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The subgrid connection for the space-time finite integration technique is optimized based on the propagation condition of plane waves. 

This condition results in an algebraic equation determining the optimization parameters for the grid connection. 2D wave propagation 
simulations show that this method generates optimal subgrid connections that reduce unphysical wave reflections. 
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I. INTRODUCTION 
HE SUBGRID technique [1], [2] achieves a local grid 
refinement for the FDTD method. Its nonconformal grid 

connection, however, often induces numerical instability and 
unphysical wave reflections. To overcome these difficulties, 
higher-order schemes [3], [4] and filtering methods [4], [5] are 
sometimes introduced at some expense to computation times. 
The finite integration technique (FIT) [6] is an option to realize 
a stable subgrid scheme. Recently, the space-time FIT [7], [8] 
has been developed and achieves a local space-time grid 
refinement without inducing instability [9], [10]. Using no 
interpolation or filtering method for subgrid connection, the 
space-time FIT reduces unphysical wave reflections compared 
with the spatial FIT [11].  

To date, higher-order schemes and variable interpolations 
have not been used in the space-time FIT because they may 
undermine the stability of numerical solutions. Instead, this 
paper attempts to improve the numerical accuracy by grid 
optimization at the subgrid connection. A general method for 
grid optimization is presented based on a condition for plane-
wave propagation.  

II. SPACE-TIME FINITE INTEGRATION TECHNIQUE 
The Maxwell equations without source term is written in 

integral form as [7] 
 � 𝐹𝐹

𝜕𝜕Ω𝑝𝑝
= 0,� 𝐺𝐺

𝜕𝜕Ω𝑑𝑑
= 0, (1)  

 𝐹𝐹 = −� 𝐸𝐸𝑖𝑖d𝑡𝑡d𝑥𝑥𝑖𝑖
3

𝑖𝑖=1
+ � 𝐵𝐵𝑗𝑗

3

𝑗𝑗=1
d𝑥𝑥𝑘𝑘d𝑥𝑥𝑙𝑙 , (2)  

 𝐺𝐺 = � 𝐻𝐻d𝑡𝑡d𝑥𝑥𝑖𝑖
3

𝑖𝑖=1
+ � 𝐷𝐷𝑗𝑗d𝑥𝑥𝑘𝑘d𝑥𝑥𝑙𝑙

3

𝑗𝑗=1
, (3)  

where (𝑗𝑗, 𝑘𝑘, 𝑙𝑙) is a cyclic permutation of (1, 2, 3); Ω𝑝𝑝  and Ω𝑑𝑑 
are hypersurfaces in space-time. The electromagnetic variables 
in the FIT are defined as 

 𝑓𝑓 = � 𝐹𝐹
𝑆𝑆𝑝𝑝

,𝑔𝑔 = � 𝐺𝐺
𝑆𝑆𝑑𝑑

, (4)  

where 𝑆𝑆𝑝𝑝  and 𝑆𝑆𝑑𝑑  are the faces of primal and dual grids that 
compose ∂Ω𝑝𝑝  and ∂Ω𝑑𝑑 . For simple expressions of the 
constitutive equation, the Hodge dual grid [7] is used, 
 ∫ 𝑐𝑐d𝑡𝑡d𝑥𝑥𝑗𝑗𝑆𝑆𝑑𝑑

∫ d𝑥𝑥𝑘𝑘d𝑥𝑥𝑙𝑙𝑆𝑆𝑝𝑝

= −
∫ d𝑥𝑥𝑘𝑘d𝑥𝑥𝑙𝑙𝑆𝑆𝑑𝑑

∫ 𝑐𝑐d𝑡𝑡d𝑥𝑥𝑗𝑗𝑆𝑆𝑝𝑝

= 𝜅𝜅, (5)  

where 𝑐𝑐 = 1/√𝜀𝜀𝜀𝜀  and 𝜀𝜀  and 𝜇𝜇  are the permittivity and 
permeability, respectively. From (4) and (5), 𝑓𝑓 = 𝑍𝑍𝑍𝑍/𝜅𝜅, where 
𝑍𝑍 = �𝜇𝜇/𝜀𝜀 is the impedance. 

