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INTRODUCTION

Many engineering problems have been studied so that human life

could be made richer and to improve present methods of production

as well as to creat new ones. These studies must be, seen within

their proper historical context'in order that they be made more

meaningful.

Sciences developed through a period when there was no distinct

difference between scientist and engineer. As time passed, however,

a large gap between engineering and natural science developed. In

the early 20th century natural science developed as much as natural

science could become the basis of engineering so that now, engi­

neering is often spoken of as merely an application of natural sci­

ence. This, however, is a mistake because of the following reason~

It is impossible for natural science to completely encompass engi­

neering despite the fact that natural science is a basis of engi­

neering technology. If we want to apply a theory of natural scienc4

to some engineering technology, we cannot do so by trial and error,

we need a high standard of creative ability.

The studies on process system--identification and optimization,

in which the studies by the author "Process System Identification

- I -



and Optimization with Parameter Uncertainty" is included, may be

seen as a part of the field of engineering science[O-l] that seeks

to be a composite of natural science and engineering technology, a

new field of engineering.

Two important tools of engineering science are mathematical

analysis and numerical calculation. The most important starting

point in the work of engineering is the recognition of the problem

under study. We can start to analyse and compute mathematically

until we recognize the problem. To recognizoe the problem is to

answer the questions: "What is the problem?"; "What element is the

most important one in the phenomena of the problem under study?"

"What, if any, are the negligble elements of the problem?". To

solve the problem of system optimization based on some recgnition

of the problem, three main steps are considered. See Fig.O.l.

First we must construct a model after we clearly recognize the

problem. A model is a picture which is constructed by using every

principal element and abbreviating every non-principal element iden­

tified through the understanding of the phenomena of the problem.

We construct the model by simplification of phenomena based on our

recognition of the problem by attaching importance to one phase of

essential qualities of that phenomena.

There are two steps in system identification; (i) determination

of the system model structure, and (ii) parameter estimation of the

system. A brief introduction to system identification will be

described in Chapter 1.

Secondly, we must calculate the optimal solution for the

purpose of system synthesis based on the identified mathematical

- 2 -
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Optimization based on
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Realization of

>

Fig. 0.1 Steps of Process System Optimization
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model. I h . .... h' [0-3]'\, [ 0-50 ]n t ~s step, var~ous opt~m~zat~on tec n~ques ,

for example, the Maximum Principle, Dynamic Programming, variational

method,nonlinear programming, or various gradient methods, etc. can

be used. A great many problems can be solved by using digital or

analog computers.

Ultimately, we must realize the optimal solution of the system

or synthesize optimal systems based on the calculated result. It

will not always be sufficient to determine numerical optimal values

based only on a mathematical model because such models are con-

structed by simplification of phenomena and thus contain various

inevitable uncertainties. Finding the optimal solution or optimal

system based on numerical solutions is the problem to be solved in

this step.

In this paper, some problems of system identification and the

realization of optimal systems with parameter uncertainty are studied

having the purpose of synthesis in mind.

The results of these studies are applied to the design of a

waste water treatment system.

Fig.0.2 is a list of the contents of each chapter of this

paper. PART I is concerned with theoretical considerations, and

PART II concentrates on an application to waste water treatment

system design.

In Chapter 1, studies on model building and the application of

sensitivity analysis to system synthesis with parameter uncertainty

are briefly surveyed. In the literaure[0-6l] by the author, '

an attempt is made to determine the model structure of a system.

In Chapter 2, parameter estimation by the least square technique is

"

- 4 -
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discussed when the model structure is given t and the geometrical

meaning of the parameter estimation is indicated. In Chapter 3 t a

method of determining the experimental condition based on estimation

error of parameters is presented. In Chapter 4 t a method of evalu-

ating the rational design margin taking into account parameter

uncertainty is proposed and discussed. Moreover, various methods

of design rationally taking into account parameter uncertainty are

classified and discussed. In Chapter 5, an attempt to design a

process system with parameter uncertainty by considering the movable

ranges of manipulating variables is studied. Chapter 6 serves as

an introduction to waste water treatment system design. In Chapter

7 and 8, models of the wet-air oxidation process of sludge which may

be a subsystem of the waste water treatment system are determined

and discussed experimentally using the result of Chapter 2. In

Chapter 9, the rational design of a waste water treatment system is

tried based on a mathematical model and the results of Chapter 4 and

Chapter 5. In Chapter la, the problem of time-dependent disturbance

. of input in an activated sludge system is discussed from the viewpoint

of the static design of the system. At the end of the paper, the

conclusions are presented. The contents of each chapter have been

[0-51] [0-5Z]
presented as follows by the author: Chapter 2 Chapter 3

Ch 4[0-53]t[0-54]t[0-55] Ch t 5[0-56] Ch t 7[0-57]apter t ap er ,ap er ,

Chapter 8[0-58], Chapter 9[0-59], Chapter 10[0-60].

----- * * * * * ----- * --
Note; Nomenclature used and literature reffered to in each

chapter are listed in the end of that chapter.
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Chapter 4, 5
Chapter 9, 10

Chapter 6
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PART I
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AND OPTIMIZATION WITH PARAMETER UNCERTAINTY
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CHAPTER 1

SYSTEM IDENTIFICATION AND SENSITIVITY

1-1. SYSTEM IDENTIFICATION

1-1-1 Introductory Remarks

It may be useful for system synthesis to study system iden­

tification, or model building, in three steps as illustlated in Fig.

0.1. First, there is the problem of system identification. In

recent years, aspects of system identification have been discussed

in a multitude of survey papers[l~1]~[l-5] which we use here in our

brief discussion of system identification.

It is often possible to perform experiments on a system in

order to obtain the lacking knowledge. The final purpose of iden­

tification is to deaign a process system or plan a control strategy.

One of the functions which undoubtedly contributed to the great

success of frequency techniques in "classical" control theory was

the fact that the design methods were accompanied by a very poweful

techniques for systems identification, such.as frequency analysis.

This technique made it possible to determine transfer accurately,'

which is precisely what is needed to apply synthesis methods based

- 15 -



on logarithmic diagrams. The models used in "modern" control theory

are, with few exceptions, parametric models in terms of state equa-

tions. The desire to determine such models from experimental data

has naturally renewed the interest of control engineers in parameter

estimation and related techniques.

The definition of an identification problem given by Zadeh

[1-6] can be used as a starting point. An identification problem

is characterized by three quantities; a class of models, a class

of input singa1s, and a criterion. We have tried to emphasize this

point of view.

When formulating and solving an identification problem it is

important to have the purpose of the identification in mind. Models

must be purpose-oriented. In process system engineering, the final

goal is often to design a process system or to plan control strate-

gies for a particular system. There are, however, also situations

where the primary interest is to analyse the properities of a system.

Determination of rate coefficients in chemical reactions, heat

transfer coefficients of industrial processes and reactivity coeffi-

cients in nuclear rectoIls are typical examples of such a "diagnostic"

situation. In such a case, determination of specific parameter

values might be a goal of the identification, but the author wishes

to emphasize that the final goal is system synthesis.

Fo~uZation of identification probZems

The following formulation of the identification problem given

[1-6] .
by Zadeh is still re1event; "Identification is the determination,

- 16 -



on the basis of input and output, of a system within a specified

class of systems, to which the system under study is equivalent."

Using Zadeh's formulation, it is necessary to specify a class

of systems, S = {S}, a class of input signals, U, and the meaning

of "eqoivalent". In the following, we will call "the system under

t-est" simply the process, and the elements of S will be called models.

Equivalence is often defined in terms of a criterion or a loss

function which is a function of the process output y. and the model
r

output Y. ,i.e.m

F = F(y , Y )r m (1.1)

Two models ml and ~ are then said to be equivalent if the value of

the loss function is the same for both models, i.e.

(1. 2)

The selection of the class of models, S, the class of input signals,

U, and the criterion are largely influenced by the a priori knowledge

of the process as well as by the purpose of the identification.

Then equivalence is defined by means of a loss function, the identifi-

cation problem is simply an optimization problem; find a model such

that the loss function is as small as possible.

The class of models S is called identifiable if the optimiza-

tion problem has a unique solution. If S is defined as a parametric

class, S = {Sa}' where 6 is a parameter, the identification problem

then reduces to a parameter estimation problem. Such a formulation

makes if possible to exploit the tools of estimation and decision

theory, In particular, it is possible to use special estimation

- 17 -



methods e.g. the maximum likelihood method, Bayes' method or the

mini-max method.

·1-1-2 Classification of Identification Method

The different identification schemes that are available can

be classified according .to the basic elements of the problem, i.e.

the class of systems S, the input signals U, and the criterion.

[1-3]
Classification has been done extensively in Eykhoff, Balakrishnan

and Poterka[1-4].

The class of Medols S

Models can be characterized in many different ways: by non-

parametric representations such as impulse response, transfer func-

tion, covariance functions, spectral densities, Volterra series

and, by parametric models such as state models

dxdt = f(x,u,S)

(1.3)
y = g(x,u,S)

where x is the state vector, u the input, y the output, and S a

parameter (vector). It is known that the parametric models can

give results with large errors if the order of the model does not

agree with the ord~r of the process. The nonparametric represen-

tat ion has the advantage of no~ being necessary to specify the order

of the process explicitly~ These representations are, however, :

intrinsically infinite dimensional which means that it is frequently
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possible to obtain a model such that output agrees exactly with the

process output.

Needless to say, the models must be judged with respect to the

ultimate aim.

The class of input signals

It is well known that significant simplifications in the

computations can be achieved by choosing input signals of a special

type e.g. impulse function, step functions, and white noise, etc ••

Bibliographies on the use of these signals are given in Nikiforuk

and Gupta[1-7 1, Strobel[1-81, Gitt[1-91, Wilfert[l-lOl.

The criterion

The criterion is ~ften a minimization of a scalar loss function.

The loss function is chosen, .and the identification problem is

formulated as an optimization problem.

MOstly the criterion is expressed as a functional of an error,

e.g••

(1.4)

where y is the process output, y , the model output, and e, ther m

error; y ,y and e are considered as functions defined on [~T].r m

Notice that criterion (1.4) can be interpreted as a least squares

criterion for the error e. The case

e • y - y(1.5)r m
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A > 0 (1. 6)

is referred to as the output error. On the otherhand. the input

error[l-5]. [1-11] or generalized error[1-12] may be taken as the

error e •.

Computation Aspeots

All solutions to parametric idntification problems consist of

finding the extremum of the loss function F considered as a function

of the parameters e. The minimization can be done in many different

ways e.g ••

(1.) as a "one-shot" approach. 1. e. solving the relations that have

to be satisfied for the extremum of the function or functional; or

(ii.) as an interactive approach. i.e. by some type of steepest

ascent method. In this case. numerous techniques are available. e.g.

a.) cyclic adjustment of the parameters one-by-one. e.g. the

Southwell relaxation method

b.) gradient method:

e(i + 1) = e(i) - AFe(e(i»

A = constant

Fe is a paritial derivative of F with respect to 6*.

c.) steepest descent method:

6(i + 1) = 6(i) - A(i)-F6 (6(i» (1.7)

A(i) chosen such that F(6) is minimum in the direction of

the gradient.

d.) Newton's method

6(i+ 1) = 6(i) - A(i)-F6 (6(i»

- io -
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e.) conjugate gradient method

a(i + 1) = a(i) - A(i)'d(i)

A(i»O minimizes F(a(i) - Ad(i»

(1.9)

(1.10)

This method is called as the F1etcher-Reeves's method.

The Davidon F1echer-Powe1l's method is introduced in Capter

2. This method, applied to a positive definite quadratic

function of n variables, can reach the minimum in at most

n steps.

In these method the practice of estimatiing the deter-

mination of the gradient which is degraded through the

stochastic aspects of the problem has not been taken into

account. A method which considers this uncertainty in the

gradient-determination is the:

f.) stochastic approximation method:

a(i + 1) • a(i) - A(i)Fa(a(i» (1.11)

where A(i) has to fulfill the eonditions[1-5]

A(i) ~ 0

As an examply A(i) = l/i may be used.

Good surveys of optimization techniques have been found in the

books by W1lde[1-13! and a by Bekey and McGee[1-14].
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1-1-3 Choice of Model Structure

The choice of model structure is one of the basic ingredients

in the formulation of the identification problem. The choice will

greatly influence the character of the identification problem.

There are very general results availab~e with regard to the choice

[1-5]of structure . These results are mainly refered to as the

minimal realization of the linear system[1-15]~[1-2~]. We won't

discuss this general problem here. In the 1iterature t however t we

discuss the selection of the model structere of a process system for

" 1 h h "1" [0-61]a spec1a case w en t e system 1S non 1near •

1-1-4 Parameter Estimation in Parametric Models

After we select the model structure in parametric model system t

we must estimate the parameters included in the model. Parameter

estimation in ordinary differential equations and linear algebraic

equations ~i11 be discussed in Chapter 2.

We have mentioned briefly the applicable identification

problem and it's techniques, however, there are many important

questions that remain to be answered. See [I-26]~[I-86]~
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1-2. SYSTEM SENSITIVITY

1-2-1 Sensitivity in System Synthesis

The concept of sensitivity was discussed about ten years ago

[1-87]'\,[1-96] , and several papers about the development of this

[1-97 ]'\,[ 1-107]field have appeared • We now briefly describe recent

developments in the field, especially with respect to application

of sensitivity to system synthesis and identification.

The study of sensitivity in the field of system optimization

has been studied according to various concepts. K. Inoue and I.

Hashimoto classify these stud~es in dynamic systems into four cate-

gories: (i) sensitivity constrained optimal control,;' (::(.1) optimally

sensitive control, (iii) application to parametric optimization,

[ 1-108Jand (iv) others ••••

Another point of view in classifying the studies of sensitivity

as applied to system synthesis is on design margin or rational design

of the static system with uncertain parameters. The classification

and comparison of studies from this point of view are shown in

Chapter 4. We summarize the recent studies of sensitivity on dynamic

systems by classify.ing the four categories described above as follows:

(i) Sensitivity Constrained Optimal Control

Sensitivity constrained optimal control is to synthesize

optimal control so as to make the system insensitive for

parameter deviation and uncertainty. For this purpose, a

new model system composed of the original system equations

[1-109]'\,[1"'112]and sensItivity equations are considered.

Based on new objective functions including a sensitivity
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function (modified performance index) or new constraint,

optimal control is determined. The three main criteria are

. .. [1-113]~[1-115las follows; (a) reduction of trajectory sens1t1v1ty

(b) reduction of the sensitivity of the terminal value of

the . bl (1-116] [1-118] d () d . of thestate var1a e ,an c re uct10n

. .. f h f i d [1-119]sens1t1v1ty 0 t e per ormance n ex •

(ii) Optimally Sensitive Control

Optimally sensitive control[1-120] is to' determine quasi-

optimal control as follows:

Optimal control is considered as a function of the parameter. ;

Based on the approximation by Tay1ar Series expansion,

[1-12l]~[1-123]quasi-optimal control in the neighborhood of

the nominal value may be determined by simple calculation.

By first order approximation of Taylar Series expansion of

the optimal control u(t), the following equation

~ -1 ~ -1
u = u* + wp (x - x*) + (y -,wp o)~q

~ -1 ~ -1
u = u* + yo (x - x*) + (w - yo p)~xO

(1.12 )

(1.13)

where w,p,y avp- sensitivity functions which are given as the

solution of ordinary differential equations[l-l20). The

concept of the optimally sensitive control is applied to



[1-108]description in given in reference •

(iv) Others ••••

The method of determining control u by minimizing respective

[1-140]"'[ 1-144]sensitivity of the performance index has been

proposed. The idea cannot be classified into these three

categories however.

l-2~2 Sensitivity in Process System Design

[a] Accounting for uncertainty in data

In process system design, there are many uncertainties, e.g.

a variation in environmental conditions, the rate of a reaction in

a proposed reactor, or the efficiency of a separation process. We

must establish a st~ategy for hedging against design errors caused

by this persistent uncertainty.

The process engineer protects his system from the effects of

uncertainty in design data by engineering on the "safe side". In

many situations, the processing components are purposely designed

to be more durable, more flexible, and of greater capacity than is

'needed on the basis of the best information available, in an attempt

to protect the system from unknown effects. On the otherhand, when

the uncertainty surrounds a critical feature of a novel system, the

engineer may elect not to gamble on a full scale design and may

recommend the construction of a small scale pilot plant to test the

processing comcept, there by putting less capital investiment in

jeopardy. An overdesign of from 11 to 24 per cent commonly has been

used mostly to hedge against errors in the basic data and equations.

The evidence upon which such general ~verde8ign factors are based
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is generally quite tenuous, and such factors must be considered

more as articles of faith than reason. In nearly all processing

problems, certain bits of information are critical in the sense that

small changes in the values assumed by those critical parameters

greatly influence the solution to the problem.

The sensitivity of the design equations to changes in parame-

ters can be tested by incrementing each parameter in turn and

computing the effect on the system of this change.

There is a natural human tendency to ignore factors which are

not well understood and to attempt to avoid basing decisions on

partial or conflicting information. Unfortunately, in process

engineering, uncertainties crop up in the most critical portions of

problems, and frequently there is not enough time to undertake an

elaborate scientific study to reduce them.

The emperical art of overdesign was evolved to provide some

measure of security in this naturally insecure area.

[b] Application of sensitivity analysis to design

Design margin taking into account such parameter uncertainties

as described above, primarily from the viewpoint of sensitivity an

analysis, has been studied. The application of sensitivity analysis

. . [1-145]"'[ 1-168]to process system des1gn also has been stud1ed , and

are described in Chapter 4 and 5.

1-2-3 Sensitivity in System Identification

As stated in 1-1-2, sensitivity method is applied to system

parameter identification, and is described briefly once more here.

System parameter identification methods are classified as follow:
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[168],[174]~[1-176]

One shot method

Inverse Sensitivity Method[1-97],[1-169]

Pseudo-Sensitivity Method[1-170]

Determination of nominal par~ter value

Iterative method

[

Gradient Method[1-171]
[1-172] [1-173]Newton-Raphson Method, Gauss-Newton Method '

Observer Method

Another application of the sensitivity method to system parameter

identification is when the optimal input (or experimental conditions)

is determined so as to pin point the parameter value more precisely

The studies of system identification from the

viewpoint ,of sensitivity method may be necessary in the future.
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NOMENCLATURE

e error between model and system

S class of system

U class of input signal

u input variables

x state variables

Ym model output

Yr system output

e parameters included in parameteric model
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CHAPTER 2

PARAMETER ESTn1ATION BY LEAST

SQUARE TECHNIQUES

2-1. INTRODUCTORY REMARKS

In most engineering situations, the black box approach is

not a very realistic one. The experimenter, in many cases, has

derived some prior knowledge from physical insight into the process

under consideration. This may give information on the topology of

a conceptual model for that process, and perhaps even an approximate

knowledge on the values of the parameters in that model. On account

of the wide variety of different "processes" for which models have

to be built ( the range includes high performance aircraft as well

as chemical production plants ), model building is quite strongly

object-oriented.

In this chapter, we will consider the problem of parameter

estimation by least square estimation. That is, the ~odel structure

is given beforehand and the estimation of the parameter value is

the problem considered here. For simplicity, the model structure

may be assumed to be linear with respect to the parameter if neces-
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sary. The parameter estimation problem can be represented by the

block diagram Fig.2.l where P is the process with parameters b,

[2-1]
and M is a conceptual model with parameters B ;

Consequently,

z = y(b) + n

with

w UB

u (0) •••••••• u (0)
l' , m

(2.1)

(2.2)

U = (u •••••• u ) =
l' , m

···
U (kT) ••••••• U (kT)

1 ' . 'm

where, b'

Bf

{bl,·······,bn }

{Bl,·······,Bn }

z' = {z (0), z (T) , ••••• , z (kT ) }

and' denotes the transposition of a vector.

Now one can define the problem as the task of finding the

best estimate B of the process parameters b, based on observation

of z. In the statistical literature, a number of different esti-

mation procedures have been developed. These methods differ pre-

dominantly in the criteria used for defining optimality and in the

use of available prior knowledge. It is unfortunate that the choice

between these criteria has aspects that are more or less subjective

and that the mathematical approach is strongly dependent on these

criteria.

Our interest lies primarily in

1) The minimization of some function of B-b, the difference between
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the process parameter vector b and its estimate B. As b is inac­

cessible for direct measurements, we can only minimize the expec­

tation of this difference if sufficient priori knowledge is "available.

2) The minimization of some functional or function of e=z-w=z-UB,

the error between the output of the process and the output of a

conceptual model. If this model can represent· the process behaviour

completely, i.e. if

then

y = UB

e = U(b - B) + n

(2.3)

(2.4)

Consequently "e" can provide some measure of the correspondence of

the parameter vectors. This error may be used because "e" can be

made measurable and because in some cases, the correspondence of

input-output relatlonH iA more important than parameter corre­

spondence, particularly if the model is simpler (e.g. of lower

order) than the process.

3) THe minimization of some functional containing the measurable

process outputs and the unknown estimates of process state vector

and the process parameter vector.

In this chapter, we describe briefly statistical estimation

theory and make clear the meaning of least square parameter esti­

mation. Next, the mathematical background and the geometric meaning

of parameter estimation by the least square method are given.

Finally, an estimation technique by the DFP method is described as

a method of solving the parameter estimation problem.·
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2-2. STATISTICAL ESTIMATION THEORY

The parameter estimation cases to be considered are illustrated

in Fig.2.l. We want to derive an estimate, i.e. a fundamental

relationship

a.(z)
~

(2.5)

so that a numerical value can be assigned for the process parameter

a. from the sequence of observations on the output signal z.
~

When a number of parameters {a ••• a l=a' have to be esti,mated,
l' 'm

the relationship is indicated by a=a(z).

In the statistical literature, e.g. ref.[2-2], some properties

are defined for such functional relationships as :

i) unbiased estimate: if E[a] = b

ii) efficient estimate : a(z) is an efficient estimate if

iii) cosistent estimate

E[(S-b)L] < E[(y-b)L] for all y=y(z)

lim p{(a-b)=O} = 1
k~

where E[ ] denotes the mathematical expectation. The first two

properties may also hold only for k+~, in that case they are called

assymtotic unbiasedness and efficiency.

As a starting point for deriving estimates we will choose a

situation where much prior knowledge is available[2~3], viz.

(a) The probability density function of the noise n. From this

function the probability density of the measurements z follows;

This function, being dependent on the process parameters b,

is denoted as p(zlb).

(b) The probability density functions of the parameter values b;
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This function is written as q(b).

(c) The cost of choosing the value S for the estimate if the true

value of the process parameter is b. This cost or loss

function C(S,b) has a minimum for S=b.

After considering the use of all this information, we will

indicate the effect of dropping the assumptions (c), (b) and (a)

successively.

[I] The conditional risk of choosing S(z) if the true process

parameter value is b can be written as the expectation of the cost

function with respect to the probability of the observations z

(2.6)

where the following notation is used :

E [ ]z

J
k+1

is the expectation with respect to z

indicates an k+1 fold integral

k+1
d Z = dz(O)dz(T)--dz(kT)

The average risk for this estimating situation is the expec-

tat ion with respect to the probability of the values of the

parameter b

R(S)=~[Ez[C(S,b)lb]]= J J C(S,b)p(zlb)q(b)dk+1z-d~, (2.7)
m~

The estimate that minimizes this expression is called the minimum

risk,minimum cost. or Bayes estimate. Due to the well known

relationships as follow ;

p(zlb)q(b) = p(Ztb) = p(blz)p(z)

- 56 -

(2.8)



the average risk can be written as :

RCB) = f dk+lz'p(z)fC(B,b)p(blz)d~
k+l m

(2.9)

Since p(z»O, the average risk R(B) can be minimized by making

the second integral as small as possible for each z :

Min fC(e,b)p(blz)d~
B m

A necessary condition for such a minimum is simply

~fC(t3,b)p (b Iz)d~} .. 0
m

(2.10)

As C(t3,b) has a minimum for t3=b, as it presumably is small for

values of a in the vicinity of b, and since

fp (b Iz)d~ = 1
m

(2.12)

it will be clear that equation (2.10) is satisfied if a is chosen

in the neighbourhood of the b where the conditional probability

p(blz) is maximum.

tIl] Now we will drop assumption (c) i.e. the knowledge about

an adequate cost or loss function C(t3,b). In that case, it is

reasonable to choose a at that value of b for which p(blz) is a

maximum. According to Eq.(2.8)

(blz).~p p(z)

with

p(z) - fp(zlb)q(b)d~
m
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both assumption (a) and (b) are still being used.

[III] Next, we will consider the cosequences of dropping both

assumptions (b) and (c) the a priori probability, q(b) of the

process parameters b is unknown. This ignorance can be expressed

by assuming a uniform distribution q(b)=A over the interval under

consideration. In that case, for any z,

Max{p(b!z)} =~() Max{p(zlb)}
b p z b

(2.14 )

As b is no longer a random variable but an unknown constant
I .

parameter, the following necessry conditions for finding the maximum

can be given as,

a
at;"P(z;b) = 0

or as the logarithmic function is monotonic,

~b l.np (z;b) = 0

(2.15 )

(2.16 )

Picking that root of this set of equations whi~h yield the

largest value for p(z;b) we have obtained the celebrated maximum

likelihood estimate(M.L.E.) [2-1]

Now let us refer again to Fig.2.l and assume that n has a k+l

variate Gaussian distribution i.e.

p(n)

with

(2.17)

E[n] = 0 E[nn'] = N

Then we can write for the logarithm of the probability density
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function of n=z-Ue~

. 1 . k+l! I 1 -1tnp(z-ue) = - ztnf (21£) N} - If (z-ue) rN (z-UB)},

maximizing this function leads to ;

:e[(z-ue>'N-l(z-Ue)} = 0

or

(2.18)

(2.19 )

(2.20)

If UrN-lu has an inverse, then Eq.(2.20) can be written,

(2.21)

This is the expression for the Markov estimate.

[IV] If knowledge on the covariance matrix of the noise is

also lacking, it is best to choose N-l=I, the identity matrix,

assuming that the noise is white.

'X -1
J:S = (U'U) U'z

Consequently,

(2.22)

This is the expression for the least squares estimate.

The Markov and least square estimate have been derived from

the maximum likelihood estimate under the assumption of Gaussian

noise. This has only been done to indicate the type of relation-

ship that exists between" the different estimates. These est~mates,

however, can be derived irrespective of the type of probability

distribution of the noise by minimizing respectively the conceptual

errors, cf. :

E • erN-Ie

and

E • erIe = ere
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with

e = z - DB

Some of the relations between the different types of estimates

are summarized in Table 2.1.
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...... Table 2.2 Summary of the Different Estimates .

max p(b[z)= max p(z;b) or
. 8 - (U'N-lU)-1 13 ... (U'U}-IU'Zb b

-max~ max l.n p(z;b) U'N-1Z
b p(z) b,

cost asympt. normality linearity linearity
asympt. unbiased unbiasedness unbiasedness
asympt. efficient (min» variance)

Bayes
estimation

':'

p(zlb)
..
Apriori
Knowledge q(b)

Cn~~b)

(

min! :C (13 »b)0\ Conditions.... 8 ~ (b Iz) fib
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2-3. MATHEMATICAL BACKGROUND FOR LEAST SQUARE PARAMETER ESTIMATION

2-3-1 General Remarks

The problem of the parameter fitting can be discussed gener-

ally because the problem is reduced to the optimal problem. There

[2-5]'V
are many papers on this subject, for example, those by G.E.P. Box

12-15] 'd h 12-16]'VI2-36],an ot ers • In this section, the mathematical

back~round and the geometric images of parameter fitting are given.

The problem of the parameter fitting becomes the optimal problem

for the example as follows :

The process equations are

x = f(x,8,t) x(O) = xo (2.25)

where, x is n-dim. column state vector, 8 is p-dim. unknown para-

meter vector and 1t.1t denotes the first derivative with respect to

the time t. The observed equations at time t. are
].

i iii l, ••••••• r (2.26)

where, Yi are m-dim. column, observed value vectors, and n
i

are

m-dim. column error vectors. At this time, find the parameters

minimizing the performance index F(8) in Eq.(2.27) subjected to

Eq.(2.25) and Eq.(2.26),

(2.27)

where Wi is mxm weighting matrix and "'" denotes transposing of the

vector.

This performance index means that'the observed error is
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minimized. But there are questions as to how the weighting matrix

Wi is chosen and what meaning the estimated value e minimizing Fce)

has. These questions are discussed below.

2-3-2 Statistical Treatment of Parameter Fitting

(1) Least square estimation

In this chapter it is assumed that the structure of the model

is known already, and the discussion proceeds based on the following

assumptions :

Assumption I (i) The relations between the variable x, that is

to say, the process equations are known.

(ii) The value of the state variables cannot be .ob­

served directly. Instead of this, the value

of known function of x can be observed.

(iii)

(iv)

The observed value y contains the random error n.

The observed error n is contained as the added

form. If it is not, it is assumed that y is

expanded in Tayler series with respect to n

and approximated by the first order of n.

Moreover the statical properties of the n are known. Next, let's

define the problems of the linear and nonlinear parameter fittings.

