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Unramified base change of simple supercuspidal
L-packets of quasi-split classical groups

By

Masao OTI*

Abstract

In this paper, we prove that the base change lifts of simple supercuspidal L-packets of
quasi-split symplectic or special orthogonal groups with respect to an unramified extension
are again simple supercuspidal L-packets, and determine the structures of them, under some
assumption on the residual characteristic.

§1. Introduction

Let F be a p-adic field. We consider a general linear group GLy over F'. Then,
according to the local Langlands correspondence for GLj, which was established by
Harris and Taylor ([HT01]), irreducible admissible representations of GLy (F') can be
classified in terms of N-dimensional representations of Wr x SLo(C). Here Wy is the
Weil group of F'. More precisely, if we denote the set of equivalence classes of irreducible
admissible representations of GLy(F) by II(GLy, ), and the set of conjugacy classes
of L-parameters of GLy by ®(GLx,r), then we have a natural bijection LLCqL, ,
between these sets:

LLCGLNyF . H(GLNJ?) i ‘I)(GLN’F).

Now let us take a finite extension E of F. Then we can consider the restriction
of representations of Wr x SLa(C) to Wg x SLa(C). In particular, from L-parameters
of GLy,F, we obtain L-parameters of GLy g. Therefore, by using the local Langlands
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correspondences for GLy p and GLy g, we can define a natural map from II(GLy )
to H(GLN7E>Z

II(GLy.g) <=~ ®(GLy.5)

:BC Res

H(GLN,F) LS ®(GLn,F)

In fact, such an operation had been studied by Arthur and Clozel ([AC89]) before
the works of Harris and Taylor, and is called the base change. In particular, when
the extension E/F is cyclic, they showed the existence of the base change without
appealing to the local Langlands correspondence. In this case, the base change can be
characterized representation-theoretically in terms of the characters of representations,
and the equality of characters characterizing the base change is called the Shintan:
character relation (see Section 2.4 for details). Therefore it is an interesting problem to
determine the base change explicitly by computing the Shintani character relation.

In this paper, in the case where F is unramified over F', we consider this problem
for some special representations, which are called simple supercuspidal representations.
The simple supercuspidal representations are irreducible supercuspidal representations
having the minimal positive depth. They were defined by Gross and Reeder in [GR10]
(and also by Reeder and Yu in [RY14]), and have been studied in the context of finding
an explicit description of the local Langlands correspondence by many people. By noting
that the construction of them is very explicit, we can parametrize the set of equivalence

classes of simple supercuspidal representations of GLy (F') by the following set:
SSC(GLNVF) = k;;(‘ X k;;(‘ X (CX,

where kp is the residue field of F and kj is the set of characters of k. By using this
parametrization, the first main result of this paper can be stated as follows:

Theorem 1.1 (Theorem 3.11).  Let | be the degree of the unramified extension
E over F. We assume that (p, N) = 1. Let us consider a simple supercuspidal represen-
tation of GLy(F') corresponding to an element (w,a,() € SSC(GLy r). Then its base
change to GLy(E) is again simple supercuspidal, and corresponds to the data

(w oNr, a, —CZ) € SSC(GLy.g) ifl and N are even numbers,
(woNr,a,¢") € SSC(GLy,g)  otherwise.

As an application of this result, we can also determine the unramified base change of
simple supercuspidal representations of quasi-split classical groups. To be more precise,
let G be a quasi-split special orthogonal or symplectic group over a p-adic field F. For
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these groups, recently Arthur established the local Langlands correspondence ([Art13]).
Before we recall it, we define the sets II(G) and ®(G) in a similar way to the case of

general linear groups. We consider the action of outer automorphisms Out(G) of G
on II(G) (resp. Out((A}) on ®(G), where G is the Langlands dual group of G), and
denote the sets of orbits via such actions by II(G) = II(G)/Out(G) and ®(G) :=
o(G)/ Out((AS‘r). Note that the outer automorphisms Out(G) and Out((AS‘r) are nontrivial
only when G is an even special orthogonal group. Then, according to Arthur’s results,
we have a natural surjection LLCq with finite fibers from the set IL(G) to the set ®(G).

In other words, we have a natural partition of the set II(G) into finite sets:

G)= || u§.
$ED(G)

Here Hg’ is the fiber of ¢ via the map LLCqg and called the L-packet of ¢. Therefore,
in the same way as in the general linear group case, we can define the base change of
L-packets from G to Gg by considering the restriction of L-parameters.

On the other hand, in consecutive papers [Oil6] and [Oil8]|, we determined the
structures of L-packets consisting of simple supercuspidal representations of quasi-split
special orthogonal and symplectic groups, under the assumption that the residual char-
acteristic is not equal to 2. Furthermore, we also determined their endoscopic lifts to
general linear groups. More precisely, let GLy be a general linear group such that G
is an (twisted) endoscopic group of GLy (the size N of such GLy is uniquely deter-
mined by G). Then, we have an embedding from the L-group of G to that of GLy.
In particular, we can regard an L-parameter of G as an L-parameter of GLy (recall
that an L-parameter is a homomorphism from Wg x SLy(C) to the L-group). Thus, by
using the local Langlands correspondences for G and GLy, we get a map from the set
of L-packets of G to that of GLy. This operation is called the endoscopic lifting from

G to GLN
LLC

H(GLN,F) < (I)(GLN’F)
A
Endo. lift Tcomposing L-embedding
G —=< ~ 3(q)

The point here is that the endoscopic lifting is an injection from the set of L-packets
of G to that of GLy. Therefore, by combining these results with Theorem 1.1, we
immediately get the following result:

Theorem 1.2 (Theorem 3.12).  We assume that (p,2N) = 1. The base change
lift of a simple supercuspidal L-packet of G to Gg is again a simple supercuspidal L-
packet. Moreover, we can describe the relationship between these L-packets in terms of
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a parametrization of simple supercuspidal representations of G and Gg (see Section 2.2
for details).

