94

Sum formula and Ohno’s relation for the
multiple zeta functions

JUNRY: ZEY - 2— NFER K—
Tomokazu Onozuka
Multiple Zeta Research Center
Kyushu University

1 Introduction

Euler-Zagier #12 8 ¥ — X BIBUIIR DRI TRE £ X 1 5 2 2B KRB
THhd,

1
<(81,...,S74) = Z W
1<n)<---<nyp

Z DFFENZIR DR THPUR S 2 Z &S5 N TWS [5],
{(s1,...,8,) ECT | R(sj+---+s)>r—j+1(1<j<r)}

TolzeEMCicFHRIcER I NS Z o N T WS [1][9).
¥ 72 Mordell-Tornheim & 7 V¥ — X EEEIXIR O CTEFZR I NS,

o0

Cur(s1, 895 83) 1= Z

m,n=1

1

msins2(m + n)ss

Z DREEIE
{(s1,52,53) € C* | R(s1 + 53) > 1, R(s2+53) > 1, R(sy + 52+ 83) > 2}

ZBWTHINER L, ClcEHERICER I NS Z e ohTnd,

INoDOEBIEY — < v E— REBDLEHRADIEE AT I LN T
&, RIZZELY—XEBEITENDEODNREN L L m>TVWS, Z
NS OB DRRAEIZ DWW TR i E D IEHE I L <FARSNTH D,
Euler-Zagier #1Z & ¥ — X B O FRME O M OBEBRAIZHZ <o T W
5o BIZIEEABRERAL LU TIRO LD BL0OREITFoND,



Theorem 1.1 (FIA; Granville 2], Zagier). k > r Z{ifi7z 3 HRE L, r IZ
XL T

> (k1o k) = C(R)

ki+-+kr=k
kr>2,ki >1(1<i<r—1)

A RVASR

D& BEHEDHOBRADS < Rob 5 hT, A [4] 1ZRD &
> 75 % 4218 L 7z,

Question
ZEY — X BB ORFEOM OBERNIE L O JAWHIFH T D 2 DBIfRAD
KRl 73556070 7

ROAD & 5 LFHFRE L IFENSBEREP o N TV S,

((s1)C(s2) = ((s1,52) + ((s2,51) + (51 + 82)

ZHEHIOHEPAZ > FDETEZLIZE>THESNIERRNTH DM, Z
DRITFHIRMED A TIF R S EHIEBOHPAITH Y DA THD, TD LI
FEFRAE D EIPH % 2 THR D S DBR DM D 2 D725 5 h 2 M H-FA R [3]
IZ& 5 &, Euler-Zagier #1% 5 ¥ — X B O REFRE O M DO BIFR R 1% 5 5 S
DT TIHFAMBOMIZZ N E NS ZEDFHINT WS,

Tl Euler-Zagier BUZHRE U R WHHIXE D 07?2 D & EITIFEHADHIFH
TR O N DOBMRADVEET 2 Z e BHISNT WD, FlZIE [8] TlE Mordell-
Tornheim & 7L ¥ — XL ) —< ¥ — X EBOBDRD & 5 7 ERR
DEEHI T W5,

CMT(L S, 3) — CIMT(L 3, S) + C[\4T(3, S 1) = 4C($ + 4) — 2C(2)C(S + 2)

% 7z, Euler-Zagier BIZx U TH R %2 & OBEBRANEIFEET 5, HlA
I¥ Mehta-Saha-Viswanadham[6] (Z & D

(s k= 1)
k+ 1)

C(815-vy 82,8 1+8—1) = Z (sr = 1)sr
par (
EWVSBBRPRINT DD, TNIREROHIPAITHED LORTH 5.
SENEH UK R U722 EY — ZBEROMDOBEBRAIZOWT 2 2/NnT
%, 1 DHX Euler-Zagier 12 E ¥ — X B OB O MHEF %2 SO ERATH
%, ZOBEFBRAII ETHN U ZMARDOERBEBIZ X 24 o TWVWa,
£ 123V — NRIIMNET 2L EY - XEROMOBERATHE, 25
SIFREFRIFRA & W S BIRADEZBBIZ L B4 & > TWnWd,

C(Sla sy Sr—1; Sr+k)