The problem of the linear parameter fitting :

First, the observed equations are,

y • X-a + 1'1

y and n are as follow,
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y • n II (2.29 )

where, Yi m-dim. colunm known obsedved value vector,

Tl i m-dim. colunm errer vector,

S p-dim. colunm unknown parameter vector,

X nxp known matrix constructed by state variables,

and mxr=n, that is to say, y and Tl are n-dim. vector. Then, the

problem of linear parameter fitting is to find the parameter value e

minimizing the following performance index F(S)

F(S) = (y - X·S)'·W·(y - X·S) (2.30)

subjected to Eq.(2.28). Where, in Eq.(2.30), the nxn weighting

matrix W is

•
w

o
• • •

o

·w
r

(2.31)

and W. is a mXm weighting matrix for all i.
1

The problem of the nonlinear parameter fitting

The process equations are

.
X • f(X,8,t) (2.32)

where, x is Z-dim. colunm state vector,

e is p-dim. colunm unknown parameter vector,

f is the known function.
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And the observed equations are

i=l.······.r (2.33)

where, Yi is m-dim. known observed column vector,

n
i

is m-dim. error column vector,

.9 is known flttlction.

Here for simplicity, Eq. (2.33) is ..rewritten as follows,

y • g(x) + 11·

where, .

(2.33) ,

• and

Of course y and n are both n-dim. column vectors.

Then the problem of the nonlinear parameter fitting is to

find the parameter value e which minimizes the performance index F(e)

as follows,

F(e) • (y- g(x»'·W·{y- g(x» (2.34)

subjected to Eq.(2.32) and Eq.(2.33)', where in Eq.(2.34) nxn weight-

ing matrix Wis the same as shown in Eq.(2.31). Then, F(e) can also

rewritten as follows,

• (2.34) ,

Now, the policy of parameter fitting is to seek the parameter

which minimizes the sum of the squares of observed error.' This is
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called the least square estimation. Then, the following assumption

is adopted with respect to the random observed error n :

Assumption II (i) n. has a Gaussian disribution with zero mean and
~

with the covariance matrix M.,
~

(ii) n. and n. are statistically independent.
~ J

Based on Assumption II, the least square estimation is considered

reasonable. Furthermore, using the same assumption if W. is taken
~

-1
as M. , this policy becomes the maximum likelihood estimation, where

~

-1Mi denotes the inverse matrix of Mi' This fact is explained as

follows : From Assumption II, the probability density p(ni) of n
i

is represented as,

(2. 35)

Because~. and n. are statistically independent (i~j), the maximum
~ J

llkelihood function L(nl,····,nr ) becomes,

r
=n P(n.)=

• 1 r
1111 n (2 0

i=1

1 r -1·
III ·expt- _.r ni~oM. on1}

)2 0 1fMiT 2i =1 1.

(2.36)

Minimizing L(n ••••• n ) is to minim,ize L shown asl' , r

r -1
L • r n~·M. on.

i=1 1 1 1
(2.37)

If
-1

W. is chosen as M. , from Eq. (2.33), (2.34) and (2.37),
~ ~

the performance index of the least square estimation is equal to

one of the maximum likelihood estimation. From this result, Wi is
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-1 -1
chosen as Mi for all i hereafter, and M is defined as,

[

M-
1

]'1.. 1 • 0
M • 0 •• "

'M- 1
. r

W is taken as

• (2.38)

W = M-
l

(2.39)

where M is symmetrical and positive definite. From the above dis-

cussion, it can be seen that the least square estimation is reasonable.

(2) Parameter confidence region

In both cases, linear paramter fitting and nonlinear parameter

fitting, the observed value y contains the random error n.

Therefore, the estimated parameter value e using the observed value y

must be seen as a probabilistic variable. That is to say, the,

estimated parameter value a by using a class of observed values

cannot always be coincident with the true parameter value a*.

Only the information with respect to the true parameter value e*
that the true parameter value a* will fall in some interval or

regions in a specified propotion of the occasion which we determine

is given. This region in a specified proportion of occasions is

called "the parameter confidence region". For example, if t·is

the 95[%] confidence region, the statement that a* is in t'will

be true, on an average of 19 times out of 20. Furthermore, the

size of the confidence regions will be the measure of the accuracy

of the estimated parameter value e. From these, the parameter
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confidence regions as well as the estimated parameter value e is the

important factor of the parameter fitting.

Let's now consider how the parameter confidence region is

represented in linear and nonlinear parameter fitting, respectively.

We assume that W is chosen as Eq.(2.39) in the linear parameter

fitting. In a nonlinear parameter fitting, we assume that Wis

chosen arbitrarily as a general rule, and that initial condition Xo

must be estimated.

(a) In the case of a linear parameter fitting :

In the case of a linear parameter fitting, the estimated

parameter value satisfies the folloWing equation,

which is called the normal equation. Eq.(2.40) is derived from

Eq.(2.28), Eq.(2.30) and aF(e)/aB=o. Now, it is assumed that the

estimated parameter value e is close to the true value e*, and e*

is represented as 6*=e + be. Then, from Eq.(2.28) and Eq.(2.40),

From this equation it is seen that be has a Gaussian dis-

tribution with zero mean. Then the variance of Eq.(2.4l) is given

(2.42)

Therefore, the variance of the be is given as

(2.43)

If M equals unit matrix I, from statistical theory, the confidence
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region of the 8 on the level (I-a) is given by using Eq.(2.43)

f 11
[2-21]

as 0 ows ,

(2.44)

where I'S2 is the mean square of n, and F(P,n-p,l-a) is a F-distri-

bution with degree of p and n-p on level (I-a). The (I-a) confi-

dence regions are given as,

(2.45)

Hence if we assert that Eq.(2.45) is satisfied, then, in a large

number of similar experiments, we shall be correct on (I-a) of

the occasions.

(b) In the case of nonlinear parameter fitting :
.

Now we assume that weight W is an arbitrary value and that Xo

must be also estimated in the same way as parameters. It is assumed

that the parameter value which minimizes the F(8,xo ) in Eq.(2~34)

is (S,x o ). When the deviations of the parameter and initial condi-

tionare given as AS and Ax o , respectively, the following conditions

must be satisfied,

~: • - 2(y - g(x»'WoGoA • 0

~. - 2(y - g(x»'WoGoX • 0
3xo

(2.46)

(2 °47)

where,
ag(x(t

l
»

3x(t
l

)

o

o
o

o

o . ag(x(t~»

3x(t )
r
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Sx
1.

X 11 •
==:, •.

D
r

(2.48)

Di = D(t i ) 11 ~~l
t=t.

1

sx.=sX(t.) 11 ~I
1 1 = dX o

t=t.
1

D(t) and sX(t) are nxp and nxn matrices, and are called sensitivity

functions with respect to the parameter and initial conditions which

satisfy the following differential equations,

D= !f1.D + !fl D(O) = 0
dX de
e,xo e,xo

(2.49)

Sx = If,.sx sX(O) = I
dX

e,Xo

The deviations of the estimated parameters and initial con-

ditions from the true values e* and x: are,

e* = e - l1e (2.50)

y in Eqs.(2.46) and (2.47) is approximated by Tayler's Expansion and

first order approximation as follows

y ~ 9 (x) I (2.51)

Substituting Eq.(2.5l) into Eqs.(2.46) and (2.47), the following
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(2.53)

are deduced. From Eqs.(2.52) and (2.53), A8 are solved as

where

(2.54)

H = TGTWG

L = XTGTWGX
(2.55)

and supersript T means transposition of a matrix.
T -1 TMultiplying 68 (H-KL K) at the right hand side of Eq.(2.54), we

T Tcalculated the expected value. As E[nn ]=M and we assume E[6868 lap,

the following are satisfied,

(H_KL-1KT)P(H-KL-1KT) = (It_KL-1l<T_1tL-1KT+KL-~L-1KT)

All
where

1I = ATGTWMWG

1< = ATGTWMWGX

1: • XTGTWMWGX

Then,

(2.56)

(2.57)

(2.58)

are given. -1If we choose W=M as Eq(2.39), from the relations,

It=H, ~=K and ~=L,

(2.59)

is given. If the initial value of x is given beforehand,

(2.60)
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Then, the variance of the deviation of parameters from true

value, b8, is given as P in Eq. (2.58), or Eq. (2.59), or Eq.(2.60).

Similarly, the variance of the deviation of initial conditions, bxo

can be given. The confidence region is given as the following

ellipsoid,

T -1
e : z P z = 1

which will be described later in this chapter.

(2.61)

Now if b is a unit p-vector, the linear function b'b8 of b8

will have a Gaussian distribution with zero mean, and its variance

is given as

This is clear from E(b'b8b8'b)=b'Pb.

(2.62)

Now the true parameter value

8* is represented by using the estimated value 8 as follows,

8* = 8 + b8 (2.63)

Then, from the fact that b' (8*- 6) has a Gaussian distribution

with the variance cr~

(2.64)

is satisfied, where K depends on the chosen confidence ~eveV, for

example at the 95[%] level K=l.96. Hence Eq. (2.64) is rewritten

as follows,

(2.65)

Eq. (2.65) represents a confidence region in a specified proportion

of occasions when the parameter vector 6 is projected orthogonally

- 72 -



upon b. If we assert that Eq.(2.65) is satisfied, then we shall

be correct on a chosen level of occasion. The smaller the size of

the confidence region is, the more accurately it may be said that

the estimated parameter value is e.

2-3-3 Geometrical Meaning of Parameter Fitting

(1) Preliminary mathematical knowledge

The problem of the parameter fitting can be explained skill-

fully by the concept of the orthogonal projection. In order to

discuss this in as general a form as possible, we will argue mainly

in Hilbert space but at the some time in Euclidian space. Here,

mathematics which is necessary for our later discussion is given.

First, the concept of Hilbert space can be made somewhat clear

by the following two definitions, but more detail is not given here,

[2-38]and is in many literatures, for example •

Def.-I: (inner product) Let X be a complex linear space. A rule

which assigns a scalar x, y to every pair of elements x,y~X is called

an inner product function if the following conditions are satisfied;

(1) <x,y> = <Y,x> (commutative law)

(2) <x,y+z> = <x,Y> + <x,z> (distributive law)

(3) <A-x,Y> = A-<x,y> for any complex A,

(4) <x,x> > 0 where <X,X> = 0 + x=O.

Def.-II: (Hilbert space) A complex linear space X is called an inner

product space if a complex-valued inner product function is defined

by it. A linear space X is called a Hilbert space if X is an inner

product space that is complete with respect to the norm induced by

the inner product.

From Def.-II, n-dim. Euclidian space in which inner product,
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norm and metric are defined in the ordinary sence of Euclid is a

Hilbert space. The result of a discussion of Hilbert space is

applicable to a wider range of problems than one in Euclidian space.

Therefore, the concept of orthogonal projection is given in Hilbert

space. A definition of being orthogonal is given in Def.-III.

Def.-III: If S is any non-empty set of vectors in Hilbert space H,

we say that y is orthogonal to S and write y1S if ylx for every x

in S. The set of all vectors orthogonal to S is denoted by Sl and

is called the orthogonal complement of S.

Next, the meaning of the orthogonal projection will be put forth

in the following theorem.

Teorem-I: Let L be a closed linear subspace of H. Then each x in H

has a unique representation x=y+z where yEL and z£Ll. The vector y

is called the projection of x onto L.

Proof: See the reference[2-38].

Furthermore, an important corollary making clear the essential

meaning of the parameter fitting will be given next.

Corollary-I: Let M be a closed linear subspace of H. A unique vector

y£M (the projection of x onto M) for each x£H exist such that x-yEML

and y satisfies

II x-y ~ ~ "'I x-mIl for all mEM.

In the Euclidian space, this corollary will be clear intuitively

because it will be remembered that the minimum distance from y to

n
the linear subspace M for y~R is the segment of the line that is

normal to M. Often, this corollary is useful not only for the prob-

lem of parameter fitting but also for many other optimal problems.
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(2) Orthogonal projection

By using Corollary-I, the meaning of parameter fitting will

be made clear for cases of linear and nonlinear parameter fittings.

(a) In the case of a linear parameter fitting :

Once more the problem of the linear parameter fitting is

written as follows,

y :: X·a + n

The performance index is given as,

F(a) = (y- Xe)'.M-1.(y_ xO)
.~.

(2.66 )

(2.67)

The problem is to find the parameter value e minimizing F(O).

Now, a set

is considered, and the inner product function is given as

(2.68)

1 2 ,1" -1 2<z ,z > = (z. )·M .(z ) , (2.69)

where M-1 is defined in Eq.(2.38) symmetrical and positive definite~

The norm is defined in Eq.(2.70) as,

Then the set H becomes Hilbert space, for H is inner product space

and complete as metric space. F(e) given in Eq.(2.67) can be ~-

written as,

•
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The problem of the linear parameter fitting minimizing F(8)

in Eq.(2.67) is to find 8 minimimizing ~y-x811 in H. Now, if X is

broken down into
I

X :: [X"' •••••• X ]
l' , p , (2.72)

where x. is an n-dim. column vector for all i, then )~e is repre­
1.

sented as,

X·a:: X ·a +·····+x ·a (2.73)1 1 p p

It is assumed that the structure of the model is correct. Then the

solution of the linear parameter fitting is given as follows :

The solution e minimizing F(e) given in Eq.(2.71) is given by

the orthogonal projeation of y onto the linear subspaae 51 whiah

is spanned by xl'········, xp' Because it is seen from Eq. (2. 73)

that X8 is the element of the linear subspace 51' From Coro1lary-I

it is evident that the orthogonal projection of y onto 51 ,minimizes

Ily-xe II. That is to say, the orthogonal proj ection of y onto 51

gives the solution 6 of this parameter fitting.

Furthermore, the following fact is clear.

Neaessary and suffiaient aondition that all e. aan be deter­
1.

mined uniquely is that xl, •••• ·,xp are linearly independent.

If x ,····,x are linearly dependent, the dimension of 51 is less1 p

than p, and all e. cannot be determined uniquely.
1. •

Now, the estimated parameter value a is determined as follows

Generally, we write 51 as X'd, where d is p-dim. vector. As the

linear subspace 51 is orthogonal to y-Xe,

<X·d,y-X·o> -0 ,
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then,

~ ~ -1d·X·M ·(y-X·e) =0

The equation (2.75) is valid for any vector d, and then,

(2.75 )

~-l - ~-lX·M ·X·e =X·M .y • (2.76)

The Eq.(2.76) coincides with Eq.(2.40) which is obtained by differ-

entiating F(e) with respect to e. As seen above, the mathematical

meaning of the parameter fitting is made clear by the orthogonal

projection. For example, in the case of n=2, p=2, the relation of

the parameter fitting is shown in Fig.2.2.

(b) In the case of nonlinear parameter fitting :

Once more the problem of nonlinear parameter fitting is written

with the process equations,

X(O)=Xo
t

(2.77)

and the observed equations,

y = g(x) + n (2.78)

The problem is to find the parameter value e minimizing F(e) given as

F(e) = (y_g(x»'.M-1.(y_g(x»

Now, set Nand H

• (2.79)

(2.80)

(2.81)

are considered. The inner product function and norm are defined

in the same way as in the linear parameter fitting,_thent~
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Fig. 2.2 Linear parameter fitting in the case
of n=3, p=2.
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•

• (2.82)

(2.83)

The set H is Hilbert space, and F(e) becomes the square of the norm

from y to some point on N. Then the problem of the nonlinear para-

meter fitting is to find e minimizing the norm from y to some point

on N. Now N is called the solution locus. N is not a linear sub-

space and therfore the solution cannot be investigated directly by

using Corollary-I.

In order to use Corollary-I, we will not investigate the so-

lution directly, but adopt the basic idea of the gradient method or

linearization. Now, it is assumed that the parameter value is e.

A plane tangent to the solution locus at the point corresponding to

is considered. On this plane, e is modified in the direction so

that F(e) is reduced to the greatest extent, where this modification

is considered in the range of the tangent plane being a sufficient

approximation of the solution locus.

Iof the modified value is ~e, the neJl;t thing is to do the same

modification as above at e+~e. This process continues until the

minimum F(e) is investigated. The actual calculation is shown as

follows :

First, F(e) is expanded in Tayler series with respect to

and approximated by the first order of ~e, then

6F=F(e+6e) - F(e) a (y- g(X»:M-1-G.AI-69
e-a

(2.84)

where G and A is defined in Eq.(2.48). Next, the condition of the
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step size of ~S

(2.85)

is considered where w is the weighting matrix, and (dp)2 is an

arbitrary constant. The modified value ~S is selected to minimize

the ~F in Eq. (2.84) subject to Eq. (2.85). This is the procedure of

the ordinary gradient method. The point finally arrived at, that is

to say, the point given the estimated parameter value a is explained

as below. The'fact that the vector (y-g[xJ) is orthogonal to the

hyperplane 8
2

spanned by GA~S gives the estimated parameter value a.
From Eq. (2.82) and Vu£RP ,

<y- g(x)l. G·A·U> a (y- g(X)/):M-1.G.AtU • 0
'e-n a-a

t
(2.86)

Now, the situation where all 8. can be determined uniquely will be
1

considered in the same way as the linear parameter fitting.

If v. is defined as,
1

[V······ V]l' , p (2.87)

where v. is n-dim. column vector for all i, then the necessary and
1

sufficient condition that all sican be dte~ined uniquely is that

vl,······,v
p

are linearly independent. Two intuitive examples that

don't satisfy the above condition, are shown below.

Example 2-1

We consider a parameter fitting of the rate constant in the

case of a first order parallel reaction. It is assumed that the

prcess equations are,
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X2 • k1·xl

x3 • k2·x1 . ,

the observation done once and observed equation is,

•

If e is defined as,

then

e ...

· fax ax J=1 . 1
3k1 • 3k2 , .

•

At this time v1=v2 ' therefore vl and v2 are linearly dependent.

Then k l and kZ cannot be determined uniquely. This is natural from

the intuitive fact that only xl is measured and that (kl +k2) can be

determined but kl , k2 cannot.

Example 2-2

Now we consider the consecutive reaction. It is assumed that

the process equations are

•
x • -k ·x111 •

•
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,

the observation is done once, and the observed equation is,

If is defined as,

e • [:~J ·
then

G-~ • (1,0,0)-

At this time, v2=O and therefore both kl , k2 cannot be determined

uniquely.

The above two examples are clear from the intuitive fact, but

'we must pay attention to this condition even if it is not clear from

the intuitive fact, such as in the case where all 8i cannot be deter­

mined uniquely when v
1
,···,v

p
is linearly dependent.

(3) Geometric meaning of the parameter confidence regions

(a) Geometric meaning of the parameter confidence regions ':

The geometric meaning of the parameter confidence regions des-

cribed previously is given here. Also the case of nonlinear para-
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meter fitting is considered. It is assumed that P is symmetrical

and positive definite. Then, its eigen vector is real and orthogonal.

It is considered the ellipsoid given by

'" -1e : Z. P •Z II 1 (2.88)

where P is defined in Eq.(2.58) and Z is the p-dim. column vector.

For any unit p-vector, let h be a hyperplane normal to b and tangent

to e. Then the length of the normal to h- from the origin is ~.

This is easily shown as follows :

The normal to e is parallel to b, then

From this equation,

'" -1 2 '"Z·p ·Z· L ·Z~b It 1

On the otherhand, from Eq.(2.89) and Eq.(2.90),

then,

(2.89)

(2.90)

(2.91)

Furthermore Z'b is the leng.th of the normal to h from the origin.

This completes the above statement.

It will be seen from Eq.(2.62) and Eq.(2.9l) that 0b is the

orthogonal projection of e onto b. In other words, if the origin

is parallel and is translated to the top of the estimated parameter

vector a, the standard deviation of the orthogonal projection b'e

of e upon b of the ellipsoid e, for example, when n-3, p=2 is con-

sidered in Fig.2.3 and Fig.2.4. Now let e* be the true parameter
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Fig. 2.3 Projection of ~e upon b.

- .

-
-----JL....i-----:~~---~f----a -a

\ \

Fig. 2.4 Confidence interval of b'~e.
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value, and then bf~a is the orthogonal projection of (a-e) upon b.

When the origin is parallel and translated to at the relation of ab

to e is illustrated in Fig.2-4.

The figure and size of e gives infomation about the parameter

confidence regions.

Next, we consider the figure and the size of e.

-1Let A be an eigen value of P and °A be a eigen value of P •

(2.92)

is satisfied. -1Let e
1
,·,ep be the eigen vector of ~ and different

from each other, and let T be the orthogonal metrix constructed by

e····· e as follows1 J t P ,

T • [e .·······.e ]1 P

If p-l is orthogonally transformed by T t

Now in the following transformation

Z =T·" .

. is substituted into Eq. (2.88), then

where v is p-dim. colunm vector.

(2.93)

(2.94)

(2.95)

(2.96)

The volume of the ellipsoid 'given in Eq.(2.96) is proportional to
p

li~loAi. Then, the volume of the ellipsoid e given in Eq.(2.88) is

- 85 -



p
proportional to 1/ IT °A. , for the volume is not changed by the

i=l' ~

orthogonal transformation. Paying attention to

1 p
-prr---. n Ai· IPI

n °A" i-I
i-I 1

(2.97)

it is seen that the volume of e is proportional to Ipi which denotes

the determinant of P. Accordingly, the smaller Ipi is, the smaller

the volume of the ellipsoid e is. If we don't take into account

the figure of e, it may be said that the accuracy of the parameter

fitting is propotional to the volume of e ; in other words, Ipl.

Then Ipl is useful for the judgement of the accuracy of tha para-

meter fitting. This fact is applied in Chapter 3 to the design of

the experiment.

Now once more notice Eq.(2.94). The figure of e will be appro-

ximated without writing the ellipsoid. For example the semidiameter

of e is l//oAi • If the longest semidiameter is Rl and the shortest

semidiameter is R2 , then

1
R1 • max{ . } • max{~}

1 /oA1 1

1
R • mine } • min{lA1} ,

2 1 rr; ·1
1 '

(2.98)

(2.99)

As shown above, all the information on the parameter confidence

regions are contained in the eigen-values and eigen-vectors of P.
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Example 2-3

We now consider the case where p=2. It is assumed that P is

given as follows,

p •
2. 1

1 3
and

3/5 , -1/5

-1/5, 2/5
•

-1 .
The eigen-va1ues of Pare,

and I

Th 't i of p-l are i 1e un1 e gen-vectors respect ve y,

2

10-2 IS

e •1
I-IS

10-215..

Now the ellipsoid e

•

·2

1+15

(10+2'5

•

is orthogonally transformed by T in Eq.(2.93) and the ellipsoid e

is transformed as,

~2 '~2
10 + 10. • 1 I

5+15· 5-{5

The volume of e is

[
10 10 ] 0.5 ': I I 0.5 IS

vo7.. of e • 1f. ~+15 I 5-/SJ • 1f1 ( P) • 51
1(
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(b) Sample space and parameter space

Now we consider the case of nonlinear parameter fitting, but

the following discussion is the same as for the case of linear para-

meter fitting if GA=X. As shown previously, it is considered that

the orthogonal projection of y onto p-dim. hyperplane 8Z spanned by

(Z.100)

vl'····,vp gives the estimated parameter value 8 t where y£H.

orthogonal projection is given as GA8. GA8 is defined as,

•
H is called sample space.

This

Next draw a line from y to S2 and let the intersection trace

out where the length from y to the intersection of this line is

identical. If the vector with its,top on this trace is Vu(natura11y

IY-(e- u)IZ. Iy- Y_uI Z- Iy- v-elZ • constant - K

because

Y·(e - u) 1 (y- Y-u)

(Z.lOl)

(Z.10Z)

From the equation (Z.101), this trace is p-dim~ hypersphere on SZ.

We must pay attention to the fact that the basis of this hypersphere

is orthogonal basis taken in H. The origin being parallel and

translated to V8,

( , )~ -1 YY.u·M • -u = K (Z.103)

is satisfied. The p-dim. hyperplane Sz spanned by v1 ,···,v
p

(as the

basis) is called the parameter space. That is to say, in the para-

meter space the basis of Sz defined in H is taken as v
1
,··,v

p
•
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From Eq. (2.103) ,

(2.104)

. This equation corresponds to the ellipsoid e given in Eq. (2.88) •.

As shown above, the parameter confidence region in the parameter

space is the hypersphere on 82 defined in sample space H. This shows

the relationship between the sample space and parameter space.
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2-4. PARAMETER ESTTIMATION IN ORDINARY DIFFERENTIAL EQUATIONS BY D.F.P.

2-4-1 Computational Method

We consider the following parameter estimation problem

The system equation is

~ = f(x,P) , x(O)=xO
(2.105)

The observation at t=t is given by
r

y = g[x(t ,p*)] + n
r r r

, r=O,···,R (2.106)

where x is n-dim. state vector, P is p-dim. parameter vector, y is
r

. m-dim. output or observation vector and n is m-dim. error vector.
r

Parameters P are estimated so as to minimize F(P) in Eq. (2.107),

F(P)
R TL (y -g[x(t ,P)]) W (y -g[x(t ,P)])

r=l r r r r r
(2.107)

This parameter estimation problem can be reduced to the para-

metric optimization problem which is to find the constant parameter

so as to minimize some objective function under certain constraints.

Then, various so-clled optimization techniques may be used, in which

case we must solve two point boundary value problem generally.

To solve these formulae, however, may not be so easy because the

dimension of the variables is very large. Then, searching methods

b ·t ti calculat1·on[2-38]~[2-42],such h d· hY 1 era ve as t e 1rect searc

method, various gradient methods, Marquardt method, and quasi-linear-

lization method may be preferable in solving the parameter estimation

problem. This has been described in Chapter 1. Parameter estimation

- 90 -



by the steepest descent method is described briefly in 1-1-4 and

in more detailed in Chapter 7. Here we will formulate this para­

12-43]"'[2-45Jmeter estimation problem by the conjugate gradient method " •

Davidon Fletcher Powell method (termed by D.F.P. hereafter)[2-43]

is used for the conjugate gradient method.

2-4-2 Parameter Estimation by D.F.P.

We assume that the initial condition Xo must be estimated.

Calculation procedure are given in the following steps :

i ii) Assume that i-th value of P and Xo are P and xO• Calculate

i ix(t) and af/ax, af/ap based on P and xO.

ii) Determine the direction of conjugate gradient d,

(2.109)

(2.108)R T a a \= -2 I (y -g[x(t p)]) W.~.~
-0 r r' r ax ap
~ ~t

r

R " T a ax I-2 r (y -g[x(t ,P)]) W .¥-"';\
=0 r r r x oxo

r t=t
r

"!!\ap

i

aFax:- =
o

i

where ax/apl and ax/axol are sensitivity coefficients
t=t r t=t r

which satisfy the following equations. When we assume

ax/api ~ D(tr ), ax/axol ~X(tr)' then D(t) and X(t) satisfy
t=tr t=t r

the following equations,

(2.110)

"dX ""af---xdt ax
(2.111)
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where at /dP, df/ox, og/ox are evaluated at pi and x~. Then

of/oP and of/oxO can be calculated. The direction of the

conjugate gradient, d, is given by,

(2.112)

where,

(2.113)

Hi in Eq.(2.ll2) is given in step iv) where HO=I.

iii) Searching on a direction of the conjugate gradient;

If we define

(2.114)

we search for the minimum of F(e) on a direction of the conjugate

gradient. That is, we determine Ai which minimize F(ei+Aidi )

by some direct search method. We use here a Fibonacci search.

Then, (i+l)th estimated values of parameters are given as,

(2.115)

Next calculate gi+l by Eq.(2.ll3).

iv) Calculation of H.;
~

H. is given as
1

T
d.d.

1 1

THg. i 19·
~ - ~

(2.116)
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v) 6i +1 is taken as (i+l)th iteration. Then go back to step ii),

and continue the calculation so as to satisfy the convergence

criteria.

vi) Calcualte the confidence region or confidence interval by

using Eq. (2.S8).

[2-46]More detailed computer program is given in the literature •

2-4-3 Example

We consider the estimation of reaction rate constants of the

system shown in Fig.2.5. All reaction paths are assumed to be

of the first order. The experimental data from batch experiments

are given in Table 2.2. The number of parameters to be estimated

is nine. These parameters are estimated by the D.F.P. described

above. The results are shown in Table 2.3 which shows the estimated

parameter value and 95[%] confidence interval at bi=l, bj=O (i~j) as

calculated in Eq.(2.65). The calculated value of Ai based on these

estimated values of parameter are also shown in Fig.2.6.

When the number of parameters to be estimated become larger~

the calculation of parameter estimation may generally be difficult.

Parameter estimation by the D.F.P., however, may be applicable as

shown from this example, if the number of parameters is large.
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reaction rate
constant [l/min]

Fig. 2.5 Complex reaction system

Table 2.2 Observed data.

,-±ime 0 I !l :l 0 4.5 60 90 120 100 180Co",r.~)
-

AI 1.41 O.(i -1!l '0.4-1 2 O.:! 8 4 0.176 0.1 1i!J 0.096 o.n " I) 0.0 &!l

Al O.ll o.n -11\ n.o 2 1 0.0" 6 0.0 0 0.0 a a 0.064. 0.03 1 0.025

A, 0.0 0.042 0.103 0.1 10 0.1 8 1 0.\ 49 0.1 99 0.157 O. i 64

A~ 00 0.0 4. 8 0.0 0.0 0.0 0.0 0.0 0.0 0.0 3 3

A$ 0.0 0.0 0.\ 52 0.082 0.1 1 6 0.208 0.209 0.166 0.243

A6 0.0 0.0 0.1 2 a 0.274 o.a 0 0 o.a 3 8 0.4 <1. 8 0.450 0.476

A, 0.0 0.20 1 0.146 O. J 10 0.206 0.081 0.046 0.077 0.0 17
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Table 2.3 Estimated parameter.