Fig. 1 illustrates a simple space-time subgrid [9], where the 
main grid has spatial grid-size 𝛥𝛥𝑥𝑥 and temporal step 𝛥𝛥𝑡𝑡, which 
are divided into half-size on the subgrid. The main grid and 
subgrid are connected so that the primal grid is orthogonal to its 
dual grid with respect to the Lorentzian metric. Non-
orthogonality at corners of the subgrid connection may cause 
numerical error including unphysical wave reflections. This can 
be improved using the vectorial symmetric correction [10], [11] 
but is not discussed in this paper. 

III. OPTIMIZATION OF 2D SPATIAL SUBGRID CONNECTION 
First, a 2D spatial subgrid connection is optimized. The faces 

and edges can be curved [Fig. 2] without changing node 
positions because the variables are defined in integral form (4). 
The connection between the main grid and subgrid is optimized 
by changing face areas of the grids. 

T 

 

 
Fig. 1.  Space-time subgrid; (a) Spatially local grid refinement and (b) space-
time connection between main grid and subgrid. 
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A. Propagation Condition of Plane Wave 
The propagation of a plane wave �𝐸𝐸𝑥𝑥 ,𝐸𝐸𝑦𝑦 ,𝐵𝐵𝑧𝑧� is examined: 

 𝐸𝐸𝑥𝑥 = 𝐸𝐸𝑥𝑥𝑥𝑥 exp�𝑗𝑗�𝜔𝜔𝜔𝜔 − 𝑘𝑘𝑥𝑥𝑥𝑥 − 𝑘𝑘𝑦𝑦𝑦𝑦��, 
𝐸𝐸𝑦𝑦 = 𝐸𝐸𝑦𝑦𝑦𝑦 exp�𝑗𝑗�𝜔𝜔𝜔𝜔 − 𝑘𝑘𝑥𝑥𝑥𝑥 − 𝑘𝑘𝑦𝑦𝑦𝑦 ��, 
𝐵𝐵 = 𝐵𝐵𝑎𝑎 exp�𝑗𝑗�𝜔𝜔𝜔𝜔 − 𝑘𝑘𝑥𝑥𝑥𝑥 − 𝑘𝑘𝑦𝑦𝑦𝑦��, 

(6)  

where 𝜔𝜔  is the angular frequency and 𝒌𝒌 = (𝑘𝑘𝑥𝑥, 𝑘𝑘𝑦𝑦)  is the 
wavenumber vector. For simplicity, the speed of light 𝑐𝑐  (=
𝜔𝜔/�𝑘𝑘𝑥𝑥2 + 𝑘𝑘𝑦𝑦2) and the impedance 𝑍𝑍 (= �𝐸𝐸𝑥𝑥2 + 𝐸𝐸𝑦𝑦2/𝐻𝐻) are set 
to unity by normalization. Thereby 
 𝑘𝑘𝑥𝑥 = 𝜔𝜔 cos𝜃𝜃 , 𝑘𝑘𝑦𝑦 = 𝜔𝜔 sin𝜃𝜃, 
𝐸𝐸𝑦𝑦𝑦𝑦 = 𝐵𝐵𝑎𝑎 cos𝜃𝜃 ,𝐸𝐸𝑥𝑥𝑥𝑥 = −𝐵𝐵𝑎𝑎 sin 𝜃𝜃, 

