in Clays, Proec.3rd Int.Conf.
Soil Mech.Found.Eng., Vol.l, 126 - 130.

Girijavallabhan,C.V. and Reese,L.C.(1968): Finite-element Method for
Problems in Soil Mechanics, Proe.A.S.C.E., SM 2, 473 - 496.

Green,A.E. and Naghdi,P.M.(1965): A General Theory of an Elastic-
Plastic Continuum, Arch.Rational Mech.Anal., Vol.18, 253 - 281,

Green,A.E. and Naghdi,P.M.(1967): A Class of Viscoelastic-Plastic
Media, Acta Mechanica, Vol.4, 289 - 295,

Hansen,J.Brinch, (1963): Discussion, Proc.A.S.C.E., July, 241.

Hansen,J.Brinch and Gibson,R.E. (1948): Undrained Shear Strengths of
Anisotropically Consloidated Clays, Géotechnique, Vol.l, 189 - 204.

Hata,S.and Ohta,H;(1968): A Consideration on the Pore Pressure in
Clays under Undrained Shear, Trane.J.S.C.E., No.l1l55, 18 - 24,

Hata,S. and Ohta,H.(1968): On the Effective Stress Paths of Normally
Consolidated Clays under Undrained Shear, Proc.J.S5.C.E., No.162,
21 - 29,

Hata,S., Ohta,H. and Yoshitani,s.(l969f% On the State Surface of Soils,

196



Proe.J.S.C.E., No.172, 71 - 92,

Hata,S., Ohta,H. and Yoshitani,s.(1969)b: A Theoretical Approach to
Stress-strain relations of Clays, Land Subsidence,Publication No.89,
IASH-UNESCO, Vol.2, 563 - 572,

Henkel,D.J.(1956): The Effect of Overconsolidation on the Behavior of
Clays during Shear, Géotechnique, Vol.6.

Henkel,D.J.(1959): The Relationships between the Strength, Pore-water
Pressure and Volume-change Characteristics of Saturated Clay,
Géotechnique, Vol.9, 119 - 135,

Henkel,D.J. (1960): The Relationships between the Effective Stresses
and Water Content in Saturate Clays, Géotechnique, Vol.1l0, 41 - 54,

Henkel,D.J. and Sowa,V.A.(1963): The Influence of Stress History on
Stress Paths in Undrained Triaxial Tests on Clay, Laboratory Shear
Testing of Soils, A.S.T.M. Special Publication, No.361, 280 - 294,

Henkel,D.J. and Wade,N.H.(1966): Plane Strain Tests on a Saturated
Remoulded Clay, Proc.A.S.C.E., SM6, 67 - 79,

Heg,K., Christian,J.T. and Whitman,R.V.(1968): Settlement of Strip
Load on Elastic-Plastic Soil, Proc.A.S.C.E., SM 2, 431 - 445,

Hvorslev,M.J.(1960): Physical Components of the Shear Strength of
Saturated Clays, Research Conference on Shear Strength of
Cohesive Soils, 169 - 273.

Karube,D. and Harada,S.(1967): Plane Strain Tests on Remoulded Clay,
Trans.J.S.C.E., No.l47.

Karube,D. and Kurihara,N.(1966): Dilatancy and Shear Strength of
Saturated Remoulded Clay, Trans.J.S.C.E., No.135.

Kirkpatrik,W.H.(1957): The Condition of Failure for Sands, Proc.4th
Int.Conf.Soil Mech.Found.Eng., Vol.l, 172 - 178.

KjAErnsli,B. and Simons,N. (1962): Stability Investigations of the
North Bank of the Drammer River, Géotechnique, Vol.12, 147 - 167.
Kondner,R.L. (1963): Hyperbolic Stress-strain Response; Cohesive Soils,

Proc.A.8.C.E., SM 1, 115 - 143.

Kondner,R.L. and Zelasko,J.S.(1963): Void Ratio Effects on the

Hyperbolic Stress-strain Response of a Sand, Laboratory Shear

197



Testing of Soils, A.S.T.M.Special Technical Publication, No.361,
250 - 257.

