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The subgrid connection for the space-time finite integration technique is optimized based on the propagation condition of plane waves.
This condition results in an algebraic equation determining the optimization parameters for the grid connection. 2D wave propagation
simulations show that this method generates optimal subgrid connections that reduce unphysical wave reflections.
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. INTRODUCTION

THE SUBGRID technique [1], [2] achieves a local grid
refinement for the FDTD method. Its nonconformal grid
connection, however, often induces numerical instability and
unphysical wave reflections. To overcome these difficulties,
higher-order schemes [3], [4] and filtering methods [4], [5] are
sometimes introduced at some expense to computation times.
The finite integration technique (FIT) [6] is an option to realize
a stable subgrid scheme. Recently, the space-time FIT [7], [8]
has been developed and achieves a local space-time grid
refinement without inducing instability [9], [10]. Using no
interpolation or filtering method for subgrid connection, the
space-time FIT reduces unphysical wave reflections compared
with the spatial FIT [11].

To date, higher-order schemes and variable interpolations
have not been used in the space-time FIT because they may
undermine the stability of numerical solutions. Instead, this
paper attempts to improve the numerical accuracy by grid
optimization at the subgrid connection. A general method for
grid optimization is presented based on a condition for plane-
wave propagation.

Il. SPACE-TIME FINITE INTEGRATION TECHNIQUE

The Maxwell equations without source term is written in
integral form as [7]

f F=0, f G=0, (1)
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F= —Z E,dtdxt + Z B; dx*dx, (2)
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G = Z Hdtdx! + D;dx*dx, (3)
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where (j, k, 1) is a cyclic permutation of (1,2,3); Q, and Q4
are hypersurfaces in space-time. The electromagnetic variables
in the FIT are defined as
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Fig. 1. Space-time subgrid; (a) Spatially local grid refinement and (b) space-
time connection between main grid and subgrid.
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where S, and S, are the faces of primal and dual grids that

compose 9%, and 9Q, . For simple expressions of the

constitutive equation, the Hodge dual grid [7] is used,
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where ¢ =1//eu and & and u are the permittivity and
permeability, respectively. From (4) and (5), f = Zg/k, where

Z = \[u/e is the impedance.

Fig. 1 illustrates a simple space-time subgrid [9], where the
main grid has spatial grid-size Ax and temporal step At, which
are divided into half-size on the subgrid. The main grid and
subgrid are connected so that the primal grid is orthogonal to its
dual grid with respect to the Lorentzian metric. Non-
orthogonality at corners of the subgrid connection may cause
numerical error including unphysical wave reflections. This can
be improved using the vectorial symmetric correction [10], [11]
but is not discussed in this paper.

I1l. OPTIMIZATION OF 2D SPATIAL SUBGRID CONNECTION

First, a 2D spatial subgrid connection is optimized. The faces
and edges can be curved [Fig. 2] without changing node
positions because the variables are defined in integral form (4).
The connection between the main grid and subgrid is optimized
by changing face areas of the grids.



A. Propagation Condition of Plane Wave
The propagation of a plane wave (Ex, Ey, BZ) is examined:
Ey = Exq explj(wt — kyx — kyy)).
E, =Ey, exp|j(wt — kyx — kyy )], (6)
B = B, exp[j(wt — kyex — kyy)].
where w is the angular frequency and k = (k,,k,) is the
wavenumber vector. For simplicity, the speed of light ¢ (=

w/\/k% + k3) and the impedance Z (= ,/EZ + E}/H) are set

to unity by normalization. Thereby
k, = wcose,ky = wsind,
Ey,, = Bycos@ ,Ey, = —B,sin6,
where 6 is the azimuthal angle of the wavenumber vector.
The variables are located on the primal grid [Fig. 2(b)],
where § is a free parameter for the node positions at the primal
grid connection. Variables b and e are defined as f in (4).
Corresponding to them, h and d are given as g in (4) on the

dual grid. The substitution of (6) into the time-marching scheme
results in

(7

dxoltime = hOAspace’ (8)
dy104¢ime = h1o — hi1exp(jk,4x), (9)
dy114¢ime = M1 — hyo» (10)
dyliAtime = —(hy; — ho), (i=0,1), (11)
bodtime = —(ey10 t €911 — €y0) +ex0lspaces (12)
b1oA¢time = —(€y20 — €y10) + (€x11 — €x10) > (13)
b114¢ime = _(ey21 - eyll) (14)