(7)  

where 𝜃𝜃 is the azimuthal angle of the wavenumber vector. 
The variables are located on the primal grid [Fig. 2(b)], 

where 𝛿𝛿 is a free parameter for the node positions at the primal 
grid connection. Variables 𝑏𝑏  and 𝑒𝑒  are defined as 𝑓𝑓  in (4). 
Corresponding to them, ℎ and 𝑑𝑑 are given as 𝑔𝑔 in (4) on the 
dual grid. The substitution of (6) into the time-marching scheme 
results in 
 𝑑𝑑𝑥𝑥0𝛥𝛥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = ℎ0𝛥𝛥𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,  (8)  
 𝑑𝑑𝑥𝑥10𝛥𝛥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = ℎ10 − ℎ11exp (𝑗𝑗𝑘𝑘𝑦𝑦𝛥𝛥𝛥𝛥), (9)  
 𝑑𝑑𝑥𝑥11𝛥𝛥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = ℎ11 − ℎ10, (10)  
 𝑑𝑑𝑦𝑦1𝑖𝑖𝛥𝛥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = −(ℎ1𝑖𝑖 − ℎ0),   (𝑖𝑖 = 0,1), (11)  
 𝑏𝑏0𝛥𝛥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = −(𝑒𝑒𝑦𝑦10 + 𝑒𝑒𝑦𝑦11 − 𝑒𝑒𝑦𝑦0) +𝑒𝑒𝑥𝑥0𝛥𝛥𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, (12)  
 𝑏𝑏10𝛥𝛥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = −(𝑒𝑒𝑦𝑦20 − 𝑒𝑒𝑦𝑦10) + (𝑒𝑒𝑥𝑥11 − 𝑒𝑒𝑥𝑥10) , (13)  
 𝑏𝑏11𝛥𝛥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = −(𝑒𝑒𝑦𝑦21 − 𝑒𝑒𝑦𝑦11) 

+[𝑒𝑒𝑥𝑥10exp (−𝑗𝑗𝑘𝑘𝑦𝑦𝛥𝛥𝛥𝛥) − 𝑒𝑒𝑥𝑥11], (14)  

where 𝛥𝛥time and 𝛥𝛥space are set as 

 𝛥𝛥time = exp(𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗/2) − exp (−𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗/2), 
𝛥𝛥space = exp�−𝑗𝑗𝑘𝑘𝑦𝑦𝛥𝛥𝛥𝛥/2� − exp (𝑗𝑗𝑘𝑘𝑦𝑦𝛥𝛥𝛥𝛥/2). (15)  

The constitutive equations are written as  
 𝑑𝑑𝑥𝑥0 =

𝑒𝑒𝑥𝑥0
𝛥𝛥𝛥𝛥(1 − 𝛿𝛿) ,𝑑𝑑𝑥𝑥10 =

𝑒𝑒𝑥𝑥10

2𝛥𝛥𝛥𝛥 �1
2 + 𝛿𝛿�

, 

𝑑𝑑𝑥𝑥11 =
𝑒𝑒𝑥𝑥11

2𝛥𝛥𝛥𝛥 �1
3 + 𝛿𝛿�

,𝑑𝑑𝑦𝑦1𝑖𝑖 =
3𝑒𝑒𝑦𝑦1𝑖𝑖
2𝛥𝛥𝛥𝛥

,𝑑𝑑𝑦𝑦2𝑖𝑖 =
𝑒𝑒𝑦𝑦2𝑖𝑖
𝛥𝛥𝛥𝛥

, 

ℎ0 =
𝛥𝛥𝛥𝛥𝑏𝑏0
𝑆𝑆𝐵𝐵𝐵𝐵

, ℎ1𝑖𝑖 =
𝛥𝛥𝛥𝛥𝑏𝑏1𝑖𝑖
𝑆𝑆𝐵𝐵𝐵𝐵

,   (𝑖𝑖 = 0,1), 
𝑆𝑆𝐵𝐵𝐵𝐵 = 𝛥𝛥𝑥𝑥2(1− 2𝑝𝑝),𝑆𝑆𝐵𝐵𝐵𝐵 = 𝛥𝛥𝑥𝑥2(1/4 + 𝑝𝑝), 

(16)  

where 𝑝𝑝 is a free parameter. The relations (6) and (7) provide  
 
𝑒𝑒𝑦𝑦0 =

𝛥𝛥𝛥𝛥Δ𝑡𝑡(cos𝜃𝜃)𝑏𝑏0 exp �𝑗𝑗𝑘𝑘𝑥𝑥𝛥𝛥𝛥𝛥2 �

𝑆𝑆𝐵𝐵𝐵𝐵
, 

𝑒𝑒𝑦𝑦2𝑖𝑖 =
𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥(cos𝜃𝜃)𝑏𝑏1𝑖𝑖 exp �− 𝑗𝑗𝑘𝑘𝑥𝑥𝛥𝛥𝛥𝛥4 �

2𝑆𝑆𝐵𝐵𝐵𝐵
,   (𝑖𝑖 = 0,1). 

