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Random Schrddinger operators

Shin~-ichi Kotani (Kyoto University)

Recently considerable attention has been paid to the study of
spectral properties of Schrgdinger operators with random potentials.
Physically this randomization of potentials is considered to describe
approximately the motion of quantum mechanical particles in random
media. Rigorous results on this field have been accumulated recently
s therefore, in this report, the author gives a little survey.

The content of this note consists of three sections. §'l is devoted
to the description of general properties of random ergodic Schrédinger
operators. In §_2 the author gives results on asymptotic properties
of density of states for this random system. In j.3 spectral properties

of one-dimensional systems are discussed.

§ 1. General properties of random Schrc’:’dinger operators.

In this section general results on random Schré’dinger operators
are given briefly. These general characters were first pointed out-
by Pastur L.A. [/s].

Let (£, '}, P) be a probability space with a group of P-preserving
transformations {TX »XE Rn} . We assume that {TX} is ergodic*.
Let U(x,w) be a real valued measurable function on Rnxﬂ_ such
that  U(x, T}t;’) = U(xty,w) for every x,y€R" and w € .Then under
suitable condition on U(x,w) a system of self-adjoint operators

Aw), which are called random Schrodinger operators, can be defined by

* If F €F satisfies P('I‘XF © F) =0 for every x & R®, then P(¥F)
=0 or 1.
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A(w’)b= -4 + U(e,D

in Lz(Rn), where £ denotes the Laplacian in R". A remarkable

fact of this system of operat'ors is
ATW) = 7N AW T
X X % ?

where Zx f(y) = £(y-x) for f & Lz(Rn). Therefore for each
fixed wef) , the spectral structure of the operators {A(TX&J), X & Rn}
coincides each other. This together with the ergodicity of {TX} gives

Theorem 1. (Pastur L.A. [/, /7)) TFor simplicity assume that U(x,&)
are uniformly bounded. Let {E)(w)} be the resolution of identity
of A(w). Then

(1) for each fixed interval I in Rl, EI(W) reduces to zero almost
surely or EI(W) has infinite dimension almost surely. The same thing
can be said also to each component of the Lebesgue decomposition for
{E)UQ} . |

(2) Let EI(x,y,w) be the continuocus kernel of the projection EI(N).

Then the statement of (1) can be realized according to
M( E;(0,0,#)) = 0 or M(E (0,0,4)) > 0,

where M denotes the integration with respeét to w by P(dw).

The vonly problem in proving the above theorem is to show ﬁhat every
quantity arising in the statement of the theorem is measurable with
respect to U(e,w). (for the detail of the proof seé [3])

It should be remarked that in the formulation of random Schrbdinger
operators the cases of periodic potentials, quasi-periodic potentials

and even almost periodic potentials are included.

_§ 2. Order of singularity of density of states at their edges.

Let V be a smooth bounded domain in Rn. Consider the Dirichlet
problem in \' for -A + U 0. Let {)\Z(w‘) } be the set of the

eigenvalues and denote the distribution of the eigenvalues by
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1 1 A
oW = wr #{3, Ajw<Al,

where |V|] denotes the volume of the domain V.  Then we have

Theorem 2. (Pastur L.A.[/4]) For simplicity assume that U(x,w)

are uniformly bounded. Then with probability one
NV(),ua ————Fé'N(A) as V goes to R" regularly

on each continuous point A of N(A) and N(y) is a non-random

function. Moreover we have an identity N(A) = M(EA(O,O,w)).

The proof can be doné without difficulty by using the Feynman-
Kac formula.(see for example[3])

The derivative of this non-decreasing function N()) is called
a density of states of A(Ww), which plays an important role in
statistical mechanics for A(w). Lifshitz I1.M.[9] gave a conjecture
on asymptotic nature of N(}) at its left edge. This was proﬁed
rigorously by Nakao %Uz] for a certain random potential by applying
a large deviation theory of Wiener sausage established by Donsker M.D.
and Varadhan S.R.S, [2]. Afterwards this result was reconsidered in

another potentiais'by two people. The potentials they considered are

N R N I AT
R

where 7r(dx,w) - 1is a Poisson random measure* with characteristic

measure dx and y’(x) is a non-negative measurable function.