(Gp) E%;O* II(GLy,E)

Joc T be

M(G) =% T(GLy, p)

We explain the outline of the proof of Theorem 1.1. First, we note that the “simple
supercuspidality” of irreducible admissible representations of general linear groups can
be characterized in terms of the Swan conductor of the corresponding L-parameters.
Since E is unramified over F', the restriction of the L-parameters from W x SLy(C) to
Wg x SLa(C) does not change the Swan conductor. In particular, we can conclude that
the base change lifts of simple supercuspidal representations of GLy(F') to GLy(E)
are again simple supercuspidal. Then our task is to determine the relationship between
the parametrizing data SSC(GLy, ) and SSC(GLy,g). To determine this, we use the
Shintani character relation. Since simple supercuspidal representations are constructed
very explicitly by using the compact induction, we can compute their (twisted) char-
acters by the (twisted) character formula. By choosing some special elements carefully,
we can write the character of a simple supercuspidal representation at such elements
in terms of the Kloosterman sum containing an information of parametrizing data. By
combining such a computation with the Shintani character relation and using some el-
ementary property of the Kloosterman sums, we can describe the relation between the
parametrizing data of simple supercuspidal representations. This completes the proof.

We comment on the organization of this paper. In Section 2, we first recall the def-
inition and a parametrization of simple supercuspidal representations of general linear
groups and quasi-split classical groups. Moreover, we summarize results in [0il6, Oil8].
Second, we recall basic properties of the base change. Finally, we recall the character
formula for supercuspidal representations. In Section 3, we compute the (twisted) char-
acters of simple supercuspidal representations of general linear groups at some special
elements. Then, by combining it with the Shintani character relation, we prove Theorem
1.1. Finally, by using the main results in [Oi16, Oil8], we get Theorem 1.2.

Acknowledgment. The author is grateful to his supervisor Yoichi Mieda for his help-
ful support. He also would like to thank the referee for valuable suggestions. This work
was carried out with the support from the Program for Leading Graduate Schools, JSPS
Research Fellowship for Young Scientists, and KAKENHI Grant Number 17J05451.
This work was also supported by the Research Institute for Mathematical Sciences, a
Joint Usage/Research Center located in Kyoto University.
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§2. Preliminaries

§2.1. Notations

We fix a p-adic field F. We denote its ring of integers, its maximal ideal, and its
residue field by Op, pr, and kg, respectively. We fix a uniformizer w of F. Let q be
the order of kp. For x € Op, T denotes the image of x in kr. We regard an element of
k7 as an element of F* by the Teichmiiller lift. We write W for the Weil group of F.

Let E be an unramified extension of F' of degree [. For this field FE, we use the
similar notations such as Op, kg, and so on. Let o be a generator of Gal(E/F). We
write shortly Nr and Tr for Nry /5, and Try, /., respectively.

We fix a non-square element e of k5 and e of k, (these will be used to parametrize
simple supercuspidal representations of classical groups).

For a multiplicative character w of k and a non-trivial additive character ¢ of kp,
we define the Gauss sum with respect to (w, ) by G(kp;w, ) = erk; w(z)p(x).

We write Iy for the identity matrix of size V.

§2.2. Simple supercuspidal representations

We first recall the definition of simple supercuspidal representations in the case of
a general linear group briefly. See [RY14, Section 2.6] or [Oil8, Section 2.1] for the
general construction of simple supercuspidal representations of other groups.

Let Ir be the standard Iwahori subgroup of GLy (F), I; the pro-unipotent radical
of I, and I£" the subgroup of I} generated by [I}, ;] and diagonal matrices all of
whose entries belong to 1+ pp:

Oy Op 1+pp Or
Ip = , Ih= S It
pr Of Pr I+pr
Then we have the isomorphism I} /T 2 ESY: (2i;)i — (T2, TN 1N TN10 L),
For a € k., we set @4 := wOa Ij\i)_l € GLy(F). Note that this element satisfies

oN = waly.
To define simple supercuspidal representations, we first fix a non-trivial additive
character 1 of the residue field kp. Then, for an element (w, a,() € ki X ki x C* (here

k7 is the set of characters of k), we define a character xq,q,¢ of ZFI;(QOCLfl) by

Xw,a,c(2) :=w(z) for z € OF C Zp,
Xw,a,c(T) = w(:z;_lg +---+ZyanN+ aa:le_l) for z € I}%, and
Xw,a,C(SOafl) = C.
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Here Zp is the center of GLy (F).

Then the representation m, 4 ¢ = c-Ind Gty (F)

ZrIf(p,-1)
percuspidal. We call representations obtained in this way simple supercuspidal represen-

Xw,a,¢ 18 irreducible, hence su-

tations of GLy (F'). In fact, we can check that 7, o ¢ and 7. 4 ¢ are equivalent if and
only if we have (w,a,() = (w’,a’,{"). Namely, the set SSC(GLy ) := l;% X kj x C*
parametrizes the set of equivalence classes of simple supercuspidal representations of
GLN (F) (see [0il8, Section 2.3] for the details).

For other reductive groups (with some mild conditions such as tamely-ramifiedness),
we can define simple supercuspidal representations in a similar procedure. In particular,
for the following groups, we can define simple supercuspidal representations under the
assumption that p is not equal to 2:

e the split special orthogonal group SOs,, 1 of size 2n + 1,
e the symplectic group Sp,,, of size 2n,

e the split (resp. quasi-split non-split unramified) special orthogonal group SOg,
(resp. SOs,,) of size 2n, and

e the quasi-split special orthogonal group SO%, of size 2n associated to a ramified
quadratic character p of F'*.

