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Adelically summable normalized weights and adelic
equidistribution of effective divisors having small
diagonals and small heights on the Berkovich
projective lines

By

Yiusuke OKUYAMA®

Abstract

We introduce the notion of an adelically summable normalized weight g, which is a family
of normalized weights on the Berkovich projective lines satisfying a summability condition.
We then establish an adelic equidistribution of effective k-divisors on the projective line over
the separable closure ks in k of a product formula field k& having small g-heights and small
diagonals. This equidistribution result generalizes Ye’s for the Galois conjugacy classes of
algebraic numbers with respect to quasi-adelic measures.

§1. Introduction

Equidistribution of small points is quite classical ([15], [5], [13], [6], [1], [2], [3], [7],
[10], and, most recently, [18]) but, to extend it to effective divisors, one would need
the further assumption of small diagonals ([12]). The adelic condition on weights (or
metrics of line bundles) is quite natural from the arithmetic point of view, but what is
really necessary in the proof of the equidistribution is a weaker summability ([17]).

Our aim in this article is to contribute to the study of adelic equidistribution of a
sequence of effective divisors defined over a product formula field k£ on the projective
line P'(k,) over the separable closure k, of k in an algebraic closure k having small
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diagonals and small g-heights with respect to an adelically summable normalized weight
g. This equidistribution result generalizes Ye [17, Theorem 1.1], which is a generalization
of Baker—Rumely [3, Theorem 2.3|, Chambert-Loir [7, Théoreme 4.2], Favre-Rivera-
Letelier [10, Théoréme 2].

In Sections 2 and 3, we recall background from arithmetic and potential theory on
the Berkovich projective line, introduce the notion of an adelically summable normalized
weight g, and state the main result (Theorem 1). In Section 4, we show Theorem 1.
A part of the proof of Theorem 1 is an adaption of the proof of [12, Theorem 2]. In
Section 5, we give an example of an adelically summable normalized weight g which is

not an adelic normalized weight.

§ 2. Background

For the details including references of this section, see [12].

Definition 2.1.  An effective k-divisor (or an effective divisor defined over k) on
P! (k) is the scheme theoretic vanishing of a non-constant homogeneous polynomial in
two variables with coefficients in k. An effective k-divisor Z on P!(k) is said to be on
P (k) if supp Z C PL(ks).

Effective divisors include Galois conjugacy classes of algebraic numbers, and are
also called Galois stable multisets.

Definition 2.2. A field k& is a product formula field if k is equipped with (i) the
(possibly uncountable) family Mj of all places of k, (ii) a family (| - |,)vens,, Where
for each v € My, |- |, is a non-trivial absolute value of k representing v, and (iii) a
family (Ny)venr, in N such that the following product formula property holds: for every

z € k\ {0}, |z|, = 1 for all but finitely many v € My, and (PF) [],cp, |z|Nv = 1.

Product formula fields include number fields and function fields over curves. A
product formula field £ is a number field if and only if k£ has an infinite place v, i.e.,
| - |, is archimedean (see, e.g., the paragraph after [4, Definition 7.51]).

Notation 2.3. For each v € My, let k, be the completion of k£ with respect to
|- |, and C, the completion of an algebraic closure of k, with respect to (the extended)
|- |», and we fix an embedding of k to C, which extends that of k to k..

By convention, the dependence of a local quantity induced by |- |, on each v € Mj,
is emphasized by adding the suffix v to it.

Let K be an algebraically closed field that is complete with respect to a non-trivial
absolute value | - | (e.g., C, for a product formula field k£ and each v € M), which is

either non-archimedean or archimedean.
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Notation 2.4 (the normalized chordal metric on P*).  On K2, let ||(po,p1)| be
either the maximal norm max{|po|, [p1|} (for non-archimedean K') or the Euclidean norm
V/Ipol? + [p1|? (for archimedean K), and let 7 = mx : K2\ {(0,0)} — P! = P!(K) be the
canonical projection such that m(po,p1) = p1/po € K if pg # 0 and that 7(0,1) = oo.
With the wedge product (29, 21) A(wg, w1) := zow —21wo on K2, the normalized chordal
metric [z, w] on P! is defined by

(z,w) = [z,w] = [p Adgl/(llpll - lql) <1
on P! x P!, where p € 771(2) and ¢ € 7~} (w).