Theorem 3.

e P = o 1™ ™2) as m —> 0, then
, n/2 »
An/zlog NQA) —> - Yl - as) ¥ 0,

where Xi is the first eigenvalue of -A with thé Dirichlet

boundary condition on the paz11 with unit volume in . (Nakao S.[121)

* random measure taking'independent value at each disjoint set and

with Poisson distribution of mean dx.
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2) SP(Q) »&;ulK 'iX} - (n+2) " as  xl ;*?>05 with K> 0, then

n/2 n/2, %1 (at2)/2 .

2 Tlog N(A) — C*% ( —*“—*Eﬁ as A Vv 0,
where €, =  inf [ 1) + F@®) , 16) = f n}vﬁlzdx,

» fE€F, e | R
— "’ £ d
g (£) = jRn{l— exp(-KjRn ————(-’-‘—)—%Jrz )}dy and  Fj = »{f_z_o,
. | x-yl :
; nf(x)dx =. 1 and I(f)<>°0}. K¢ Okura H. [/3])
R .
(3) 5” (x) ~ Kix - (n+6) (0<p<2, K> 0) as | x]—> 59, then
c :
/Wn/a log NQA) —> —( 'nT)n/G( ~%5 7 +2-.ﬁ )R s AV 0,

wb§?¢‘ .CZ, = nkn+6r,( p— )fz fz is the volume of the unit
ball in = R". (Pastur L.A.[/4)

It is'iﬁterésting to'compére the above result with deterministic -
cases. '
(4) _U(x,w) is non-negative, not identically zero and periodic,
that is,.-U(X,wo = U(x+w) for some periodic function U(x) and

w e f1 = R%/z" . Then there exists some )0'>‘0. such that

NQ) = O for any A ¢ A 0

Summing up these four examples we have a graph M

(2)
3)

Sow
g N

L - A

0 vy

This tells us that the stronger the mixing property of  U(x,w) 1is,

the more dense the states would be.
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If the space dimension n = 1, we have a more precise asymptotic

formula. Let

d2

A(w) = - T2 + (s ,w) .

This corresponds to the A(w) with jP(x) = QB(X). Then we have

Theorem 4. (Kotani S.[7])

~T
N()\)fv—l—z——e/m as 240,
Tc
where ¢ = f(0) and £f(x) is a unique solution of
" ‘ -X ’
£ (x) = Loe £(x)

£(x) o~ %1/4e§p{-§’5 /——-;-'e—:z—-— dy}(x—> 00).

On the other hand, at the right end point +o» the following theorem

is wvalid.

Theorem 5. (Nakao S.[/2]) Let U(x,w) be a general bounded

stationary ergodic random field. Then

1 b n/2

_ n/2
NQ) = [ (1+a/2) 70

+ o( A ) as )\ —>,

Therefore at high energy levels at least the mean of spectral

resolutions behaves as if there had existed no randomness.

§ 3. One-dimensional random Schrgdinger operators.

If the space dimension n=1, we can get more precise knowledge on
spectral properties. Before stating the results, we explain a well-
known eigenfunctions expansion theorem for one-dimensional second
order ‘differential operators. Let q(x) ‘be a real valued continuous
function and for each N &£ C let { 93(X)5 ‘ﬁ&x)} be a linealy

independent system of solutions :

W
L]

]
(=]

SR+ a® K@ = A K@, RO =1 A0

0 £(0

n
[
M

1]

SR A B = Ak @, O

—~§ -
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and define

: ‘ RZ('\) = 14m i‘z:_(i)...

O = - lin % ) .
Rl 2 oo ?)\(x) X =y +2 A

Then these two functions are holomorphic in CNR with positive imaginary

on the upper half plane. Another similar functions are defined by

o Rlo\)Rz()b) 1
m = . 5 m (A) = -
11 Rl()) + Rz(%) 22 Rl(A) + RZ(A)
and - R]_(.’\)v
leO') = m21(/\) = .

R (M) + R, O)

These four functions define four Radon measures:

. 1 g .
I = —_— 3
14 (1) Elflmo = I Im mij OFig)da.

This system of measures satisfies

01D = 9, @

< & (1
Jor, @ G;ZI(I)‘= 0u® %@ .

Using these four measures we can define the kernel of the resolution

of identity for the self-adjoint 'oper;itor -A + q(s) by

B Ge,3) = ) 00 B 05 @ + L 4B ) T @)

+f19&<x>5€\<y) O (@M + fI %) Hly) T, @0 .
Therefore spectral properties of our operator are governed: by a measure:
o-A(I> = 0D + 6;2(1) .