For these groups, parametrizing sets of equivalence classes of simple supercuspidal rep-
resentations can be taken as follows (here s = {£1} is the set of signs):

group G | parametrizing set SSC(G)
SOQn+1 k; X U2
SPay, po x {0,1} x kj
so{™ po X {0,1} X k3 X po
SO%., po X ki

Here we do not describe each parametrization. See [Oil6, Section 2.4] (the case of an
odd special orthogonal group) and [Oil8, Sections 2.4, 2.5, 2.6, and 2.7] (the cases of
symplectic and even special orthogonal groups) for the details.

We note that the parametrization of simple supercuspidal representations depends
on the choice of a uniformizer @w and a non-trivial additive character . When we
consider the above parametrizations for general linear groups or quasi-split classical
groups over F, we choose a uniformizer and a non-trivial additive character to be w
and v o Tr.

Finally, we investigate o-stable simple supercuspidal representations of GLy g.
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Lemma 2.1. Let X = (w,a,() € SSC(GLy,g) = ki x ki x C* and wx be the
corresponding simple supercuspidal representation of GLy(E). Then wx is o-stable if
and only if w is o-stable and a belongs to k.

GLn(E) o
ZEIE<SOG(Q)—1> Xw,a,g- AS
X3 ac €dquals Xy o)., the parameter of 7% is given by (w?,0(a),(). This equals the

Proof. By the Frobenius reciprocity, we have 7% = c-Ind

original data X if and only if the conditions in the assertion are satisfied. O

§2.3. Simple supercuspidal L-packets of quasi-split classical groups

In this subsection, we summarize the results in [Oil6, Oil8]. Let G be a quasi-
split special orthogonal or symplectic group over F. Then G can be regarded as an
endoscopic group of a general linear group GL, and the size N of such a general linear
group is given as follows:

G SOQn+1 Spgn SOQn
GLy | GL2, | GL2p4+1 | GLa2y,

Therefore we can consider the endoscopic lifting from G to GLy. In [0il6, Oil8], we
determined the structures of L-packets of G containing simple supercuspidal represen-
tations and their endoscopic lifts to GLy. The main results of [0il6, Oil8] are stated
as follows in terms of the parametrizing sets in Section 2.2:

Theorem 2.2 ([0il6, Oil8]).  We assume that p is not equal to 2. Let ©$ be a
simple supercuspidal representation of G(F') corresponding to an element X of SSC(QG).
Let Hdcf' be the L-packet of G containing the Out(G)-orbit of ©$¢, and 7T$LN its endo-
scopic lift to GLy.

The case where G = SOs,,+1: The L-packet Hg s a singleton. Moreover, if we put
X = (a,(), then WSLZ” 1s a simple supercuspidal representation corresponding to

(]1, ZCL, C) < SSC(GLQ»,L’F)

The case where G = Sp,,,: The L-packet Hq(f' consists of W)G(O and 75(3'1, where Xg =
(£,0,a) and X7 = (&, l,aegl) € SSC(G) (X is equal to one of Xy and X1). More-

Lont1

G . . . . . GLQn GL2n y
over m, s given by the parabolic induction of o da. &wwoAa,C' Here woGzi the
2n

non-trivial quadratic character of ki, ¢ =& - q_%wo(—l)G(kF;wo, V), and W ge ¢
GL2n

is the central character of m 3% ¢

The case where G = SO%,: The L-packet Hdcf is a singleton and, if we put X = (£, a),
then the unique Out(G)-orbit in this L-packet is given by {Wga,ﬁg'_a}. More-
over 7T§L2" is a simple supercuspidal representation corresponding to (wo,4d’, () €

SSC(GLyy,), where ( = & - q_%G(kF;wo,w) and a’ = (—1)""ta%e.”". Here v, =0
if @ corresponds to the quadratic extension F(\/w) of F', and v, = 1 otherwise.



68 MAasao O1

The case where G = SOS:L)FZ: The L-packet Hg' consists 0f7r§'0 and 7§, where Xo =
(£,0,a,() and X7 = (5,1,@6;1,0 € SSC(G) (X is equal to one of Xy and X1).

Long2

Moreover ﬂg is given by the parabolic induction of

GLan 3 (,,GLan 1-¢

Trwo,b,ﬁn wo,b,¢n R pe @ IIJ’{/II') X /’LILJI'7 where ¢ := T

Here 1) = (—1)'6q2 G(kp;wo, )wo(—1)E, b = (=1)" 122416 a, pg (resp. ju) is
the quadratic character of F* corresponding to G (resp. the nontrivial unramified
quadratic character of F*), and we put tg to be 0 if G = SOgp42, and 1 if G =
SO%,42-

§2.4. Arthur—Clozel’s base change

In this subsection, we recall the definition and some fundamental properties of the

base change established by Arthur and Clozel in [AC89).

Definition 2.3 ([AC89, Chapter 1, Lemma 1.1]).  Let g be an element of GLy (E).
Then there exists an element of GLy(F) which is conjugate to go(g)---o(g)'=t €
GLy(F). Moreover, such an element is unique up to GLy(F)-conjugacy. We denote
the G(F)-conjugacy class of such elements of GLy (F') by N (g).