The Berkovich projective line P! = P*(K) is a compact augmentation of P*. Letting
ds be the Dirac measure on P! at a point S € P!, we set

ds
Qcaun =

w for archimedean K,

for non-archimedean K,

where S..y is the canonical (or Gauss) point in P! (represented by the ring O = {z €
K : |z| < 1} of K-integers) for non-archimedean K and w is the Fubini-Study area
element on P! normalized as w(P') = 1 for archimedean K. For non-archimedean K,
the generalized Hsia kernel [S,S']can on P! with respect to Scay is the unique (jointly)
upper semicontinuous and separately continuous extension of the normalized chordal
metric [z, w] on P(xP!) to P! x P!, In particular,

[S,8)can <1 on P! x P!

and [Scan, Scan)can = 1. By convention, for archimedean K, the kernel function [S,S']can
is defined by the [z, w] itself.
Let A = Ap: be the Laplacian on P! normalized so that for each S’ € P!,

A log[-, Sl]can = (55’ - Qca.n

on Pl. For a construction of A in non-archimedean case, see [4, §5], 9, §7.7], [16, §3]

and also [11, §2.5]; in [4] the opposite sign convention on A is adopted.

Definition 2.5. A continuous weight g on P! is a continuous function on P!
such that

,UJg = Ag + Qcam

is a probability Radon measure on P'. We also call g a (continuous §ea,-)potential on
Pl of pu9.
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For a continuous weight g on P!, the g-potential kernel on P! (or the negative of
an Arakelov Green kernel function on P! relative to u9 [4, §8.10]) is the function

®,(S,8") :=10g[S, 8 |can — 9(S) — g(S’) on P! x P!

and the g-equilibrium energy V, € (—00,+00) of P! is the supremum of the g-energy

functional
(2.1) v ¢,d(v x v)

P1xPl

on the space of all probability Radon measures v on P!; indeed, V; < 2 - supp: |g| < oo
and

, , for archimedean K
(2.2) 1og[S, S'lcand(Qean X Qean)(S,S") = > =0
Plx P! 0 otherwise

N[+

(for archimedean K 22 C, the left hand side in (2.2) equals f(C\{O} log[-, 0o]dw, which is
computed by [z,00] = 1/v/1+ 72 and w = rdrdd/(r(1 +r?)?) (z = re??, r > 0,0 € R)).
A probability Radon measure v on P! at which the g-energy functional (2.1) attains the
supremum Vj, is called a g-equilibrium mass distribution on P! indeed, p9 is the unique
g-equilibrium mass distribution on P! (for non-archimedean K, see [4, Theorem 8.67,
Proposition 8.70]).

A continuous weight g on P! is a normalized weight on P! if V, = 0. For every
continuous weight g on P!, g := g + V,/2 is the unique normalized weight on P! such
that 9 = p9 on P

Example 2.6.  The function go := 0 on P! is a continuous weight on P! since (it
is a continuous function on P! and) u9 = Agg + Qcan = Qean on PL. By (2.2), go is
itself a normalized weight on P! for non-archimedean K, and gg = gg + Vg /2= —1/4
on P! is a normalized weight on P! for archimedean K.

Definition 2.7.  We say a sequence (1,) of positive and discrete Radon measures
on P! satisfying lim,, . v,(P!) = oo has small diagonals if

. (v X Vn)(diagpl(f())
lim
n—00 v (P1)2

=0,

where diagp: is the diagonal of P! x P!. For a continuous weight g on P! and a Radon
measure v on P!, the g-Fekete sum with respect to v is defined by

(I/,V)g ::/ (I)gd(ljxy),
P1xP1\diagp1
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and we say a sequence (v,,) of positive and discrete Radon measures on P! satisfying
lim,, o0 vn(PY) = oo is an asymptotically g-Fekete configuration on P! if (1,) not only
has small diagonals but also satisfies

lim (Vn, V)