99



96

2 A

ETRMHRRBGGLE U T2EY - XEM (r = 2) ORAXOHRIZ DWW
THATHD, ETHNULENARNEr=208 &

D ki ka) = (k)

k1+ko=k
k>2,k1>1

L%, ZORBRAEHINT D RO L1285,
Theorem 2.1 (JAFE-FE-/NEFER). R(s) > 1120 U TIRADEL D 32D,

oo

D (s =n—2,n+2) = ((~n,s+n)) =((s)
n=0
s B L § 5 L /EIA1F telescoping sum & 72 D ARRFNICTE, i
=TI nd, ZNEHMAAD k 2EHBALBUCHBI L L AT
ZEIWTELIRRNTH D, BRAMILLBD2OD2EY —XEKIEs =2 %
fiie UTEDD, MDFEHELHWIEE ((s—n—2,n+2)—((—n,s+n)
Xs=2TEAIZR>TWVWAZLIZEELTHL,
rR2 XD REVGE, IAROEIZEBUC X 2HiMITERICRS, £
DG DGR % f8 /7 ’d_Z)f’&béu Gap(S1,.-,8a;8) ZEAT D & 5 ITIRAITIZ
EFET D, (2720 a € Zso, b Zsy)

Ga,1(817”'78a7 ) C(sh" y Say S )

o0
Gap(s1s.-.,8a;5) E Gat1p-1(51,...,Says —n —byn+0b)

n=0

- Ga+l,b71<817 <oy Say, TN S + n))
Z DFEBUIIR O RNER % i 72 T HiPH THOSIEE L T W5

R(s) >b
R(s+s,)>1+0b
R(S+ Sa+Sa1) >2+D

R(s+sa+--+51)>a+Db

LD Gup(s1,..-,54;8) 13 r =a+bEZEXY - XEHOH L L>TWVW5S,
ZOEEEHRAWS Z L T—RIZHMAXRDOHMEIIIRD & 5 12FIT 5,



o7

Theorem 2.2 (JAFH-MIE-/NEFIR). b € Zsy & R(s) > b ITH U TIRAD K
URVASR

Gop(s) = ((s)
s BT HLELEDFIRITVERMIZTERD LS I1I2EIT S,

Gop(s) = Z C(ma,...,mp)

T2 E D ZOEBIZHAXRDELERIZ L 24 THEZ b5

(r =2H2R(s) > 2 DIHBEDILEA)
ZITIHR1IBEHEARGELLTr=2TR(s) > 2DBADMHEATHAD,

R(s)>2&KD(s—n—2,n+2) & ((—n,s+n) OFEIII T & &R
LTHY

oo

Z(C(s—n—Z,TH—Z)—C(—n,s—i—n))

n=0
s n—2 n+2 - s+n
n= 00<m1<mz ml m2

> > () )

m m
n=0 0<my<msz 2 my My 2

S 1 1 1
B m3 —mims \mi % mj?

0<mi<ma 1

= Al —AQ

CERTED, TOILA L AQAZEINTNERT DL

1 1 1 1
A= Z m3 — mm”anS?:Z:m*2 Z m3 —

S
mim
0<mi<ms 0<mq 1 mi<mga iz
Z 1 1 ( 1 1 )

= s—2 § : o -
m meo — M m
0<mq m mi<ms2 L 2 1 2

1 1 1

=y — P(IHg+

m

0<my ml 1

A 1 1 1 1
T Z m2—mmmS*Q_z:m*1 Z my —m
0<mi<ma 2 1752 2 1<ma 0<mi<ms2 2 1

2
= I S
N ms1 2 mo — 1

S
0<ma 2



98

X o THEHMINZIRD &S IZEDWNEDE —]T 5,

Al—Ao=) mi,l (%) = ()

o<m

3 XEFERK
KEFEARRDERBELI L 262 52 57D REFBEBRZ BN L &
o A VT VIR

k:=(1,....1by+1,....1,....1,b+1) (agby>1)
——— N —

a1—1 al—l

LT, EOWRA VT v o A%

E=(,...,L,a+1,....,1,...,1,a; + 1)
N N——

bi—1 bi—1
WZEDED B,

Theorem 3.1 (KEBRA (7). 1 T v 27 A (k... k) € ZL, iE k, > 2
i THDE L m e Ly &2 L EMAMED LD,