0.02 &8 ..- k, = 0.0282 $ 0.0806"
-0.0006 < k, = 0.0076 :s- 0.0 1 58

0.0 04 7 < k J = 0.0049 ~ 0.005 I

0.0 0 2 1 < k. == 0.002& S- 0.0028

0.0 0 2 a < k, = 0.0029 < 0.0 085

0.0 8 0 7 < k. == 0.0822 < 0.0887

0.0 1 56 < k, = 0.0 1 6 0 S. 0.0164

0.0 176 < k. lOS 0.0186 < 0.0 1 9 1

data

o : Al
• : A2
x : A3
D : At.
~: AS
... : A6

. v: tv.

- calcula1Gd
. value

A

"..As

o

A

l 1\)

• ;'2
o ~~~-=-"':E==9~O~~I20~v~A4~l~50~~l60t-:-(m-ln-:)--

TIm-

0.5

At ~A7~~
j; ~ .

Ito 15

. ( weight )l----t--------_
1.0

Fig. 2.6 Result o;f parameter estimation.·
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NOMENCLATURE

b true parameter

D sensitivity function of x with respect to e

e error of observed and calculated value

f function of state variables

9 observing function

M. covariance matrix of random error
1.

p(z) probability

p(zlb); conditional probability

R(/3) average risk

T ; 'orthogonal matrix

u input

w noiseless output

Wi weighting matrix

x state vector

y output variable

z system output

e parameter vector

66 small deviation of parameter

cr2 variance
b

n error vector

- 96 -



REFERENCES

[2-1] EyKoff t P.

Process Parameter and State Estimation t Automatica t 4,

205/233 (1968)

[2-2] Deutsch t R.

Esti~tion TheorYt Englewood Cliffs t Prentice Hall (1965)

[2-3] Maslov t E.P.

Application of the Theory of Statistical Decisions to the

Estimation of Object Parameters t Automation and Remote

Control t 2 t 1214/1226

[2-4] Cramer t H.

Mathematical Methods of Statistics t Princeton University

Press (194~)

[2-5] Box, G.E.P. and K.B. Wilson

On the Experimental Attainment of Optimum Conditions, J. Roy.

Stat. SociI B13. 1/45 (1951)

[2-6] Box t G.E.P. and D.R. Cox

An Analysis of Transformations, J. Roy. Stat. Soc. B26 t

211/252 (1964)

[2-7] Box, G.E.P.

The Effect of Error in the Factor Levels and Experimental

Designt Technometrics, 5, 2, 247/262 (1963)

[2-8] Box G.E.P. and W.G. Hunter

A Useful Method for Model-building, Technometrics, 4, 3,

301/319 (1962)

- 97 -



[2-9] Box, G.E.P. and P.W. Tidwell

Transformation of Idependent Variables, Technometrics, 4, 4,

531/550 (1962)

[2-10] Box, G.E.P. and H.L. Lucas

Design of Experiments in Nonlinear Situations, Biometrika,

46, 77/90 (1959)

[2-11] Box, G.E.P.

The Exploration and Exploitation of Response Surface; Some

General Considerations and Examples, Biometrics, 10, 16/60

(1954)

[2-12] Box, G.E.P. and P.V. Youle

The Exploration and Exploitation of Response Surface; an

Example of the Link between the Filled Surface and the Basic

Mechanism of the System, Biometrics, 11, 287/328 (1955)

[2-13] Box, G.E.P. and W.G. Hunter

The Experimental Study of Physical Mechanics, Technometrics,

7, 1, 23/42 (1965)

[2-14] Box, G.E.P. and N.R. Draper

The Bayesian Estimation of Cornmon Parameters from Several

Responses, Biometrika, 52, 3, 355/365 (1965)·

[2-15] Box, G.E.P. and W.J. Hill

Discrimination among Mechanistic Models, Technometrics, 9,

1, 57/71 (1967)

[2-16] Anderson, T.W.

The Choise of the Degree of a Polynomial Regression as a

Multiple Decision Problem, Ann. Math. Statio 33, 255/265

(1962)

- 98 -



[2-17] Aoki, M. and R.M. Staley

Input Signal Synthesis in Parameter Identification,

Automatica, 6, 431/440 (1970)

[2-18] Bast1et, M.S.

Fitting a Straight Line when Both Variables are Subject

to Error, Biometrics, 5, 207/212 (1949).

[2-19] Davies, P.

The Chiose of Variables in the Design of Experiments for

Linear Regression, Biometrika, 56, 1, 55/63 (1969)

[2-20] Diskind, T.

Parameter Evaluation by Complex Domain Analysis, Proc. Jacc

770/781 (1969)

[2-21] Draper, N.R. and H. Smith

Applied Regression Analysis, John Wiley & Sons Inc. (1966)

[2-22] Fantazzi, G.

The Relation between the Sampling Time and Stochastic Error

for the Impulsing Response of Linear Time-independent

Systems, IEEE, Trans. AC, AC-13 , 426/428 (1968)

[2-23] Goldmann, S.F. and R.W.H. Sargent

Applications of Linear Estimation Theory to Chemical

Processes; a Feasibility Study, CES, 26, 10, 1535/1553

(1971)

[2-24] Hartley, H.O.

Exact Confidence Regions for the Parameters in Nonlinear

Regression Lows, Biometrika, 51, 347/353 (1971)

- 99 -



[2-25] Hunter, W.G. and A.M. Reiner

Designs for Discrimination between two Rival Models, .

Technometrics, 7. 3. 307/322 (1965)

[2-26] Hod, D.G.

Closed Sequential Test of an Exponential Parameter,

Biometrika, 55, 2, 387 (1968)

[2-27] Inoue, K. K. Ogino and Y. Sawaragi

Optimal Input for Parameter Estimation by Using Sensitivity

Analysis, Systems and Control, 14, 11, 675/682 (1970)

[2-28] Kendall, M.G.

Studies in the History Probability and Statistics, Biometrika,

55, 2, 269 (1968)

[2-29] Kendall, M.G.

Regression, Structure and Functional Relation Ships Part I,

Part II, 38, 11/25 and 39, 96/108 (1951-2)

[2-30] Laycock, P.J. and S.P. Silvey

Optimal Designs in Regression Problem with a General Convex

Loss Function, Biometrika, 55, 1, 53/66 (1968)

[2-31] Lipton, S. and C.A. McGi1christ

The Deviation of Method for Fitting Exponential Curves,

Biometrika, 51, 504/508 (1964)

[2-32] Suinde1, B.F.

On the Bais of Some Least Square Estimators of Vriance in a

General Linear Model, Biomators, 55, 2,.313 (1968)

[2-33] Bea1, E.M.L.

Confidence Regions in Non-linear Estimation, J. Roy. Stat.

SeQ. B22., 41/76 (1960)

- 100 -



[2-34] Umeda, T. M. Nishio and S. Komatsu

A Method for Plant Data Analysis and Parameter Estimation,

IEC. Process desi and dev., 10, 2, 236/243 (1971)

[2-35] Wells, C.H.

Application of Modern Estimation and Identification

Techniques to Chemical Processes, AIChE. J. 17, 4, 966/973

(1971)

[2-36] Roy, R.J. and Sherman

A Learning Technique for Volterra Series Representation.

IEEE. Trans AC., AC-12, 761/764 (1967)

[2-37] Rosenbrock H.H. and C. Storey

Computational Techniques for Chemical Engineers', Pergamon

Press, Oxford, 189/208 (1966)

[2-38] Porter W.A.

Modern Foundations of Systems Engineering, The Macmillian

Company, New York (1966)

[2-39] Marquardt, 'Po

An Algorithm for Least-square Estimation of Nonlinear­

Parameters, J. Soc. Ind. Appl. math. 11, 2, 431/441(1963)

[2-40] Kitrell, J.R~R. Mezaki and C.C. Watson

Precise Determination of Reaction Orders, lEe., 58, 5,

SO/59 (1966)

[2-41] Mezaki R. and J.B. Butt

Estimation of Rate Constants from Multi-response Kinetic

Data, lEe, Fundamental, 7, 1, 120/125 (1968)

- 101 -



[2-42] Tang, Y.P.

On the Estimation of Rate Constants for Complex Kinetic

Models, IEC Fundamental, vol. 10, 2, 321/322 (1971)

[2-43] Fletcher, R. and H.J.D. Powell

A Rapidly Convergent Descent Method for Minimization,

Camp. Jr., vol. 6, 163/168 (1964)

[2-44] Kowalik, J. and M.R. Osborne

Method for Unconstrained Optimization Problems, Am Elsevier

Publishing Co. Inc. (1968)

[2-45] Lasdon, L.S., S.K. Mitter and A.D. Waren

The Conjugate Gradient Method for Optimal Control Problems,

IEEE Trans. on AC, AC-12, 132/138 (1967)

[2-46] Takamatsu, T. and S. Shioya

Determination of Model Structure of Ordinary Differential

Equations, included in Report of Soc. of Mechanical Eng.

of Japan, RC-SC-21 (1973)

- 102 -



CHAPTER 3

DETERMINATION OF EXPERIMENTAL CONDITIONS TAKING INTO ACCOUNT

THE EFFECT OF PARAMETER ACCURACY ON SYSTEM DESIGN

3-1~ INTRODUCTORY REMARKS

In general, many experiments and observations must be performed

so that the values of parameters in a mathematical model of a system

can be obtained as accurately as possible. For complex system,

values of parameters are roughly estimated in haste, and then,through

continuing experiments and observations, consecutive modifications

of sampling methods or experimental conditions must be carried out

to obtain more accurate values. This chapter concerns a method for

the modification of experimental conditions.

The errors of estimated parameter values may be described by

an ellipsoid in the parameter space called "the parameter confidence

region". The shape and size of thaellipsoid depend on the experi-

mental conditions and parameter sensitivities of state variables.

From this point of view, the policies minimizing the volume of the

[3-1] [3-2]ellipsoid and those spherizing the ellipsoid have been

. . [3-3]~[3-6]
proposed, and other consid~ration8 have been taken into
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account. In these proposed methods, only the shape and size of the

ellipsoid have been discussed. For actual system synthesis, however,

a mathematical model with estimated parameters is necessary, and the

values of these parameters must be obtained by experiments and obser-

vations for the above mathematical model. Therefore, the effect of

errors of estimated parameter values on system synthesis is an

important problem that can not be solved only by the size and shape

of the parameter confidence region. For example, in a process design,

all parameters in a mathematical model used for the design may not

be estimated with the same accuracy,but parameters must be estimated

so that the influence of errors in them on process design is

minimumized[3-7].
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3-2. PARAMETER CONFIDENCE REGION

The concept of parameter confidence region is mathematically

stated as fol1ws: The state equations are given by

•x = f(x aO ~), ,t (3.1)

where x, aO and e represent the n-column-vector of state variables,

Z-column-vector of experimental conditions such as temperature or

pressure through the experiments and p-column-vector of parameters

to be estimated, respectively.

expressed by

Observations y at time t can be
r r

Y =g[x(t , aO, O*)]+n
r r r

r=0, ••• ,:q. (3.2)

where y is the m-column-vector and n is the m-column error vector
r r

*of the observations. Vector e presents the true value of the

parameters. It is assumed that nr has a Gaussian distribution with

zero mean and covariance Mr , and that ni and n
j

are statistically

independent(i~j).

Hereafter, experimental conditions are assumed to contain aO

and sampling time t (r=O,l,··~,R); These conditions are represented
r

by vector a, to distinguish a from aO. Moreover, experimental

conditions a are assumed to be fixed at the values designated before-

hand. That is to say, the values of parameters are estimated from

the results of expriments which are performed under fixed experimental

conditions. Then, the optimal conditions are determined by various

methods, described later, based on the estimated parameter 6. Next,

experiments are performed according to optimal experimental conditions.

This procedure will be continued until estimated parameters are

suitably accurate.
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Least-square estimation of parameters with weighting factor

-1M is used to find the parameter values which minimize F(e) in the
r

following Eq. (3.3) subject to Eq.(3.1) and Eq.(3.2),

R I

\ -1F(e)= l (y -g[x(t ,aO,e»))'M (y -g[x(t ,aO,e»))
r=O r r r r r

(3.3)

where superscript ' and -1 represent the transpose vector or matrix

and inverse matrix, respectively. The parameter confidence region

of the estimated parameter e is described by an ellipsoid in Eq.(3.4)

in the p-dimensional parameter space.

where P represents the covariance of oe, the error of e deviated

from true parameter value e*, and is given by[3-8)

(3.5)

where,

R
H = I D'G'M-1G D

r=O r r r r r
R

N L D'G'M-1G X
O rr r r r

r=
R

L = L X'G' M-1G X
r=O r r r r r

In Eq.(3.5), Dr ?nd Xr represent the sensitivity coefficients at

time t of state variables due to the parameter deviations and
r

irtitia1 conditions, respectively, and which satisfy the following

sensitivity e1uations.

D=.!f D +2i. D(tO)=O, D ~D(t )ax ae r r

X = If X
(3.6)

X(tO)=I (unit matrix). X ~X(t )ax r r
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where,

dXl dXl.......
del de
· .p

D - ·•
ax axn ••••••• n
ae

1
aep

dXl ...... aXl
aXl (to) axn(to)

x-
x xn ...... n

xl(tO) xn(tO)

G is given byr

ag[x(t ,ao
, e)]

G
r (3.7)= ax(t ,aO,S)r r

where partial differential terms in Eq.(3.6) and Eq.(3.7) are

calculated based on the nominal parameter value e. Furthermore,

confidence intervals are given by the .form of the projection of the

ellipsoid to a p-dimensional unit vector b as follows,

(j 2 • b'P'b
b

(3.8)

where K is a constant depending on the chosen confidence level.

For example, at 95[%] level K=l.96. It should be noticed that

the parameter confidence region and interval 'are given by Eq.(3.4)

-1
and Eq.(3.8), which depend on P •
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3-3. DETERMINATION OF EXPERIMENTAL CONDITIONS BASED ONLY ON THE

PARAMETER CONFIDENCE REGION

Optimal experimental conditions minimizing the volume of

eZZipsoid : If the overall accuracy of the estimated parameters

can be defined by the volume of the parameter confidence region,

the optimal experimental conditions by which most accurate values

of parameters will be estimated can be given the method minimizing

the volume of the ellipsoid shown by Eq. (3.4). The smaller the

volume of the ellipsoid, the higher the overall accuracy of the

. d b Th i matrix p- l , d'est~mate parameters ecomes. e symmetr c ~s ~ago-

nalized by a suitable orthogonal matrix T as follows,

o
(3.9)

o
A

p

where A. is an eigen value of p-l. Then, each semidiameter of the
~

ellipsoid represented by Eq. (3.4) is given by l/~. Since the
~

volume of the ellipsoid corresponds to the multiplication of each
p p -1

semidiameter, II TI~ I and TII\i is equal to the determinant of P ,
i=l i=l

then the optimal experimental conditions a which contain sampling

time and aO to minimize the volume, can be attained by satisfying

the following condition

-1 IMax{det(P )}

a 8~
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Optimal, experimental, conditions spherizing the eUpsoid :

The experimental conditions minimizing the volume of ellipsoid may

be attained based on a measure of the overall accuracy of estimated

parameters, but it does not take into account of the accuracy of

each parameter. In so far as it is subject to Eq.(3.10), it may be

that some parameters are estimated more accurately than others.

Therefore, in some cases, it may be desirable that all parameters

in a mathematical model have the same degree of accuracy for the

purpose of system design. It is rational for a comparison of error

of each esti~Ated parameter to use the relative value of each error.

-1
That is, P must be weighted bye, defined by

Iall
- 0

e • -0 --I a Ip

Defining

-1 e'p-lePo =

(3.11)

(3.12)

1 -1
P~ should be used in place of P in Eq.(3.4). Estimating each

parameter value with the same accuracy means that each parameter

has the same estimated relative error. To do this the semidiameters

-1
of ellipsoid caused by Po must be equal to each other. Equalizing

the semidiameters of the ellipsoid, that is, spherizing the

ellipsoid, minimizes,the standard deviation of Iliff. The optimal

experimental condition spherizing the ellipsoid is attained by

the condition,
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h ,0, is i 1 f p-1w ere h~ an e gen va ue 0 O.
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3-4. OPTIMAL EXPERIMENTAL CONDITIONS TAKING INTO ACCOUNT

THE EFFECT ON PROCESS DESIGN

In the case of process design, generally, there is some

information about the main requirements of the process to be

designed. Therefore, it is rational to select the experimental

conditions so that the influence of parameter errors on requirements

of process design becomes as small as possible. Requirements of

process design are generally described by an objective function of

process design and output values to be fixed. Then, it is very

important to know the effects of parameter errors on these values.

Now let's consider the following problem of process design. It is

assumed that the process equations are represented by

x = h(x,e,u,t) (3.14)

The optimal process design problem is to choose design variabl~s u

which minimize the value of the objective function shown by,

t
f

J = It q(x,e,u,t)'dt
o

(3.15)

Information about the influence of parameter deviation on

this process design should be used for determining experimental

conditions. The sort of information to be used depends on the kind

of practical design problem.

Apptiaation of parameter sensitivity to objeative funation ~ Process

design problems subject to Eq.(3.l4) and Eq.(3.l5) are solved by

using estimated parameter value e. Since it is desirable that the

objective function not be affected by parameter error even if e is
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not the true value, experimental conditions a should be selected

so as to minimize the deviation of the objective function due to

parameter deviation. One of the methods for the above policy is to

select a subject to Eq. (3.16).

Min{Max(oJ = f aJ_.oe·)}1
a oe i=laei 1 e=~

subject to Eq. (3.8)

(3.16)

The method under this condition means to choose a minimizing the

maximum deviation of the objective function due to parameter devi-

ation under a certain confidence level.

-1Another method is to modify P in Eq.(3.4) by weighting

factor aJ/ae. and using Eq.(3.13). That is,
1

1 1

-I ~~11 0 l1B 0ae
1

.
-1 • -1 (3.17)P = .p • •1 1 1

0 1aJ r 0 -, aJ r
ae aep p

(3.18)

1 -1where Ai is an eigen value of Pl. This pol~cy means there. is a

need to estimate some of the parameters more accurately so that the

deviation of these parameters affects the objective function J as

little as possible.

Apptication of parameter sensitivity to output vatues to be fixed:

In order to decrease the effect of parameter deviation on the outp~

variable and to increase the accuracy of parameter indentificatio~
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the experimental conditions must be chosen to minimize change of the

output variable due to parameter change. One of the methods is to

-1
use Eq.(3.18) with the weighted P similar to Eq.(3.17).

Another method is to search first for the parameters which

affect the output variables strongly. and then to select the experi-

mental conditions a which minimize the volume of the confidence

region of only these parameters. If e'··· e (1 < i < s < p)i' 's =0 = =

strongly affect the output variables, a is chosen to satisfy the

condition,

Max{det
a

-1 -1
Pii·····'Pis
: :}I
.:1 .:1 e="{f

P •••• P
si' , ss

(3.19)

-1 -1
where Pij is the (i,j) element of P •

The selection of these methods may depend on the case in

question.
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3-5. NUMERICAL EXAMPLE

In this section the thermal decomposition reaction of the wet­
[ 3-9]

air oxidation process of sludge shown in Fig.3.1 is considered •

It is assumed that the state equations of the reaction are given by

dx -(k1+k2)t 0 Ot 0
-= ·x + Xo (3.20)
dT k

1
-k

4
-(k

3
+k

4
) k4t k4t

where t
0

xl xl
x = Xo =

0x2 x2

and Xo is initial state. Problem is to identify the values of ki

from batch reaction experiments. In Eq.(3.20)t Tt ki a~d x are

dimensionless timet dimensionless rate constant and dimensionless

concentration t respectively. Representing real timet real rate

constant and real concentration by tt ki and xit T t ki and xi are

given as

4
T = ( I k.)t t

i=l ~

x.
~

xi=~

Lx.
. 1 l.
~=

(3.21)

It is assumed that observations yare given by
r

y = x + n tr r r r = 0t····t5 (3.22)

and the observation of initial state Xo is also subjected to Eq.(3.22),

These parameters identified are used for the purpose of .

optimum design problem to minimize the following objective function

J by choosing a volume V of a completely mixed tank reactor in
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steady state,

where a, 8 and yare constants given in Table 3.1. The other val~es

used in this example are also given in Table 3.1. The optimal

solution of this design problem by using the nominal value of para-

meters is obtained as

[103 cm3], xl = 1.10
,t

f
In this example, only

follows: V = 4X10 3 [103 cm3], J = 7.8xl02
opt

[g/kg], xl t = 5.86[g/kg], x3 t =17.04[g/kg].
, f ' f

five sampling times 'i(i=1,2,··,5) are consid-

ered as experimental condition a.

Now let's determine these optimal five sampling times subjected

to the varios methods stated above. In numerical calculation, the

confidence interval for oki is found by putting bi=l; bj=O, j~i

where oe'=[ok
1
,···,ok4] and b'=[b1,··· ,b4] in Eq.(3.8). The confi­

dence level is chosen so as to be 95[%] reliable and K=1.96.

Six cases are considered as follows :(1) One which is subject

to Eq.(3.10), (2) Subject to Eq.(3.l3), (3) Subject to Eq.(3~16),

(4) Subject to Eq.(3.l8), (5) Subject to Eq.(3.19), and (6) arbi-

trary selection of sampling time for comparison with case(1)~case(5).

The optimal sampling times in each case and the perturbation of the

objective function and output variables in the worst case at 95[%]

confidence level are shown in Table 3.2.
-1In Table 3.2, det(P ),

which corresponds to the reciprocal of the volume of the ellipsoid,

is also shown on the basis of case(l). The comparison of oJ or

ox in each case shows that the influence of the error of esti-
i,t

f
mated parameters on the objective function and system output vari-

abIes is not small even if the volume of the ellipsoid is the
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Fig. 3.1 Reaction model of
thermal decomposition.

Table 3.1 Values used in example.

f.";;';'" O.237;·k~";;';; 'ii122....·....··..·····..·
~3 = 0.184, k.4.=.0:0~.S.PI~~':'.L ....
input cone.
if = 16, i¥ = 8, i~ = 0 [g/kg]
density of sludge 1.0 [g/emS]

mass {lowrate 100 [kg/min]
a = 100 [kg' 103 em3/g]
jj = 400 fkg.lQ3 ems/g]
r= 3800 lkg.lOs ems/g]

xf = 0.67,
x~ = 0.33,
:.:1 = 0.0

M,. = /'(12, r = 0, ...,5

Batd; type experi- . Design problem
ment

.. ··k~··;;,;,·O:4o~· k~';;';;"(i:2f'

ks = 0.31, k4 = 0.08........................ -_ - .
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Table 3.2 Comarison of optimal experimental conditions by various methods.
r

95% confidence Perturbation of J Perturbation of XCI
Optimal sanpling interval ok, in the worst case on in the worst case on

Method time :' det [P-l] where bi=l. 95% conti. level 95% conti. levd
bj=O (x lOZ)

Case (I) ok1=±4.24u loid &,= 23.Ou
subject to 0.2, 1.7,2.0 100 iJkz= ±4.20u oJ=+1304u loizl &,= 130.1u

Eq.(lO) 5.5,46.0 ofa=±2.23q Ioia1&,= I 18.4a
ok.= ±O.90u

Case (2)

.... subject to 0.2, 1.7,2.0 Same as that in case (I)
.... Eq.(13) 5.5,46.0
"'oJ

Case (3) of1=±2.96q loid &,= 19.3a
subject to 0.2, 1.8, 2.2 37 ofz=±4.10u oJ= + 1146u loizl &,= 128.9u

Eq.(16) 3.2,45.0 of.= ±2.24u 10i.1 &,= 119.2u
ok.=±O.92u

Case (4) of1-±4.26u IJiLl &,= 23.2a
subject to 0.2, 1.6, 1.9 98 okz=±4.24u oJ= + 1313u Ioizl &,= 130.Sa

Eq.(18) 5.4,45.0 ok.=±2.24a 10i.1 &,= 118.&
Jk.= ±O.90a

Case (5) of1 =±3.69u loi1 1&,= 22.4a
subject to 0.2, 2.2, 3.4 62 okz= ±4.51u oJ= + 1309u loizl &,= 120.311

Eq.(19) 7.9,49.5 of.=±2.0Sa 10i.1 &,= 108.9a
(;=3. s=4) ok.= ±0.824u
Case (6) for example, Jf1=±4.59u IJil1 &,= 28.Ou

0.8, 2.2, 2.5 II ofz= ±5.65u oJ= + I556u 10i.1 &,= 146.Sa
5.0,48.5 Jf.= ±2.6Iu 10i.1 &,= I35.Ou

Jf.= ±0.955u



minimum, and that the methods of case(3) or case(5) are desirable 

to determine the experimental conditions by which more reasonable 

values of parameters for process design can be estimated. 

Furthermore, the results of case(6) show that experimental con~ 

ditionsl;selected arbitrarily may be inferior to the other cases. 
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3-6. CONCLUDING REMARKS

Methods to seek experimental conditions from which more

[3-7]reasonable values of parameters can be obtained were discussed •

Particularly in this chapter, methods to select experimental

conditions considering the influence of the estimated error of system

parameters on the process design were proposed. A numerical example

showed the effectiveness of these methods compared to methods

minimizing the volume of the ellipsoid or of spherizing the

ellipsoid.
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NOMENCLATURE

J objective function defined by Eq.(3.23) [103cm 3]

k. i-th dimensionless rate constant [-]
~

ki i-th real rate constant [l/min]

M
r
-1

Pij

q

covariance matrix of the error of observation

(i,j) element of p-l

function shown in Eq.(3.l5)

t time [min]

to initial time [min]

V tank reactor volume [103cm 3]

xi dimensionless concentration [-]

xi real concentration of the i-th comvonent [g/kg]

a vector of experimental conditions wich contain sampling time

aO l-column vector of experimental conditions

b p-dimensional unit vector

H matrix given by Eq.(3.5)

P covariance matrix define by Eq.(3.5)

-1
Po ; matrix defined by Eq. (3.12)

-1
PI matrix defined by Eq.(3.l7)

u design vector

a,B,Y; constants given in Table 3.1

cSe error of e deviated from e*

0 weighting matrix defined by Eq.(3.11)

e estiamted value of e*

e* . true value of e,

eigenvalue of -1
Ai P
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eigenvalue of p~l (j=Ot l )
J

covariance matrix of n in Eq.(3.22)
r

a
b

defined by Eq.(3.8)

L dimensionless time [-]

Subscript

r ; value at sampling time t r
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CHAPTER 4

DESIGN MARGIN TAKING INTO ACCOUNT

PARAMETER UNCERTAINTY - I

4-L INTRODUCTORY REMARKS

Recently in the fields of chemical and sanitary engineering,

the problem of how to determine the design variable, such as those

at the scale of the plant, which maximizes or minimizes a certain

objective function, that is, static optimal design problem, has been

studied by using various mathematical optimization techniques.

It is not always sufficient to determine mathematical optimal

values based only on mathematical models. The mathematical model

used for optimization is constructed under appropriate assumptions,

and the parameters which are included in the mathematical model ,L

have inevitable error in the estimation from the experiment or

deviate more or less in an operational time. Thus, the determina-

tion of the optimal value of the design variable satisfying an

optimal design problem, that is, the optimal design value, is not

sufficient for a practical problem•..
Usually a design margin or safety factor is added to or multiplied

by the nominal design value in order to compensate for the undesira-
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ble effects of the many uncertainties included in the design proce-

dure and system operation, in spite of the fact that the nominal

optimal design value is realized. Quantitative and rational evalua-

tion of the design margin, however, has not been discussed suffi-

ciently, especially for large complex process systems.

Recently, some methods for rationally determining the value

of a design variable or for estimating the design margin accounting

for parameter uncertainty have been studied. Most of those apply

. . . . [4-1]"'[4-10]
sensit1v1ty analys1s •

When separating these methods from calculation procedures,

two divisions result. One called the Ilone-step Method" is used to

determine the value of design variables by considering parameter

uncertainty right from the beginning. The other which is called

"the two-step Method" is used to determine the design margin to be

added to the nominal optimum value which is designed based on the

nominal value or mean value of uncertain parameters. The methods

by Rudd[4-1] and Rohrel[4-2] use the one-step Method, and that by

[4-5]
Takarnatsu uses the two-step Method. Furthermore, when separating

procedures from the information on para~eter uncertainty, three

classes result. One is when only the nominal value of parameter is

known. The second is when the nominal value of the parameter and

the range of parameter deviation are known. The third is when the

probabilistic density function of parameter deviation is known.

The information in this final class is the most plentiful of the

three. In the same way as just described, the tational design

methods accounting for parameter uncertainty are ~lassified. A

comparsion of these methods is made in the latter of this chapter.