Kratochvil,J. and Dillon,0.W.Jr.(1969): Thermodynamics of Elastic-
Plastic Materials as a Theory with Internal State Variables,
Journ.Appl.Phys., Vol,40, No.8, 3207 - 3218,

Lambe,T.W, (1967): Stress Path Method, Proe.A.S.C.E., SM 6, 309 - 331.

Ladd,C.C. and Bailey,W.A.(1964): Correspondence to A.W.Skempton and
V.A.Sowa, Geotechnique, Vol.l4, 353 - 358.

Ladd,C.C. and Lambe,T.W.(1963): The Strength of "Undisturbed" Clay
Determined from Undrained Tests, Laboratory Shear Testing of Soils,
A.S.T.M.Special Technical Publication, No.361, 342 - 371.

Leigh,D.C. (1969): On the Restriction of Processes by the Clausius-
Duhem Inequality, Zeit.Ang.Math.Phys., Vol.20, 167 - 175.

Lewin,P.I. and Burland,J.B.(1970): Stress-probe Experiments on
Saturated Normally Consolidated Clay, Geotechnique, Vol.20, No.l,
38 - 56.

Lowe,J.III and Karafiath,L.(1960): Effect of Anisotropic Consolidation
on the Undrained Shear Strength of Compacted Clays, Research
Conference on Shear Strength of Cohesive Soils, 837 - 858.

Matsuo,S. and Kamon,M. (1970): Proec. Anual Meeting of J.S5.C.E.(25th),
187.

Matsuo,M. and Karube,D.(1966): A Few Consideration on the Application
of the Shear Test Results for Design, 1I1th Symposium on Soil
Engineering, Tokyo.

Mikasa,M°(1963): The Interpretation of the Strength of Clay; the
Criticism on e', ¢' Analysis, Soil Mechanics and Foundation
Engineering, Vol.1ll, No.3, 31 - 43 (in Japanese).

Murayama,S.(1964): A Theoretical Consideration on a Behavior of Sand,
Proe,I.U.T.A.M, Symposium on Rheology and Soil Mech., 146 - 159,
Grenoble,

Murayama,S. (1968): Mechanical Behavior of Soils under Shearing
Stress (In the Case of Cohesionless Soil), Bulletin of the
Disaster Prevention Research Institute, Vol.18, 97 - 109, Kyoto

198



University.

Murayama,S. and Kurihara,N.(1968): On the Effect of Stress History on
the Strength of Clays, 23rd Annual Meeting of J.S.C.E.

Murayama,S. and Kurihara,N.(1969): Mechanical Properties of Clay under
the Repetitious Loads, Disaster Prevention Research Institute
Annuals, No.12B, Kyoto University.

Murayama,S. and Matsuoka,H.(1971): The Mechanism of Shearing and its
Similarity for Sands and Clays, Disaster Prevention Research
Institute Annuals, Wo.l4B, 551 - 563,

Nakase,A.(1967): The ¢u=0 Analysis of Stability and Unconfined
Compression Strength, Soil and Foundation, Vol.7, No.2, 33 - 50.

Nakase,A., Kobayashi,M. and Katsuno,M.(1969): Change in Undrained
Shear Strength of Saturated Clays through Consolidation and
Rebound, Report of the Port and Harbour Research Institute, Vol.8,
No.4, 103 - 143 (in Japanese).

Noorany,I. and Seed,H.B.(1965): A New Experimental Method for the
Determination of Hvorslev Strength Parameters for Sensitive Clays,
Proe. 6th Int.Conf.Soil Mech.Found.Eng., Vol.,l, 318 - 322.

Ohta,H. and Hata,S.(lQ?l)a: Plane-strain Stress-strain Relations for
Soils, Proe.4th Asian Regional Conf. on Soil Mech. and Found.Eng.,
Vol.l, 57 - 62.