+[exmexp(—jkyAx) — ex11],
where Agme and Agp,e are set as
Atime = exp(jwdt/2) — exp(—jwAt/2),

) : (15)
Aspace = exp(—]kyAx/Z) — exp(]kyAx/Z).
The constitutive equations are written as
do = €x0 Ao = €x10
x0 — » ¥x10 — )
At(1 = 98) 1
24t (3 +6)
d _ €x11 _ 3eyli _ €y2i
x11 = 1 Ay1i = 5 Aypi = ——
2At(%+6) 24t At (16)
Atb Atby;
hO = 0 = —11! (l = Oll)i

C e Ser
Spe = Ax*(1 = 2p), Sgr = Ax*(1/4 + p),
where p is a free parameter. The relations (6) and (7) provide

AxAt(cos 8)b, exp (]k,?\x)
€yo = )
T ()
AxAt(cos 8)by; exp (— XT)
eyzi = 25 ) (l = 0,1)
BF
Equations (8)-(17) are rewritten as
ex104time At[byy — by exp(jwAx sin 8)]
B =0 (18)
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Fig. 2. Subgrid connection; (a) spatial connection and (b) variables allocated
to primal grid, where Sgc = Ax?(1—2p) and Sgr = Ax?(1/4 +p) are
areas of gray and yellow faces, respectively.
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Defining the variable vector
T
V1 = (bO; blO; bll' eX10’ex11'ey10:ey11) , (24)
(18)-(23) are rewritten as
b = 0 (25)

where A; is a constant matrix. The propagation of the plane
wave requires that vector V; is nonzero, which means that

det(A,) (w, 8,6,p) = 0. (26)
It is impossible to satisfy (26) completely for arbitrary w and 6.
It suffices that (26) is approximately satisfied when the grid size
is sufficiently small compared with the wavelength, in other
words, when w is sufficiently small. Consequently, after
det(A;) is Maclaurin-expanded with respect to w, it is
approximated by the term having the lowest order of w. Using

exp(z) = Yk _o(z"/n)), (27)
with | = 4, det(A,) is approximated as

det(A;) (w,6,6,p) =

9(cos 0)At3[(485 — 5) cos 6 + 96p — 485 + 2]w* (28)

236 —1)(2p — 1)(4p + 1)? ’

where Ax is set to 1 by normalization for simplicity. To
eliminate this for arbitrary 6, the parameters § and p are

optimized,
5 1
=3P 37 29)

It is expected that the parameters determined from the plane-
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Fig. 3. Wave propagation simulation; (a) analyzed domain and (b) distribution
of B, at x° = 1054t with At = 0.35.
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Fig. 5. Distribution of dlscrepancy AB, between the FDTD method and the
FIT; (a) w/o optimization, (b) w/ optimization.

wave condition above improve the accuracy of discretization
and consequently suppress the unphysical wave reflection.

B. Numerical examination

For simplicity, the spatial step 4x and the speed of light ¢ are
set to unity by normalization. An electromagnetic field is
analyzed in [-50 : 50] x [—50 : 50] including a connecting
spatial subgrid [30:49] x [—40:40] [Fig.3(a)]. The
normalized initial condition is given by E,, = E,, = 0 and B, =
exp[—(x? + y?)]/25]. The distribution of B, at t= 1054t
with At = 0.35 is illustrated in Fig. 3(b).

Fig. 4 depicts the maximal magnitude of the unphysical wave
reflection |4B,|nq Which depends on 6 and p in domain (1)
[0:30] x [—10 : 10] [Fig. 3(a)]. The optimal condition (29)
agrees with the minimal point of |4B, |4, in Fig. 4. Fig. 5
shows the discrepancy in B, between that obtained using the
FDTD method and that from the FIT with an optimal spatial
subgrid for t = 1054t with At = 0.35. The discrepancy in the
domain x > 30 is mainly a consequence of numerical
dispersion whereas the discrepancy in the domain x < 30 is

from unphysical wave reflections. The proposed optimization
method has effectively reduced the unphysical wave reflections.