(17)  

Equations (8)-(17) are rewritten as 
 𝑒𝑒𝑥𝑥10𝛥𝛥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡   

2𝛥𝛥𝛥𝛥 �1
2 + 𝛿𝛿�

−
𝛥𝛥𝛥𝛥[𝑏𝑏10 − 𝑏𝑏11 exp(𝑗𝑗𝑗𝑗𝛥𝛥𝛥𝛥 sin𝜃𝜃)]

𝑆𝑆𝐵𝐵𝐵𝐵
= 0, (18)  

 𝑒𝑒𝑥𝑥11Δtime

2𝛥𝛥𝛥𝛥 �1
3 + 𝛿𝛿�

−
𝛥𝛥𝛥𝛥(𝑏𝑏11 − 𝑏𝑏10)

𝑆𝑆𝐵𝐵𝐵𝐵
= 0, (19)  

 3𝑒𝑒𝑦𝑦1𝑖𝑖𝛥𝛥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
2𝛥𝛥𝛥𝛥

+
𝛥𝛥𝛥𝛥𝑏𝑏10
𝑆𝑆𝐵𝐵𝐵𝐵

−
𝛥𝛥𝛥𝛥𝑏𝑏0
𝑆𝑆𝐵𝐵𝐵𝐵

= 0,   (𝑖𝑖 = 0,1), (20)  

 
𝑏𝑏0𝛥𝛥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 −

𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥(cos 𝜃𝜃)𝑏𝑏0 exp �𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗 cos𝜃𝜃
2 �

𝑆𝑆𝐵𝐵𝐵𝐵
 

+
𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥(1 − 𝛿𝛿)(sin𝜃𝜃)𝑏𝑏0𝛥𝛥𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

𝑆𝑆𝐵𝐵𝐵𝐵
+ 𝑒𝑒𝑦𝑦10 + 𝑒𝑒𝑦𝑦11 = 0,    

(21)  

 
𝑏𝑏10𝛥𝛥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 +

𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥(cos 𝜃𝜃)𝑏𝑏10 exp �− 𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗 cos𝜃𝜃
4 �

2𝑆𝑆𝐵𝐵𝐵𝐵
  

−𝑒𝑒𝑦𝑦10 − 𝑒𝑒𝑥𝑥11 + 𝑒𝑒𝑥𝑥10 = 0,   
(22)  

 
𝑏𝑏11𝛥𝛥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 +

𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥(cos 𝜃𝜃)𝑏𝑏11 exp �− 𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗 cos𝜃𝜃
4 �

2𝑆𝑆𝐵𝐵𝐵𝐵
 

−𝑒𝑒𝑦𝑦11 − 𝑒𝑒𝑥𝑥10 exp(−𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗 sin𝜃𝜃) + 𝑒𝑒𝑥𝑥11 = 0. 
(23)  

Defining the variable vector  
𝑽𝑽1 = �𝑏𝑏0, 𝑏𝑏10, 𝑏𝑏11, 𝑒𝑒𝑥𝑥10, 𝑒𝑒𝑥𝑥11, 𝑒𝑒𝑦𝑦10, 𝑒𝑒𝑦𝑦11�

T, (24)  
(18)-(23) are rewritten as 

 A1𝑽𝑽1 = 𝟎𝟎, (25)  
where A1  is a constant matrix. The propagation of the plane 
wave requires that vector 𝑽𝑽1 is nonzero, which means that  

 det(A1) (𝜔𝜔,𝜃𝜃, 𝛿𝛿, 𝑝𝑝) = 0. (26)  
It is impossible to satisfy (26) completely for arbitrary 𝜔𝜔 and 𝜃𝜃. 
It suffices that (26) is approximately satisfied when the grid size 
is sufficiently small compared with the wavelength, in other 
words, when 𝜔𝜔  is sufficiently small. Consequently, after 
det(A1)  is Maclaurin-expanded with respect to 𝜔𝜔 , it is 
approximated by the term having the lowest order of 𝜔𝜔. Using   

 exp(𝑧𝑧) ≈ ∑ (𝑧𝑧𝑛𝑛/𝑛𝑛!) 𝑙𝑙
𝑛𝑛=0 , (27)  

with l = 4, det(A1) is approximated as  
 det(A1) (𝜔𝜔,𝜃𝜃, 𝛿𝛿, 𝑝𝑝) ≈ 

9(cos𝜃𝜃)𝛥𝛥𝑡𝑡3[(48𝛿𝛿 − 5) cos 𝜃𝜃 + 96𝑝𝑝 − 48𝛿𝛿 + 2]𝜔𝜔4

2(3𝛿𝛿 − 1)(2𝑝𝑝 − 1)(4𝑝𝑝 + 1)2 , (28)  

where 𝛥𝛥𝛥𝛥  is set to 1 by normalization for simplicity. To 
eliminate this for arbitrary 𝜃𝜃 , the parameters 𝛿𝛿  and 𝑝𝑝  are 
optimized, 

 𝛿𝛿 =
5

48
, 𝑝𝑝 =

1
32

. (29)  
It is expected that the parameters determined from the plane-

 
Fig. 2.  Subgrid connection; (a) spatial connection and (b) variables allocated 
to primal grid, where 𝑆𝑆𝐵𝐵𝐵𝐵 = 𝛥𝛥𝑥𝑥2(1− 2𝑝𝑝)  and 𝑆𝑆𝐵𝐵𝐵𝐵 = 𝛥𝛥𝑥𝑥2(1/4 + 𝑝𝑝)  are 
areas of gray and yellow faces, respectively. 
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wave condition above improve the accuracy of discretization 
and consequently suppress the unphysical wave reflection. 

B. Numerical examination 
For simplicity, the spatial step 𝛥𝛥𝛥𝛥 and the speed of light 𝑐𝑐 are 

set to unity by normalization. An electromagnetic field is 
analyzed in [−50 ∶ 50] × [−50 ∶ 50]  including a connecting 
spatial subgrid [30 ∶ 49] × [−40 ∶ 40]  [Fig. 3(a)]. The 
normalized initial condition is given by 𝐸𝐸𝑥𝑥 = 𝐸𝐸𝑦𝑦 = 0 and 𝐵𝐵𝑧𝑧 =
exp[−(𝑥𝑥2 + 𝑦𝑦2)]/25] . The distribution of 𝐵𝐵𝑧𝑧  at t = 105𝛥𝛥𝛥𝛥 
with 𝛥𝛥𝛥𝛥 = 0.35 is illustrated in Fig. 3(b). 

Fig. 4 depicts the maximal magnitude of the unphysical wave 
reflection |𝛥𝛥𝐵𝐵𝑧𝑧|𝑚𝑚𝑚𝑚𝑚𝑚  which depends on 𝛿𝛿  and 𝑝𝑝 in domain (I) 
[0 ∶ 30] × [−10 ∶ 10] [Fig. 3(a)]. The optimal condition (29) 
agrees with the minimal point of |𝛥𝛥𝐵𝐵𝑧𝑧|𝑚𝑚𝑚𝑚𝑚𝑚  in Fig. 4. Fig. 5 
shows the discrepancy in 𝐵𝐵𝑍𝑍  between that obtained using the 
FDTD method and that from the FIT with an optimal spatial 
subgrid for 𝑡𝑡 = 105𝛥𝛥𝛥𝛥 with 𝛥𝛥𝛥𝛥 = 0.35. The discrepancy in the 
domain 𝑥𝑥 > 30  is mainly a consequence of numerical 
dispersion whereas the discrepancy in the domain 𝑥𝑥 < 30 is 

from unphysical wave reflections. The proposed optimization 
method has effectively reduced the unphysical wave reflections. 