- 125 -



In this chapter at first, a new method of determining the

design margin, taking the known probability density function of

parameter deviation into account for plant design, is proposed~

This method belongs to the two-step method class. It will be

simple and easy to calculate design margin by the method proposed

here because it introduces stochastic linear programming. Two

numerical examples given show this method to be more reasonable

than the one which utilizes only the ranges of parameter deviations.­

Secondly, rational design methods for a process involving

parameter uncertainty are compared by numerical calculation.
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4-2. STATEMENT OF THE PROBLEM

Most large complex processes can be broken down into a number

of subsystems. A typical subsystem is shown in Fig.4.l.

X. is the input entering the ith subsystem from other sub­
1

systems, and Mi is a vector of decision variables in the ith sub-

system manipulated to maximize or minimize a performance index.

is the output from the ith subsystem going to other subsystems,

Z.
1.-

while Yi is the output from the ith subsystem which leaves the system

and doesdt enter other subsystems. The values of Yi are usually

fixed as the conditions for the whole system design.

The subsystem is completely described, in the steady state,

by giving its output as a function of its input.

Z. = F. (X • ,M. ,P .)
1.- 1.- 1.- 1.- 1.-

Y. = G. (X. ,M., P.)
1.- 1.- 1.- 1.- 1.-

i=1,2,··· ,N

(4.1)

(4.2)

where Z., Y., X. and M. are n., m., z.. and r. dimensional vectors,
1.- 1.- 1.- 1.- 1.- 1.- 1.- 1.- .

and Pi is the vector of the nominal value of parameter which re-

presents the characteristics of each subsystem. N is the total

number of subsystems.

The total system is mathematically expressed by Equations (4.1)

and(4.2h and the following condition of junction, which is a set of

generally show which output of the jthwhere

relations describing how the subsystems are interconnected,

N
X·=L[C ••jZ.

1.- j=l 1.-J J

the matrixes [C •• ]
."J,

(4.3)

subsystem is an input to the ith ·subsystem.
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Tolal system

Fig. 4.1 Subsystem and total system.
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The performance index of the whole system is assumed to be

defined in separable form as follows,
N

F = L f. (X • ,M •)
'11, 1, 1,

1,=

(4.4)

The problem of the optimal design for this system is choosing

M. to minimize or maximize the performance index, F, subject to
1,

Eqs. (4. 1), . (4. 2 ) and (4. 3) •

Introducing the adjoint variables, which are also called

Lagrange multipliers, the following equations are obtained as a

necessary condition,

(4.5)

(4.7)

(4.6)

1T '.... 0
1,

ae.
, 1,

n·-x +1,a •
1,

N
~ZL = - n} + L 1T '. [c •. ] = 0
(] i' v j=l J J1,

"L af. aG. aF.
(] 1, ,1, ,1,
--a --+ n.-+ >..--= 0aM· aM. 1,aM. 1,aM.

1, 1, 1, 1,

aL ari--=--+aX. aX.
1, 1,

aL
- = F.(X.,M.,P.) - Z. = 0an' 1, 1, 1, 1, 1,

1,
(4.8)

i-1,2,···,N

aL- = G.(X-"M.,P.) - y. = 0a>.. 1, ~ 1, 1, 1,
1,

aL N
-=\ [c •.]z.-x.=oa1T • .L1 1,J J 1,

1, J=

where L is the 1agragian defined by

N N
L .. r {f.+n ~ (F .-Z . )+A ~ (G .-Y .)+n ~ ( L [C •• ] Z .-X.)}

i=l 1, 1, 1, 1, 1, 1, 1, 1, j=l J1, J 1,

(4.9)

(4.10)

(4.11)

and

aF1 aF~ aF~ aF~
~ , ... , --:k- --..!. -L
ax~ ax~i aM~

t··· ,
aM:iaF. 1, aF.1, 1, 1,

--1::. = . --.1:.. _

aXi . ,
aM£ ,

aF~ .. af1;i .. m' m'aF.1, ·aF.1,__1,_ __1,_ --.1...- --L.
1

' .. , n' 1 , .. ,
ax. ax.1, aM. aM:i1, 1, 1, 1,

at': [Of. . of. J of, fe .at. ]--k. _
~ , ••• , __1,_ , --.1:.. .. ~ •••• , --L.ax. ax~ ax~i ~Mi aM~1,

aM~i '1, 1, 1, 1,
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()G~ 1 dG~ ~G~dG.
10 ••• 10 10 10...

dX~
, ,

ax~i dM~
, ,

pM:i
aG. 10 10 .aGi 10 10

10__ =t . . --=ax. . . aM.
a~~i d~~i10 aG~i dG~i 10

__10_ .. __10_ -L • • -L
dX~ ax':i aK~

, ,
i)M':i

10 10 10 10

and ' denoted a vector transposed.

1 m_'n~ = (n.,·······, n-:-t-)
10 10 10

. 1 n'
rr~ = (rr.,·······,rr.lo)

10 10 10

are the adjoint variables for the equality constraints of Eqs. (4:101)-

(4.3) •

Appliaation of Sensitivity AnaZysis to the Optimal Design

of a Complex System :

The optimal design problem for a large complex system can be

mathematically solved by applying some techniques, for example, the

multilevel technique[4-ll],[4-l2]. However in the application of

mathematical techniques to deterministic design problems, it is

generally assumed that the plant characteristics to be optimally

designed for are exactly known, and plant parameters can be perfectly

identified. However, often only the nominal values of the plant

parameters and their range of variations are available, and the

actual values of plant parameters differ from those used in mathemat-

ica1 computations for design. These differences are caused by the

inaccuracies of predetermined parameter values or of the time-

varying properties of the parameters. The difficulty in achieving

. an exact realization of optimum design variables should also be
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considered in the problem of differences between calculation and

practice. Therefore, from the engineering viewpoint, it may not

be sufficient to obtain only the mathematical solution of the design

problem formulated in Eqs. (4.l)~(4.4).

In actual design procedures, we usually take into account .the

design margin, or so-called "safety factor" of some design variables,

to compensate for the bad influences of parameter variations.

Moreover, it is desirable to estimate these design margins rea-

sonably, so that the mathematical optimal design procedures may

become more valuable from the practical viewpoint. For this purpose,

we must know not only the effects of the parameter variations on

the performance of the system but also what design margin must be

estimated for each design variable to compensate for the bad effects.

Effect of Parameter Variations on Fixed Outputs [4-41 ,[4-51:

Let us assume that the optimum design variables, M., which
1,.

maximize the performance index of Eq.(4.4), have been mathematically

determined. However, this optimal decision of M. may force Y.(i=l,
1,. 1,.

' •• , N) to become a value which differs from the desirable value of

Y., if the system parameters P. is changed from the nominal values.
1,. 1,.

Therefore, some design margin is usually taken into consideration in

each design variable so that undersirable deviation of Y
i

does not

occur.

Let 6Mi and 6Pi , be the values of the design margin and

parameter deviation from the nominal values in Eqs. (4.1) and (4.2),

respectively. Under th~ condition of parameter deviation, the

input and output variables, X., Z. and Y. deviate from the value at
1,. 1,. 1,.

optimal conditions by the amount of 6X., 6Z. and 6Y •• The
1,. 1,. 1,.
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rel-ationship among these deviations, ,~, ~Yi' ~zt, ISMi and liPi can

be easily ascertained without cumbersome direct computation by the

help of the adjoint system which is introduced in the 6ptimization

procedure. The first-order variational equations are given by

Eqs.(4.l)~(4.3) as follows:

aF. aF. aF .
. 1.. A ~ ~p

~Z. = ax:uXi + aM. Mi + ap. i
1.. 1.. 1.. 1..

(4.12)

(4.l3)

(4.l4)
N

~X. = L [c .. ] t1Z .
1.. =1 1..J J

Summing up over i both sides of Eqs. (4.12}~(4.l4) multiplied by the

adjoint variables ai, ai and ""i which are ffii, 'Li and ni dimensional,

respectively, the following equation is obtained,

N N aF. aG. N
~ a'hY. = L [(a~~ + a~~x1... -y})~X~ + (-a~ + Ly\[C .• ])t1Z.
i~l 1- i=l 1..axi vO 1.. v v 1.. j=l J J1.. _ 1..

By using the solution of the adjoint system defined by

aF. aG.
, 1.. + a' 1.. y~:: 0

aiax . iax. - 1-
1.. 1..

N
-a. + L [C •• ]' y • :: 0

1.. • 1 1..J JJ=
with the boundary conditions of

(4.15 )

(4.16)

(4.l7)

8
m

:: 1, 8
j = 0n n

8~ ... 0
1-

j,;m

i f: n
j = 1,2,·····,ti

(4.l8)
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the following equation is obtained from Eq.(4.15):

N <lG. <IF. <IF. <lGi
~yn = L{[(e')~"''\M-z, + (ex.)' ~]~M. + [(exi):un<lP~ + (ei)~<lp.]~Pi}

n i=l -z, ,,,,,a i -z, rznI<lMi 't -z, -z,

(4.19)

[4-19]
where (8·) and (ex.' .! are the solution of the adjoint systems •vnm -z,-'rZm

This equation denotes the deviation of the mth component of the

system output in the nth sybsystem from the desirable output value.

As stated above, it is necessary for actual design of a

plant to determine rationally the value of the design variable or

to estimated the design margin accounting for parameter uncertainty.

Here a method of estimating design margin taking into account

parameter uncertainty when the probability density function of

parameters Pi is known is proposed at first. The method is an

extension of a two-step method by T. Takamatsu et a1[4-5]. Knowing

the probability density function of parameters, Pi is the same as

knowing the probability density function of the deviation of

pa~~eters, ~Pi from nominal value Pi. It is the purpose of the

next section of give the mothod of evaluating the rational design

margin based on the known probability density function of ~P ••-z,
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4-3. DESIGN MARGIN BY THE TWO-STEP METHOD

The qesign margin by the two-step method is determined

as follows: First, the nominal optimum design value of design

variables, Mi' are obtained based on nominal values of the

parameters, Pi by using multilevel or other techniques.

Next~ the rational design margin 6Mi to be added to the nominal

optimum design value Mi is determined based on the information

of the known probability density function of 6Pi' The

final value of the design variable variable become& Hi + 6Mi'

The method of evaluating the design is given as follows:

When parameters Pi deviate by 6Pi , an allowable

region is usually given to the perturbation of the system

output, 6Yn, to be fixed due to undesirable perturbations of

the parameters. Then, design margin 6Mi is determined so as

to minimizes some objective function, h, constructed by 6Mi

under the condition of 6Yn being in the allowable range. h

represents the cost of evaluating the design margin. For

example, if M. is the amount of the catalyst of the chemical
~

reactor, h may be the cost of the excess catalyst or the

increase of reactor valume. If Mi is the heat transfer area

of the heat exchange system, h is the increase of the construc-

tion cost or operating cost needed to add the design margin

6Mi to Mi' On the other hand, in a chemical reactor, the upper

limit Cu . and lower limit CL" . of the allowable ranges of the
J~ J~

deviation of system output to be fixed correspond to the

allowable ranges of output concentration of the desirable
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product.

The relations between 6Yn, 6Pi and 6Mi are given by Eq.

(4.19). Then the design margin 6Mi is determined by Eq.(4.20)

based on Eq.(4.16)~(4.19) and Eq.(4.2l).

(4.20)

CL ~ 6Yn :5- Cu n,n , , n=1,2,··· ,N (4.21)

6M. > 0
-z,=

where h, CL,i and CU,i are the known functions and known con-

stant vectors, respectively. When the upper and lower limits

of 6Pi are given, 6Pi is subjected to next equation,

AL • < 6P. < AU •,-z, = -z, = ,-z,
i=1,2,··· ,N (4.22)

where AUiand Ar,iare the given constant vectors., ,

If h is a linear function of 6Mi, the problem of design

margin by Eqs.(4.l6)~(4.21) is reduced to a L.P.(linear program-

ming) problem where 6Pi in Eq.(4.19) is taken as AU,ior ALi.

6P{ which is the j-th component of 6Pi should be chosen

j j ~ias AU • or AL • so that the deviation of 6p". causes an undesirable, -z, , -z, -z,
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The allowable ranges of byl and by2 are given by,n n

(4.21)'

usually is a negative value and the constraint of ~y some­n

direction from the nominal value of

In some cases, it may be clear that

1 2
must take AL,1 and AL,l respectively.

times needs either the upper or lower bound only. .It cannot

gener~lly be known whether bP~ is negative or positive value.
~

P~ changes dynamically in one
~

-jPi. Assuming that d1 and e1
1are positive values and that bY must not be above the positiven

1 Ap1 2value of bCU,n' uland bP1

Assuming that d2 and e2 are nagative and positive values, respec­

2tively and that bY must be greater than the negative value ofn
21212

bCL,n ' bP1 and bP1 must be taken as AL,l and AU,l' respectively.

2 1
Practically it does not happen that bP1 . is simultaneously AL~1 and

~yl and Au
2 1 for ~y2 but the above treatment gives a result on

n , n '

the safe side.

This is the two-step method given by T. Takamatsu et a1[4-5] ,

when the range .f parameter deviation is given.

Now we consider the case in which the probability density

function of ~P. is known. In this case, the methods of
~

slack solution and fat solution which are the methods of stochastic

prOgramming[4-lQ]~[4-l8] considered for parameter uncertainty are

applied to the design margin problem. The method of fat solution,

however, can be reduced to the two-step method when the upper and

lower limits of parameter deviation are given.
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Slack 8olution

[4-17]
According to the idea of slack solution t the inequality

constraint of /),Y given by Eq. (4.21) is reduced to an equalityn

constraint by introducing non-negative values Yilt Yi2 t Yi3 t Yi4

termed "slack variables" as follows:

/),y. + Y'l - Yi2 = C
L

•
~ ~ ,,~

/),y. + Y'3 - Yi4 = Cu .
~ ~ ,,~

Y' . > 0
~J =

(4.23)

As values of Yilt Yi4 are positive only when inequality constraint

Eq.(4.21) is not satisfied t the new objective function,~t

(4.24)

is introduced. The design margin 6Mi is determined so as to minimize

the expected value of Wgiven by Eq. (4.24)t that iS t 6Mi is deter-"

mined by solving the next equationt

N T T
K_) + L (~'lY'l + ~'4Y'4)]} (4.25)
-~ . 1 ~ ~ ~ ~

~=

where t E[ ] represents the expected value with
{ .,j1i}

respect to probability density function pfi t and ~ij{i=1"2J •••• JN,,

j=lJ4} are constant vectOrs. The probability density function of

pfi is given as
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(4.26)

i = l,2,·····,N

The second te~ of Eq.(4.24) or Eq. (4.25) represent a penalty cost

which evaluates the quantitative degree of dissatisfaction of the

inequality constraint, E4·(4.2l). ~il' ~i2are coefficients of

penalty cost. For example, if h in Eq.(4.25) represents production

cost, ~il' ~i4 are unit costs caused by the unit amount of increas­

ing or decreasing the output vector Yi. That is, ~il and ~i2 are

practical values. It is then practical to determine the design

margin by using Eq.(4.25).

If function h is linear with respect to ~i' Eq.(4.25) can

be rewritten as follows,

(4.27)

The design margin aMi can be dete~ined by solVing Eq.(4.25) or

Eq.(4.27) under the conditions of Eq.(4.l6)~(4.19) and (4.23) when

probability density function of ~p~ which is deviation of parameters

from nominal value Pi is known.

Fat solution

[4-18]
According to the concept of fat solution , 'the design margin

~i is determined so as to minimize the objective funct~on h when

the probability of inequality constraint being satisfied is greater
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than a certain given value. That is, bMi can be determined by

solving Eq, (4,28) subject to Eqs, (4,16)-(4,19) and (4.29).

Min h(bM ,·······,b~-)
{bM.} 1 1-1i

1- i=1,2,····,N

j=1,2,····,Zi

(4.28)

(4.29)

where the superscript j represents the j-th component and e~ is a
1-

j
given constant which satisfies the condition O~B~. The value of

B~ depends on the degree of importance of the inequality constraint,
1-

is the linear function of bP., as shown in Eq.(4.19).
1-

Eq, (4.21), Pr in Eq,(4.29) represents pDobabi1ity. bY, in Eq.(4.29)
1-

If bP. (i=l,
1-

•••N) is statiRtica11y independent, Eq.(4.29) becomes a simple

inequality equation which is reduced by substituting the upper or

-
lower value of the confidence interval of confidence level Bi into

bPi' in Eq,(4.29). For example, if the values of the confidence

limits are

multiplied

e ., and
p1-

to I1P, in
1-

each component of e . and coefficient vector
p1-

EQ.(4.l9) are positive, Eq,(4.29) can be

rewritten as follows

N TdFi TdGi N TdFi TdGi
I (a'dM + e'dM )bM, - I (a,aP + e'3P)e • ~ ~. 1 1- , 1- , 1- '1 1- • 1- • p1- - ,n

1-= 1- 1- 1-= 1- 1-

N TdFi TdGi N TdFi TdGi
(4.30)

I (a'dM + B'dM )bM, + r (a,ap + Biap)e , < ~'1 1- , 1- , 1- 'l 1- • i p1- = ,n1-= 1- 1- 1-= 1-

where a" B, satisfy Eqs.(4.16)~(4.l8).
1- 1-

Then, I1Mi can be determined by solving Eq.(4.28) when the

conditions of Eqs.(4.l6)~(4.l9) and (4.29) are reduced to determine

the design margin bM
i and when the upper or lower limit of parameter

deviation bPi is given.
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As stated above, the design margin bMi can be determined

rationally when probability density functions of ~Pi is known.

That is, the solution is obtained by solving Eq.(4.25) or Eq.(4.28)

Under the condition of Eqs. (4.16)-(4.19) and Eq.(4.23). The method

of determining the design margin AMi based on Eq.(4.25) or Eq.(4.28)

is the one proposed here. Because based on the method, the rela­

tions between the deviation of the system output vector, the devia­

tion of parameter, hPi and design margin ~i are approximated by

linear relations, and because these relations can easily be reduced

by using adjoint variables, calculation by the method is comparative­

ly easy.

On the other hand, the probability density function of para~

meter deviation may be estimated for the most part by incorporation

of experimental data, especially when the estimation error of the

parameter becomes a normal distribution. The method proposed here

is more practical in spite of the fact that the probability density

function must be known beforehand. Also by this method the design

margin to be estmated is less than by other two step methods ort1y

when the range of parameter deviation is known.

When the probability density function is not symmetrical, it

is doubtful that the method proposed here will be useful. This

problem will be discussed further.
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4-4. EXAMPLE-1

[4-19] [4-20]
An application to a Wet-air exidation process ' ,

is one of the methods of treating excess sludge from a waste-water

treatment process.

of sewage sludge.

at a steady state.

[4-16]
Oxidation proceeds in Wet-air oxidation

The reactor is a completely mixed tank type held

Where the reaction model is given in Fig.4.2. A represents

sludge. Band C represents the intermediate product and P is the

final product. Reaction order of each path is assumed to be of

the first order. Denoting the flow rate, tank volume, inlet concent-

rations of each component and outlet concentrations by F, V, CAO'

CBO' CCO' CpO' CA' CB' CC' and Cpt respectively, the process equa-

tion is

F(C.
O

- C.) - r.·pV = 0
1.- 1.- 1.-

(4.31)

where, p is the density of outlet flow and is taken as LO, r. is
1.-

the chamica1 reaction rate given by

r
A - (k1+ k2 ), 0 0 0 CA

r B k1 - (k3+ kS )' k4 0 CB
= (4.32)

r C k2 k
3 - (k4+ k

6
), 0 Cc

r p 0 k
S k

6 ' 0 Cp
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Fig. 4.2 Reaction model of wet-air
oxidation of sludge.

Table 4.1 Nominal optimal design for Example-I.

Estimated parameter value (1/min) I Assumed value INomin. Opt. design

1.=0.230. 12=0.121. I J =0.OO3 F=I00(kg/min), a=0.01(l/10'cmJ) Vopt= 10(mJ) -.
,OO7סס.0=.1 1.=0.014. 1.=0.0004 ,9= 50(kg/g), CAo=15(g/kg) C,=7.7(g/kg)

C.o=5(g/kg). C,,=C,.=0.0 J=715(-)
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where k. is the chemical reaction rate constant. As P is the final
'l-

form of sludge treated by Wet-air oxidation (H20, CO2 , etc.), it is

desirable to produce P as mush as possible from the viewpoint of

sludge treatment. On the other hand, if we want to produce more P,

~reater tank volume of the reactor, V is required, and construction

and operating costs become greater. Then, we will choose a V which

minimizes the ohjective function J given by Eq.(4.33) subjected to

Eqs. (4.31) and (4.32).

(4.33)

where ~ and B are the coefficients used for calculating operating

and construction costs. Cost is represented by a dimensionless

number.

The reaction rate constants in Eq'. (4.32) which are parameters

estimated from experimental data involve inevitable error. Only k
1

and k
2

are assumed to involve error. The problem considered here

is to evaluate the design margin ~V which must be added to the nom-

ina1 optimum design by considering the known probability density

function of the uncertain parameter deviation ~kl' ~k2' in order to de­

crease the worse effects of such parameter deviation on the output

concentration of the product, C •
P

Now, we assume that 144 tons/day of sludge of whcih about

97.9% contains water is treated. The nominal parameter value Rl~k6'

and other numerical values used here are listed in Table 4.1[4-20].

The nominal optimum design value based on the estimated parameter

value Rl~k6 is calculated as

7.7[glkg]. We impose such a

follows, V t = 10m 3 , J = 715 C =op , p

condition so that the deviation of the
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concentration of the product P will not be less than 5.0% of the

nominal optimum value C
p

even if the parameter deviation ~k1t ~k2

exist. The condition iS t ~C IC > -0.05. The relation between 6C ,
P p'" P

~k1 and ~k2 is introduced in this condition. Then, the next condi-

tion

(4.34 )

is deduced.

Now, let's assume that the design margin ~V is taken as h in

Eq.(4.20),

Min {h=6V}
{6V}

(4.35)

and determine ~V by using Eq.(4.27) and the probability density

ki
fuction ~ki' P (~ki). It is. known that ~ki and ~k2 have normal

distribution with zero mean and variance 0lt 02(01= 0.0408, 02 =

0.00204[4~20]). For the comparison t however, three cases of the

probability density function of ~k1' ~k2 as follows are considered

as an approximate form of that normal distribution: Case i) unifotm

distribution; Case ii) triangular distribution with the same upper

and lower limit as case i) for comparison with the solution of the

case i); and Case iii) a traingular distribution which is an

approximation of the ~ormal·distr±bution. The design margin ~V based

on case i)-case iii), respectively, is calculated as follows, and

the calculation in case i) is explained t more fully.

Csse i):~Uniform Distribution--

6k1 and 6k2 are uniformly distributed in the range of 95%

confidence'interval. That is, 'the probabil~ty density function of
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k·
~k., p t~ki) is given by

1,..

k. !J'9~0.p 1,..(~k.) = 1,..
1,..

o

, for It:.k·1 < 1. 960 .
1,.. = 1,..

(4.36 )

where 0
1

= 0.0408, O
2

= 0.00204. According to Eq.(4.27), design

margin t:.V is calculated as follows, and by introducing slack va~

riables Y1' Y2, Eq. (4.34) becomes,

(4.37)

Modified new objective function ~ is defined as

~ = ~V + ~Y1 (4.38)

where ~ is taken as 105. First the minimum value of ~Y1 is

-0.385 - 7.63f::.k1 + 12.08~k2

for ~V < 3.22 10-"

Next, the expected value of [MinWY1)]is given as

o ,for t:.V>850 ,

781.25~[-60.87x10-15 t:.V 3+1 . 56xl0- 10 f::.v 2

E [Min(~Yl)] = -1.314Xl0-7~V+3.7x10-S] , for 550<t:.V<850 ,
{pki}

781.25~[0.548Xl0-10 t:.V 2_0• 76xl0-7t:.V
+0. 27Jx lo-S ] , for 0~V<550

The result, Min[~=t:.V+E[Min(~Yl)]]=~97[Z]at ~V=625[Z].

f::.V . {pki}
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Then the design margin ~V is given as 625[Z].

Case ii):--Triangular Distribution-l--

We consider the case in which the probability density function

of ~k.(i=lt2) is given as a triangular distribution with the same
t-

upper and lower limit as in case i) for comparing the effect of the

difference of probability density function of the design margin to be

evaluated. The probability.density function is given as fo1lows t

o

i=1,2, (4.41)

In this case t the desi.gn margin to be added is calculated as ~V =

322[Z] in the same way as case i).

Case iii):--Triangular Distribution-2--

A,triangular distribution which is the least square approxi-

mation of normal distribution is given aS t

1
- 1 • I~k·1 + 1

~. (2.31a.)2 t- 2.31a.
p""1" (~k .) = t- t-

t- 0

for

t for

l ~k.1 < 2.31a.
t- = t-

Il\kil > 2.31ai

i=1,2, (4.42)

The design margin is calculated as ~V = 579[Z] in the same way as

in case i).

These results are listed in Table 4.2.' The design margin

calculated by Fat solution is also listed in Table 4.2 where l\kl and

~k2 are assumed to have.normal distribution with zero mean and
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Table 4.2 Design margin for Example-I.

IPmb. de~s. func·11J. I -----
Design m~rgin I

casc(i) Eq.(27) 105 c5V=O.625 (mJ)
variance:

r
{~kl; 21.3x 10-4 - ----------

I ,.-..

I ~
~k2; 5.3x 10-6 00 ~V=0.850 (mJ )

'o.J, _._--------0-
W case(ii) Eq. (32) 103 ~V=0.322(mJ),r.

0 i variance:ci - ---~------I ..c
f~kl; 10.7 x 10-4

I~~
<;

00 c5 V=O.H50 (mJ);;: {)k z: 2.7 X 10-6

.=I~ C
I~J" '0 case(iii) Eq.(33) 105 ~V=0.579 (mJ):.0
I~~ « variance :

{~kl; 14.8xlO-4

I'~ ~kz; 3.7 X 10-6 00 c5V= 1.210 em3)

,~

I
,.-..

'iG
'o.J normal dist. P,{c5C,/c,~-O.OS}a..: .... uu=0.0':08 ~.95

I
~":'

0' uu=O.OO20-l {)V=0.850 (mJ)':;.zJ
&
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variance cri(i=1,2). The standard deviation cr
1

and cr
2

are taken as

cr1 = 0.04-8, O2 = 0.00204 and 8 in Eq.(4.29) is assumed to be 0.95.

The followin~ becomes clear from Table 4.2;

The difference in the probability density function of 6ki

causes the difference of the design margin to be added even if the

mean value of 6k. and the coefficient of penalty cost, ~, are the
~

same. In this case, the variance of each probability density func-

tion is naturally different. For example, let's compare case i)'

and case ii) where in hath cases the mean value of 6k. is zero, and
~

the ranges of the deviation 6k. are within the same interval, 1.96
~

0.(i=l,2), but the variance 6k. is different in both cases. It be-
~ ~

comes clear from Table 4.2 that the design margin in the triangular

distribution (case ii» is about half as large as that in the

uniform distribution -(case i». It may be reasonable form the fact

that the variance of the uniform distribution is larger--than that-

of the triangular distribution. Then, the information about the

probability density function of the parameter deviation is more

important than that of the range of the parameter deviation which

decreases the design margin to some extent.

By comparing case ii) and case tii), it is clear that the

design margin becomes greater as the range of the parameter'devia-

tion~ki for which probability density function is triangular be­

comes greater, that is, the variance of 6k. becomes greater. When
~

V~, Yl must be eaual to zero, that is, the inequality constraint,

Eq.(4.34), must be satisfied for all 6k. (i=I,2). In this case,
- ~

the design margin is the same when the range of parameter deviation

is used, but the distribution of 6ki is not considered.
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Then,_the design margin to be added is the same in both case i) and

case ii) for ~=m. The solution becomes bV = 850[Z). The range of

parameter deviation in case i) and ii) is taken to be equal to the

95% confidence interval, ~~en bk. has a normal distribution, the
~

design margin calculated by the method of the Fat solution using

Eqs.(4.29),(4.29) where the probability of satisyfing an equality

constraing Eq.(4.34) is taken as 95% is coincidence with that of

case i) and ii) for ~=m. The design margin by the method of fat

solution results in a situation when only the range of parameter

deviation is known, and the range of case i) or ii) is the same a~

that in the case of the method of Fat solution.
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. 4-5. EXAMPLE-2

R.. , S •. , G•. , and
7.-J 7.-J 7.-J

We consider the static optimum design of the counter current

heat exchange system[4-21] shown in Fig.4.3.

w•• and w .• represent flow rates,
7.-J 7.-J

represents specific heat, where the nomenclature for hot

T.. are input and output temperatures of cold and hot streams at
7.-J

the iJ~th sub-unit, respectively.

and e e t
p' P

stream is W.. , e. Now we assume that W.. e = w .• e' A we (i=l,2.
7.-J P 7.-J P 1,J P 0== P

j=1,2). This assumption is that bo~h hot and cold stream have the

same heat flow rate (w·ep ) and is very important for reducing

(4.43)

Now denoting the heat transfer area as A •• , and
7.-J

the system equationsthe overall heat transfer coefficient as U• •,
7.-J

are given as

R •• + U ••A ••G •• /we
S •• = 7.-J 7.-J 7.-J 7.-.1 P

7.-J 1 + U ••A •• /we
7.-J 7.-J p

T.. = R .. + G •• S •• i=1.,2., j=1.,2.7.-J 7.-J 1,J 7.-J

systems equations.