For an irreducible admissible representation mr of GLy (F’), we denote its character
by ©,,. On the other hand, if an irreducible admissible representation g of GLy (F)
is o-stable (i.e., we have 7%, = 7p), then its o-twisted character is defined (see Section
2 of Chapter 1 in [AC89]). We denote it by O, ,. Note that we adopt the Whittaker
normalization of o-twisted characters. See Section 2 of Chapter 1 in [AC89] for the
details of general properties of o-twisted characters of o-stable representations. By
using these characters and o-twisted characters of representations, the notion of the
base change of representations is defined as follows:

Definition 2.4 (base change, [AC89, Chapter 1, Definition 6.1]).  Let mg (resp.
7r) be an irreducible admissible representation of GLy (F) (resp. GLy(F)). Assume
that wp is o-stable. We say that 7 is a base change lift of 7 if, for every g € GLy(FE)
such that N(g) is regular semisimple, the following equality (the Shintani character
relation) holds:

@ﬂE,U(Q) = Oy (N(g))

Here note that the right-hand side is well-defined since the character of a representation
is invariant under conjugation, and that also the left-hand side is well-defined because
the regular semisimplicity of A(g) implies the o-regular o-semisimplicity of g (see the
proof of Proposition 2.2 and the end of Section 1 of Chapter 1 in [AC89]).
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For an irreducible admissible representation mp of GLy(F), its base change lift to
GLn(FE) is at most unique by the linear independence of twisted characters of o-stable
irreducible admissible representations (see [AC89, Chapter 1, Lemma 6.3]). On the other
hand, by Theorem 6.2 of Chapter 1 in [AC89], if 7 is tempered, then its base change
lift always exists and is tempered. Thus we get a map from the set of equivalence classes
of irreducible tempered representations of GLy (F') to the set of equivalence classes of
o-stable irreducible tempered representations of GLy (FE). We denote it by BC:

BC: Htemp(GLN,F) — ngmp(GLN,E)-

We remark that this map is in fact surjective, and that we can describe the fibers of
this map. See [AC89, Chapter 1, Theorem 6.2 and Proposition 6.7] for the details.

Finally, we note that the base change is compatible with the restriction of the L-
parameters from Wg xSLa(C) to Wg xSL2(C) under the local Langlands correspondence
for general linear groups (see Lemma VII.2.6 (5) in [HTO01]):

II(GLN,E) RULSS ®(GLn,E)

| [

II(GLw,F7) AL ®(GLn,F)

As a consequence of this compatibility, we get the following:

Proposition 2.5. Let mg be a o-stable simple supercuspidal representation of
GLN(E). We take np € II(GLy ) such that BC(mp) = mg (as noted above, we can
always take such an element). Then mp is simple supercuspidal.

Proof.  First, since g is supercuspidal, its L-parameter LLCqL, ,(7g) is trivial
on SLy(C) and irreducible as a representation of W (this follows from the construction
of LLCqL, , see the paragraph after [HTO01, Corollary VII.2.19]). Since LLCqLy ,(7E)
equals LLCqLy »(7F)|wp xsL.(c) as noted above, LLCqry . (7F) is trivial on SLy(C)
and irreducible as a representation of Wr. Hence mp is supercuspidal.

Next, we recall that, for an irreducible supercuspidal representation 7 of GLy (F),
the simple supercuspidality of 7 is characterized in terms of the Swan conductor of
LLCqLy »(7) (see [IT18, Section 1]). Here note that the Swan conductor criterion in
[IT18, Section 1] is stated by using the “Swan conductor of 7”. However, since the local
Langlands correspondence for general linear groups preserves the local e-factors, these
two notions coincide. See, e.g., [IT18, Section 1] and [GR10, Section 2.2] for the precise
definitions of the Swan conductors for these representations. Then, since we assumed
that E is unramified over F', the Swan conductor of LLCqLy .(7F) is equal to that
of LLCaLy »(7)|wgxsta(c) = LLCqLy, » (me). Thus the simple supercuspidality of mg
implies that of 7p. U
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Corollary 2.6.  The base change lift of a simple supercuspidal representation of
GLN(F) to GLy(F) is again simple supercuspidal.

Proof. By the behavior of the central character under the base change ([ACS9,
Chapter 1, Theorem 6.2 (d)]) and Proposition 2.5, the fiber BC™(SSCZ_(GLy g)) of
the set SSC{,_ (GLy, ) of o-stable simple supercuspidal representations of GLy (E) with
fixed central character wg under the base change map consists of simple supercuspidal
representations of GLy (F') with central character wr. Here we have wg = wp o Nrg,p.

We compare the cardinality of BC*I(SSCZE (GLn,£)) to that of SSC],_(GLn,Eg).
For a simple supe/r\cuspidal representation wx, of GLy(FE) with data X' = (', a’, () €
SSC(GLw k)
("N = wp(wa

= ki x kj x C* and central character wg, we have WE’kg = ' and
'~1). Note that ¢~_, = wa’~'Iy. Moreover, by Lemma 2.1, 7x/ is o-
stable if and only if w’ is o-stable and a’ belongs to k. Hence the cardinality of the
set SSC,,_(GLy,E) is given by (¢ — 1) - N. On the other hand, by a similar argument,
we can check that the cardinality of the set SSC,,.(GLy, r) of simple supercuspidal
representations of GLy (F') with fixed central character wg is given by (¢ — 1) - N.
The set BC_l(SSCgE(GLNE)) is contained in SSC,,.(GLy r) and the map BC
induces a surjection from BC_I(SSCZE (GLn,g)) to SSC{,_(GLn,g). Thus, by this
observation and the above calculation of cardinalities, we can conclude that the map BC

induces a bijection from SSC,,, (GLy ) to SSC],_(GLy, ). This implies our assertion.
0

§ 2.5. Character formula for supercuspidal representations

We first recall the following character formula for supercuspidal representations
obtained by the compact induction:

Theorem 2.7 (character formula, [Sal88]).  Let K be an open subgroup of GLy (F)
such that K contains Zp and K/Zp is compact. Let p be a finite-dimensional irreducible
representation of K. We assume that the representation w := C—IndgLN () p s irre-

ducible, hence supercuspidal. Then, for every regular semisimple element g € GLy(F'),

Ox(g) = > > trplzgat).

yeK\GLy(F)/K zeKyK
mgafleK

we have

In particular, we have

O-(g9) = Z tr p(xgr™t),
zeK\ GLn(F)
:Ug:c_leK

provided that the sum is finite.
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We next recall the twisted version of the previous character formula:

Theorem 2.8 (twisted character formula, [LH17, Partie 1, Théoreme 6.2.1]).  Let
K be a o-stable open subgroup of GLy (F') such that K contains Zr and K/Zp is com-
pact. Let p be a o-stable finite-dimensional irreducible representation of K, and we fix
an isomorphism I,: p = p°. We assume that the representation m := C—IndgLN(F) p

18 irreducible, hence supercuspidal. Then, for every o-reqular o-semisimple element
g € GLN(F), we have

Orol(g) = > > tr(plzgo(x) ™) o I,).

yeK\GLy(F)/K a€KyK
zgo(z) 1EK

In particular, we have

Orolg)= D tr(plago(z) ") ol,),
€K\ GLy (F)
zgo(z)"leK
provided that the sum is finite. Here the left-hand side is the o-twisted character of
normalized with respect to c-Ind I, : m = 7°.