0 (P2

Remark 2.8.  In the definition of an asymptotically g-Fekete configuration (v,)
on P!, under the former small diagonal assumption, the latter one is equivalent to the
weaker lim inf,,_, oo (Un, Un) g/ (vn(P1))? >V, since we always have

(2.3) lim sup (Vn, Vn)g

PSP, (P12 = 8

(see, e.g., [4, Lemma 7.54]). By a classical argument (cf. [14, Theorem 1.3 in Chapter
1)), if (v,) is an asymptotically g-Fekete configuration on P!, then the weak conver-
gence lim,, ;o0 Vn/(vn(P1)) = 19 on P! holds.

Let k be a field, and K be an algebraic and metric completion of k in that K
is an algebraically closed field that is complete with respect to a non-trivial absolute
value | - | and is a field extension of k (e.g., a product formula field £ and K = C,, for
each v € My). An effective k-divisor Z on P!(k) is regarded as a positive and discrete
wesupp 2 (01dw Z)dy, on PH(K), which is still denoted by Z and whose
support is in P!(k), and then the diagonal

Radon measure )

(2.4) (2 x Z)(diagp. ) = Y, (ordy, 2)?

wEsupp 2

of Z is independent of the choice of K.

Definition 2.9.  For every continuous weight g on P!, the logarithmic g-Mahler
measure of an effective k-divisor Z on P'(k) is defined by

My(Z2) = /P gdZ + M#(Z2),

where we set M#(Z2) := — 2 wesupp 2\ {00} (01dw Z) log[w, 0o] > 0.

§3. Main result

Let k be a product formula field. In the following, a sum over M} will be indeed a
sum over an at most countable subset in M, the convergence of which will be understood
in the absolute sense.
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Definition 3.1. A family ¢ = (gv)ven, is an adelically summable normalized
weight if (i) for every v € My, g, is a normalized weight on P1(C,), i.e., V,, = 0, and
(ii) the following summability condition holds: g, = 0 on P!(k,) for every v € M}, but
some countable subset Ey in My, and

(3.1) Z N, - sup |gy| < oc.
veEM, P (ks)

In particular, > p, Ny - gy is absolutely convergent pointwise on PL(ky).

Remark 3.2.  In Ye [17, §2.2], the family (u9)yens, of the probability Radon
measures 19° = Ag, + Qecan,v on P1(C,) associated with a family g = (g, )venr, of nor-
malized weights g, on P1(C,) is called a quasi-adelic probability measure if the following

multiplicativity condition holds: setting

G’ :=g, omc, +1og| - ||, on (C?) \ {(0,0)},
KY :={p e C2\ {(0,0)} : G"(p) < 0} U{(0,0)}
—{p € C2\{(0,0)} : [Ipll, < 7=} U {(0,0)},
(K*) :=sup{|lpllo : p € K"}, and
1l e (KY) :=inf {|[pllv : p € C2\ K"}

for each v € My, (the v, (K¥) and r7-__ (K") are called the outer and inner radii
of K, in (C2,]| - ||,), respectively, and the normalization Cap(K?), = 1 in [17, §2.1] is
equivalent to V,, = 0), we not only have G* = log|| - ||, on C2, i.e., g, = 0 on P!(C,)

for all but countably many v € M}, but also

(3.1) Z N, -log(rﬁmer(K”)) €R and Z N, - log(riﬁner(K”)) € R.

VE My vE My

For every v € My, we have

(3.2) 7“# (K”) > e~ infprey 90 gnd r.# (K”) < e SUPrL(ks) v,

outer inner

indeed, for every € > 0, by the continuity of g, on P}(C,) and the surjectivity of mc, :
C2\{(0,0)} — P1(C,), thereis p € C2\{(0,0)} such that e_mf“".l“iv) I _e < e 9v(mcy (P))
and by the density of |C%|, in R, there is ¢ € C* such that e~ ™#' ) 9 —¢ < |lc-p|, <

e_gv(ﬂ—(cv (p)) — e_gv(T‘-(CU (C'p)). Hence 6_ inflP’l((C-U)g” S /]"zf.;ter(_l{/u)7 SO that 6_ infﬂ)l(ks)gu S
#
r

Fier(KY). A similar argument also yields e "'Prl(ks) 90 > (7 S1PrL (o) I Z)Tﬁner(}{”).