The inlet temperature of the hot stream is given, and the outlet

temperature are not fixed. When the flow rate and the inlet and

outlet temperatures of the cold streams are given as fixed values,

find the A ••)'surface area of the heat exchanger~that minimizes the
7.-J

following objective function,

2
J = l A ••

. . 1 7.-J7.-.,J=

(4.44)

J means the total surface area of the heat exchangers and

corresponds to investment cost. The nominal values of the parameters
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Tn

Rna 100, Rl1a 200
II Gn =500, /hI: 700

Sll:S11: 400 ('C)

we, =105 (Kcal Ihr··C)

11 all: 51, all: 46
all: 280

Fig. 4.3 Heat exchanger system.

Table 4.3 Design margin for Examp1e-2 •

._------

._----------

--------------1

1232,

----------
o

.... 21020, uA1a+uAaa= 139- _ ...
tt

319-4~~
tt

o

Nominal OPlimal1 A II =994, A1a =110, AII =
design Au=575 (m2)

I
0:5:tt:S;;13,4 ; bA ,J =

i case(i) 13.4<tt:::;;;15.1 ; bA II =
..., ---_..

do ttal=(~) OA II =tI.l

.2 15.1<tt ;

c bA21=
.~

'"e tt=O ; OA ,J =c
tlO case(ii)
~

_...-- ..

1""=<:)
tt = 10' ; lJA II =

tt=oo i OA II =

--
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u.. which is the total heat transfer coefficient is used, and the
'l-J

other numerical values necessary to solve the nominal optimum design

described aboye are listed in Fig.4.3. The nominal optimum design to

minimize J in Eq. (4.44) subjected to Eq.(4.43) is calculated as

shown in the first row of Table 4.3.

Next, we evaluate the design margin which may be necessary to

compensate for the undesirable effects of parameter deviation on the

output temperature of cold stream when parameters U.. have estima­
'l-J

tion error or deviate to some extent during the operating period.

The relations between the parameter deviation, ~u .. , from
'l-J

nominal value ~u.~ the design margin of the surface area of the
'l-J

heat exchanger ~. _,and the output temperature deviation of the
, 'l-J

cold stream, ~S21' S22,are given as follows from Eqs.(4.l6)-(4.l9).

~A11

[M 21 ]
[-0. 0575, 0.0882"

o.:J·= ~A21

~S22 0.0084" -0.0486"
~A12 + ~A22

~U11

+ [57,12, 108.56" o "

72~lJ
~U21

8.313" -59.8" 13.72" ~U12

where ~U .. is made a dimensionless value as follows,
'l-J

(4.45)

~U ..
1,J

~u ..
-U..

= - "
U ••

'/,J

i=1"2,, j=l" 2. (4.46)

We now consider the following problem:
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When the probability density function of ~U .. is known, the design
~J

Margin ~A .• is determined so as to make the decrease of the output
~J

temperature of the cold stream less than SoC and to minimize the

sum of the design margin. That is, we determine ~A •• which minimizes
~J

h in Eq.(4.47) subjected to Eq. (4.48).

2
h 0::: L ~A ••

i~j=l ~J
(4.47)

io:::l~ 2. (4.48)

This prob~em is solved by introducing slack variable Y2' in the same
. J

way as Example-l and by using Eq.(4.27). We consider the following

two types as the probability density function of ~U .. ,
~J

Case i) Uniform Distribution:

The value of the total heat transfer coefficient U.. becomes
~J

smaller as long as the operation time increases because, for example,

the scale is given. If U •.• decreases linearly with respect to opera­
~J

tion time, ~U .. may be considered to be uniformly distributed from
~J

o to some negative value.

The manner of decrease of ~U .. and ~U is the same so we can
~J mn

consider that ~U ••o:::~U. In numerical calculation, ~U is distributed
~J

uniformly from 0 to -0.2. Naturally, the mean value of ~U is not

zero.

Case ii) Triangular Distribution

The deviation of parameter Uij f~om the nominal value, ~Ui"

[4-22] J
generally has a normal distribution when the parameters are

estimated from experimental·data. In actual calculation, the normal

distribution is approximated by triangular distribution pUij(~U•• )
~J
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shown in Eq. (4.42), and the triangular distribution is used where

CJ • •=0.1 is used.
t.J

The results calculated by Eq. (4.27) are listed in Table 4.3.

We now compare case (i) and (ii) for ~=103. In case (i),

the solution is; 6A11-O, 6A12+f::.A22-137, ~A21·315, on the other hand,

in case (ii), the solution is; tJ.Al1=b.A12=b.A22=0, tJ.A 21=228. 5. Then

the sum of the design margins for a triangular distribution tease

(ii» may be clearly less than that for a uniform distribution

(case (i». This result may come from the fact that tJ. U•• in case
t.J

(i) is distributed from -0.2 to 0 and tJ.U •• in case (ii) is distri­
t.J

buted from -0.231 to 0.231; that is, the mean value of ~U .. in case
t.J

(ii) is larger than that in case (i) (mean value of ~U .. in case (i)
t.J

is -0.1 and that in case (ii) is 0).

When we test ~ase (i), the sub-unit to which the design margin

must be added is different as ~ becomes greater. For example, the

design margin is zero for eveYy sub-unit for ~513.4. The sub-unit

to which the design margin must be added is only the 21-st unit for

13.4<~<15.1. The sub-units to which design margin must be added

are the 21-st unit and 12-th or 22-nd unit when ~ is greater than

15.1. In this case, design margins are not uniquely determined,

but the sum of ~i2' and ~22 are given because linear stochastic

programming is not uniquely determined. As ~ becomes greater,

design margins come close to the solution;~11+~22=139,~21=319

which is the solution when only the ranges of parameter deviation

are known.
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4-6. A COMPARISON OF RATIONAL DESIGN METHODS FOR A PROCESS
INVOLVING PARAMETER UNCERTAINTY"

Several methods for the rational design of processes involv-

ing parameter uncertainties are calssified from the viewpoints of

the property of parameter uncertainties and design calculation.

The general characteristics of these methods are compared with each

other. These characteristics are made clearer by some numerical

examples. From these discussions, the method which has been

proposed by the author is shown to be more practical and simple for

the rational design of processes involving uncertain parameters.

We consider the same problems as appeared in 4-2, that is,

the static optimal design of a complex system composed of N sub-,

systems as shown in Fig.4.l. This system eQuations are given by

Eq.(4.l)-(4.3) and performance index is given by Eq. (4.4). Now it

is assumed for convenience that the fixed or objective values of

t numbers of output Y. are given as D.which is Z. dimensional vec-
1.- 1.- 1.-

tor. That is,

Y. = D.
1.- 1.-

where

i=l,2,",t

t N

.L Zi < .L l'".
1.-=1 1.-=1 ...

(4.49)

This assumption is not essential and mathematical treatment is

almost the same as one in 4-2.

The effect of small variations of the system parameter on the

system outputs .to be fixed is easily evaluated by using the adjoint

system with the boundary conditions defined in Eq.(4.l6)-(4.l8).
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When only the parameter P. deviates t ~y can be calculated by lett-"/- n

ing ~M.
"/-

O(i=lt"'N) in Eq.(4.l9).

4-6-1 Various Rational Design Methods Taking into Account Parameter
Uncertainty

[A].· Various Rational Desing Methods

RecentlYt some methods for determining rationally the val~e

of desgin variables or for estimating the design margin accounting

[4-1]"'[4-5] [4-23]"'[4-25]for parameter uncertainty have been studied ' •

Most of those apply sensitivity analysis.

When dividing these methods from calculation procedure t two

divisions are considered. One termed the One-step Method t is used

to determine the value of the design by considering parameter uncer-

tainty from the beginning. The other t termed the Two-step Method t

is used to determine the design margin to be added to the nominal

optimum value which is designed based on nominal or mean values of

uncertain parameters. The methods by Rudd[4-l] and Rohrel[4-2] are

[4-5]included in the One-step Method, and the ones by Takamatsu are

considered of the Two-step Method type.

In turn when dividing these prosedures from the amount of

information of parameter uncertainty, three divisions result.

One is when only the nominal value of the parameter is known. The

second class is when nominal value of the parameter and the range

of the parameter deviation are known. And the third class is when

the probabilistic density function of the parameter deviation is

known. The information of the third ca1ss is the most extensive

of the three.
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As described above, rational design methods accounting for

parameter uncertainty are classified. The comparison now follows:

(1) Method I

This method uses only the expected or nominal value Pi. By

it the design variable M. is determined so as to minimize the obje­
1-

tive function J when some given function composed of a parameter

sensitivity coefficient of output vector Yn(n=1,2,···,t) with

respect to parameter deviation is held within some value. That is,

M. is determined by solying Eqs.{4.1)~(4.3),(4.49),(4.50)and (4.51)
1-

(4.50)

(4.51)

ay..... -t)l < 9, ~ap =
N P.

1-
N

= L f. (X • ,M •)} 1
'11- 1- 1-1-= P.

1-

Min{J
M·1-

where 9 and S are the given matrix and matrix function, and it is

assumed that a solution to M. exists at least which satisfies Eqs.
1- ay.

(4.1)~(4.3),(4.49) and (4.50). The value of ap~(i=1,2,••• N) is
1-

calculated easily by using Eqs.(4.16)~(4.19). This method is a

One-step Method because the design value of parameters F. is used
1-

only for parameter uncertainty. Moreover, by this method, contro1-

ing the undesirable deviation of the output vector is the first

principle, while minimizing the objective function J is the second.

(2) Method II

Unlike Method I, Method II does the opposite, minimizing the

objective function J as the first princp1e and controlling the

undesirable deviation of the output vector as the second. That is,

the design variable Mi is determined so as to minimize some given

function composed of the parameter sensitivity coefficient of the
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output vector Y when the original objective function is held undern

the value of (l+a)xJopt where Jopt is the value of minimom J in

Eq. (4.4) based on the nominal parameter value Pi subjected to Eqs.

(4.l)~(4.3) and (4.49). \~en represented by equations,

N
L f .(X"M.) ~ J (l+a)
'-1 ~ ~ ~ -p - opt
~- ,

~

(4.52)

ay
•••• _t)w }1

, 'ap 2N p,
~

(4.53)

M. is determined by solving Eqs. (4.l)~(4.3), (4.49), (4.52) and
~

(4.53).where a is a constant giving the allowable amount of

increase of the value of the objective function, and W
1

' W
2

is the

weighting vector. This method is a Two-step Method because J top

~ust be calculated beforehand, and the nominal value of the

parameter is used only for parameter uncertainty.

(1)' Method 1,[4-25]

T aYlMin{J + W S(ap- ,
Mi 1

ay
•••• -t)w}l, 'ap

. N p,
~

(4.54 )

Method I and Method II are more practical than Method I' be-

cause it is difficult to give the weighting coefficient w quan-

titative1y in spite of the fact that calculations by Method I or

Method II are more difficult. Method I' is included here under

Method I because Method I and Method I' are both One-step Methods.

(3) Method 111[4-2]

This method uses the inf~rmation of the range of the parameter

deviation l:.P ••
~

Let J(Mopt ' P) be the value of the objective function which
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is the minimum value of J based on some parameter value P. subjected
1-

to Eqs. (4.1)- (4. 3) and (4.49). And let J (M,P) be the value of the

objective function based on Pi and some non-optimal value of ·design

variable, M.. Then we derive the relative sensitivity of the ob-
1-

jective function, S(M,P) by Eq.(4.55).

(4.55)
J(M,P) - J(M t'P)op

S(M,P) = J(M ,P)
opt

where

J (M ,P) = Min{J (M, P) }
opt M

(4.56)

Design variable M. is determined so as to minimize the maximum value
1-

of relative sensitivity in the range of parameter deviation. That

• ~I •
1.S, d .• 1.S

1-
determined by solving Eqs. (4.1)",(4.3), (4.49),' (4.57) and

(4.58),

- 6P. < P. - P. < 6P.
1-= 1- 1-= 1-

(4.57)

Min{Max{ S (M ,P)}}
M. P.

1- 1-

(4.58)

where bP. is a given constant vector.
1-

This method means that the worst case of parameter deviation

in a given situation is focused, and the performance index of the

original design problem is weighed. In addition, if it is desired

that the deviation of the output vector be small, M. may be deter­
1-

mined by solving Eqs.(4.1)",(4.3),(4.49).(4.57) and (4.59)
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Min {Max{S(M,P) + w~
{M.} {P.}

"l, "l,

(4.59)

Method III is a One step-Method.

(4) Method IV[4-S]

When the nominal value and the range of deviation of the

parameter are given, we determine design variables by a Two-step

Method. That is, the nominal optimal design value is once determin-

ed based on nominal values and next, the design margin to be added

to nominal optimal design value is determined accounting for

parameter uncertainty. Design margin 4M. is determined so as to
"l,

minimize some objective function h, constructed by~Mi when~Yn is

in the allowable range.

(4.60) and (4.61),

That is,6M. is determined based on Eqs.
"l,

+ k
= n·

"l,

n=1,2,···,t

m=1,2,·· • ,N

k=1,2 , ••• ,p.
"l,

(4.60)

(4.61)

and final value of design variable becomes M.+~ .•
"l, "l,

and C_ are given constant vectors, and the meaning
U,n

of AP. should be chosen so that if the
"l,

Where CL,n

of AP~ = tn~ is
"l, "l,

as follows: The sign of AP~ which is a component
"l,

deviation AP~ causes a worse
"l,

effect on AY • AY in Eq.(4.60), it can be calculated as a linear
n n
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function of ~p. and ~M. by using Eqs.(4.16)-(4.19). The design
'1, '1,

margin problem can be reduced to a linear programming program if

in EQ.(4.61) is a linear function of ~M .• The calculation becomes
'1,

vary easy because of the adjoint system described by Eqs.(4.16)",

(4.18). This method is a Two-step Method.

(5) Method V[4-1]

Desi~n variable M. is determined so as to minimize the expect­
'1,

p.
ed value of the objective function J with respect to P '1, when the

probability density function pPi is given. That is

N
Min{E [J = L L(X.,M.)]} (4.62)
M p. '=1 '1, '1, '1,i p '1, '1,

M. is determined by solving Eqs. (4.1)~(4.3),(4.49) and Eq.(4.62),
'1,

where E[ ] represents the expected value. This method is a One-

step Method, and the calculation to solve Eqs.(4.1)~(4.3), (4.49)

and EQ. (4.62) may be an usually complex if parameters are non1inear-.

ly included in Eqs. (4.1),(4.2) or the system dimensions become

larger.

(6) Method VI[4-26]

Another method when the probability density function of ~P.
'1,

is know is given as follows as an extension of Method IV using

stochastic programming. This method was already proposed previously

along with a precise explanation, so we will only explain it again

briefly. The design margin ~i is determined by solving Eqs.(4.63)

and (4.64),
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= C
L

•.,1-
6Y. + Y'7 - Y'4 = Cu .

1- 1-tJ 1- .) 1-

(4.63)
Yij ~ 0, 6~ ~ 0

i=1 ,2 , • •• ,t , j =1 ,2 , • • ,4 , m=1 ,2 , • • • ,N

(4.64)

where Yil~Yi4 are slack variables which are introduced to equalize

the inequality condition Eq. (4.60), and Ei1 ,Ei4 are coefficients of

penalty cost.

Now, if ~i is determined by solving Eq.(4.63) and (4.64),

the final design variables are given as M.+~ .• 6Y. in Eq.(4.63)
1- 1- 1-

can be eas1y calculated by Eqs.(4.l6)~(4.l9) in the same way as

Method IV. If h is the linear function of ~., 6M. is comparatively
1- 1-

easily determined[4-26).

[B). Conside~tion ~f Various Methods

Table 4.4 shows the classification of these methods described.

above such as how according to parameter uncertainty utilization

and if the method is of the one or two. step type. Modified method

may of course be considered because the various'methods in Table 4.4

are only the typical ones.

It is difficult for us to theoretically compare and judge the

general superiority of the various methods because the amount of

information of parameter uncertainty really utilized in a method is

different for each. For example, the nominal value P. is only used in
1-
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Table 4.4 Rational design considering
parameter uncertainty.

Computational
Known Properties of Parameter Uncertainty

Procedure Nominal Value 'I N~minal Vaiue PI,\ D' 'I' f PP R f .dP Istn )utlon 0 I, nnge 0 I---_.-.._-- -

l-Step Method (1) Method-I (3) Method'-III (5) Method-V

2-Step Method (2) Method-II (4) Method-IV (6) Method-VI
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Method I and II. The nominal value P. and the range of parameter
&

deviation are used in Method II and IV, and the probability density

function P. or ~P. is used in Method V and VI.
& &

In ~eneral, Methods V & VI may be more rational because the amount

of the information of parameter uncertainty used in then is more

plentiful. It's not alwavs desirable to use these methods, however,

from the viewpoint of the demand for exactness of the performance

index, deviation of output variable, and amount of calculation need-

ed to determine desi~n variables. For example, if we want to hold

the deviation of an output variable within a narrow ran~e but will

allow the increase of performance index J to some extent, Method

II is more pref.erab1e for determinin~ desi~n variable M.. If the
&

probability density·function is known but we want to calculate M.
&

as easily as possible, Method IV is selected. These methods are

difficult to compare directly, as stated before, but we will point

out, compare and discuss their ~eneral characteristics.

(1) Method II, Method III and Method V are mainly weighed on

the basis of the original objective function of the nominal

static optimal design. On the other hand, the other methods

especially Method IV and Method VI are weighed according to

the original objective function and deviation of the output

variable.

(2) Satisfying Eqs.(4.1)-(4.3) and (4.49) with respect to P.
~

is a necessary condition for determining M. by Method III and
~

V. Then, it becomes clear from the number of independent

t
variables that if i~lli design variables are not changeable

variables such as the tank volume of the reactor, control
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system cannot be constructed. Moreover, it may be happen that

the parameter deviation is net observable and that the time

required for data analysis is too long to control. When some

control system cannot be constructed as stated above, Method

III and Method V cannot be used directly, and some modification

is necessary.
t

(3} On the other hand, when (i~lli) numbers of design variables

M. are operating variables, Method IV and Method VI must be
~

modified to some extent. In reality, we must introduce the

concept of the margin of operating variables, but it is still
t

vague. Thus, the following modification is considered: (i~lli)

number of operating variables are taken as the same value as

the nominal optimal design, and the desgin margins are evaluated

with respect to the other design variables.

(4) As the design margin problem of Method III and ~I can be

reduced to linear and stochastic programming problems, it is

necessary to evaluate the des gin margin not for all design

variables but only for some. In general, the number of design

variables to be added to the desgin margin is at most equal to

t
the number of the output variables to be fixed, i~lli.

(5) When we compare each method from the viewpoint of the dif-

ficu1ty of computation, the calculations done by Method I and

II are not so easy because inequality constraints are included

in both. On the other hand, the amount of calculation in Method

III is much more because the objective function J must be ca1-

cu1ated for every value of P. and M.• Calculations by Method V
~ ~

become very complex as the dimensions of ther parameter or
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system becomes larger•. On the other hand, calculations by

Method IV and VI are comparably easy. In fact the calculation

by Method IV may be the easiest of these six methods because

it can be reduced to a L. P. problem •

. (6) The deviation of the output variable will be on the safe side

by Method IV. This may be clear from the fact that the design

margin ~Mi of Method VI is equal to the one of Method IV when

Eil~ and Ei4~·

(7) When the objective function J is composed of only design

variable Mi , Method-III and Method V become meaningless. This

will be made clear in example 4-6-2.

As described above, the applicable design method depends on

the amount of the utilizable information of parameter uncertainty.

It may be said, however, that Method IV and VI are convenient meth-

ods because calculations are easy. They are compared in the follow-

ing examples:

[c] Rational Design of a Simple Chemiaal Tank Reaator

We consider a simple static optimal design problem of a

completely stirred tank reactor[4-27]. The reaction is represented

by A ~ R. It is a first o~der irreversible reation at a constant

temperature. The process equation is given by

(4.65)

where the raw material is a saturated solution of A(concentration

CAO·a.l mo1/Z) and has the flow rate FAO[mol/hr]. k is the reac-
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tion rate constant[llhr], V is the tank volume [Z] and ~ is the

conversion rate of A. With the product flow rate FR is set at

100[mol/hr]. The equation

100 (4.66)

is satisfied. The problem is to design a tank reactor so as to mini-

mize St in Eq.(4.67)~

(4.67)

where the first, second, and final term represent the construction

cost per unit time, present material cost for recovery of unreacted

raw material, respectively.

$b = O.Ol[yen/ hr],

$ = 0.125[yen/mol].
r

$b~ $ ~ $ are taken as follows:a r

$ = 0.5[yen/mol],a

Here, the nominal value of parameter k is taken as k=0.2[1/hr].

The result of the nominal optimal design at k=0.2 is shown in the

first row of Table 4.5.

The rational desgin variables are calculated by the above six

method accounting for parameter uncertainty. We assume that the

reaction rate constant k has a uniform distribution from 0.1 to 0.3.

That is, the information using an expected value is 0.2 used for

Method I and Method II. In Method III and IV, the expected value

of k being 0.2 and range of deviation being 0.1~0.3 are used. In

Method V and VI, the uniform distribution from 0.1 to 0.3 is used.
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(1) Method I

The deviation of FAD is within 15% according to 50% change of

k, V and FAD determined by solving Eqs.(4.65)~(4.69).

dFRI < 100 0.15 = 150
dk k=0.2 = 0.2 0.5

(2) Method II

(4.68)

(4.69)

V and FAD are determine so as to hold the increase of the

objective function from the nominal optimal value within 10% by

using Eqs. (4.65)-(4.67), (4.70) and (4.7l)~

(4.70)

(4. 71)

where St(Vopt,k) is the value of the performance index of the optimal

design at parameter k.

(3) Method III

Tank volume V is determined by using Eqs.(4.65)~(4.67) and (4.73),

St(V,k) - St(Vopt,k)
Min{ Max { S (V k) }}

V k=0.+~O.3 t opt'

(4.72)

(4.73)

where St(V,k) represent the value of St in Eq.(4.67) at tank volume

V and parameter k. Because Eqs.(4.65) and (4.66) must be satisfied,

- 168 -



F
AO

is not constant but must be changed to correspond to the value

of k.

(4) Mehtod IV

The design margin ~V is determined so as to hold FR greater

than 85[mo1/hr] if k deviates, that is, by using Eqs.(4.74) and (4.75),

(4.74)

In Eq.(4.74), the relationship between ~FR' ~V and ak can be deter­

mined easily from Eqs.(4.64) and (4.66). As F
AO

is operating va-

riab1e, FAO is taken as the value of nominal optimal design, FAO=

189.4 from the discussion described above. Rational design value

V is calculated as V = V + ~V.opt

(5) Method V

V is determined based on Eqs.(4.65)~(4.67) and (4.76),

Min{E[St]} (4.76)
V k

where ~.is the expected value. FAO must also be operated for

the value of k.

(6) Method VI

The coefficient of penalty cost, E1 is taken as E1 = 10~.

aV is determined from Eqs. (4.77) and (4.78),

(4.77)

- 169 -



Min{ E(6V + E1Yl)}
6V 6k

(4.78)

where 6k is uniformly distributed from -0.1 to 0.1. In this case

we consider FAG = 189.4 the same as in Method IV.

Results of rational design by the various methods are shown

in Table 4.5. The expected values of output FAG and original

objective function St in Eq.(4.67) are listed on the right side

of Table 4.5 where k is assumed to be distributed uniformly from

0.1 to 0.3. FAG by Method III and Method V must be operated,

however the expected values of FR and St are shown in Table 4.5

for comparison where FAG is determined so as the satisfy Eqs.

(4.65) and (4.66). From Table 4.5 the following becomes clear:

The tank volume obtained by Method I is the largest one compared

.to these obtained by the other five methods, and about 58% margin

is added to the nominal optimal design V t at the nominal valueop

of the parameter k = 0.2. On the other hand, about 25% of FAG

is decreased. The design margin evaluated at tank volume V by

Method VI is the smallest of these method, and only about 7%

margin is evaluated.

We compare the expected values of output F
R

and the objective

function St' If FAG is operable against the value k and the

operating cost is negligible, Method V gives the most preferable

result.
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Table 4.5 Rational design by various methods.

-~--------_.

Rational Design I Expected Value
Method -_. 1·_········· .-:.-----~_.-----
, V I FAo E(F.l I ~(S,)' In the case Or'FAo=const.

Nominal -_.-._-_._-.......

~Optimum 10.500 189.4 98 212
DesiS.'l_ .- ---_..- --142T --_.- ---'

..--'---"
..

r 16.667 ( ClI=O.8li ) 98 244

-- --~--

.,i.1l J~lI' (I41. .._-. ...---..--. - .- - -- _. _.....
.'

n 1;'.249 148.8 !I8 2:n ...- .--..

_._-.-
-'~-- ---. . -.. "'-' ------ -----

]I[ 13.:>00
to he

100
._v;: 13';>00-/E(J<:-.) =92

controlled 186 FAo =lfJ8.7 E(S,)=233
.-- -_._. ... -_.- ' .. _.. ---

N 12.500 189.4 105 230I~
V 12.900 to be 100 179 V= 12.900 IEfFlll =98

controlled FAo=163.5, E S,)=218 1

I ------------VI 11.340 189.4 101 219 , I
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If FAG is no~ operated, Method V gives the result of

E[F
R

] = 98, E[St] = 218 the same or a worse result then E[F
R

] =

101, E[St] = 219 obtained by Method VI. Especially by Method

III, E[St] is the second minimum when FAG is operated, while on

the contrary, E[St] is the fourth minimum when FAG is not operat­

ed. When FAG is not or cannot be operated, Method VI gives a

good result from the viewpoint of E[Fk] and ErSt] both being

weighted.

Method I, II give a more complex result than the other

methods because only the nominal values of the parameter are used.

Method IV is the easiest for calculating design margin, more so

than the other methods. Now we apply these methods to a ~ore

complex system design.

4-6-2 Rational Design of an Activated Sludge Process

[A] Statement of The Problem

We consider the static optimal design problem of a waste

water treatment system using activated sludge. The system is

composed of an aerator and sedimentation vessel as shown in

Fig.4.4. BOD which represents quality of waste water and SS

which represents the amount of microorgarisms in the aerator

and quality of waste effluent water are taken as state variables.

This system can be considered as a system composed of a reactor

and separator with recycle. Process equations are given as
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'-- --'r~·r. x{. x"-: ....

.J inlet waste £low rate (gal/hr)
XI': inlet waste BODs (BOD ppm)
xl: inlet waste 5.5. (55 ppm)
, return ratio
VA : volume of aeration tank (gal)
Vs : volume of seclimentation vessel (gal)
Y : total outlet BODs (ppm)
subscript 1 : Bans (BOn ppm)

2: 5. 5. (5S ppm)
superscript 0: inlet of aeration tank

1: inlet of sedimentation vessel
~: outlet of· sedimentation vessel
r: return sludge .

Fig. 4.4 Waste treatment process.
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follows from the 1iterature[4.28]s[4-29].

In the completely mixed aerators

i=1,2 (4.79)

where R represents react~on rate and is given by
i

(4.80)

Parameters as b s 8 and k are constants with respect to the reaction

of microorganisms and are determined from experimental data.

Other nomenclature is explained in Fig.4.4.

In the sedimentation vessels the following equations

Ve 2 ( 1) O· 5 (0 Sx2 = x2 exp - .68(1+r)y)

(4.81)

e 1
xl = xl

are satisfied. That iss it is assumed that BOD does not change

in the sedimentation vessel and only 55 does.

At the junction point of recycled activated sludge and

input sewage s the following conditions

ox ...
i

(4.82)
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are satisfied. The water quality of effluent-treated waste water

is measured as a total BOD Y as follows,

Y (4.83)

where m is the conversion coefficient from SS to BOD. Usually

Y is given as a standard value of effluent treated water. Then, we

consider the following static optimal design problem lito determine

tank volumes VA' V
s

and return rate r so as to minimize J in Eq. (4.

84) which is total volume under the given standard value of y",

In numerical calculation,

(4.84)

o (4.85)

are used, and the values of parameters are given; 'a=O.52 [SSppm/BODppm)

. b=O.005[Z!ht), k=O.0005[Z!hr·SSppm], 8=O.7[BODPpm/ssppm], m=O.5[BOD/

SS ppm], x;=104 [SS ppm].

Input co~ditions are given as y=2. 5xlOS [gal/hr], Xi=260[BODPpm].

From Eqs. (4.79)-(4.85), the following equations

(4.86)
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J in Eq. (4.84) under the conditions of

are reduced.

Finally, the nominal static optimal design is used to determine

v ,V and r which minimize
A S

process equation (4.86) and fixed output Eq.(4.87),

x~ + mx; = Y = CLimit = 30(BODppm] (4.87)

In this case, it is not necessary to decompose the system into sub-

systems in order to carry out the calcuiation.

Now the solution of nominal static optimum desgin is given as,

r = 0.8 ,

How large an effect each parameter deviation gives each state variable

and output Y is shown in Table 4.6. In Table 4.6, some examples of

normalized parameter sensitivity coefficient for each variable are

shown. Normalization is made by multiplying the absolute value by

parameter sensitivity coefficient. The normalized value means the

deviation of variables, when parameters deviatate by a relative

percent. From Table 4.6, the deviations of input flow rate of waste'

water, y, input gOD xi and reaction rate constant k gives a large

effect to the output Y.

