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On the Global Solution of the Cauchy Problem for some
Non-Linear Hyperbolic Equations
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This' work gives one proof for the existence of the solution of the global
Cauchy problem on the equation which appears in the research of the non-linear
field theory and in the theory of analogue circuits for neural mechanisms.

1. About the non-linear hyperbolic equation, there are many works for the
Cauchy problem and the mixed boundary value problem®?, But research has
been limited for the local solution of these problems. In fact, for many Cauchy
problems of the non-linear hyperbolic equations for example, for the equation of
wave propagation in compressible ﬁow, the existence of the global (in time)
solution is impossible. But we can prove the existence for some classes of equa-
tions. Now we shall note in this report the existence of the global solution of
this problem for an equation of the following type:

0%u _ 0%u Ou
(1) W——a—ta--l-tp(u)ﬁ’i—f(u)

where, functions ¢(«), f(u) satisfy the following conditions:

(i) ¢(u) =0, sgnud(u) =0 (for |u|=K)

[ﬁ(u) = S: ¢(uw)du, K is a positive number]
(ii) sgnuf(u) >0 for all u==0

sgnuf(u) >a>0 for |u|>K

|0 f(u)|< cF(w) where F(u) = S: fwdu (Tuiis i§°§§:ﬂt)
(iii) ¢"(u), f’(w) are continous

We are going to consider the Cauchy problem for the initial data:

(2) u(x, 0) = uy(x), wus(x, 0) = u,(x)
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#o(x) has first and second derivatives and it is square integrables with its first
and second derivatives. #,(x) has a first derivative and is square integrable with
its first derivative. We shall take as the initial data the finite energy data in
the sense of §3. We shall show the global (in time) Cauchy problem is possible
for this initial data.

At first, we remark that tlie condition is sufficiently general and that they
contain as special cases two important examples.

One example is the equation of non-linear meson fields presented by Schiff
treated recently by Konrad Jorgens®. This example is a special case of the equa-
tion (1) under the condition i) iii) for ¢(u)=0, f(u)=u|%.

Another example is an equation presented by J. Nagumo* for the analogue
circuit of a neural mechanism. It is a special case in which

ow)=1—u+ew®, flu)=u.

Theorem 1. The equation (1) has a solution #(x, ) with the continuous first and
second derivatives which is finite energy in x for all ¢ and u(x, 0)=u, (1),
u(x, 0)=u,(x), where u,(x), u,(x) are finite energy.

2. Associated systems of equations.

We introduce two new unknown functions.

Ou | . _
(3) 6—t+¢(u)—w

ou _

il

Using these new unknowns, we consider the following system of equations and
the system of initial data.

(4) 04 — w—0(u)
g—’t’ = gTW—so(u)v
ow _ ov

(5) u(x, 0) = uy(x)

o, 0) = Py
wx, 0) = uy(x) +O(uo(x)) .

The equivalence of the Cauchy problem (1)-(2) and (4)-(5) is the result of
classical general theory®.
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3. Generalized energy of the solution

At first we consider the case in which the initial data #%,(x), %,(x) have com-
pact carrier, that is to say, functions u,(x), u,(x) vanish except at the finite
icterval of the x-axis. Assume now u(x,f) is a solution of (1) and (2) for
0<#<h (where k is a positive constant).

Multiplying both sides of equations, f(«), v and w respectively and adding
them, we have

£y P = fayw+ 0wy

ov _ 0w _ 2
vﬁ—vﬁx e(u)v

ow _  0v_
w-a—t—wa—x flw)w

£ 84090 10000 = Dy 0y £y — .

AR TR T
We obtain
(6) %(F(u)+%+“§) = %(vw)—«)(u)vz—@(u)f(u)-
The integration in x yields
7 25t = - | Lo+ fw)1dx .

Where we denote by E(#) the integral Sim (F(u)+%2+%2) dx, and we say E(2)

is the generalized energy of the solution #(x,t) at £ Since all functions under
the integral sign have compact carriers, which is assured by the uniqueness
theorem, the integrals are finites.

Hence, remembering conditions i) ii), we majorize the second member of (7)

9E _ (Lot +0ufw)]dx
- —Se % Lo(u)v*+0(u)f(w)] dx—gg . Lo(u)v?+0(w) f(u)1dx
where &(#) is E{x: |u(x, £)|=K} and &) is E{x; |u(x, H)[<K}. By the condi-
tion i) and ii) we can omit the second integral. Then
(8) 9E < |, o Lont 06 F)]ds.

Using conditions ii) and iii), we have

aF <M, [ vax+ o106 sz, (My = Max o))

= M, ([ S+ Fw | da+ MoBECH -
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Thus, writing

dE
9 ar S M,EQ)
we obtain
(10) E(t) < E(0)eMet .,

We call this inequality by “Energy Inequality”.