In particular, (3.1") is stronger than (3.1); indeed, by (3.2), the condition (3.1)

implies

N, - inf g, € R and N, - sup g, € R,
Z Pt (ks) g Zk Pt (ks ) !

which is equivalent to (3.1).



ADELICALLY SUMMABLE NORMALIZED WEIGHTS AND ADELIC EQUIDISTRIBUTION 61

Ezample 3.3. A family g = (gv)venm, 1s an adelic normalized weight if g satisfies
the condition (i) in Definition 3.5 and the at most finitely many non-triviality condition
that g, = 0 on P!(C,) for all but finitely many v € Mj.

An adelic normalized weight g is an adelically summable normalized weight.

Definition 3.4.  The g-height of an effective k-divisor Z on P!(k,) with respect
to an adelically summable normalized weight g = (g, )venr, 1S

M,,(2)
he(Z) := N, —2 .
ve My
Remark 3.5.  In Definition 3.4, using the product formula property of k£ (and by
a standard argument involving the ramification theory of valuation), for every v € My
but some finite subset Ez in M}, we have M#(Z), = 0. In particular, he(Z) € R.

Definition 3.6. For an adelically summable normalized weight g, we say a se-
quence (Z,) of effective k-divisors on P!(ky) has small g-heights if
limsup hy(Z,) < 0.

n—oo

Our principal result is the following adelic asymptotically Fekete configuration the-
orem, which is stronger than an adelic equidistribution theorem and generalizes Ye [17,
Theorem 1.1].

Theorem 1. Let k be a product formula field and ks the separable closure of k
in k. Let g = (go)ven, be an adelically summable normalized weight. If a sequence
(Z,) of effective k-divisors on P(ks) satisfying lim,,_,., deg Z,, = oo has both small

diagonals and small g-heights, then the uniform convergence

(Z'r“ Zn)gv

(deg2,)2 | "

lim sup N,

n—oo vE My,

holds. In particular, for everyv € My, (Z,) is an asymptotically g, -Fekete configuration
on PY(C,), so that lim, o Z,/deg Z,, = p9» weakly on P(C,).

In Theorem 1, if all the divisors Z,, are the Galois conjugacy classes of k-algebraic
numbers, then the small diagonal assumption always holds.

8§4. Proof of Theorem 1

Notation 4.1.  Let k be a field. For an effective k-divisor Z on P*(k), set

D*<Z|E) — H H ("LU _ wl>(0rd“’ Z)(ord,, Z) e E\ {0}’

wesupp Z\{oo} w’€supp Z\{w,o0}

which is indeed in k \ {0} if Z is on P*(k,) (cf. [12, Theorem 7]).



62 YUSUKE OKUYAMA

Recall the following local computation from [12].

Lemma 4.2 ([12, Lemma 5.2]).  Let k be a field and K an algebraic and metric
augmentation of k. Then for every continuous weight g on P1(K) and every effective

k-divisor Z on P'(k),

(41) (2,2)g+2- > (ordy Z)*log[w, ]
weEsupp Z\{oo}
_ M,(2)
_ * 279 2
— log |D*(Z|k)| — 2(deg 2) @H- > (ordy Z)%g(w).

wEsupp 2

Let k be a product formula field and k, the separable closure of k in k, and let
g = (gv)ven, be an adelically summable normalized weight. For every v € M) and
every effective k-divisor Z on P!(k;), recalling [S,S']cans < 1 and (2.4), we have

Z.Z Zy 2
( ) )9; :/ 10g[8,8’]can,vsz(S,S’)
(deg Z) (Pl(cv)XPl(Cu))\diagpl(kS> deg Z)
Z X Z
—2. / gv(S)dLg(S,Sl)
(P1(Cy)xP(Cy))\diagp1 ;. (deg 2)
Z wesn ord,, 2)2g,(w
§—2~/ gvd + - Zowesupp 2 2>9()
pic,) degZ (deg Z)
(Z x Z)(diagp (x,))
<—2 inf g,+2- 2 sup gy
Pl(ks)g (deg Z)2 ]P’l(lz)g