We note that, for o-stable simple supercuspidal representations, the Whittaker
normalization of the o-twisted characters coincides with the normalization compactly
induced from the identity map id: Xw,a,c = X, 4. (see, e.g., [Oi16, Proposition 5.1]).

8§3. Main theorem

§3.1. Computation of Shintani character relation and the unramified base
change of simple supercuspidal representations of GLy

We take u € ki and z € kj C Zg (here Zg is the center of GLy(E)). We assume
that Tr(z) = 1 (note that we can always take such an element from the surjectivity of
the trace map on the residue fields). We consider an element 1+ z¢p,, of GLy(E). Then
the element

-1 -1
H o' (14 2p,) = H(l + ai(z)gpu)
=0 =0

is o-invariant, hence belongs to GLx (F). Namely, this element represents the GLy (F)-
conjugacy class N(1 + zp,). By abuse of notation, we denote this element again by
N1+ zpy).

Lemma 3.1.  The element N(1 + zp,) € GLx(F) is a reqular semisimple ele-
ment belonging to I}:. Moreover, the image of N (1+2¢,) € GLy(F) in I /I = k%N
is given by (1,...,1,u).
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Proof. For every i, 1 + o*(2)¢, belongs to I}, and its image in I} /11T = k%N
is given by (0%(2),...,0%(2),0"(2)u). Thus N (1 + 2¢p,) belongs to I, N GLy(F) = I
and its image in I /T5T = k&Y is given by

-1
Z(Ji(z),...,Ji(z)70i(z)u) = (Tr(z),...,Tr(2), Tr(2)u) = (1,...,1,u).

Moreover, since u is not zero, the characteristic polynomial of N'(1+z¢,,)— Iy is an
Eisenstein polynomial with F-coefficients, hence irreducible over F'. Thus N (1 + z¢p,,)
is regular semisimple. U

Lemma 3.2. Let g be an element of GLy(F) satisfying gN (1 + zp,)g~ ! €
ZpIt{pa-—1). Then g belongs to ZpIp{p,-—1).

Proof. This follows from that every entry of the image of N'(1 + 2¢,,) in I+ /15
does not vanish (a consequence of Lemma 3.1). See, e.g., Lemma 3.5 in [Oil6]. O

Before we start to compute the characters of simple supercuspidal representa-
tions, we define some notations. We set Zy, := {diag(z,...,2) | z € k3}, Tip =
{diag(t1,...,tn) | t; € kp}, and, for z € k5, define the Kloosterman sum by

KIY(4):= > g+ +ay)

X
.Tl,...,ZL’NEkF
r1TN=X

Proposition 3.3. Let X = (w,a,() € SSC(GLy,r). Then we have

Oy V(L + 204)) = K1z, ().

Proof. By Lemma 3.2, the index set of the character formula (Theorem 2.7) is
given by Zplf(a-1)\Zrlp{(pa-1) = Zi\Tk,. Since the set Zy, \Tj, is bijective to
the set {diag(s1,...,sn) | s; € kp, s1---sy = 1} via the map diag(ts,...,tn) —

tN—1 tn

diag(%, T E)’ by the character formula, we have

O (N +20)) = 3 ¢(t—1+---+tN‘1+autﬂ)=K1éVu(¢>-

t t t
teZu T, 2 N 1
O

Proposition 3.4. Let X' = (w',ad/,{’) € SSC(GLy g) be o-stable data as de-

scribed in Lemma 2.1. That is, w' is o-stable and a’ belongs to k. Then we have

@ﬂ'X/,a(l + Z@u) = Klé\{u(dj)
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Proof. We compute the index set of the twisted character formula (Theorem 2.8).
Let g be an element of GLy (F) satisfying g(1 + z¢,)0(g9) ™ € Zglf(pa-1). Then we
have

gN (1 + 2p.)g Ho* (14 zpu)o(9)™") € Zulf (pa—1).

Thus, by Lemma 3.2 for GLy(E ), g belongs to Zglg(p,-1). Therefore the index set
of the twisted character formula can be represented by a subset of Zj, \T},.

Let t = diag(t1,...,tn) be an element of T, . Let us consider the condition of ¢ so
that ¢(1 + zp,)o(t) ! belongs to Zpl} (¢ -1). As we have

H(1+2zpu)o(t) " = t(1+ 2pu)t " - to(t) 7
and (1 + zp, )t~ belongs to Zgl {p.-1), we have
t(L+ 2zp,)o(t) ™ € ZpIf(py—1) <= to(t)™' € ZrI(py-—1).
—1

The latter condition is equivalent to the condition that t;o(t;)~! = --- = tyo(ty)

Since we have an isomorphism

Zip\Thep = Zip\{t € Ty | io(t1) ™" = - = tno(tn) ™ =1}
= Zip Mt € Tiy | tio(t) ™t = - = tno(ty) 1),

by using the twisted character formula, we get

t tn— t
@nX/,o(l-i-ZSOu): g 1 o'Tr z—1+---+ZN 1+a'zuﬂ
to tn t1
te€Zy p \Tk

= Z 1/)(Tr(z)§—l+---+Tr(z)tt + Tr(z )auttﬂ)

t€ Zk o \Th p 2 N !
= Klgi, (¢).
Recall that we took z to satisfy Tr(z) = 1 and that a’ belongs to kp. O

Corollary 3.5. Let X = (w,a,() € SSC(GLy,F) and X' = (w',d’, (") € SSC(GLy )

and we assume that BC(rx) = wx/. Then we have a’ = a.