Ohta,H. and Hata,S.(lQ?l)b: A Theoretical Study of the Stress-strain
Relations for Clays, Soile and Foundations, Vol.1ll, No.3, 45 - 70.

Ohta,H. and Hata,S. (to appear)? Stress-strain-temperature Relations
for Granular Material as Clay.

Ohta,H. and Hata,S.(to appear)? On the State Surface of Anisotropically
Consolidated Clays.

Palmer,A.C.(1965): On Stress Strain Relations for Soils, Division of
Engineering, Brown University, National Science Foundation
Research Grant, GP 1115.

Palmer,A.C.(1966): A Limit Theorem for Materials with Non-associated
Flow Laws, Journal de Méchanique, Vol.5, Wo.2, 217 - 222.

Palmer,A.C.(1967): Stress-strain Relations for Clays; an Energy

199



Theory, Géotechnique, Vol.l7, 348 - 358.

Palmer,A.C., Maier,G. and Drucker,D.C.(1967): Normality Relations and
Convexity of Yield Surfaces for Unstable Materials or Structural
Elements, Journ.Appl.Mech.,Trans.A.S.M.E., 464 — 470,

Poorooshasb,H.B., Holubec,I. and Sherbourne,A.N.(1966): Yielding and
Flow of Sand in Triaxial Compression; Part 1, Canadian Geotechnical
Journal, Vol.3, No.4, 179 - 190.

Poorooshasb,H.B., Holubec,I. and Sherbourne,A.N.(1967): Yielding and
Flow of Sand in Triaxial Compression; Part 2 and 3, Canadian
Geotechnical Journal, Vol.4, No.4, 377 - 397.

Pusch,R. (1970): Microstructural Changes in Soft Quick Clay at Failure,
Canadian Geotechnical Journal, Vol.7, No.l, 1 - 7.

Rendulic,L.(1936): Relation between Void Ratio and Effective Principal
Stresses for a Remoulded, Silty Clay, Discussion, Proc.lst Int.
Conf.Soil Mech,Found.Eng., Vol,3, 48 -51.

Richardson,A.M. and Whitman,R.V.(1963): Effect of Strain-rate upon
Undrained Shear Resistence of a Saturated Remoulded Fat Clay,
Géotechnique, Vol.1l3, 310 - 324.

Roscoe,K.H.(1970): The Influence of Strains in Soil Mechanics,
Géotechnique, Vol.20, No.2, 129 - 170,

Roscoe,K.H. and Burland,J.B.(1968): On the Generalized Stress-strain
Behaviour of 'Wet' Clay. Engineering Plasticity, Cambridge Univ.
Press, 535 - 609.

Roscoe,K.H. and Poorooshasb,H.B.(1963): A Theoretical and Experimental
Study of Strains in Triaxial Compression Tests on Normally
Consolidated Clays, Géotechnique, Vol,13, 12 - 38,

Roscoe,K.H., Schofield,A.N. and Thurairajah,A.(1963): Yielding of
Clays in States Wetter than Critical, Géotechnique, Vol.1l3, 211 -
240,

Roscoe,K.H., Schofield,A.N. and Wroth,C.P,(1958): On the Yielding of
Soils, Géotechnique, Vol.8, 22 - 53.R

Rowe,P.W.(1962): The Stress-dilatancy Relation for Static Equilibrium
of an Assembly of Particles in Contact, Proc. of the Royal Society

200



of London, Series A, Vol.269, 500 - 527.

Rowe,P.W.(1969): The Relation between the Shear Strength of Sands in
Triaxial Compression, Plane Strain and Direct Shear, Géotechnique,
Vol.19, 75 - 86.

Rowe,P.W., Barden,L. and Lee,I.K.(1964): Energy Components during the
Triaxial Cell and Direct Shear Tests, Géoteechnique, Vol.l4,

247 - 261.

Sangrey,D.A., Henkel,D.J. and Esrig,M.I.(1969): The Effective Stress
Response of a Saturate Clay Soil to Repeated Loading, Canadian
Geotechnical Journal, Vol.6, 240 - 252,

Schofield,A.N. and Wroth,C.P.(1968): Critiecal State Soil Mechanies,
McGraw-Hill, London.