IV. 3D SPACE-TIME OPTIMAL SUBGRID 
The optimization of subgrid connection based on the 

propagation condition of the plane wave is applied to the 3D 
space-time subgrid with a 2D space. The spatial 2D 
electromagnetic field consisting of �𝐸𝐸𝑥𝑥 ,𝐸𝐸𝑦𝑦 ,𝐵𝐵𝑧𝑧� is described on 
the faces of a primal grid 𝑆𝑆𝑝𝑝  and the edges of a dual grid 𝑙𝑙𝑑𝑑 
whereas the �𝐵𝐵𝑥𝑥 ,𝐵𝐵𝑦𝑦 ,𝐸𝐸𝑧𝑧�  mode analysis uses the edges of a 
primal grid 𝑙𝑙𝑝𝑝 and the faces of a dual grid 𝑆𝑆𝑑𝑑.  

A. �𝐸𝐸𝑥𝑥 ,𝐸𝐸𝑦𝑦 ,𝐵𝐵𝑧𝑧� Mode 
Space-time variables allocated on the primal grid are 

illustrated in Fig. 6. The spatial and temporal face areas 
𝑆𝑆𝐵𝐵𝐵𝐵 , 𝑆𝑆𝐵𝐵𝐵𝐵, 𝑆𝑆𝐸𝐸𝐸𝐸  and 𝑆𝑆𝐸𝐸𝐸𝐸  are given as  

 𝑆𝑆𝐵𝐵𝐵𝐵 = 𝛥𝛥𝑥𝑥2(1 − 2𝑝𝑝), 𝑆𝑆𝐵𝐵𝐵𝐵 = 𝛥𝛥𝑥𝑥2(1/4 + 𝑝𝑝), 
𝑆𝑆𝐸𝐸𝐸𝐸 = 𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥(1 − 2𝑟𝑟), 𝑆𝑆𝐸𝐸𝐸𝐸 = 𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥(1/4 + 𝑟𝑟), 

(30)  

where 𝑝𝑝  and 𝑟𝑟  are free parameters. These face areas are 
optimized in accordance with the propagation condition of the 
plane wave. For simplicity, 𝛥𝛥𝛥𝛥 is set to 1 hereafter. 

The substitution of (6) into the time-marching scheme leads 
to the propagation condition denoted as 

 A2𝑽𝑽2 = 𝟎𝟎, (31)  
 𝑽𝑽2 = �𝒃𝒃, 𝒆𝒆𝒙𝒙, 𝒆𝒆𝒚𝒚�

T,𝒃𝒃 = [𝑏𝑏0, 𝑏𝑏100 , 𝑏𝑏110 , 𝑏𝑏101 , 𝑏𝑏111 ], 
𝒆𝒆𝒙𝒙 = [𝑒𝑒𝑥𝑥100 , 𝑒𝑒𝑥𝑥110 , 𝑒𝑒𝑥𝑥101 , 𝑒𝑒𝑥𝑥111 ], 
𝒆𝒆𝒚𝒚 = �𝑒𝑒𝑦𝑦100 , 𝑒𝑒𝑦𝑦110 , 𝑒𝑒𝑦𝑦101 , 𝑒𝑒𝑦𝑦111 , 𝑒𝑒𝑦𝑦200 , 𝑒𝑒𝑦𝑦210 , 𝑒𝑒𝑦𝑦201 , 𝑒𝑒𝑦𝑦211 �. 