Proof. By applying the Shintani character relation (Definition 2.4) for elements
1+ zp, and N (1 + zg,), we get an equality Or, o(1 + 2¢u) = Or (N(1 + 204)).
By Propositions 3.3 and 3.4, we have K1Y (1) = K1Y (). Since this equality holds for
every u € ki, we get ' = a (see, e.g., Lemma 3.4 in [IT18]). O

Let X = (w,a,() € SSC(GLy,r) and X' = (w',a’,{") € SSC(GLy,g) and we
assume that BC(mx) = mx/. Then, by Corollary 3.5 and the proof of Corollary 2.6, we
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have a’ = a and w’ = w o Nr. We finally compare the third parameters of X and X'.
From now on, we assume that
(p, N) = 1.

To determine the relationship between ¢ and (’, we may assume that a = a’ = 1
by replacing the fixed uniformizer . We first consider the case where [ is a prime
number. For u € kj and z € kj, satisfying Tr(z) = 1, we consider the following element
of GL N (E )Z

ou(1+ 2p,) € GLy(E).

Then we have

-1 -1
[T (a1 +20u) = &, TT(1+ 0" (2)0u) = AN (1 + 200),
=0 =0

and this element belongs to GLy (F).

Lemma 3.6.  The element ', N(1 + zp,) is reqular semisimple.

Proof. The N-th power of @, N'(1 + z¢,) is given by (wu)!N (1 + zp,)N. The
characteristic polynomial of AV(1 + zp,)" is irreducible by the same argument as in
the proof of Lemma 3.1 (note that here we use the assumption that (p, N) = 1). Thus
N (14 zp, )Y is regular semisimple, and so is (cwu)!N (1 + 2¢, )" . Since its N-th power

is regular semisimple, ! N'(1 + z¢p,,) is itself regular semisimple. O

Lemma 3.7.  Let g be an element of GLy(F) satisfying g , N(1 + zp,)g~ ! €
ZpIt{p1). Then g belongs to ZpIp{p1).

Proof. By taking the N-th power of the condition in the assertion, we can conclude
that gN'(1 + zpu)Vg™! € ZpIf{p1). Then, by the same argument as in the proof
of Lemma 3.2 (note that here we use the assumption that (p, N) = 1), we get the

assertion. O

Let [y be the integer which satisfies 0 < Iy < N and is congruent to [ modulo N.
Namely, for some non-negative integer «, we have [ = aN + .

Proposition 3.8. We have

D eciinu(kr) w(©n (&) ifl does not divide N,

®7TX LNI u)) = -
(N1 2p0)) = € > eesimatior) W EKLe (W) if 1 divides N (N =ml).

Here un o (kr) is the set of N-th roots of w in kg, and 1, = 1) o m is the composition
of ¥ and the multiplication by m.
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Proof. By Lemma 3.7, the index set of the character formula (Theorem 2.7) is rep-
resented by a subset of Zj, . \T),. Let us determine this subset. Let t = diag(ty,...,tN)
be an element of Tj,. Then tN(1 + 2¢,)t~! always belongs to ZrIf{(p1). Thus we
have t!, N'(1 + zp, )t ™t € ZpIj(p1) if and only if we have tplt=t € ZpIf{p1). By
comparing the valuation of the determinant, the latter condition is equivalent to the
condition that o 'telt=! e ZypI#. As we have

T T A

= u®diag (u—tN_lOJrl e ,ut—N, b , b2 e, IN-to ),
ty Ly tig+1 Tig+2 tn

the condition that ¢ 'ty t~ € Z, I} is equivalent to the condition that

(*) ua—|—1 tN—lo-l-l o

In 1 IN—1
= =0T =gy u®——=2,
t tig tio+1 tn

We denote this index set {t € Zy,.\Tk, | t satisfies (x)} by T".
We first consider the case where [ does not divide N. In this case, if we put

tN—1g+1 tn tq tn—;
gt — ua—i—l ot _ _ U,a+1— = == y” 0,
t tg tio+1 tn
then we have
N a+1 tN—lo-l-l a+1 3\ a i1 atN—lo aN-+l l
& =uT —m—— - uT — - eut——==1u O =u.
t t, tio+1 tn

Thus &; belongs to pix i (kr). Conversely, for every element & € py 1 (kr), there exists
a unique t € T” satisfying & = &. On the other hand, by the condition (x), we have

o t1 _ o _ta 1 tig+1 : : :

o = UnS Thus we get = teis By noting that [y is coprime to N, we
finally get % = ... = tl;’; = utt—ff We denote these elements by ;. Then we have
vV = u and

t t
/yézvioua:_lLuazgt
to tio+1

If we let M be the smallest non-negative number satisfying Mly — 1 = rN for some
integer r, then we have a bijection between the two sets iy i (kr) and pn .. (kr) as
follows:

N (kr) = pnu(kr); E— My oM,

v (kF) ¢ pna(ke); A .
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Hence we can compute the character as follows:

Oy (PLN (L4 2¢04)) Z xx (LN (1 + 2o )t )

teT’
= > xx (@) xx (el ) - xx (BN (1 + 20t )
teT’
l tl tN_l tN
=¢' Y W@+ T
teT’ ta tn t

=) wE@w W) =¢ D> w e (y).

teT” YEUN u(kF)
We next consider the case where [ divides N. As in the assertion, we put N = Im.