Schultze,E. and Horn,A.(1965): The Shear Strength of Silt, Proe.6th
Int.Conf.Soil Mech.Found.Eng, Vol.l, 350 - 354,

Shibata,T.(1963): On the Volume Change of Normally Consolidated Clays,
Disaster Prevention Research Institute Annuals, No.6, Kyoto Univ.

Shibata,T. and Karube,D.(1965): Influence of the Variation of the
Intermediate Principal Stress on the Mechanical Properties of
Normally Consolidated Clays, Proec.6th Int.Conf.Soil Mech.Found.Eng.,
Vol.l, 359 - 363, Canada.

Skempton,A.W.(1948): The ¢=0 Analysis of Stability and its Theoretical
Basis, Proe.2nd Int.Conf.Soil Mech.Found.Eng, Vol.l, 72 - 78.

Skempton,A.W.(1954): The Pore-pressure Coefficients A and B,
Géotechnique, Vol.4, 143 - 147.

Skempton,A.W.(1960): Effective Stress in Soils, Concrete and Rocks,
Pore Pressure and Suction in Soils (1961), 4 - 16.

Skempton,A.W.(1964): Long-term Stability of Clay Slopes, Géotechnique,
Vol.l4, 77 - 102,

Skempton,A.W. and Bjerrum,L. (1957): A Contribution to the Settlement
Analysis of Foundations on Clay, Géotechnique, Vol.7, 168 - 178,

Skempton,A.W. and Sowa,V.A.(1963): The Behavior of Saturated Clays
during Sampling and Testing, Géotechnique, Vol.l3, No.4, 269 - 290.

Tatsuoka,F.(1971): Stress-strain Relations of Sands under Triaxial

201



Compression, Proe.26th Annual Meeting of J.S.C.E. III, 63 - 66.

Taylor,D.W. (1948): Fundamentals of Soil Mechaniecs, J.Wiley, N.Y.,
383.

Truesdell,C. and Toupin,R.A.(1960): The Classical Field Theories,
The Encyclopedia of Physics,Vol.III/1 (edited by Flugge,S.),
Berlin-Gottingen—-Heidelberg, Springer.

Valanis,K.C.(1970): On the Thermodynamic Foundation of Classical
Plasticity, Acta Mechaniea, Vol.9, 278 - 291.

Vesié,A.S. and Clough,G.W.(1968): Behavior of Granular Materials under
High Stresses, Proc.4.S5.C.E., SM 3.

Walker,L.K. and Raymond,G.P.(1969): Anisotropic Consolidation of Leda
Clay, Canadian Geotechnical Jourmal, Vol.6, 271 - 286.

Weidler,J.B. and Paslay,P.R.(1969): Analytical Description of
Behavior of Granular Media, Proec.A4.5.C.E., EM 2, 379 - 395.

Whitman,R.V.(1960): Some Considerations and Data regarding the Shear
Strength of Clay, Research Conf. on Shear Strength of Cohesive
Soils, 581 - 6l4.

Wroth,C.P.(1965): The Prediction of Shear Strains in Triaxial Tests
on Normally Consolidated Clays, Proec.6th Int.Conf.Soil Mech.Found.
Eng., Vol.l, 417 - 420, Canada.

Wroth,C.P. and Bassett,R.H.(1965): A Stress—strain Relationship for
the Shearing Behavior of a Sand, Géotechnique, Vol.l5, No.l,

32 - 56.

Wu,T.H., Loh,A.K. and Malvern,L.E.(1963): Study of Failure Envelope
of Soils, Proec,A.S5.C.E., Vol,89, SM 1, 145 - 181,

Yagi,N.(1968): On the Shear Resistence of Sands, 23rd Annual Meeting
of J.5.C.E.

Zienkiewicz,0.C. and Cheung,Y.K.(1967): The Finite Element Method in
Structural and Continuum Mechanics, McGraw-Hill, London.

202