(32)  

Using (27) with 𝑙𝑙 = 6, the propagation condition is written as  
 det(A2) (𝜔𝜔,𝜃𝜃, 𝑝𝑝, 𝑟𝑟,𝛥𝛥𝛥𝛥) = [(144𝑟𝑟 − 8) cos2 𝜃𝜃 

+5𝛥𝛥𝑡𝑡2 + 144𝑝𝑝 − 144𝑟𝑟 + 3]𝐶𝐶0𝜔𝜔6 
+𝑂𝑂(𝜔𝜔7) = 0, 

(33)  

where 𝐶𝐶0 is a non-zero constant. To eliminate the coefficient of 
𝜔𝜔6, the optimal condition for arbitrary angle 𝜃𝜃 is given as 

 𝑝𝑝 =
5(1− 𝛥𝛥𝑡𝑡2)

144
, 𝑟𝑟 =

1
18

. (34)  
This condition was verified in a numerical simulation on the 

domain [Fig. 3(a)]. Fig. 7(a) depicts the maximal magnitude of 
the unphysical wave reflection |𝛥𝛥𝐵𝐵𝑧𝑧|𝑚𝑚𝑚𝑚𝑚𝑚, which depends on 𝑝𝑝 
and 𝑟𝑟 . Similar to the optimization of the 2D spatial subgrid 
connection, the best parameters giving the minimal |𝛥𝛥𝐵𝐵𝑧𝑧|𝑚𝑚𝑚𝑚𝑚𝑚 
are predicted by the optimization. Fig. 7(b) shows unphysical 
wave reflections along 𝑦𝑦 = 0 when 𝑡𝑡 = 90𝛥𝛥𝛥𝛥  with 𝛥𝛥𝛥𝛥 = 0.4 , 
where the optimal parameters reduce the reflection.  

B. �𝐵𝐵𝑥𝑥 ,𝐵𝐵𝑦𝑦 ,𝐸𝐸𝑧𝑧� Mode 
This section discusses a field having components 

(𝐵𝐵𝑥𝑥,𝐵𝐵𝑦𝑦 ,𝐸𝐸𝑧𝑧) . The primal grid connection is optimized using 
parameter 𝛿𝛿 (Fig. 8) whereas the dual grid is fixed. 

Variables for the �𝐵𝐵𝑥𝑥 ,𝐵𝐵𝑦𝑦 ,𝐸𝐸𝑧𝑧�  mode are allocated on the 
primal grid (Fig. 8). The equation of propagation for the plane 
wave is written 

 A3𝑽𝑽3 = 𝟎𝟎, (35)  

 
Fig. 3.  Wave propagation simulation; (a) analyzed domain and (b) distribution 
of 𝐵𝐵𝑧𝑧 at 𝑥𝑥0 = 105𝛥𝛥𝛥𝛥 with 𝛥𝛥𝛥𝛥 = 0.35. 
 

 
Fig. 4.  Average discrepancy |𝛥𝛥𝐵𝐵𝑧𝑧|𝑚𝑚𝑚𝑚𝑚𝑚 depending on parameters 𝑝𝑝 and 𝛿𝛿. 
 

 
Fig. 5.  Distribution of discrepancy 𝛥𝛥𝐵𝐵𝑧𝑧 between the FDTD method and the 
FIT; (a) w/o optimization, (b) w/ optimization. 
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 𝑽𝑽3 = �𝒆𝒆,𝒃𝒃𝒙𝒙,𝒃𝒃𝒚𝒚�
T,𝒃𝒃𝒚𝒚 = �𝑏𝑏𝑦𝑦100 , 𝑏𝑏𝑦𝑦110 , 𝑏𝑏𝑦𝑦101 , 𝑏𝑏𝑦𝑦111 �, 

𝒃𝒃𝒙𝒙 = [𝑏𝑏𝑥𝑥100 , 𝑏𝑏𝑥𝑥110 , 𝑏𝑏𝑥𝑥101 , 𝑏𝑏𝑥𝑥111 , 𝑏𝑏𝑥𝑥200 , 𝑏𝑏𝑥𝑥210 , 𝑏𝑏𝑥𝑥201 , 𝑏𝑏𝑥𝑥211 ], 
𝒆𝒆 = [𝑒𝑒0, 𝑒𝑒100 , 𝑒𝑒110 , 𝑒𝑒101 , 𝑒𝑒111 , 𝑒𝑒200 , 𝑒𝑒210 , 𝑒𝑒201 , 𝑒𝑒211 ]. 