In this case, we have a = 0 and the condition (x) is equivalent to

th oty tim—2)1+1 _ ut(m—l)l—l—l
liy1 taia tm—1)1+1 3]
_te tige  tem—2)ig2 ut(mf1)z+2
tiv2  tor42 tm—1)1+2 ()
_t_ta et b
top  ty tmi t
If we put
t t
G = ==y
li4+1 4]
then we have ; ; y y
gln _ . 1 tHl t(m—2)l+1 u (m;l)l—l—l —u
1+1  tory1 (m—1)l+1 1

Thus we get a bijection

Zip \{t € Ty, | t satisfies (#)} = pon.u(kr) X {(s1,...,8) € (k) | s1---s =1}

: t1 ti—1 U
diag(t1,...,tn)— (& | — oy —— ) ).
to t; 11

Thus, by the character formula, we have

Oy (LN (14 200)) = D xx(#h) - xx (01 toht ™) - xx (BN (1 + 2000)t 1)

teT
Y tq tn—1 tn
= Zw(ﬁt)¢<5+---+ iy +Uz)
teT!
_ b bt
4g;%w@gﬁ ot @)

= D WKl (Pm).

SE,U'm,u(kF)
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U
Proposition 3.9. We have
. C Seemom @R ifLEN,
T xr,0 \Fu 1+ u)) = ; _
xro(PulE200)) =3 057 T e @@ o T(e) i L] N (N = mi).
Nr(z)=¢

Proof. 'We compute the index set of the twisted character formula (Theorem 2.8).
First, by the same argument as in the proof of Proposition 3.4 and Proposition 3.8, the
index set can be represented by a subset of 77 := Z ,\{t = diag(t1,...,tn) € Tk, | (%)}
For an element ¢ = diag(t,...,tn) of Tk, let us consider the condition of ¢ to satisfy
(¥) and that to, (1 + 2¢,)0(t) "t € Zplf{p1). Again by the same argument as in the
proof of Proposition 3.4, the latter condition is equivalent to ] 'tp,o(t)~! € Zy, I3

Since we have

t t tn_
1 -1 . N 1 N-1
tw,o(t =diag| u———, ——, ..., ,
o1 tpuo(l) g( o(t) o(ta) a<tN>)

the condition that ¢ 'tp,o(t)™t € Zy, 1 is equivalent to the condition that

2 O\ . N S
&) o) - T o) et

Here we note that, as we have

t t t
Nr(zy) = 2o (zy) -0t o) = u— =2 = ... =1 (=g,

tio+1 tig+2 t,

the condition (x) follows from the condition (x).

We first consider the case where [ does not divide N. In this case, as we see in
the proof of Proposition 3.8, we can take an element vy, € uy ., (kr) satisfying 7} = &
uniquely. If we assume ¢; = 1, then, by the condition (x), we have z;0(x¢) - -- o'~ (zy) =
& and zyo(xy) - - 0N ~Y(wy) = u. Thus, if we put 2; = x¢;, then we have 2 - - - o'~ (x¢) =
1 and g -+ -0V 71(x9) = 1. Hence, by noting that (I, N) = 1, we get x9 = 1. Therefore
the index set of the twisted character formula is represented by

T" = {diag(1,¢ ¢ 7%, ..., V) | ¢ € pvllp)}.
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By using the twisted character formula, we get

Orrro (Pu(l+ 204)) = Z xx (tou (1 + zou)o(t)™")

teT’"
=) xxe(en) - xx (7 o () ) - xx (0 (D) (1 + 20u)0 (1))
teT’”
o(t1) o(tn-1) o(tn)
PP x”“TrG oltz) T olin) ““a(m)
=¢ ) WY oTr(Nzy)
YEUN u(kF)
=¢ Y dYnm).
YEUN,u(kF)

Note that we have w'(7) = w o Nr(v) = w(}).

We next consider the case where [ divides N. Recall we put N = Im. In this case,
for every = € kj satisfying Nr(z) = &, if we define an element ¢ € T by ¢y := u™ 'z,
tn_1 = utzo(x), -, ty = uTlzo(z) 0N T2(2), t = uTlzo(z) 0N T (2) =
1, then t satisfies (%) and z; = x. Namely, the index set of the twisted character
formula is represented by 7" := {diag(t1,...,tn) | £ € pmu(kr), z € kg, Nr(z) =

&, t;: as above}. Thus we get

Oy, U(Sou(l + ZSDu =( t;/ (@)Y oTr( % RS za((f(]:];)l) + Zu‘;((ilj)))

=(’ Z Z "(2)p o Tr(20™ (2) + -+ + z0%(2) + 20 (z))
gelfﬂm u(kF) :I:Ekx
Nr(z)=¢

= Z Z (z) o Tr(zm Tr(z))

&G/J,m u(kF') mekX
Nr(»’¢)=£

= Z Z W' (2) o Tr(z).

ge,um,u (kF) J?Ek;é
Nr(z) =t

O

Corollary 3.10.  The sign (' is equal to —C' if | = 2 and N is even, and ('

otherwise.

Proof. By applying the Shintani character relation (Definition 2.4) for elements
0u(14 20y) and P, V(1 + 2z¢,,), we get an equality

®7rX/,(r (@u(l + ZQOU)) = @WX (SOZN<1 + ZSOU))'
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We consider the sum of this equality over u € k. Then, by Proposition 3.9, the
left-hand side becomes

¢’ dek; W (YN (&) = ('Gkr;w!, Yn) if I does not divide NV,
¢ erkg W) o Tr(z) = ('G(kp; W', Yy, o Tr)  if | divides N.

On the other hand, by Proposition 3.8, the right-hand side becomes

C'G(kp;w ) if I does not divide N,
C'G(kp;w, Ym)t  if I divides N.