Now we choose a special random potential. Let M be a smooth compact
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Riemannian manifold, A be the Laplacian and dx be the normalized

volume element. Let F be a smooth real wvalued function on M satisfying

For-any -x &M there exists a -multi-index k - such that.
k .
D FEE % 0.
' ' t/2A
Slnce dx  is a unique invariant measure of the semlgroup e’ s we
can deflne a statlonary diffus:Lon process {X (ur), x &R } with generator

1/24  and initial distribution dx.

Theorem 6. (Goldseid I.Ya, Molchanov S.A; and Pastur L.A.[Sﬂ) If a
random potential U(x,w) deflned by F(X W), then with probablllty one
the Schrdinger operator A(aﬁ has a purely discontinuous spectrum

densely in x%gﬁ F(g?,bo ?.

Theorem 7. (Molchanov S.A.[//]) With the same potential as Theorem 6
with probability one each of eigenfunctions of the operator A(w)

decreases exponentially.

The proofs can be done by using the explicit formula of spectral
measures as stated in the begining of this section. In the proofs an
essent1al role is played by the exponentlal growth property of

9;(x) + y}(x) . In this connectlon we glve a theorem'

Theorem 8. Let U(x w) be a general statlonary ergodlc process.,
Assume that qg(x) + 93(x) grows exponentlally as |xl<%walmost
surely for each )} ¢R. - Then with probability one A(w) . has no

absolutely continuous spectrum.

Proof. Since under the assumption of the theorem the absence
of absolutely continuous spectrum of A(«) on the half line [0,)

or (=640] with the Neuman condition at the Eoundary 0 can be

proved by the same method as [§], [/s], we have only to show the following
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Lemma. If the measures corresponding to Ri(A) and RZ(A) have no

absolutely continuous part, then crll and tféz also have the same

property.

Proof. Note

1R, O Fm R, ) + {1+ R, O] Fm R )
1 2 2 .1

Im (m (N +m,,N) = o
IR + R,

It is known that Im R()) tends to absolutely continuous part of the

_measure corresponding to R(}) as ) approaches to the real line alﬁbSt‘
everywhere with respect to the Lebesgue measure on Rl and R(Q1) iééélf
has non-zero finite limit almost éverywhere as‘) tends to Rl. Thé;éfdfé

the assertion of the lemma can be proved immediately.

The property of exponential grthb of geheraliéed’eigenfunétibns{?&(x),
$u(x) was first proved by Matsuda H. and Ishii K. [/g] in a discrete
system’by applying the Furstenmberg theorem on the exponential groﬁth
of the product of independent identically distributed random speciai
linear matrices. The connection of the exponential growth and the
absence of absolutely continuous spectrum was first recognized by 7
Casher R.J. and Lebowitz J.L.[1] and proved rigorously by Ishii K. [&].
This property is also essential in proving Theorem 6 and 7.

In one-~dimensional case, it is interesting to know how the increase
of randomness gives influence to the structure of the spectrum. Up to
noﬁ@recise spgctral structures are known in two cases. One is the case
of periodic potentials and the other is the above mentioned Markov
random potentials. These two cases have quité differnt features. The
problem is to determine bifurcation pdints of the spectral pipperties,

In this connection it is significant to study a case

UG, = EGHK)  + V(X (W)
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where f  is a smooth function on R/Z, Lﬂié}‘R/Z , the second term

is the potential of Theorem 6, W= (ai,uz) and ) is a real constant.
It is easy to see that this U(x,w) 1is ergodic stationary process.
Moreover we can prove the exponential growth of the generalized
eigenfunctions of A(w) with this potential almost surely: for all A
e-Rl. Hence applying Theorem 8, we can conclude that with probability
one A(w) has no absolutely continuous spectrum. In this potential,

it is interesting to note that for sufficiently small ) the spectrum
of A(w) has gaps if the spectrum of - A(w) with » = 0 has gaps.

So it is probable that there exists a critical constant Y.>0 such
that for all )’é[p,)é) the spectrum of A(u) has gaps and for all y €
(Vc,uﬂ there is no gap. Moreover since the exponential growth property
is wvalid also in this case, it is hopeful that there exists only purely
discrgte spectrum , However these problems remain open .

Am&ﬁ other things it is quite interesting to know the spectral
properties for random Schrgdinger operators in multi~dimensional case.
In this symposium Professor Sinai informed that Molchamov S.A. proved
recently that the spectrum of a discrete system with a specially
identically distributed independent random potential in QZ(ZD)

consists of only absolutely continuous part if n 2 5.
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