4. A priori bound for the solution.

We proceed to get the following estimate for the bound of solution for ¢,
0=<t<h by the initial energy E(0). Because of the properties of F(%), we have

2wt

F(K)mes Ex; lutx D zKI<(, . [2+%

+F(u)] dx < E(#).
Combining with (10), we get
(11) F(K) mes E{x; |u(x, t)ISK} < E(0)eMph (for £, 0t < h).
It is easy to see, .
+o00 1/2
|4, D= uCa, OI<Im—anl [ vax]” <in—miB@r~.
Therefore, it holds that

E(0)eMeh
(12) Ju(x, OI;K-}_TI{)——C o=:t<h.

5. Haar’s Inequality.

Let us consider two equations of (4);

ov _ 0w
(13) 5i = bx —e(u)v
ow 61)

This system is considered as a linear system for unknown » and w.
If u(x,t) is a twice continously differentiable solution of (1), we can regard
(13) as a system of linear equation with bounded coefficients for 0<¢< /4. Then

we can apply Haar’s inequality® for this system, hence there exist a constant
C for which we have

(14) lo(x, DS C

i plocr  Eor 0SSR

where C’, C” depend only on the initial values and ¢, f.
More generally, if we differentiate (13) by x (If it is possible), we get
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(15) Dos _ Be ot (uye?— p(wro

Owy _ Ov ,
ot Oxx fwe.

It is obvious that we have also appriori bounds for », w:
(16) lo2(m, D1 cl, |walx, D[Zcf?  For £, 0=t<h).
By the same reason, we obtain

an [Oe(2 )| L chy wex(x, 8) | Zcf” (for ¢, 05t <R,

6. The local existence theorem.

We show here the result obtained by R. Courant®” for the local Cauchy
problem of the semilinear hyperbolic system of equation.
We consider the following system of equations:

(18) Ui+ AU+ B =0.

Where U(x,t) is a vector with 2 components u,, ---, ¥, and the kxk coefficient
matrices A(x, £) and vector B(x, {, ) have continuous derivatives in the domain
to be specified. We may assume the x-axis, =0, as the initial line and prescribe
on an interval F of this line, initial values:

19 Uz, 0) = Uy(x) .

There U(x, £) is a vector with continous derivatives. Assuming the system is
hyperbolic, we can prove the following theorem.

Theorem 2. If we assume for first derivatives of the coefficients of A(x, #),
B(x, t, u), and also for an eigen element of matrix A(x,¢), Lipschitz continuity,
The Cauchy problem (18), (19) has a solution U(x, #) with continous derivatives
in the strip G for sufficiently small ¢, and the width of G depend only on the
maximum norm of the initial value (19).

In this x, ¢ plane we consider a closed domain G so that all charactesistics
C, followed from a point P(§, ) in G backward towards decreasing values of ¢,
meet the given section I in which the initial values are prescribed: Then I con-
tains the domain of dependence of all points P of G. Gy is the strip 0=t <k
within G.

It is obvious that the system (4), (5) is the special case of the system (18),
(19) k=3 with the smoothness conditions.

Therefore, we conclude that (4), (5) has a solution «(x, t), v(x, £), w(x, ) in
the strip G for sufficiently small %, and that the width of G, i.e. 2 depends only
on the maximum norm of initial values:
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uw), 3%, wix) +0Gu).

Whose carriers are supposed to be in I.

7. Global existence theorem.

We proved the boundedness of functioms, #, v, w in §4. That means the
existence of the solution of the system (4) for the initial data with the compact
carrier because of the result of §6, for all &

For the initial data with the finite energy in the sense of §4, we can ap-
proximate this initial data by functions with compact carriers for the topology

of the norm

B = " [+ 2P ]dr, U= o, 0).

If we apply tne energy inequality for the difference of two solutions of

system (4), we conclude the existence of the finite energy solution of (4) for
all ¢

In order to obtain the result for the equation (1) and initial data (2), we
will suppose that the initial data %,(x), #,(x) is finite energy in the usual sense,

that is to say, Siw [uo(x)z—l—ul(x)”—l—(g—?)] dx is finite. This energy majorizes the

generalized energy of the initial data of the system (4) because of the property

of ¢ and finii) and by the lemma of Sovolev. Thus we finish the proof of the
theorem 1.

Remark. We can replace condition ii) by weaker conditions, but we do not here
discuss the most general conditions. Also it is possible that for every initial
data with continous first and second derivatives, we prove the existence of the
global (in time and in space) solution for the above equation.
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