(4.2) <4 - sup |gy|.
P (ks)

Let E, and Ez be as in Definition 3.1 and Remark 3.5, respectively. In Notation 4.1,
we already mentioned that D*(Z|k) € k\ {0} when supp Z C P!(k,). Hence by the
product formula property of k, Ez := Ez U {v € My, : |D*(Z|k)|, # 1} is still a finite
subset in Mj,. For every v € M}, \ Ez, we have ) ord,, Z)?loglw, oo, = 0

since

wESUpp Z\{oo}(
0= —(deg Z)M#(2), < Z (ord,, Z)?log[w, oc], < 0,
wesupp Z\{oo}

which with (4.1) applied to g = g, yields (Z,2),, = 0 for every v € M, \ (E, U Ez).
Summing up N, x(4.1) applied to g = g, over all v € My and applying (PF) to D*(Z|k),
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we have
> Nu(Z,2),, =—2(deg 2)°hg(Z2) +2- Y (ordy Z)*> > N, - gul(w
vE My weEsupp £ vEM;,
-2 Z N, Z (ordy, Z)? log[w, 0ol
ve My wesupp Z\{oco}
(4.3) > —2(deg 2)°hg(Z) +2- Y (ordy Z)* Y Ny gy(w

wesupp 2 veEMj,

Let (Z,) be a sequence of effective k-divisors on P! (k,) satisfying lim,, .. deg Z,, =
oo and having both small diagonals and small g-heights. In the following, sums over
M}, are indeed sums over E, U |, oy Ez,. For every sequence (n;) in N tending to oo
as j — oo and every vg € M}, we have

0 > limsup N, M
N j—>oop Y (deg Z,,,)? (deg Z,,)?

(Zn,2 Zn,)g (Zns Zn)e
Nv# > 1 £ N~ 159
(deg Z,,,)? im in Z (deg Z,,, )2

Zny Zn.
Z lim sup N, M

'UEM j—)OO

> lim sup
J—roo vE My

(Zn; x Zn )(dlagPl(k )
> —2-1i he(Z, 2 - lim inf — :
272 s (Zn) + 2 i G 2

X D No- inf g,
veEMy,

20(: ngo )7

where the first and second inequalities are by (2.3) applied to g, and V,, = 0 for every
v, the third one holds by Fatou’s lemma, which can be used by (4.2) and the absolute
summability condition (3.1), the fifth one is by (4.3) and (2.4), and the final one holds
under the assumption that (Z,) has both small diagonals and small g-heights (and
ZveMk N, - infp1 (1) 9o € R by (3.1)). In particular, we have not only

(Zn,2n)g,
(4:4) nh—>r20 Z No Geg 2,)2 degZ =0

but also, for every v € My,

: (Zn, Zn)g
4.5 lim N,~———2 =
(45) noo U (deg Z,)?
The second assertion in Theorem 1 already follows from (4.5), and the final one is a
consequence of the second (see Remark 2.8).
For completeness, we include a proof of the following.

Lemma 4.3.  Let (apnm)nen.men be a doubly indexed sequence in R and (by,) be
a sequence in Rxq such that for every m € N, sup, ey @nm < bm, that Y by < 00,
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and that for everyn € N, Y« an.m converges (absolutely). Iflim, yoo D, cnGnm =0
and for every m € N, lim,_,o0 @y m = 0, then we have lim,,_, oo SUP,,cn |@n,m| = 0.