Now we consider the rational design of waste water treatment

system accounting for parameter uncertainty. We assume that only

the input flow rate y and BOD xi have uncertainty because y and xi
have a great effect on output 1 and because it is well.known that
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Table 4.6 Normalized parameter sensitivity.

.1 3.55XIO 2.95XIO 3.03XlO

-----1-----1------ --------- -- -----

T. 70X 10 6.!l6XIO 1.71XIO

a -5.35X 10-1 9.55

.- - 1------- ----------

1.34XlO-1 -4.68xlO-1

------- ------1------1---- ----- - .-- 1------1

6.73

I 6.47

-5.11 XIO

2.65XIO 3.72XIO-2

6.69

6.49

-2.19XIO 5.85

0.2
I...

o
c:..
i'O.1
~

--observed data
_.- _. -opproxlmollon

role of deviation of I'rom/......

--observed dolo
- •••• - approximation

0.2...
o
fi
::l

'";0.1

role of devlallon of x{lromx:......

Fig. 4.5 Distribution of y and xi.
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the input flow rate and quality deviate or change hourly in a real

sewage plant.

In such a sewage plant, both input flow rate and quality have

a peak and the measurement of BOD xf require 5days, but the averge

total retention time of the sewage plant is about lday. Then, to

consider the rational design of a sewage plant at construction,

accounting for the uncertainty of y and xi has practical value

because of the control holding Y at the desired volume may be impos-

sible.

Fig.4.5 shows an example of the deviation of y and xi which

was taken from three days real data at Kishoin Treatment Plant in

Kyoto.

rate y

From Fig.4.5,

fand BOD x 1 are

it may be natural to assume that both flow

distributed uniformly from -50% to 50% mean

value. Next we consider the design of a waste water treatment plant

taking into account the uniform distribution of y and x}

[B] Rational- Design

Next we will do calculations by the six methods described

above.

(1) Method-I

Considering that the deviation of out BOD Y is with in l5ppm

f
according to a 50% change of y and xl' the design variables are

determined by solving Eqs.(4.86)-(4.89) ,

dY f dYy.- + x .-- < 30
dy I dx

l
f - -f ==

y,xI
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where y, xi are the nominal values of y and xi and y = 2.5 x 105 ,

-f
xl = 260.

(2) Method II

Design variables are determined so as to minimize the devia-

tion of output Y under the condition of the increase of the objec-

tive function being within 10%(a=0.1), that is, by Eqs. (4.84)-(4.87),

(4.90) and (4.91),

J ~J(VA ,VS ,y,X1
f)I--fx (1+a)- ,opt ,opt y,xl

(4.90)

(4.91)

f
where J(VA,oot' VS,opt' y, xl) represent the value of the objective

function of the original static optimum design at y and xi.

(3) Method III

Rational designs are performed by using Eqs.(4.84)~(4.87),

(4.92) and (4.93).

Min {Max
{VA'VS' r}y ,xi

y - y

y
~ 0.5 , ~ 0.5 (4.93>

where J(VA' VS' y, xi> is the value of J in Eq. (4.87) evaluated at

VA' VS ' Y and xi· J(VA,opt' Vs,oPt' y, xi> is a monotonously
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f'increasing function with respect to y and xl' VA and Vs in Eq.(4.92)

must satisfy E~s. (4.86) and (4.87) at any point in the range of

deviation of y and xi. Then the following relation

f fmust be satisfie~As J(VA, VS' y, xl) does not depend on y, xl under

the condition of Eq. (4.94), the problem is to determine the minimum

value of VA and Vs which satisfies Eq.(4.94). That is, by Method

III design variables are determined so as to minimize J in Eq. (4.84)

f -f
under the conditions of Eq.(4.86) and (4.87), xl = 1.5'x

I
and

y = 1.5·Y~ This means that rational design is to solve the original

problem at parameter values when parameter deviate to the greated

extant from the nominal value. If so, there may be no merit in

using Method III in this case.

When the objective function is a function composed only of

design variables, it is not necessary to treat those design va-

riables as operating variables as explained

in section 4-6-1. It can be seen that there is no advantage in

this example by using Method III.

The sludge return ratio is assumed to be constant because

the operation of r against the change of parameters may be dif~'

ficult, in spite of the fact that rmust be operated so as to

satisfy Eq. (4.87). The value of r is taken as the optimal value of
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f - f
r at y = 1. 5 y, x 1 = 1. 5 x 1

(4) Method IV

The design margins ~V ,~V are determined by using Eq. (4.95)
A S

so as to hold Y within the upper limit of 32 [BODppm],

~Y ~ 2 I~yl < 0.5y

(4.95)

fThe relationship between ~Y, ~y, ~xl' ~VA and ~VS is given directly

by Eq. (4.86) and partially by using Table 4.6. r is taken as con-

stant in the same way as in Method IV in spite of the fact that

r may be.considered as an operating variable. The value is taken

as 0.8 which is the optimal value at the neminal parameter value.

(5) Method V

Design variables are determind by Eqs.(4.86), (4~87) and

(4.96),

(4.96)

In this case VA and VS in Eq. (4.96) must also satisfy Eqs. (4.86)

and (4.87) at any point in the range of deviation of y and xf.

The situation is the same as in Method III, that is, rational design

variables are calculated by solving the original problem at parame-

ter values when the parameters deviate to the greatest extent from

the nominal value. If so, then there may no advantage given by

osing Method V in this problem. The design values are taken as the
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same as in Method III.

(6) Method VI

The coefficient of penalty cost, E
4

is taken.as E
4

= 5xl0 5•

6V is determined from Eqs. (4.97) and (4.98),

6Y + Y3 - Y4 = 2 (4.97)

(4.98)

where 6y/y, 6x~/x~ deviate uniformly from 20.5 to 0.5, respectively.

The sludge return ratio r is assumed to be a constant 0.8 in the

same way as in Method IV.

The results of rational design by various methods are shown

in Table 4.7. The expected value of the output total BOD Yare also

listed when y and xi distribute from 0.5Y to 1.5Y and from 0.5xi to

-f
1. 5x ,. respectively.

1

Moreover, the maximum and minimum values of the output total

of BOD Yare calculated and listed as Ymax and Ymin , respectively.

The rate being over standard value of Y(=30ppm) is represented by

a as shown in Table 4.7.

From Table 4.7, the following becomes clear. Total volume

(=J = VA+ Vs) obtained by Method III or Method V, that is, the

- f -f .optimum value of J at y = 1. 5y, Xl = 1. 5x
l

~s the greatest in the

values obtained by the six methods, and about 80% margin is added

to the nominal design. The total volume calculated by using Method

II is the smallest, and VA is over designed, while Vs is under

designed in comparison with the nominal optimal design. This may
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Table 4.7 Rational design by various methods .
. .. ~.

--- ._- - ..--_._---------- .-----
.Rational Design Expected Value

Method IVA( X 1()6) IVs( X loe)IJ( X 1oe) I I Ir E(Y) a Yma'" YmlD

Nominal
Optimum 0.80 1.575 1,572 3.147 30.2 0.47 57.3 11.9
Desig-'!-.----

I 1.15 2.419 1.330 3.749 29.7 0.48 51.7 11.9
--- ---

I

II I 1.05 2.101 1.361 3.462 29.8 0.49 53.3 11.8
-_. --- --_._- - ---

J([ 1.00 3.150 2.782 5.932 16.9 0 30.0 9.0

N 0.80 3.765 1.572 5.337 20.8 0.10 37.0 9.5
-

V 1.00 3.150 2.782 5.932 16.9 0 30.0 9.0
._------

VI 0.80 2.305 1,572 2.877 25.2 0.29 46.6 10.6
____ 1.._.. __•
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be explained by the given value of a. The design margin is added

only to the sedimentation vessel when using ~ethod IV and VI while

a desi~n margin is added both to the aeration tank and sedimenta-

tion vessel bv the other methods. As stated in section 6-3-2·, this

reason cowes from the fact. that Method IV and ~ethod VI apply L. P.

or Stochastic programming.

The expected value of output Y computed bv using Method I or

II or the nominal optimum design does not differ from the fixed

The values of Y and v, however, are not
max

small in calculations using Method I or II or nominal optimal design,

and it becomes clear that the values of the design variables may not

always be rational. ~~ile the rational values of the design varia-

bles in this example depend on the value of cr which means the ratio

of Y being over the standard value, the design values resulting bv

using Method III or V mav be excessive. If output Y is allowed

to be over the standard value to some extent, the desin using ~ethod

IV mav give a good result. Moreover, the calcluation of a design

bv Method IV may be the simplest.
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4-7. CONCLUDING REMARKS

At first, a method for determining design margin, taking the

known probability density function of parameter deviation into

account for the plant design, has been proposed. This method is

called a Two-step Method in this paper, which was used to estimate

the design margin by considering parameter uncertainty after choos-

ing nominal optimal design values based on nominal values of plant

parameters. It will be simple and easy to calculate design margin

by the method proposed here because it introduces adjoint variables

with the help of stochastic programming. It became clear that the

design margin to be evaluated when the probability density function

of parameter deviation was known was less than that when the range

of patameter deviation was known. The two numerical examples given

in this paper showed this method to be more reasonable than the

method utilizing only the ranges of parameter deviations.

Secondly, several methods for the rational design of processes

involving parameter uncertainties are classified from the viewpoints

of the property of parameter uncertainties and the procedure of

design calculation. The general characterisitcs of these methods

. [4-27] ...are compared w~th each other • These character~st~cs are made

clearer by some numerical examples. From these discussions, the

methods which have been proposed by the author are shown to be more

practical and simple for the rational design of processes involving

uncertain parameters.
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CHAPTER 5

DESIGN MARGIN TAKING INTO ACCOUNT

PARAMETER UNCERTAINTY - II

5-1. INTRODUCTORY REMARKS

In a usual process system design, a design margin or safety

factor is added to or multiplied by the nominal design value in

order to compensate for the undesirable effects of the many

uncertainties included in the design procedure and system

operation. Quantitative and rational evaluation of the design

margin, however, has not been discussed sufficiently, especially

for large complex process systems.

Others have proposed a method for estimating a quantitative

[5-4] [5-5]design margin taking into account parameter uncertainty , •

In this chapter, a method is developed for determining design

margin in concert with manipulating variables. Since decision

variables consist of design variables such as tank volume and

manipulating variables such as recycle ratio, design margin may

be determined rationally by considering movable ranges of the

manipulating variables. The method proposed in this report is
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[5-2] [5-3]
simpler in calculation than other methods ' , and also

can result in some important information useful in the design

procedure, for example, which manipulating variable strongly

affects the output variables and performance index? At the end

of this chapter, the design of a simple chemical reaction process

with recycle is described as a numerical example of the proposed

method.
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5-2. DESIGN MARGIN IN CONCERT WITH CONTROL OF MANIPULATING

VARUABLE

Desaription of problem

The system equations of a process system can be described

by

(5.1)

where, x~u~M,P,fl denote n-dim. vector of state variables, r-dim.

vector of manipulating variables, m-dim. vector of design

variables, p-dim. vector of parameters and n-dim. vector function,

respectively. Output variables from the process Z-dim. vector Z

is given by

where f 2 represents Z-dim. vector function (t<r).

The output vector Z is set at a certain specified values, C.

z=C

(5~2)

(5.3)

where C is l-dim. constant vector. Nominal optimum design means

that decision variables u and M are determined so that the value

of a performance index J given by Eq.(5.4) takes the minimum value

given a certain parameter value P and output value C.

J = g(x~u~M) (5.4)

If the true value of parameter P is given beforehand, it may

be enough for practical design to calculate the nominal optimum

decision values u~ M based on the nominal parameter value P.

The value of parameter P included in Eq. (5,.1) and Eq. (5.2),

- 193 -



however, involve an inevitable error of estimation, and also

frequently deviate from the nominal valup P during an operating

period. Usually, a design margin or a safety factor is added to

or multiplied by the nominal design value for compensat,ion of an

undesirable deviation of the output variable or system performance

caused by such parameter uncertainties. The problem investigated

in this chapter is how to estimate a reasonable design margin6M

which must be added to the nominal design value M.

Determination of reasonable design margin

When a parameter deviates by 6P from the nominal value P,

and decision variables u and M are also moved by 6u and 6M

respectively, from the nominal optimum values u and M, the

deviation of state variable 6x is given from Eq. (5.1) as follows,

(5.5)

where afl/ax represents a nxn nonsingular matrix and afl/au,

afl/aM, afl / ap represent nxr, nxm, nxp matrices, respectively.

The superscript -1 indicates the inverse matrix. These matrices

are evaluated at P, u, M. Substituting Eq.(5.5) into the e~uation

for a small perturbation of Eq. (5.2), the deviation of output vector

6Z is given by the following equation,

(5.6)
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matrices evaluated at P, u, M, respectively. The range of parameter

deviation ~Z is assumed to be given by a p-dim. constant vector n

from experience or experiments. Moreover, the allowable range of

output deviation ~Z is assumed to be given by ~C~6Z~CU' where ~CL

and ~CU express the lower and the upper limits for an allowable

range of ~Z. Therefore the rational design margin can be determined

based on the following relationship,

(5.7)

where, U represents a domain of admissible control ~u, and ~z must

be subjected to Eq.(5.6). The sign of ~Pk which is a component of

6P should be chosen so that the deviation of 6Pk causes an undesira­

ble effect on ~Zi' For example, consider that follwing equations

can be written for Eq.(5.6),

(5.6)'

and that the allowable ranges of 6Z1 and 6Z2 are given by

(5.7) t

6CL usually has a negative value, and moreover the constraint for

6Z sometimes needs either the upper or the lower only bounded.
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The sign of ~P is uncertain, and it cannot generally be known

whether ~ is a negative or positive value. Only the absolute

value of ~P can be estimated. In some cases, it may be clear that

P changes dynamically in one direction f~om the nominal value of P.

Assuming that d1 and e1 take positive values and that ~Zl

must not be over the positive value of ~CU1' the sign of ~Pl or ~P2

must be positive. Assuming that d2 and e2 are negative and positive

values, respectively and that ~Z2 must be greater than the negative

value of ~CL2' the sign of ~1 and ~P2 must be positive and nega­

tive, respectively. In practice ~P2 does not simultaneously have

a positive value for ~Zl and negative value for ~Z2' but the above

statement gives a result on the safe side.

In general, ~ represents a negative effect for adding some

margins to the nominal design values. Here, ~ is defined as the

first variation of the performance index J due to ~u and ~M.

The physical meaning of this definition is the determination of the

margins of design and manipulating variables so that the deviation

of J caused by ~M and ~u becomes as small ~s possible. Then, ~ is

defined by

(5.8)

where ag/ax, ag/aM and ag/au are n-dim., m-dim. and r-dim. row

v~ctors evaluated at u, M and P. In Eq.(5.8) the coefficients

multiplied by ~M and ~u are not generally equal to zero. Eq.(5.7)

subjected to Eq.(5.8) is reduced to a linear programming (L.P.)

problem because ~ is a linear function of ~ and ~u. Hereafter,
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a solution of the L.P. problem is assumed to exist. The reasonable

design margin ~ may be determined from the solution of the L.P.

problem given by Eqs.(5.6)~(5.8). The design margin obtained by

this method (denoted by Method I) may be more rational than that

obtained by the method proposed previously by the author and

[5-4] [5-5]others ' (denoted by Method II) beca~se the manipulating

variables to be movable in a certain, specified range are considered.

In fact, if the deviation ~u of a manipulating variable is suf-

ficient to compensate for undesirable parameter uncertainties and

also minimizes ~, the addition of any design margin to the nominal

design variable is not always necessary. Moreover, it is also

shown from this consideration just which manipulating variable

strongly influences the values of the output variable and per-

formance index.
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5-3. APPLICATION TO THE DESIGN OF A SIMPLE CHEMICAL REACTION

PROCESS WITH RECYCLE

Nominal optimum design at steady state

Let us consider the design margin of a reactor in a simple

chemical process with recycle shown in Fig.5.l as an example of the

method proposed in this chapter. The reactor is assumed to be a

single C.S.T.R. with perfect mixing. The type of reaction is

assumed to be Denbigh's reaction which is constituted of first

order elementary reactions as shown in Fig.5.2. R is the desired

product, and this is produced from the fresh feed containing only A

(molar concentration CAO[gmol/l). The effluent flow from the

reactor containing A, B, R, X and Y is assumed to be separated into

a product flow containing only R, and the other flow containing A,

B, X and Y. X and Yare the undesired products. A and Bare

partially recycled at the ratio of a to the aw~unt of A and B in

the inlet flow to the separator, and X and Yare also recycled at

the ratio or 8. Denoting the fraction of molar concentration

Ci[gmol/l) of each component i to CAO (Ci=CAaxi ~ i=A~B~R~X~Y)

by Xi' the hourly molar flow rate of fresh feed by PAO[mol/hr),

the flow rate of the inlet flow into the reactor which consists of

fresh feed and recycle flow by Pi [mol/hr) «volurnetric flow rate)x

CAO=Pi ), and the volume of the reactor by V, the process equations

for a steady state are given by,

PAO + aPixA - FixA - V(kB + k~CArrA = 0

aPixB - FixB+ VCAO{k~A - t!<.R + ky)xB} =: 0

- 198 -



~o, CAD Pi
fr~shFeed

Reactor FA -F/
Recycle Stream "
cont4/ns no R :

.. , .. ."

Separator '. :
" ,

Fig. 5.1 A simple chemical reaction with recycle.

A
!Js<
X.

Fig. 5.2

1<8 >'8 1W)o R
",~. kr :?' ,::

: . y"::,,"~":::"""·":;··
..' ..... ", '." .•. Ji •. ,I" ....

':"': ,', .•: :., ,.", , .1 •

Denbigh's reaction.

- 199 -



BFlf:x - FixX + VCAokrA = 0

BFixy - Fixy + VCAOkyXB = 0

(5.9)

where k.(i=B~R~X~Y)[l/hrl shows the reaction rate constant for each
1,

elementary reaction. These equations correspond to Eq.(5.1) for a

general expression.

Output states Zl and Z2 are defined as

(5.10)

Zl is the amount of R produced hourly, and Z2 is the molar concen­

tration of undesired products X and Y. It is assumed that the value

of Zl and Z2 are desirably maintained as follows,

(5.11)

Eqs.(5.10) and (5.11) correspond to Eqs.(5.2) and (5.3), respectively.

For simplicity, the following objective function is assumed for the

numerical calculation,

(volume of) (unit cost) + (recycle rate)
J = reactor of reactor {of A and B

+ (recycle rate)}(unit cost )
of X and Y for recycle
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(5.12 )

Practical performance index J might be more complex t but the above

simplification may be enough to illustrate a numerical example of

a design margin problem. This form of J is referred to in the

literaure[5-1]. The nominal optimum design is to determine the

values of design variable V and operating variables a and 8 which

minimize the value of performance index J given by Eq.(5.l2)t

subjected to Eqs.(5.9), (5.10) and (5.11) under the specified values

of FAO ' CAO ' C1 and C2. The values of parameters and the boundary

conditions used for the numerical calculation are given in Table'S.l.

The result of the numerical calculation are shown in Table 5.2.

The following can be recognized from the results : i) 8 is not

equal to zero. Partial recycle of X and Y is more effective than

no recycle of X and Y because the output molar concentration of X

and Y, that is, Z2 is specified. ii) The optimum recycle rate is

320[moi/hr] in this example, and the optimum retention time in the

reactor is about 4[hr] based on CAO '

Design margin for parameter uncertainty

For simplicity, the rate constants kB and k'X are assumed to

involve the maximum estimation error of nO[%] for absolute values

of the nominal values kB and kX' respectively,

(5,.13)
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Table Sol Given parameter values & boundary conditi,onso

PAO=lOO mol/h:r,. CAO=O.l moln,,'

-1 -1kn=O.l hr, kx=O.02 hr t

C 1=70 mol/hr, C2=0.005 moln"

Table 5.2 Nominal optimum design.

Fo=320,
1,

a=O.92l, 6=0.278

xA=0.l79, ~B=0.552,

i n=0.219,J=154 $
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The value of n° is taken as 20 in this example. It is assumed

that the allowable ranges for deviation of output variables Zl and

Z2 are given by

(5.14 )

The movable ranges of Aa, A8(deviation of manipulating variables a

and 8) and AV(margin for design variable V) are constrained by

-a < Aa < (1-Ci) , 8 < A8 ~ (1-8) , AV ~ 0 (5.15)

The design margin AV can be determined by solving the L.P.

problem which is composed of Eqs.(5.6)~(5.8) and Eqs.(5.l3)~(5.l5).

The result is shown in Table 5.3 for various allowable ranges of 6Z
1

and 6Z 2• The design margins calculated by the method presented in

the literaure[5-4] (Method II) which does not take into account the

operation of manipulating variables, are also shown in the right

column of Table 5.3. For Method II, design margin AV cannot compen-

sate for undesirable deviation AZ
2

because the coefficient multi­

plied by AV in the equation of AZ 2 is positive, and 6Z 2 is greater

than ~2 even if 6V is equal to zero. That is, by Method II, there

is no feasible solution of the L.P. problem composed of Eqs.(5.6)~

(5.8) and Eqs.(5.l3)~(5.15). Thus design margin AV by Method II

is determined so as to satisfy only the constraint AZ1 •

From this calculated result the following is concluded.

i) Comparing the method proposed in this paper(Method I) with

Method II, the design margin 6V and the increment AJ of performance

index J obtained by using Method I are smaller than those resulting

from using Method II in each case except for case 1. For example,
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Table 5.3 Rational design margin for parameter uncertainty.

- . design margin

allowable ranges of 6Z1, 6Z 2 by the method proposed here by the previous method

case ~l ~2 ~3 bV ba bB 6J bV Horst b.Z2 M

1 1.0 2xlO-4 lO.75xlO-4 1097 -0.018 -0.278 1.26 565 7.94xIO-4 3.36

2 1.0 2X10-4 20xlO-4 233 0.0022 -0.278 0.0095 II II "

3 1.0 2xlO-t.; . 22.5xlO-4 0 0.0076 -0.278 -0.326 " II II

4 1.0 4xlO-4 20xlO-4 233 0.0022 :'0.278 0.0095 If " If

- _.
5 1.5 2x10-4 20xlO-4 150 -0.0008 -0.278 -1.01 365 6.68xlO-4 2.17

-

where IbkBI~ 0.08, IbkXI< 0.04, b,Z l,~-~l'

(

~2> bZ2>-~3 •



in case 2, ~V by Method I is 233[t] which corresponds to about 2[%]

of the nominal value V. On the other hand ~V by Method II is 565[t]

which corresponds to about 4.5[%] of the nominal value. &J by

Method II is about 350 times as much as that by Method I. In case 1,

AI by Method II is about 3 times of that by Method I, in spite of

the fact that ~V by Method II is smaller than that obtained by using

Method I. Moreover, the deviation of output Z2 due to the uncertain­

ty of kB, kX cannot be compensated for by Method II, and the devi­

ation ~Z2 is about 3 times of ~2' These results suggest that

Method I is more reasonable than Method II. ii) It becomes clear

by comparing case 2 and 3 that manipulating variable Bean suf-
.

ficiently compensate for the effect of ~kB and ~kX so that ~Z2 is

smaller than ~2' It also becomes clear by comparing case 2 and 5

that the estimated design margin ~V decreases if ~1 becomes smaller.

iii) If ~J is greater than or equal to 22.5xlO-4
, the design margin

~V is zero as shown in case 3. That is, a and B can sufficient

control1 ,~Z2 within the specified allowable ranges of ~Z~.
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(t l~:; _L;;; 1 taking into

account parameter uncertainty was developed for practical process

system design[5~6]. The design margin was determined by minimizing

the deviation of a performance index under the allowable limitation

of the deviation of output variables. An altered form of the per-

formance index, however, may have to be discussed in the future.

The method proposed here was applied to the design of a simple

chemical reaction process with recycle. The numerical calculation

explained that this method is more rational and practical.
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NOMENCLATURE

A

B

t£L

t£u

C. .
1-

,

FAO

F.
1-

k.
1-

M

reactant

intermediate product

allowable lower limit of deviation of output vector

allowable upper limit of deviation of output vector

molar concentration of the ith component(i=A,B,R,X,Y) [mol/Z]

mole flow rate of fresh feed [mol/hr]

output flow rate from reactor [mol/hr]

reaction rate constant [l/hr]

m-dim. column vector of design variable

M nominal optimum value of M

~ deviation of design variable from M

P p-dim. column vector of parameter

P nominal value of P

~ deviation of parameter from P

R desired product

u r-dim. column vector of manipulating variable

u i: .nominal optimum value of u

~u deviation of u from u

V tank volume [Z]

V nominal optimum value of V [Z]

~V design margin of V [Z]

Xi mole fraction of each component i to CAO [-]

X undesired product

Y undesired product

a recycle ratio of A and B [-]

B recycle ratio of X and Y [-]
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~i ~11owable upper or lower limit of output variable in Eq. (5.14)

n p-dim. vector of the range of parameter deviation

nO relative range of parameter deviation in Eq.(5.l3)

nk kth element of vector n

$b hourly unit cost of reactor [$/Z/hr]

$r unit cost of recycle of A)B)X and Y [$/mol]

superscript

-1 ; inverse matrix

subscript

A reactant

B intermediate product

R desired product

X undesired product

Y undesired product
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PART II

AN APPLICATION OF THE METHODOLOGIES TO .

WASTE WATER TREATMENT SYSTEM DESIGN
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CHAPTER 6

INTRODUCTION TO DESIGN OF

WASTE WATER TREATMENT SYSTEM

6-1. MODEL BUILDING IN A WASTE WATER TREATMENT SYSTEM

Over the past SOyears, extensive research has been conducted

by universities, equipment manufacturers, and governmental agencies

to delineate the physical, chemical and biological relationships

which govern the operation of wastewater treatment processes. The

literature on the performance of the individual processes is volu-

minoua, but the techniques for calculating the performance of groups

of processes working together as a system are limited. This is

particularly true when the performance of the system as a whole is

to be computed over a wide range of design and pperating decisions

associated with the individual processes. This part is an effort

to bring together in one computational scheme the significant cost

and performance relationships and to attempt to calculate the

performance and cost of the system as a whole, based on relationships

which have been developed for the processes individually.

[6-1]'" t6-9]Various researchers have proposed many mathematical models . •

Many of them are focused on the reaction model of the aeration tank,
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and other simple models have also been proposed. Not many models

of the other unit processes, for example, the final settler or

thickener, have been proposed. Especially, simple models which

rep~esent the relations between output, input and design variables

are not available yet." Recently, some studies on the simple model

[6-6] [6-7]
of each unit have been reported ' and the study on the

bUilding of these models must be furthered.

If we want to discuss the design of a waste water treatment

system, it is difficult for us to do so quantitatively because

mathematical representations of the sludge treatment process are

not yet sufficient.

When we want to design a waste water treatment system, we

first build a mathematical model of the sludge treatment process

because the process is not yet so represented. We choose the wet-air

oxidation process as a sludge treatment unit and build a mathematical

[6-l0]~[6-l4] model of the process·to be described in Chapters 7

and 8. The mathematical models of the other process of waste water

[6-1]~[6-9]treatment system are referred to in the literature •
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This is because it is generally difficult to build mathe-

6-2. OPTTIMAL DESIGN OF A WASTE WATER TREATMENT SYSTEM

There have been studied on the optimal planning of a sewage

treatment system[6-15]~[6-24], especially on the optimal design of

a waste water treatment system[6-2],[6-25].

Many of them have been done with respect to the design of the

[6-2] [6-9]aeration tank system or aeration-sedimentation tank system '

[6-26]

matical models of the other units. Recently, the representation of

treatment or investment costs of the waste water treatment" system

[6-27]~[6-30]have heen given mathematically • Simulation studies of

[6-5]the design of waste water treatment has been done based on

these economic and process models for each unit. We will design

a waste water treatment system based on the model built here or

referred to and apply some methods described in Part I to the design

of this system with various uncertainty.

Some example in waste water treatment system design to which

the theoretical considerations in Part I are applied have already

been described in previous chapters, 4: and "5. We will not described

these example once more here.

We will, however exp1~in the result of these new applications

in the following chapters.
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CHAPTER 7·

SYSTEM IDENTIFICATION OF WET-AIR OXIDATION PROCESS-I

THERMAL DECOMPOSITION

7-1. INTROD.UCTORY REMARKS

With the advancement of waste treatment process it has been

one of the most important problems how we treat the sludge. Up to

now many methods for sludge treatment have been proposed, but

roughly speaking, every process are constructed of three procedures

of pre-treatment, dewatering and incineration. The differences

between each process depend on how three procedures are devised and

combined or under what principle these are developed. However, we

have not yet determined the most effective way for various environ-

mental conditions. The wet-air oxidation process that we are con-

cerning is one of these sludge treatment processes.