By the Hasse-Davenport relation G(kg;woNr, o Tr) = (=1)""1G(kp;w, )" (see, e.g.,
[Weid9, 503 page]) and the non-vanishing of the Gauss sum, we get the assertion. [

Finally, we treat the general case where [ is a positive integer. By considering the
prime factorization of [, we get the following:

Theorem 3.11. We assume that (p, N) = 1. The unramified base change for
simple supercuspidal representations of GLy is described as follows:

SSC(GLw,r) — SSC(GLw,g);  (w,a,¢) = (woNr,a,d, nC),

where 0; n = —1 if both of | and N are even integers, and 0; n = 1 otherwise.

§3.2. Unramified base change of simple supercuspidal representations of
quasi-split classical groups

Let G be a quasi-split special orthogonal or symplectic group over F'.

Theorem 3.12.  We assume that (p,2n) = 1 and use the same notations as in
Theorems 2.2 and 3.11. Then the unramified base change HquE with respect to E/F of
Hdcf 15 a simple supercuspidal L-packet of G, and described as follows:

The case where G = SOgn+1' Let Hg' be {Wﬁc}, where (a, () € SSC(SO2p+1.r). Then
we have HQ?E { aéz , Cl}

The case where G = Sp,,,: Let HG be {7 , 7S}, where X,. = (€, K, aex™) € SSC(Spy, ).
Then we have HGE = {7TXE ,7TXE }, where Xp . = (€, K, ae,").

The case where G = SO%, ¢ Let HG be {%5 Lot where 7T§G:|:a = {7T5 a77Tg ot for some
(& a) € SSC(SOY,, ). Then we haveH 5= {75 Tei g .}, where T 7r£l e {7r£l a,,WgE_a,}.

. 1%
Here o' is an element of kj, satisfying a’* = CLQEF Hed

€p -
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The case where G = SO;ZrJ)Fz Let HG be {n 5, 7%, where X, = (&, K,ae.",() €
SSC(SOS,:;?r2 ). Then we have HGE = {ﬂ'XEO,T('XE }, where Xg . is given by
(€ k, 2t e temac ", C1).

Proof. We check the assertions by a case-by-case computation.

The case where G = SOs,,+1: By Theorem 2.2, the endoscopic lift of the simple su-
percuspidal representation of SOg,41 p corresponding to (a, () to GLg, r is again
simple supercuspidal and corresponds to (1,2a,(). By Theorem 3.11, its base
change to GLa,, g is given by (1, 2a, §;2,¢"). Thus, again by Theorem 2.2, it is the
endoscopic lift of a simple supercuspidal representation of SOs,,1 g corresponding
to (a,d;.2nC).

The case where G = Sp,,,: By Theorem 2.2, the endoscopic lift of the simple super-

cuspidal representation of Spy,, » corresponding to (&, k, acp") to GLay 11, F is given
by the parabolic induction of FSLZZ 2 X SLZZlg . By Theorem 3.11 and the compat-
ibility of the base change and the parabohc induction, its base change to GL2,,41.E
Lon. B < wGLG,E

oNr 4a,8;,2nC! wooNT,4a,0; 2, ¢

that the character wooNr is the non-trivial quadratic character of k7, again by The-

;2” "_,. for some (&', K, aey"™) € SSC(Spy,, )
We determine &’. By Theorem 2.2, we have

is given by the parabolic induction of 7r By noting

orem 2.2, it is the endoscopic lift of 7

S1onCt =€ q7 7 (wp o Nr)(=1)G(kpg;wp o Nr, 1) o Tr).

On the other hand, we have ¢ = ¢ - ¢~ 2wo(—1)G(kp;wo, ). Thus, by the Hasse—
Davenport relation, we get 51’2715 (—1)i71 = ¢, As we have §; on(— D7t =1, we

get the assertion.

The case where G = SO%, : By Theorem 2.2, the endoscopic lift of the simple super-
cuspidal representation of SOQn  corresponding to (¢, a’) to GLaj,, F is again simple
supercuspidal and corresponds to (wg,4a, (). By Theorem 3.11, its base change to
GLg,,, g is given by (wooNr, 4a, (5172n§l). Thus, by a similar, but simpler computation
as in the previous case, we get the assertion. Here we note that the parity of v,
does not change with respect to any unramified extension F/F'.

The case where G = SO;L)FQ By Theorem 2.2, the endoscopic lift of the simple su-
percuspidal representation of SO2n 4o p corresponding to (&, K,aex",C) to GLay12 F
is given by the parabolic induction of

GL2y, F < ( GLop, F 1-— C

W07b7<77 wo,b,C”] ® hG oY Iu’ilr) X Miu"? where ¢ := T
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By Theorem 3.11 and the compatibility of the base change and the parabolic in-
duction, its base change to GLg, 42 r is given by the parabolic induction of

GLon, B GL2n, E l 'l ol
WWOONF,I),(SLQ”CZ’I’}Z (wwooNr,b,(Sl,gnqlnl ®pg @ :uur) X Har-

Note that the restrictions of quadratic characters ug and p,, to Wg are trivial

when [ is even. Therefore, again by Theorem 2.2, it is the endoscopic lift of a

simple supercuspidal L-packet of SOS;Z)FQ’ g consisting of simple supercuspidal rep-

resentations corresponding to some data (&', x,a’e5", (’). Here ¢’ is given by ¢'. As

we have (—1)""122tterg’ = (—1)""122+cq, we get a’ = 2'¢7'Grq. On the other
GL2n, B

hand, by noting the third parameter of T N b6t 2 (il

we get
¢ (=1)'¢= ¢ 2 G(kpswo o Nr, ¢ o Tr)(wo o Nr)(=1)&’ = 31,0,
As we have 1) = (=1)' g~ 3G (kp;wo, ¥)wo(—1)€, we get ¢ = €.
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