Proof. For every € > 0, thereis M € Nsuch that ), b, < €/4, and then there
is N € N such that for every n > N, |} anm| < €/4 and sup,,,<ps [an,m| < €/(4M).
We claim that for every n > N, sup,,,cy |@n,m| < €; indeed, by the choice of M and N,
for every n > N, sup,,<ps |anm| < €/(4M) < €/4. Moreover, for every mg > M and
every n > N, we have not only apn my < by <050 bm < €/4 but also

3 € € € €
et == (Z ) ot (X )

meN m<M m>M,m#mo
€ €
< (M- sup |anm| — = ) + @nmo + Z bm — = | < @nymo,
m<M 4 4
= m>M

so that for every n > N, sup,,,s ps [n,m| < 3€/4.
Hence the claim holds, and the proof of Lemma 4.3 is complete. O

Once Lemma 4.3 is at our disposal, the first assertion in Theorem 1 follows from
(4.2), (3.1), ((4.3),) (4.4), and (4.5). Now the proof of Theorem 1 is complete. O

§5. An Example

Let us focus on the product formula field (Q, Mg, (N, = 1)yeny). Recall that
Mg = {prime numbers} U {oo}, where |- | is the Euclidean norm on Q and, for every
p € Mg, | - |p is the normalized p-adic norm on Q.

For every p € Mg \ {co}, since |Q |, accumulates to 1 in R, we can fix an a, € Q"
such that |a,|, € (1,exp(p~?)], and let us define the function

—10g[ay(S), 50)canp + 108[S, 0eanp — L2l if S € P1(C,) \ {00},

on P!(C,), where the linear function z — a,(z) := a, - z on C, uniquely extends to a
continuous automorphism on P!(C,) (see, e.g., [4, §2.3]). For every p € Mg\ {00}, since
[-,00]p = 1/ max{1,|-|,} on C,, we have

— logla,(z), 00], + log[z, o],

logmax{1,[a, - 2|} — logmax{1, |z[,} =0 if |2, < ‘ap|;71(< 1),

log |ap|p +logmin{1, 2|, }(€ [0,log |ap|p])  if [2], > ‘ap|;1
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on C,, which with the density of C, in P!(C,) implies that g, is in fact a continuous
function on P!(C,) and satisfies
log |a,| 1
5.1 < =_PP <
(5.1) P ol < =57 <55
For v = 0o € My, set g, = —1/4 on P}(C,).

Let us see that the family g := (gv)ven, s not an adelic normalized weight but an
adelically summable normalized weight (recall Example 3.3 and Definition 3.1, respec-
tively).

For v = 00 € Mg, goo = —1/4 is a normalized weight on P*(C,) (see Example 2.6).
For every p € Mg \ {oo}, g, is a continuous weight on P!(C,) by

+ (000 — ds +0s =4

can,p) can,p aq;l(scan,p)

pI* = Agp + Qcanp = —a, (600 — ds

Can,p)

on PY(C,) (for the functoriality Aa¥ = arA, see e.g. [4, §9.5]), and since [z,w], =

|z —wlp - [2,00]p - [w, 0], on C,, x C,, we also have

Dy, (S, 8/) = log|S, S/]can,p - gp(8> - gp(Sl) = log[ap(S), ap(Sl)]can,p

on C, x Cp, and in turn on P'(C,) x P!(C,) by the density of C, in P!(C,) and
the separate continuity of (the exp of) ®, on P(C,) x P'(C,). Hence for every p €
Mg \ {oo},

Vgp = / (I)gpd(ugp X :ugp) - log[scan,p78can,p]can,p = 07
PL(Cp)xPL(Cyp)

which implies that g, is still a normalized weight on P!(C,).

For every p € Mg \ {00}, g, # 0 on P!(C,); for, if g, = 0 on P!, then we have
0Scany = M7 = 04=1(5.., ) OO P1(C,), which contradicts |a,|, > 1. Hence g is not an
adelic normalized weight. On the other hand, by (5.1), we have

1 1
Y Nysup gl < Y sup g <5 ) 5 <o
P @ PY(C,) 2 p
veMp\{oo} @ pEMo\{oo} " 7P pEMq\{oo}
which shows that g is an adelically summable normalized weight.

Remark 5.1.  For a dynamical and highly non-trivial example, see DeMarco—
Wang—Ye [8, §7.2] and Ye [17, §4].

Acknowledgement. The author thanks the referee for a very careful scrutiny
and invaluable comments, which were helpful for improving the results and the presen-
tation. The author also thanks Professor Katsutoshi Yamanoi for a useful comment on
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