The wet-air oxidation or Zimmerman process which is the subject

of this paper, is a pressurized operation in which combustible matter

dissolved or suspended in the water is oxidized by air at elevated

and [7-1]"'[ 7-11]temperatures pressures • In these papers the

effectiveness of the process is mainly discussed from the viewpoint

of qualitative and practical considerations.
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It is our purpose to identify the mathematical model of the

reaction of this process and to obtain fundamental information for

optimal control and optimal synthesis. We have performed many batch

experiments on thermal decomposition and oxidation. In thermal

decomposition the sludge is decomposed without oxygen. using equip­

ment devised for this process. It is known that solid matter is

decomposed into soluble matter in the thermal decomposition process

as well as in the oxidation process. We propose a mathematical model

of this thermal decomposition process which is expressed and identi­

fied by the state variables of COD and weight of solid matter, solu­

ble non-evaporative matter and soluble evaporative matter in the

sludge •. The paremeters of this mathematical model are estimated by

a non-linear estimation technique.
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7-2. STATE VARIABLES

Sludge consists of very complex compounds and this makes it .

difficult to represent the reaction of the thermal decomposition in

a mathematical form. One way to represent the mathematical model

would be to decompose the sludge into pure chemical species and to

construct the model of elementary materials. However, because of

the complexity and difficulty of this method, a more conventional

method might be reasonable for process design and operation. From

this viewpoint we represent the contents of the sludge by a general

classification of its components and construct the mathematical

model sta~ting from this poiut. Four elements of the sludge are

obtained by experiment and used in the classifications as follows.

(1) solid matter (denoted by A).

(2) soluble non-evaporative matter at l20°C (denoted by B)

(3) soluble evaporative matter at l200C (denoted by C)

(4) pure water

Strictly speaking, the words evaporative or non-evaporative matter

are not correct but they are used only in the sense mentioned below.

The diffe~entiation of solid matter from soluble matter may be cor­

rect for the purpose of this process and because of the fact that

the COD values in both the solid and liquid change greatly during

the process. There is no special need to divide the soluble matter

into two groups, and this division was done because of the restric·

tion of experimental technique rather than because of any physical

significance. However, it might be expected that the soluble

evaporative matter would contain the rection products. Then, the
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weight and COD of the solid matter (A), soluble non-evaporative

matter (B), and soluble evaporative matter .(C) are regarded as the

state variables~ The values of these state variables are measured

by the following procedure.

Measurement of weight

The sample is centrifuged at 2000 re~/min for 5 min. The

centrifuged sample is separated into the supernatant liquid and the

rest by the inclination technique. The supernatant liquid is dried

at a constant temperature of 120°C in the same way as the measurement

of the total solids, and the weight of the residual substances is

measured as the weight of soluble non-evaporative matter (BWt ). The

weight of total solid of the sample is measured at 120°C: the value

is equal to the sum of the weight of solid matter (A'Wt) and the

weight of the soluble non-evaporative matter at 120°C (B
Wt

). The

weight of solid matter (A'Wt) is given by subtraction of BWt from

the weight of total solids (A'Wt + BWt ). The weight of the soluble

evaporative matter (C
W

) is calculated from the mass balance of A' ,
t Wt

and·BWt and CWt on the assumption that the value of C
Wt

is negligible

at the initial state of the reaction and that any matter other than

solid matter, soluble non-evaporative matter and soluble evaporative

matter is negligible and does not exist in the thermal decomposition.

The value of CWt at any time of reaction can be obtained by sub~

tracting the sum of the values of A' and B from the initial
Wt Wt

value of total solid. The measuring unit of these variables is

mg/kg of total sludge.
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Measurement of COD vaZue

From the experimental considerations of COD test and several

[ 7-12] [7-13]
referances ' , the potassium dichromate method was chosen

for the COD test and 2hr as the reflux time. The sample is first

separeted into solid and liquid phases by centrifuging. The COD

value of the supernatant liquid is the sum of the COD value of the

soluble non-evaporative matter (BeaD) and the COD value of the

soluble evaporative matter (~eOD)t and moreover the total COD of

the sample is the sum of the COD value of the solid matter (A
eoD

)'

BeaD and eeOD· Therefore, AeOD is given by subtraction of the COO

value of the supernatant liqUid from the total COD. The residual

substance arranged for the measurement of BWt is dissolved into pure

water, and then the COD value of this dissolved sample is regarded

as BeaD. Finally, eeOD is calculated by subtraction of BeaD from

the COD value of the supernatant liquid. The unit of measurement

of these variables is mg-eOD/Z total sludge.

The words of solid matter, soluble non-evarative matter and

soluble evaporative matter are used only for convenience, and the

values of these substances are given experimentally, i.e., these

variables are regulated by the experimental classification. When a

complex compound is decomposed to some representative groups according

to the experimental conditions, it is preferable that the conditions

are not sensitive to quantitative expression in each group. In this

connection the effect of centrifugal separation on the value of the

quantitative expression was examined using frozen artifically cul-

tured activated sludge. As a result of this examination, it was
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shown that as an operating condition centrifugal separation is not

sensitive. From this it was concluded that A'Wt' BWt ' eWt ' AeOD '

BeoD ' and eeOD are reasonable as the state variables.
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7-3. THERMAL DECOMPOSITION OF THE ACTIVATED SLUDGE

It is known that solid matter decomposes into soluble matter on

. id' [7-2]wet-a1r ox at10n • Our experiments show that the same phenomena

also take place in thermal decomposition. Sludge was put into a

magnetically stirred autoclave, with an inside temperature of l70°C

250°C and a pressure of 6~30kg/cm2_gage,without oxygen gas.

During this batch process, the weight or the COD value of the solid

matter greatly decreased, but the weight or the COD value of the

soluble matter increased. This change is called thermal decomposi-

tion. For example, as shown in Fig.7.l, the values of AWt' BWt ' CWt '

ACOD ' BCOD ' arid CCOD widely change during this process, but the COD

value of the total sludge hardly changes.

If we only want to decrease the weight of the solid matter

for sludge treatment, it is sufficient for this purpose to treat

the sludge by the thermal decomposition process. Actually, the

process based on the principle of thermal decomposition is used for
.

practical purposes. Moreover, since in the wet-air oxidation process,

thermal decomposition in. unavoidably included, it is necessary and

meaningful to identify the mathematical model of the thermal decom-

position process.
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7-4. EXPERIMENT

To derive a mathematical model of the thermal decomposition

process, we carried out experiments as follows.

Sample

The activated sludge used was grown from a feed of peptone,

glucose, potassium chloride, sodium phosphate and manganese sulfate.

It was concentrated by sedimentation, and frozen using dry-ice at

about -60°C. From the analysis of the variance with respect to the

experimental data, it was demonstrated that sludge preserved by this

method is not influenced by the preservation time. The frozen acti­

vated sludge kept at a low temperature was used for the experiments.

Equipment

The equipment used for the thermal decomposition experiments

is shown in Fig.7.2. The volume of oil for the thermal medium,

Kanecroll, is 50 l , at its temperature was held constant below 250°C.

The reactor including the sample is ~ small autoclave and its volume

is l6cm3• The needle valve is attached at the top of this reactor

for pressurizing by nitrogen gas.

Proceduroe

The frozen sample was warmed and melted indirectly by warm

water. The melted sample, IOcm3 , was placed in the reactor and the

inside of the reactor was pressurized using nitrogen gas. The free

space in the reactor was filled only with nitrogen gas by displace-
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reactor .
glass wool

.
Fig. 7.2 Diagram qf experimental equipment.
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mente The reactor was placed in the oil bath kept at a definite tem­

perature as shown in Fig. 7.2. It may be removed at any time and cooled

quickly in water. The weight and the COD values of this reacted sam­

ple are measured by the previously described method. The reaction

temperature is measured in equipment similar to that in the reactor,

which is also put in the oil bath, and by A-C thermocouple. The

pressure of the reaction is calculated from the initial nitrogen gas

pressure and the vapor pressure of water, assuming ideal conditions.

Measurement of state variabZes

The weight and COD values of A, Band C were measured by the

method described. The initial value of suspended matter in the sam­

ple was measured as follows: The sludge was heated for I hr at 600°C,

leaving fixed suspended matter. The weight of this residual sub­

stance is defined as the fixed suspended matter; it has the unit of

mg/kg of total sludge. With our artificially cultured sludge adding

ammonium carbonate had no effect on the value of the fixed suspended

matter and this was omitted in our experiments. The necessity for

measuring the initial value of the fixed suspended matter will be

described later.

ExperimentaZ conditions

Three elements of initial concentration, temperature and pres­

sure are considered as the conditions of the reaction. These con­

ditions are shown in Table 7.1 &Fig.l.3. The temperature and the

pressure shown in Table 7.1 indicate the value which had become con-
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stant, after several minutes from the start pointing of the reaction

process, as shown in Fig.7.3. The fractions of the fixed suspended

matter are also shown in Table 7.1.

ExpePimental results

The results of the experiments under the condition of nearly

constant temperature are shown in Fig. 7.1, Fig.7.4~Fig.7.9. The result

of the experiment under the condition of unsteady temperature is

shown in Fig. 7.10. Each run number in these figures corresponds to

that shown in Table 7.1, which gives the experimental data, and ~he

solid curves show the calculated values obtained by the model de-

scribed later. From these Figures, the following are recognized.

First, as shown in Fig.7.la,the weight of the solid matter(A'Wt)

decreased very quickly and tends to a steady value. This steady

. value ought to represent the weight of the solid that cannot be

thermally decomposed. On the other hand, the value of the fixed

suspended matter represents the fraction of the sludge that cannot

be oxidized at 600°C, but since non-oxidizable matter may also not

be decomposed in the thermal decomposition process, it may be con-

eluded that this steady value is regarded as the value of the fixed

suspended matter (denoted by Afs). Therefore, in Figs.7.4 ~7.l0, the
a

weight of the solid matter (denoted by ~t) showns the value of

A'Wt-Afs·

Secondly, it is recognized that the weight of the soluble non-

evaporative matter (BWt ) increases very quickly and then decreases

slowly, and finally reaches a certain value. It may be obvious from

this fact that the soluble non-evaporative matter (B) is an inter-
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Fig. 7.3 Reaction temperature vs. reaction time.

Table 7.1 Conditions of the experiments.

Run AWl, ...11. ACOD,lall. Non-volatile Temp. Pressure
No. (mg/kg) (mgtl) (mg/kg) ("K) (kg/emJ )

7-1 7080 9830 1150 490'5 66·7
7-2 15700 21830 2920 '489'4 65-0
7-3 26220 30800 3740 490'5 66'7
7-4 7230 9620 1360 519·0 91-6
7-5 6450 10300 1090 450-0 . 49-0
7-6 6430 8800 1440 493·2 85-4
7-7 6680 9600 1240 FIo.3
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mediate product. However, as shown in Fig.7.8, there is also the case

that a peak value of B
Wt

does not exist. Therefore, it may be esti­

mated that the reaction producing B apparently depends on the reac­

tion temperature. On the other hand, the weight of the soluble

evaporative matter (CWt ) increases gradually and finally reaches a

fixed value. The effect of the initial concentration is not clear

at a glance of the shape of the change in state variables, but it

will be discussed later.

Finally, the change of COD value is similar to the change of

the weight with respect to the pattern of time response. Regarding

the similarity in the shapes of the change of the weight and the

COD, it is easily estimated that the COD value of each state varia­

ble may be related with the weight, i.e., the mathematical model

based on the COD value will be related in the model, by the weight,

which state variables are Awt' BWt ' and CWt •
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7-5. MATHEMATICAL MODEL

As previously described. it may be meaningful to construct

the model based on the weight of ~t' BWt and CWt independently of

the COD, because the change of the component of sludge gives the

change of the COD value and the weight of each variable represents

grossly the component of the sludge. At first the model using the

weight is discussed and next the model using the COD value.

Model of the thermal deaomposition proaess with respeat to the weight

As mentioned previously, it is assumed that A'Wt doesn't react

totally but partially. It may be natural to consider that the non-

reacted part of A' is equal to the value of the fixed suspendedWt

matter (A
f

• s .)' but this idea is not directly accepted, because it

is seen from the experimental data that A'Wt does not converge to

Af •s • even after a long reaction time. That is to say, ~t - Af •s •.

does not converge to zero. Plotting the ratio of the converged

velue of ~t to the initial value of Awt against the reaction

temperature T, and recognizing that this ratio is the linear func-

tion of T, it may be said that the non-reacted part of ~t is the

linear function of T.

Also with the soluble matter it is necessary to consider in

more detail, i.e. it should be confirmed whether the initial soluble

matter in the sample and the soluble matter produced from the solid

matter are of the same class or not. Comparisons of the change of,

the initial soluble matter given by using the sample without A, and

the usual one given from the experiment by the sample containing A,
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are shown in Fig.7.ll. From this result it may be reasonable to as­

sume that the initial soluble matter is the same as the soluble

matter produced from the solid matter during reaction.

No matter except AJB and C exists during the thermal decompo­

sition reaction. The model shown in Fig. 7.12 a may then be of the most

simple kind, including the reaction paths between each variable of

A, Band C. The reaction paths from B to A and from C to A are

physically meaningless, so that the model shown in Fig. 7.l2 a may be

simplified as,shown in Fig.7.12b' The reaction order and the existence

of each path in this model will now be discussed. At first, the

effect of concentration is considered. Run 7-1, 7-2 which are

rearranged by normalizing technique are shown in Fig.~13; it is seen

that the pattern of conversion of ~t is almost equal in both cases,

and similarly with BWt ' If all the reaction paths of this model are

of the first order, the curves of the conversion on ~t and the yield

on BWt do not, respectively, depend o~ the initial concentration.

'Therefore, all reaction paths in this model are approximately ex­

pressed in first order. Next to be discussed is whether each reac­

tion path exists or not. From the shape of the time-response of

B
Wt

the reaction paths from A to B and from B to C are seen to exist.

The existence of the other paths is considered, i.e., whether the

reaction path from A to C exists or not, or whether the reaction is

a parallel or series reaction. Here, the rate constants of each

reaction path are denoted, respectively, by kl ,k2 ,k3 and k4 , as

shown in Fig.7.12b• Because of each reaction being first order, the

~imited value of the ratio of CWt to (~t-BWt,init.~ when the time

t approaches zero, is given as follows, for the case of parallel

... 240 -



2.5

2.0 '".,.
"0
::>

'".
~...