(36)  

The propagation condition is given as 
 det(A3) (𝜔𝜔,𝜃𝜃, 𝛿𝛿,𝛥𝛥𝛥𝛥) = [�3𝛥𝛥𝑡𝑡2 + 72𝛿𝛿− 12� cos4 𝜃𝜃 

+(𝛥𝛥𝑡𝑡2 + 5) cos2 𝜃𝜃 + 𝛥𝛥𝑡𝑡2 − 1]𝐶𝐶1𝜔𝜔6 
+𝑂𝑂(𝜔𝜔7) = 0, 

(37)  

where 𝐶𝐶1  is a nonzero constant. From (37), the optimal 
condition for 𝜃𝜃 = 0 yields 

 
𝛿𝛿 =

8 − 5𝛥𝛥𝑡𝑡2

72
. (38)  

Wave propagation is simulated to examine the accuracy of 
condition (38) on the domain [Fig. 3(a)]. The normalized initial 
conditions are 𝐵𝐵𝑥𝑥 = 𝐵𝐵𝑦𝑦 = 0,𝐸𝐸𝑧𝑧 = exp[−(𝑥𝑥2 + 𝑦𝑦2)/25] . Fig. 
9(a) plots the maximum of |𝛥𝛥𝐷𝐷𝑧𝑧| measured in domain (I) [Fig. 
3(b)]. Condition (38) provides the optimal value of 𝛿𝛿  that 
suppresses the unphysical wave reflection. Fig. 9(b) gives the 
distribution of the discrepancy in 𝛥𝛥𝐷𝐷𝑧𝑧  between that obtained 
using the FDTD method and that from the space-time FIT along 
𝑦𝑦 = 0 at 𝑡𝑡 = 90𝛥𝛥𝛥𝛥 with 𝛥𝛥𝛥𝛥 = 0.4, where the optimal parameter 
reduces reflections. A further reduction of unphysical 
reflections requires the optimization of the dual grid. 

V. CONCLUSION 
Using the propagation condition of plane waves, the subgrid 

construction for the space-time FIT has been optimized to 
reduce unphysical wave reflections. A simple optimization of 
the 4D space-time grid is ensued from an analysis that 
decomposes the field into �𝐸𝐸𝑥𝑥 ,𝐸𝐸𝑦𝑦 ,𝐵𝐵𝑧𝑧� and �𝐵𝐵𝑥𝑥 ,𝐵𝐵𝑦𝑦 ,𝐸𝐸𝑧𝑧� modes 
discussed in this paper.  
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Fig. 6.  Assignment of variables for wave of �𝐸𝐸𝑥𝑥,𝐸𝐸𝑦𝑦,𝐵𝐵𝑧𝑧� to 3D space-time 
subgrid with 2D space; (a) spatial grid, (b) space-time grid. 
 

 
Fig. 7.  (a) Maximal magnitude |𝛥𝛥𝐵𝐵𝑧𝑧|𝑚𝑚𝑚𝑚𝑚𝑚  depending on 𝑝𝑝  and 𝑟𝑟 , (b) 
unphysical wave reflection with and without optimization. 
 

 
Fig. 8.  Allocation of electromagnetic field variables consisting of �𝐵𝐵𝑥𝑥,𝐵𝐵𝑦𝑦,𝐸𝐸𝑧𝑧�;  
(a) spatial grid and (b) space-time grid. 
 

 
Fig. 9.  (a) Distribution of the maximal magnitude |Δ𝐷𝐷𝑧𝑧|𝑚𝑚𝑚𝑚𝑚𝑚 depending on 𝛿𝛿, 
(b) unphysical wave reflection with 𝛿𝛿 = 0.05, 0.15 and optimal 𝛿𝛿. 
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