S Clten. kete)= Y (K e K e

ert-+er=m e/1+~~~+e;,=m
€; >0 (1<i<r) €/>0 (1<i<r’)

FEU (K K (ke ) DREA YTy 2 AT B,

) opr

= DEMZAE WIS B 72 012 F 7= 12 ML [ (s) 2 EAT B, by > 275
AYFYI Ak = (k... k) € Z5, & R(s) > —1 &7 T s (H

LT
4 1
D D | P

=1 0<ni<--<ny 11 v

TEDD, FillxfLT

0<n;<nr nl ’ nkr 71_‘[”3_”1
ARV — FRIZNMET 22 EE— XML 2> TWVWD, L— FRITFE
T HLEY — XEBUI R FHICAHRIZER I ND ZEDFEHINTWS
Fotb Iy(s) b C FATRBI Y 25, Z0k & KEERAOEEESIC & 5
MEIZIRD K D 1272 5,




99

Theorem 3.2 (JAHE-MNE-/NEFIR). k, > 27514 VTV I Ak = (k... k) €
75, & R(s) > —1 &l I B s 120 U TRADK D 32D,

Ii(s) = I (s)

INPREFEBRAE 2> TVEDIE s =m DPHFEAEHDL Z

L(m)= Y ((kiten... k+e)

e1t-ter=m
;>0 (1<i<r)

WS ERME D DD THhH S, ZoRE

.
Z aft--ay = Zazn”_l H(ai —a;)"" (a; # aj for i # j),
e1t-ter=m =1 J#i

ei>0(1<i<r)

WO EBEHZ ZARDINIXIRD X S IZHRIRES,

1 r 1 m+r—1 ninj
m) = > miZ(;) 1=

.« .. k'l'
O<ni<--<ny 11 L - ¢ J#i

LI ) o6

0<ny <--<np rog=1

1 1\ 1\“
S YN = D ) I O

0<ny <---<np

e1+-+er=m
e; >0 (1<i<r)

Lo TINIIREBEBRAD m 2 @RLBUMH L/ AR I ENTED
N> TWD,

S 3k

[1] S. Akiyama, S. Egami, and Y. Tanigawa, Analytic continuation of multi-
ple zeta-functions and their values at non-positive integers, Acta Arith-
metica 98 (2001), 107-116.

[2] A. Granville, A decomposition of Riemann’s zeta-function, Analytic
number theory (Kyoto, 1996), London Math. Soc. Lecture Note Ser.,
vol. 247, Cambridge Univ. Press, Cambridge (1997), 95-101.



60

[3]

[4]

[5]

[9]

S. Tkeda and K. Matsuoka, On the functional relations for the Euler-
Zagier multiple zeta-functions, Tokyo J. Math. 41 (2018), 477-485.

K. Matsumoto, Analytic properties of multiple zeta-functions in sev-
eral variables, in Number Theory: Tradition and Modernization, by W.
Zhang and Y. Tanigawa, Springer (2006), 153-173.

K. Matsumoto, On the analytic continuation of various multiple zeta-
functions, in Number Theory for the Millennium (Urbana, 2000), Vol. II,
M. A. Bennett et. al. (eds.), A. K. Peters, Natick, MA, (2002), 417-440.

J. Mehta, B. Saha, and G.K.Viswanadham, Analytic properties of multi-
ple zeta functions and certain weighted variants, an elementary approach
Journal of Number Theory 168 (2016), 487-508.

Y. Ohno, A generalization of the duality and sum formulas on the mul-
tiple zeta values, J. Number Theory 74 (1999), 39-43.

H. Tsumura, On functional relations between the Mordell-Tornheim
double zeta functions and the Riemann zeta function, Math. Proc. Camb.
Phil. Soc. 142 (2007), 395-405.

J. Zhao, Analytic continuation of multiple zeta functions, Proc. Amer.
Math. Soc. 128 (2000), 1275-1283.

Multiple Zeta Research Center, Kyushu University
Motooka, Nishi-ku, Fukuoka 819-0395
Japan

E-mail: t-onozuka@math.kyushu-u.ac.jp