IV. 3D SPACE-TIME OPTIMAL SUBGRID

The optimization of subgrid connection based on the
propagation condition of the plane wave is applied to the 3D
space-time subgrid with a 2D space. The spatial 2D
electromagnetic field consisting of (Ex, Ey, BZ) is described on
the faces of a primal grid S,, and the edges of a dual grid [,
whereas the (B,, By, E,) mode analysis uses the edges of a
primal grid [,, and the faces of a dual grid S,.

A. (E. E,, B,) Mode
Space-time variables allocated on the primal grid are
illustrated in Fig. 6. The spatial and temporal face areas
Sgc, Sgry Sgc and Sy are given as
Spc = Ax*(1 = 2p), Sgr = Ax*(1/4 + p),
SEC = AxAt(l - 27'), SEF = AxAt(1/4 + T‘),
where p and r are free parameters. These face areas are
optimized in accordance with the propagation condition of the
plane wave. For simplicity, Ax is set to 1 hereafter.

The substitution of (6) into the time-marching scheme leads
to the propagation condition denoted as

(30)

AV, =0, (31)
T

V, = (b' €x ey) o b = [by, b, b7y, bi, bi1],

€x = [93(310' 3311'9;10'9%11], (32)

ey = [93910' 33(1)11' 3;10' 3;11' 93920' 93921' 931120' 931121]-
Using (27) with [ = 6, the propagation condition is written as
det(A,) (w,0,p, 1, At) = [(144r — 8) cos? 6
+5A4t2 + 144p — 14471 + 3]Cow®
+0(w”) =0,
where C, is a non-zero constant. To eliminate the coefficient of
w®, the optimal condition for arbitrary angle 8 is given as
2
-4y 1 (34)
144 18
This condition was verified in a numerical simulation on the
domain [Fig. 3(a)]. Fig. 7(a) depicts the maximal magnitude of
the unphysical wave reflection |4B, |4, Which depends on p
and r. Similar to the optimization of the 2D spatial subgrid
connection, the best parameters giving the minimal |AB,|,qx
are predicted by the optimization. Fig. 7(b) shows unphysical
wave reflections along y = 0 when t = 904t with At = 0.4,
where the optimal parameters reduce the reflection.

B. (B, By, E,) Mode

This section discusses a field having components
(By, By, E;). The primal grid connection is optimized using
parameter 6§ (Fig. 8) whereas the dual grid is fixed.

Variables for the (B,,B,,E,) mode are allocated on the
primal grid (Fig. 8). The equation of propagation for the plane
wave is written

A3V3 = 0,

(33)

(35)
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Fig. 6. Assignment of variables for wave of (Ex, Ey,BZ) to 3D space-time

subgrid with 2D space; (a) spatial grid, (b) space-time grid.
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unphysical wave reflection with and without optimization.
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V; = (e bx'by) b = [byw: y11'b31/10: 31»11]

b [bxlﬁ'bxllﬂbxlﬁﬂbxll'beO'bx21'bx20' x21] (36)
e = [eo, efp, €71, el e11, €20, €31, €30, €31]-
The propagation condition is given as
det(A;) (w,6,6,4t) = [(34t* + 726 — 12) cos* 6
+(At? + 5) cos? 6 + At? — 1]C,w® (37)

+0(w”) =0,
where C; is a nonzero constant. From (37), the optimal
condition for 6 = 0 yields

2
5=2240 (38)
72

Wave propagation is simulated to examine the accuracy of
condition (38) on the domain [Fig. 3(a)]. The normalized initial
conditions are B, = B, = 0,E, = exp[—(x* + y?)/25]. Fig.
9(a) plots the maximum of |AD,| measured in domain (I) [Fig.
3(b)]. Condition (38) provides the optimal value of & that
suppresses the unphysical wave reflection. Fig. 9(b) gives the
distribution of the discrepancy in AD, between that obtained
using the FDTD method and that from the space-time FIT along
y = 0att =904t with At = 0.4, where the optimal parameter
reduces reflections. A further reduction of unphysical
reflections requires the optimization of the dual grid.

V. CONCLUSION

Using the propagation condition of plane waves, the subgrid
construction for the space-time FIT has been optimized to
reduce unphysical wave reflections. A simple optimization of
the 4D space-time grid is ensued from an analysis that
decomposes the field into (E,, E,, B,) and (B,, By, E,) modes
discussed in this paper.
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