1.5 ~....
~

!
1.0 0

8

0.5

120

.'
~~~

0.5 ~.>-r_~_-_Q_-----
• ~6 -_ ...~-

fIIII',~""1
o fF--,--""'---'---a..----o...-----' 0

30 60 90

Reaction Time (min.)

~ 1.0.,.
'iii
:It

Fig. 7.11 Thermal decomposition of soluble matter.

Fig. 7.l2a Fig. 7.l2b

MOdel of the thermal decomposition.

1.0 x
o

0.5

u

C.....

1.5)( Run 7-1

o Run 7-2.

~-' X(,--O~,.,_,.,____ 1.0';
J ~ ~

~•-

o~0---::3~0--"!:----I-_......._--J 0
60 90 120 150

Reaction Time (min.)

Fig. 7.13 Conversion and yield.

- 241 -



reaction

C
IVtlim --_.:.:...::;--- -

B - B
t·~O Wt Wt,init.

(7.1)

where Bwt,init. is the initial value of BWt and CWt,init.is as­

sumed to be equal to o. For the case of series reaction, that is,

c k 3 ·n11m ...;.\..;...Jt;;.... ~ --:.~~lt::..;lL.:i::.;l1.:.;i::,.:t::..=-- _

B -B k10A -k3 oB
t~O Wt Wt,inito -~t,inito Wt,inito

(7.2)

The equations (1) and (2) do not depend on whether the reaction path

from C to B exists or not, for the Cw .• is equal" to O. If
t,~n~t.

BW ..
,

less than ~ .. and k
3

is much less than kl , the~st ,~n~t. t,~n~t.

equations (1) and (2) are approximately rewritten as follows, for

the case of the parallel reaction,

and for the case of series reaction,

CPt
11.01 13 -B' C! 0
t·.-O IVI; Wt ,in1t.

(7.3)

(7.4)

when the data in Fig.6a are compared with the data in Fig.ll, it will

be seen that the above conditions with respect to the ratio of

B
W

.. to A . and the ratio of k
3

to k
l

are satisfied.
t,~n~t.~t,init.

Therefore, the value of

limICWt!(Bwt- BWt init.)]
t-+O '

can be used to determine whether the reaction path from A to C exists

or not. From the data in Fig.6a, the ratio of CWt to (Bwt - BWt,init.)
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ture only, for the first order reaction.

is plotted against time t, as shown in Fig.7.l4. By extrapolation,

it is seen that the value of

lim[CWt/(BW - BW . . )]
t~ t t,1n1t.

is not equal to 0, and that the reaction path from A to C exists.

d2C
Moreover,~ is convex for the case of parallel reaction, on the

d2C
contrary ~iS concave for the case of series reaction. This leads

the existence of the reaction path from A to C.

The existence of the reaction path from C to B is checked as follows.

It may appear strange that the reversible reaction exists in thermal

decomposition. However, since the distinction between soluble non-

evaporative matter and soluble evaporative matter depends only on :

the temperature in the vapor, it may not be unreasonable from the

global viewpoint to consider that the reaction between Band C is

reversible. If the reaction from C to B does not exist, the con-

verged value of BWt cannot be conveniently explained. If the rate

constant of the reaction is according to the Arrhenius type, the

ratio of eWt to BWt at a steady state is a function of the tempera-

I
The plot of T vs. the

ratio_of the converged value of CWt to the converged value of B
Wt

becomes a straight line as shown in Fig. 7.15. These converged values

are taken from the data shown in Fig. 7.4a~Fig.7.10a' From this result,

the assumption that the reaction from C to B is reversible may be

acceptable.

The conditions of pressure does not directly affect the ther-

mal decomposition rate. This has already been reported for the

wet-air oxidat~on process[7-1]. C 1 h ff f• onsequent y tee ect 0 pressure

is not considered.

Finally, on the assumption that the rate constant is of the

Arrhenius type, the mathematical models of the thermal decomposition

- 243 -



1.0 r--------------,
Run 7-3

o Ol:---f:--,.o---..----......----J
30 60 90 120 150

Reaction Time (min.)

1.01-

2.22.0 2.1

liT ('K)

0.1 L.... .L-.----1---..1--...... _lO-a
1.9

Fig, 7.15

- 244 .-'



process based on weight ch~nge become as follows

C • A + B - A_ - B-Wt --Wt,init. Wt,init.1Vt Wt

where the initial conditions are

(7.5)

(7.6)

(7.7)

~tI • ~t,init. '
t-O

t • ~tl:f.nit. '(a.T+ b)
~t

• B ,Wt,init.

i = 1,"',4

• 0, (7.8)

(7.9)

(7.10)

where ki is frequency factor and Ei is activation energy and a,b are

constants.

Model of the thermal decomposition process based on COD value

The change of COD value should correspond to the change of the

components of the sludge, and the weight of each variable roughly

represents the components of the sludge. If the COD value is related

to the weight, the change of the eOD value should be estimated from

the model by the weight. AeoD ' BeaD and eeOD are plotted against

~t' BWt and eWt ' respectively, as shown in Fig.7.l6~7.l8. These

figures show that there 'may exist a linear relation between the eOD

value and the weight with respect to each variable. These data are
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I~~analyzed by the simple linear regression analysis. , and the

results of this analysis are shown in Table 7.2, Fig.7.l6~Fi~.7.l8.

As shown in Table 7.2, the significance of linear regression, the

significance of the lack of fit and the 951%] confidence limit for

the parameters of this linear model of the COD against the weight

are examined, respectively. From this result, it is shown that

these linear models are meanigful and useful. The 95[%] confidence

region of the predicted value of the COD is shown by shading in

Figs.7.l6~7.l8.

Finally, the prediction of the change of the COD is made as

follows. At first, the weight of each variable is calculated from

the model of the thermal decomposition process based on weight, and

then the COD values are predicted by these linear regression models.
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Table 7.2 Linear regress.ion model of COD and weight.

Linear regression model
Each parameter 95% Correlation
confidence interval coeff.

ACOD against AWl ACOD = 1·313Awl +4080

B COD against BW' BCOD = 1·018Bwl -260

CcoDagainst CW1 CCOD = 0'55Cwl +I080

CWI against CCOD CWI = 0·967CCOD+460

l-313±0'156,
4080±660
l-Ol8 ± 0'062,
-260±61O

0·SS±0·17,
l080±370

0·967 ±O·297,
460±990

0·93

0·98

0·73

15

shaded;95% confidence region

5 10 15

Cwt (mg/k9-total-sludge)

o t:... ~ -I..._-_.....I-_--"'" k103

o

Fig. 7.18 Regression line of eeOD against eWt '
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7-6. PARAMETER FITTING

The values of parameters in the mathematical model described

by Eqs. (7.5)~(7.l0) must be determined from experimental data.

The mathematical model being considered is described by a set of

ordinary differential equations. The parameter fitting of this process

is nonlinear one. With respect to nonlinear fitting, much works

have been described, and several works employing nonlinear fitting

h h b td[7-l5],[7-l6] 11 h 1·tec niques ave een repor e • Usua y tenon 1near

parameter fitting problem is solved using the gradient method and

the linearization technique on which are based the local linearization

theory. There are various techniques with the gradient method, for

example, steepest descent, conjugate gradient[7-l7 l , Marquardt

method[7-l8] etc. Here, the steepest descent method[7-l5] is used.

The general procedure of parameter fitting using the steepest descent

method is as follows.

A set of ordinary differential equations describing the system

is given by

XII f(x,G,t} , x(o} I: Xo (7.11)

where x is the n-dim.column vector of state variables,

f is the n-dim. column vector,

e is the l-dim. column vector of parameters,

and x(O) means the initial value of x.

The value of the var.iable x cannot be observed directly, instead

observations Yr are made,

r • l,· •• • ••R
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whet"e Yr is the m-dim. observation colu..,n vector,

9 is the m-cHm. colum vector,

and n
r

is the TIl-cUm. vector of rando;il variables affecting

the measurement at time t •
r

It is ;:1.s.sumed that the foml of the function f and 9 is known together

with the statistical properties of the n. The problem is to deduce
r

a predicted value f) of the vector of true parameters e* from obser-

vations of the y at tinte t. Usually this problem is solved by-r r

finding the values of the e which minimize a fuction such as

j{

F(o) 0 ~_(Yr- g[x(tr)))I.Wro(yr- g[x(tr)J)
r n ...

(7.13)

where the weighting matrices Ware the mxm, symmetric and positive
r

definite and the prime denotes tr;;nsposing of the vector or matrix.

Now the error vector n corresponding to different sets of measure­
r

ments will be assumed to be statistically independento Hence,

rls ; (7.14)

where E represents the expected value. On the other hand, the co-

variance matrix of the error vector nr is defined by Mr of

£[n on"] = i-1
4' r r (7. is)

and the error vectors are assumed to have a Gaussian distribution

with zero mean. On this assumption the best choice of W is led
r

as follows, by the maximum likelihood principle,

W
r

-1=Mr
(7.16)

where -1 denotes the inverse matrixo Then, rewriting the problem,
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it is to find the value of e which minimizes a function such as

F(e)
R

= L (y - glx(t >1)I.M-1.(y -glx(t )1)
1

r r r r rrOll
(7.17)

which are subject to Eq.(7.1l) and Eq.(7.12).

This problem can be solved by using the steepest descent method

as shown below. ' Considering the first order variation of Eq. (7.11)

with respect to nominal value of parameter a, it is

• af af
A • -·A +-ax . as

. and

A(O) = 0

where A is nXZmatrix of

aX1
t •••••••••• t_

ao!.
•

ax ax
n n

- J ••••••••• ,-
aSl aa~

2i is nxn matrix ofax

•

(7.18)

(7.19)

afl HI
• • • • • • • •• •aXl • • ax

n. .
• •

af af
---!l ••••••••• .---!l
aXl • • aXn
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and df. .., . f
~s nX ", matr~x 0ae

r vr 1. af l
t •••••••••• ,

~o aO
ld 1..

3f ()f
n --.!l

aS l ••••••••••• as;£.

And af/ax and af/a6 are evaluated at nominal value of paramater 6.

Next, the first order variation of F(e) is

(7.20)

where G is the mxm matrix of
r

ag
l

(x(tr )) ag] [x(tr )] 1
•••••aX1 ax

n.
•

agm(x( t r )1 a9m(X(tr )]

aX
l

» •••••• ax •
n

A is the matrix A evaluated at t=t and these matrices or vectors
r r

are evaluated at the nominal value of parameter 6. The necessary

condition of this minimization problem is of=O. Generally at nominal

value of parameter e, this condition may not be satisfied. Then 6

is corrected in the direction of the maximum gradient of F with

respect to 6. From the condition of local linearization,

• (7.21)

where the weighting matrixZ is lxl synunetric positive definite,
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and S2 is the measure suitably chosen. By the simple calculation

using Eq.(7.20) and Eq. (7.21), the corrected stepsize oe of the

parameter e is given as,

where p satisfies the relation of

• (7.22)

R[ r (y - glx(t )1):M-1.G ·A ].Z·l x
r=l r r r r r .

x[ ~ ~;.G;.M;l·(Yr- glx(tr)I)]
rill1

(7.23)

Then the corrected e isnew

This procedure must be continued till the value of of becomes as

small as approximately zero.

On the other hand, the confidence intervals for the fitted

parameter e can be calculated by using unit vector b[7-l5] and is

based on a confidence interval y(b) with the projection of e upon

any unit vector b. When H is defined as follows

~ ,-1H= l ~~·G·M ·G·~

I r r r r rrill
• (7.25)

and Ae is defined by Ae=e*-e, then the linear function of Ae, biAe

will take Gaussian distribution with variance of

, -1
0 2 =b·H ·bb

, (7.26)

where b is a unit Z-vector.
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The confidence interval y(b) associated with ble is then

y(b) • K'ob (7.27)

where K depends on the chosen confidence level. For example at 95

per cent level K=1.96. Hence if we assume that

then, we shall be correct on 95 per cent of the occasions. The

method described above can therefore be applied to our problem.

For simplicity, at first the parameters of kl , k2 , k
3

, k4 in Eqs.(7.5)

~(7.7) are fitted from the experimental data with the condition of

constant temperature. The experiments of Runs (7-l)~(7-6) cited

in Table 7.1 are performed under the condition of constant temperature,

and the values of k
l

, k2 , k
3

, k4 are fitted from the experimental

data of Run (7-1) ~ Run (7-6). The fitted parameters k
i

in each

run are shown in Table 7.3. From this result the constants a, b in

Eq. (7.13) are fitted by using the plot of Awt,sat./Awt,init. against

the temperature T. This plot is shown in Fig.7.l9. From this fig-

ure, ~ is given as

t • Awt,init. ~(- O.00457.T + 2.323)
Awt

where T has a unit of oK.

(7.29)

The calculated values using the values of these fitted para-

meters obtained for each run, are shown by the solid curves in

Figs.7.4a~7.9a. Moreover, by using the result of the Arrhenius

plot of these predicted parameters k
i

for the initial assumed para­

meter values, the parameters in Eq. (7.9) are fitted from the experi-
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mental data of Run (7-7) by the previously described technique.

For this case the procedure of parameter fitting should be. modified,

slightly. The nomenclatures in Eqs.(7.5)~(7.10) correspond to those

in the procedure describe.d above and CWt in Eq. (7.7), substituted

inEq. (7.5) and Eq.(7.6), then,

f •

-E E
'c' 1 - 'I

k 01.e R·T .. k40'e R·f (kG
.- 3·e

X~(O) :I (~t.init.,BWt.init.)

o
)(

(7.30)

(7.31)

~t(1-t)

(7.32)

(7.33)

Considering the procedure of the measurement of we.ight, then

y :I

r

r(Awt + I\,t)]

l (BWt) observed value
(7.34)

For the simplicity M and Z are taken as,
r

r - 1,··.···.R
Z :I I

- 255 -

(7.35)

C7.36)



where I is unit matrix and .a2 is taken as 6xl0 3Img/kg-total-sludge]2

from the other experiment.

By using these relations, the parameters in Eq. (7.31) are

fitted from the experimental data of Run (7-7) as shown in Table 7.4

and they are compared with each other by the Arrhenius plot as shown

in Fig.7.20, where various signs show the rate constants given by

Run (7-1) ~ Run (7-6) and the straight lines show one given by

Run (7-7). It is also seen that the value of k2 given by Run (7-1)

~Run (7-6) is almost the same as that given by Run (7-7), but that

the other parameters do not agree in both cases. However, investigat-

ing the confidence regions of fitted parameters, the degree of this

difference may be estimated. For example, with respect to Run (7-4)

95 per cent parameter confidence regions are given in Table 7.5.

If b is taken so that b.=l ; b.=O, j~i for k., the confidence inter-
~ J ~

val for an element k. is found as in Table 7.5. The confidence
~

-1
interval by the projection of e on the eigen vector of H has a

further advantage, but it can be generally recognized that the fitted

parameters have wide confidence regions. Averaging the values of the

fitted parameters given from Run (7-1) ~ Run (7-7), the mathematical

model of the thermal decomposition process based on weight becomes

• (7.37)

• (7.39)
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Table 7.3 Estimated parameter value.

Run No. k 1 (1/min) k 2 O/min) k 3 O/min) k.O/min)

7-1 0·5 0·095 0·00395 0'00736
7-2 0·5 0·095 0·0146 0'0306
7-3 0·5 0·095 0·00907 0·0150
7-4 0·5 0'095 0·183 0'0249
"-5 0·5 0·095 0·0123 0·0618
7-6 0·5 0·095 0'00645 0·0153

~ 0: (-0·00457T+2·3230) Aw•• J....IAw,

0.3

u

:§ 0.2

.;....
u..
;; 0.1

.?

Awt.sat. -.0.00457'T+2.3230
ANt.init.

550500

Temp. C' K)

O"---------'......~-e>-----'
450

Fig. 7.19 Awt,sat./Awt,init VB. T.
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Table 7.4 Estimate parameter
value from Run 7-7.

k1 = 0·245.exp (-497fT)
k-z = 0·319.exp (-500fT)
k 3 = 31oo.exp(-58oofT)
k. = 0'90 .exp (-I5OOfT)

Table 7.5 An example of parameter confidence regions,
at a level 0.95, Run7-4.

bk-I·96 . ../bHb ~ bk* ~ bk+I·96• ../bHb
where His,

[

0·88xl0-·, -0'12x10- 6
, -0·29x10-·, -0'17X10- 6]

H = -0'12x 10- 6 , 0'83 x 10- 9 , 0'50x 10- 7 , -0'13 X10-a

-0,29 x 10-·, 0'50xl0- 7, 0·10x10-·, 0·74 x 10- 7

-0,17 x 10- 6 , -0'13 X 10- a, 0'74 X 10- 7, 0'20 x IO-a
In thecaseofb, = 1, bJ = 0, i"!, i,

k t -1·4 ~ k 1* ~ k 1 +l'4
k'Z-0'0043 ~ k'Z* ~ k'Z+O'0043

k 3 -O'48 ~ k 3* ;:;; k 3 +O'48
k. - 0'0055 ~ k.* .::s k +0'0055
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Fig. 7.20 Arrhenius plot of the fitted parameters.

- 259 -



where

(. "wt~:iL .(_ O.00457.T + 2.323)

Next, the calculated COD values for each run are shown by

Fig.7.4b~Fig.7.10bby using the fitted parameters shown in Table 7.3

and Table 7.4, respectively and by using the regression lines of

the COD against the weight. In these figures the confidence regions

at 95 per cent level of the predicted COD values are shown by shading.

The predicted COD values do not fit the experimental data as well

as the weight.

The calculated COD and W values for each run explains the experimental
t

data by using the parameter values shown in Table 7.4.
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7-7. DISCUSSION OF THE MODEL

It has been assumed that the initial soluble matter is of the

same class as the soluble matter. Whether this assumption is

reasonable or not has been considered from the experiments in which

only the initial soluble matter reacts. The data for this experiment

are shown in Fig.7.11. The dotted curve in this figure represents

the calculated value by using the model. It is seen from this

consideration that the above assumption is not so unreasonable.

1As described previously, the plot of T vs. the ratio of CWt to

B
Wt

at a steady state becomes the straight line as shown in Fig.7.IS.

From this straight line, E
3

/R - E
4

/R = 3900 and k3/k4= 1.4xI0 3 •

On the other hand from the fitted parameter values, E
3

/R " E
4

/R

= 3340 and k;/k% = 3.2 x 10 3 • Therefore it may be concluded that

the estimation of the parameters of k3,k%'~3 and E4 are adequate

It may be doubtful whether this model can be used beyond the

range of our experimental conditions. However, it is apparent that

behaviour similar to this model can generally be seen in the experi-

ments of other workers.
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7-8. CONCLUDING REMARKS

It is confirmed by using artificially cultured activated

sludge that the reaction of thermal decomposition has an important

role in the treatment of sludge. A mathematical model of this

17-4]reaction is proposed . based on the experimental data, and the

values of the parameters of this model are estimated by using the

steepest descent method.
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NOMENCLATURE

A solid matter

B soluble nonevaporative matter

C soluble evaporative matter

COD; Chemical Oxygen Demand [mg/Z-total-sludge]

f function of state variable

9 observing function

ki reaction rate constant

M. covariance matrix of random error
~

T t t [ OK]empera ure

t

x

x

time [min]

matrix constructed by state vector

vector of state variables

observe value vector

weighting matrix

Wt weight [mg/kg-totai-sludge]

e

n

parameter vector

small deviation of parameter

sensitivity coefficient of x with respect to

variance

; error vector
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CHAPTER 8

SYSTEM IOENTIFICATION OF WET-AIR OXIDATION PROCESS-II

OXIDATION

&-1. INTRODUCTORY REMARKS

As already shown in Chapter 7, the thermal decomposition

reaction exists in the wet-air oxidation process, and a mathematical

model of the same process was proposed. It is the purpose of this

chapter to identify the mathematical model for the oxidation process.

The oxidation process means the reaction in which the sludge is

oxidized by oxygen under the conditions of a temperature of

l70-250°C and a pressure of 60-130 kg/cm2-gauge. This process

P [8-1],[8-3]is the so called, Zimmermann rocess • To identify

this model, the model of the thermal decomposition process is

partially used,because it's a known fact that the solid matter is

decomposed into soluble matter by the oxidation as well as the

thermal decomposition process. The mathematical model developed

in this chapter [8-4] is expressed and identified by the state

variables of COD and weight of soled matter, soluble non-evaporative

[8-5]and evaporative matter, as well as by a thermal decomposition model •

Also, the parameters of this mathematical model are estimated,by

nonlinear estimation techniques.
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8-2. STATE VARIABLES

The results of the precious chapter again stated are briefly

here:

(i) The state variables describing the mathematical model of

thermal decomposition are the COD and the weight of solid

matter, soluble non-evaporative and evaporative.

(ii) The model of the thermal decomposition process with respect

to the weight is shown in Fig.8.1. All reaction paths of

this model are first order.

(iii) The change of the COD value in the thermal decomposition

process is ,estimated from the regression line of COD against

the weight.

Now, consider that the mathematical model of the oxidation

process depends on these variables of COD and 'veight of solid matter

(A), soluble nonevaporative matter (B) and soluble evaporative

matter (C) in the sludge as well as the thermal decomposition model

because these variables grossly represent the contents of the sludge.

These variables are defined from experimental measurements as

shown in the previous chapter, but the weight of the soluble

evaporative matter (CWt ) cannot be calculate from the mass balance

of the weight of the solid matter(~t)' the weight of the soluble

nonevaporative matter (BWt ) and the weight of the soluble

evaporative matter (CWt ), becuse matter other then A,B, C is

produced by oxidation. These products are mainly CO
2

and water, but

there is also some CO and other gases. Hereafter the matter

produced by oxidation, otherthen A, B, C, is denoted by P.
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Fig. 8.1 Thermal decomposition model.
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Then, if PWt can be directly measured, CWt can be

calculated, but the weight of the water produced by oxidation

cannot be measured directly though the weight of produced gas can

be analyzed quantitatively. The weight of the produced water will

be calculated from the weight of produced gas under a certain

assumption. The preciseness of the quantitative analysis of gas

is frequently poor because of the limitation of the experimental

technique. Furthermore, the number of the gas samplings in the

batch type experiment is limited because the gas sampling causes

a wide change of the experimental conditions. Then, CWt is

calculated another way as shown below. It is assumed that the

regression line of CWt against CCOD in the oxidation process is the

same line as that in the thermal decomposition process. On the

other hand, COD value of the soluble evaporative matter (CCOD) can

be calculated by subtracting BCOD from the COD value of the

soluble matter considering the COD value of P to be zero. Then,

CWt is calculated by using the regression line of C
Wt

against C
eOD

"
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8-3. RELATIONSHIP BETWEEN THERMAL DECOMPOSITION AND OX!DATION

The model of the thermal decomposition process is partially

useful for the model identification of the oxidation process for

the reasons mentioned next. Using artificial cultured activated

sludge, both experiments of oxidation and thermal decomposition are

held under the same conditions except for the initially contained

in the reactor. That is to say, the difference in both experiments

depends on whether the gas initially contained in the free space

of the reactor is oxygen or nitrogen. The reactor is a magnetically

stirred type autoclave the volume of which is 500cc. The results

of these experiments are shown in Fig.8.2 and Fig.8.3. As shown in

these figures, the change of the weight and the COD of the soluble

evaporative matter are quite different in both cases of oxidation

and thermal decomposition. On the other hand the weight and the

COD value of the solid matter change quite similarly in the

oxidation process as well as in the thermal decomposition process.

Then, the change of the solid matter in the oxidation process

depends on the other experimental conditions, except for oxygen.

In the model of the oxidation process with respect to the weight,

the reactions of Awt are absolutely the same as in the model of

the thermal decomposition process. So, the model of the thermal

decomposition process is partially used for the oxidation model.

After all, it is said that in the oxidation process the solid

matter is once decomposed into soluble matter by thermal

decomposition, and then it is oxidized by the oxidation process.
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8-4. EXPERIMENT

To identify the mathematical model of the oxidation process,

several experiments are performed.

SampZe; The same activated sludge as used for the experiments

of the thermal decomposition process is used for this sample. That

is to say, the artificially cultured, activated sludge is preserved

at a very low temperature of about -60°C and used for the sample.

Equipment; The equipment used for the experiment of the

oxidation process is shown in Fig.8.4. An autoclave is used and

the reactor has a volume of 500cc, and it's inside is mixed by a

magnetic up and down type stirrer. This mixing is considered to be

complete. The pressure of the reaction is measured by a pressure

gage of the Bourdon type, and the temperature is measured by an A-C

thermocouple. Two gas and liquid sampling valve are attached to

the reactor. One is used for introducing nitrogen and the other

is used for introducing oxygen and gas sampling. The electric

furnace is set outside the autoclave.

A substitutional of gas sampler is filled with a saturated

solution of salt because CO2 is not absorbed. The sampling gas is

analyzed by gas-chromatography.

Prooedure; The frozen sample is warmed and dissolved

indirectly by warm water. The reactor is filled with this sample

of 250cc, and the inside of the reactor is highly pressurized by

nitrogen. The free space of the reactor is filled only with

nitrogen by substitution. One of the reasons for the reactor being

filled not with oxygen but nitrogen is because the heat capacity

of the reactor is large, and so the temperature of the reactor
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cannot be made to increase too fast. That is to say, to perform the

experiment under the condition of constant temperature, it is better

that oxygen is not contained initailly in the reactor. On the other

hand, the change of the solid matter in the oxidation process is

absolutely the same as in the thermal decomposition process. The model

of the change of soluble matter B, C is identified. Another reason for

the reactor being initially filled with nitrogen is that it is better

to start the oxidation process when soluble matter occupies a large

part of the sample.

Next, the temperature of the reactor is made to increase by using

an electric furnace. At a suitable temperature which is a steady state,

oxygen is poured into the reactor. The volume of oxygen in the reactor

has been set so as to be much larger than the theoretical volume

calculated by the COD value of the sludge. Then, liquid and gas sampling

are carried out at the desired any time. From this sample liquid, the

weight and the COD value of each variable are measured. On the other

hand this sampled gas is analyzed by gas chromatography. As mentioned

above, the result of the analysis of the gas is not used for the quantitative

analysis of the experimental data but for qualitative understanding.

So, gas sampling is carried out at the beginning and end of the experiment.

Measupement of state vaPiabZes; The weight and the COD value

of solid matter (A) and soluble non-evaporative matter (B) are measured

directly or indirectly as shown in the previous chapter. The weight

of the soluble evaporative matter (C
wt

) is estimated by the regression

line CWt against eCOD •

It is assumed that this estimated value of C is the observed
wt

value. The reason that this assumption is necessary will be given later.
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Experimental conditions; The three elements of initial concentration,

temperature and pressure are considered as the experimental conditions.

These conditions are shown in Table 8.1 and Fig.8.S.The conditions

shown in Table 8.1 are those when oxygen is poured into the reactor.

Initially it was intended that the temperature of the reactor was to be

kept constant throughout the reaction, but it could not be done because

of the difficulty of the operation technique. The value of the fixed

suspended matter is also shown in Table 8.1.

Result; The results of the experiments are shown in Fig.8.6~Fig.8.. ll.

Each run number in these figures corresponds to one shown in Table 8.1.

The various signs in these figures show the experimental data, and the

solid curves show the value calculated by the model to be described

later. In Fig.8'.6a, the weight of soluble non-evaporative matter ,(BWt )

decreases at time passes. The higher the temperature of the reactor is,

the more quickly Bwt decreases. The reaction consuming B apparently

depends on the temperature. On the other hand, the weight of the

soluble evaporative matter (CWt ) increases graduately and saturates when

the temperature is low as shown in some of the figures. When the

temperature is high, C increases once and then decreases as shown in
Wt

another figure. The reaction producing or consuming C is not one, and

the reaction paths of C
Wt

are affected by the temperature.

Secondly, Awt does not change much because the initial concentration

is samll. It is natural to say that the change of Awt is followed by

the model. of the thermal decomposition process, in spite of small

change Awt. Finally, the change of the COD is similar to the change

of the weight with respect to the shape. The larger deviation of

the COD value may be mainly due to experimental errors of the COD method.
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Table 8.1 Conditions Qf the experiments.

B~~t,init. BCOD,init. .Fixed susp. Temp . Press.
Run No. (mg/kgj (mg/l ) mal~lr~rkg )

•( <1<) (Kg/cm2 )

8-1 5790 5900 1270 485 70

8-2 4390 4840 I 1310 520 71rv72

8-3 5990 6480 1250 477 67rv7.0

8-4 9620 I 11700 5780 496 72rv75

8-5 17800' 19400 4090 498 70rv72
. I

8-6 5560 I 6660 1480 506 11 0",130
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From the similarity in the shape of the change between the weight

and the COD, it will be said that the COD values of each variable

is estimated by the linear regression relationships of the COD

and the weight in the oxidation as well as in the thermal decompo­

sition process.
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8-5. MATHEMATICAL MODEL

We will identify the mathematical model of the oxidation

process from the results of the experiments. First, a model with

respect to the weight is constructed by Awt' B
Wt

' C
Wt

and PWt '

Then the COD values of each variables are estimated by using the

linear regression model of the COD against the weight because the

change of the COD value is explained as the change of the components

of the sludge, and the weight of each variable roughly represents

the components of the sludge. It is assumed that the linear

regression models of the COD against the weight in the oxidation

process are the same as in the thermal decomposition process.

From Chapter 7, these regression models are shown in Table 8.2.

The linear regression model of CWt again~t CCOD is also shown

in Table 8.2. This regression line is used for the prediction of

CWt in the oxidation process.

Here,only.the model of the oxidation process with respect to

the weight is identified. The volume of oxygen in the reactor is

much greater than the theoretical volume calculated by the COD

value of the sludge. Then, it is assumed that oxygen is not the

controlling stage of the oxidation process in this experiment.

As previously described, it will be natural to assume that the

reaction paths of Awt in the model of the oxidation process are

absolutely the same as in the model of the thermal decomposition

process. Namely, the reaction paths of A to B and C exist as shown

in Fig.B.I, and the rate constants kl , k2 are the same as in the

model of the thermal decomposition process. These parameters kl ,k2
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are shown in Table 8.3. Next, the change of the soluble matter is

considered. Naturally, P is the matter other than A, B and C,

and P
Wt

is the weight of the water and gas produced by oxidation.

The model shown in Fig.8.12 is a simple one considering the re­
a

action paths between each of the variables A, B, C and P.

The reaction paths of P to Band C are physically meaningless.

Therefore, the model shown in Fig.8.12 is corrected as shown in
a

Fig.3.12
b

• We will discuss this model with respect to the reaction

order and the existence of each path. First, the effect of the

concentration is considered. Paying attention to the data given

by the experiments under the same experimental conditions except

for the initial concentration, as say Run 8-1, Run 8-4 and Run 8-5,

this data is rearranges by the normalizing technique as shown in

Fig.8.l3~Fig.8.l8. The basis of the normalizing is taken as BWt,init'

CWt~init and (BWt+ CWt)init because we want to get some informations

about the existence of each reaction path. From Fig.8.13, Fig.B.15,

Fig.8.16, it is assumed that all reaction paths are first order

with respect to concentration. This assumption may not be strictly

correct, but according to it, the calculation under certain circum-

stances, for example, when investigating optimal policy, becomes

simple. Therefore, we accept this assumption in so far as the

first order assumption can explain the experimental data skillfully

to some extent. Next, we will discuss whether each reaction path

as shown in Fig.8.l2b exists or not. The reaction path from B to

C exists because CWt increases at least once in all cases of the

experiments. The question is whether the reaction path from C to

B exist or not, or whether the reaction between Band C is reversi-
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Table 8.2 Linear regression model.

Linear regression model

ACOD against AWt ACOD=1.3l3.AWt+4DBD

BeOD against Bwt BCOD=1.OlB'BWt~260

eCOD against CWt eeOD=O.55·CWt+1OBO

CWt aga1nst Ccao CWt=O.967.Ccao+460

k1=O.37·exp(-249/T)
k2=O.319.exp(-500/T) A ..
t=(':'O.00457 T+2.3230)· Wt~:'t •

Fig. 8.12a
. Fig. 8.l2

b

MOdel of the oxidation process.
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ble or irreversible? If the reaction path from C to B does not

exist, the change of B IB .. against time is identical in anyWt Wt,lnlt

case under the same experimental conditions except for BWt ' 't'
,ln1

for the reactions are all of the first order. As shown in Fig.8.l4,

this relation with respect to BWt/BWt,initiS not satisfied.

Furthermore, if the reaction order is not first, initial reaction

rate B IB .. becomes greater or smaller in order of the initialWt Wt,lnlt

concentration of BWt ' This condition is not satisfied as shown in

Fig.8.l4. On the other hand, the value of BWt/(BWt+CWt)init changes

in the same way as in the cases of Run 8-1, Run 8-4 and Run 8-5.

If so, it may be said that the reaction path from C to B exists.

At least one of the reaction paths from B to P and from C to

P exists because P is produced in the oxidation process. The ex-

istence of P is clear from the analysis of the gas. First, the

reaction path from B to P is examined. If this reaction path

does not exist, the initial prodUCing rate of P depends only on

the initial concentration of C. If this reaction is of the first

order, the initial rate of Pw ICw . . is the same value in case
t t,lnlt

where Cw i' is diffe~ent. If this reaction is not of the firstt, nlt

order, the initial rate of PWt/CWt,init becomes greater or smaller

according to CTT ••• As shown in Fig.8.17, both conditions
l~t,lnlt

mentioned above are not satisfied. So, it can be said that the

reaction path from B to P exists.

Next, the reaction path from C to P is examined. The method

of examination is smilar to examination of th~ reaction path from

B to P. That is to say, the value of Pw IC
W

. . is used for
t t,lnlt

this examination. From Fig.B.lB, it is assumed that the reaction
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path from C to P exist. However, it is expected that the reaction

rate of thereaction path from C to P is small. Finally, it can be

said that both reaction paths from B to P and from C to B exist.

For the above examination it is assumed that the experimental con-

dition of Run 8-1, Run 8-4 and Run 8-5 are the same except for the

initial concentration. But strictly speaking, this assumption is

not corre~t as shown in Fig.8.5. Here, it is assumed that the

difference between the assumption and the fact ts small. Finally,

from the above examination, the model of the oxidation process with

respect to the weight becomes one as shown in Fig.8.l2b, where the

reaction order of all paths is first.

The experimental condition of the total pressure of the

reactor does not directly affect the oxidation process but does

so indirectly as the thermal decomposition process. We do not

consider the effect of the pressure in the model of the oxidation

process. Finally, on the assumption of the rate constant being

subject to the Arrhenius-t~pe, the mathematical model of oxidation

process with respect to the weight becomes as follows

,

,

(8.1)

(8.2)

(8.3)

• A~ i i + B + C - A~t- BWt- CWt " (8.4)
~~t, n t.Wt,init. Wt.init. -~
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where the intial conditions are

A_ - A-_ B = B
-~tt=O- -~t,init ' Wtt=O Wt,init

and k., ~ are
~

C = C
t-lt t=O Wt , init

(8.5)

k i • ki exp(-
Ei

R7j)

t • (a-T + b) J\-1t •init.

Awt

i • 1 ••• -". 6t t

t

(8.6)

(8.7)

where k~ is the frequencY factor and E. is activation energy.
1. 1.

The assumption that the rate constant is subject to the Arrhenius-

type may be incorrect due to being an oversimplification. But if

the experimental data is explained skillfully to some extent by

using this assumption, it is not so erroneous. A situation like

this may be inevitable during the first stage of model identification.

Finally, the mathematical model of the oxidation procass with

respect to the weight is represented by Eq.(8.l)~Eq.(8.7). And the

COD value of each variable is estimated by using the linear

regression model as shown in Table 8.2.
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8-6. PARAMETER FITTING

We will estimate the values of the parameters in the mathe-

matical model of the oxidation process with respect to the weight.

The values of ki' kZ' El , EZ' a and b in Eq.(8.1)~Eq.(8.7) have

been estimated in the thermal decomposition process, and. these

parameters values can be used in the mathematical model of the

oxidation process as previously mentioned. Then the values of

k~, E. (i=3,'" ,6) in Eq. (8.l)~Eq.(8.7) are to be estimated from
1 1

the experimental data. As the procedure of parameter fitting has

.already been described in Chaper 7, the same explanation is not

mentioned here.

ERR~ntinlly. Cw is not observed dircctly but is cstimlltcd
L

by the linear regression model of CWt againt eCOD ' If it is not

assumed that C
Wt

is the obsedved value, parameter fitting will be

poor, for various combinations of each parameter values of k3, k4,
kS' E3 , E4 and ES satisfy the criterion that the squares of the

observation error is minimum. Furthermore the parameter values of

k6 and E6 cannot be estimaed from the observed data BWt and (~t+BWt)'

Therefore, it is assumed that the predicted value of C
Wt

given by

the linear regression model of CWt against CCOD is the observed

value, and that the error of this prediction has a Gaussian dis-

tribution with a zero mean and variance of ~2. This assumotion is

necessary for the statistical treatment of parameter fitting.

Then, the problem of parameter fitting in this case is described

as follows : A set of ordinary differential equations is given in

Eq.(8.l)~Eq.(8.7). Then, find the value of ~arameter e· described
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in Eq.(8.ll) which minimizes a function such as

F{e).= I [y(t )- g(X(tr))]'oM-1o[Y(trl- g(x(tr )]]. (8.8)
r=1 r

where ",It denotes the transpose vector, -1 denotes the inverse

matrix, M is the covariance matrix of error n , y(t ) is the ob-
r r r

served value vector at time t and 9 is the obsedved function vector
r

of state variables.

To solve this problem, the gradient method is used as shown

in Chaper 2, 7 and references[8.5], [8.6]. In our problem, y(t
r

) ,,~

9 and e are given as follows,

'\it + BWt

BWt

~t observed value at time t r

, (8.9)

g(x] • , (8.10)

~t calculate~value at time t r
•.• 1

e~ • (k03 kO kO kO E E E E )
'It' 5' 6' 3' It' 5' 6

and M is taken as
r

(8.11)

(8.12)

where cr2 is the variation of obser.vation error of the weight and

has the value of 6x l0 3[mg!kg-total-sludge]2. When a parameter

fitting is performed by using the gradient method, the first assumed

values of the parameters are significant. If the first assumed
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values are poor, the calculation time of parameter fitting often

becomes very long, or that the estimated values of the parameters

have no physical meaning. The first assumed values are investigated

by using the analog computer ALS-lOOO, and from the investigated

values of the parameters, tha calculation is started by the digital

computer KDC-II. From the result of this calculation, the fitted

parameter values are shown in Table 8.4. The calculated values of

each variable resulting from using these estimated parameter values

are shown as a solid curve in Fig.3.6a~Fig.3.lla. The COD values

estimated by using a linear regression model of COD against the

weight are shown as a solid curve in Fig.3.6b~Fig.3.llb. In these

figures, the shaded parts show the 95[%) confidence regions with

respect to the expected values.

The mathematical model of the wet-air oxidation process

becomes as follows.:

to the weight is,

JlWt-.
dt

The thermal decomposition model with respect

(8.13)

where,

t • ~t!init. (-0.00457.T +2.323)
'~t
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and the oxidation model with respect to the weight is,

~vt-.dt

249 500
-T -1

-(0.37·e + 0.319·e ) .(1-~)·~t (8.16)

249 3270 4700 5300

0.37e- T{1-~)Awt-'1.41e-~+120e-~)BWt+l.94e-~.JCwt.(8.17)

500 3270 5300 5300
-T ----,=- --r---r

0.31ge .(1-~)Awt+1.41e .BWt-C1.94e +lO.5e '>Cwt,(8.l8)

, (8.l9)

The change of the COD value is estimated by the linear regression

model of COD against the weight as shown in Table 8.2.
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Table 8.4 Fitted parameter values.

k3=1.14·exp(-3270/T)
k~=1.94·exp(-5300/T) ­
ks=120.exp(-4700/T)
k6=10.5·exp(-5300/T)
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8-7. DISCUSSION

It is assumed that the rate constant is subject to the Arrhenius-

type and that the reaction path from C to P exists. Based on these

assumptions, the mathematical model explains the experimental data

fairly well. Thus, it can be said that these assumption are not

so erroneous.

Another experiment is performed by using the same sample of

artificial cultured activated sludge as previously mentioned.

The equipment used in this experiment is the same as above mentioned.

The result of this experiment is shown in Fig.8~19. In this figure.

the dotted curve indicates the temperature of the reaction. The

calculated values resulting from using this model described in

Eq.(8.l6) Eq.(8.l9) are shown as a solid curve. This model too

explains the experimental data fairly well.

The analysis of the gas is performed by gas chromatography.

The produced gas is composed mainly of CO 2 and partially of CO and

other organic gases.

We have used the linear regression model of COD against the

weight and model of the weight against COD. These linear regression

models are models when only one variable is subject to error.

But actually, the observed values of the COD and the weight are

both subject to error. When both variables are subject to error,

the method examining how to fit a straight line has been

[ 8-7]reported • but the author does not use this situation because

the statistical examination of the model is less informative than

the case when one variable is subject to error. And it is assumed
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that only one variable is subject to error. When we use the linear

regression model of COD against the weight, it is assumed that

the weight is known deterministically. ConcerPjng the model of the

oxidation process, if the time goes to infinity, all the values of

~t' BWt ' CWt become zero. It may be said that this does not

correspond with reality, but the practical application of this

mathematical model is limited with respect to the experimental con­

ditions of time, temperature, concentration, pressure and so on.

Thus, when we use this model outside of the limitations, we.must

take a prudent attitude.

We did not estimate the initial values of the state variables ~t'

BWt ' CWt ' If for example, the initial value of C
Wt

is estimated by

similar manner to parameters k
i

, the experimental data may be more

precisely explained.
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8-8. CONCLUDING REMARKS

The mathematical model of the oxidation process was proposed

based on the experimental data[8-4], and the parameters of this model

were estimated by using the steepest descent method. The volume

of oxygen in the reactor was much greater than the theoretical.'

volume calculated by the COD value of the sludge. The effect of

the volume of oxygen on the reaction rate was not considered.
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NOMENCLATURE

Only the typical nomenclatures are cited.

A solid matter

a parameter

B soluble nonevaporative matter

C Soluble evaporative matter

COD Chemical Oxygen Demand [mg/Z-total-sludge]

k. reaction rate constant
l.

P final product in oxidation process

T temperature [OK]

t time [min.]

W
t

weight [mg/kg-total-sludge]
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CHAPTER 9

RATIONAL DESIGN OF AWASTE WATER

TREATMENT SYSTEM

9-1. INTRODUCTORY REMARKS

In this chapter, the method proposed in Chaper 5 is applied

to the rational design of a waste water treatment system composed

of an activated sludge treatment process from the viewpoint of a

systems engineering approach. In this approach, all the subsystems

which constitute the waste water treatment system are first repre­

sented by a simple mathematical model, partially described in

Chapter 8. The total system deSign investigated in this chapter

aims at a decision on the optimum capacity of each unit operation

under given conditions of flow rate, and inlet and outlet average

concentration. The method of determining a rational design margin

to compensate for the undesirable effects on system performance

due to the parameter uncertainties proposed in Chapter 5 is applied

to determination of the margins of the design variables of a waste

water treatment system whose predicted input flow rate involves

some error.
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9-2. }~THEMATICAL REPRESENTATION OF PROCESS SYSTEM

The mathematical model of each unit operation must represent

the relation between the degree of treament and the size of each

unit operation. The total system comprizing an activated sludge

process and a sludge treatment system is shown in Fig.9.l.

The sludge treatment system is composed of a thickening unit, wet-

air oxidation process, dehydrating unit and incinerating unit.

The static mathematical model for each unit is given as follows,

hptng developed from experimental studies[9-l],[9-2],[9-31. In the

following equations, the state variables xl and x 2 represent BODS

and SS concentrations, respectively, of waste \-!ater in each unit.

Superscripts indicate inputs to or outputs from each unit as shown

in Fig.9.l, and V. is the volume of the unit process i(i=A~ S~ T~ W).
1,

Y is the input flow rate into the total system, and r,w, £ and a

are the ratios of return flow rate from each unit to the aeration

tank.

In an aeration tank, the mathematical model on the assumption

of complete mixing is given by

(9.1)

·1 1where x. represents the derivative of x. with respect to time t.
1, 1,

R. in Eq.(9.l) are the reaction rates of the substrate and the
1,

t d
[9-1]

activated sludge, given by Eq.(9.2) from the experimental s u y

(9.2)
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where,

a = conversion ratio of substrate to activated sludge
[SSppm/BODSppm]

b = rate constant of decomposition of sludge [l/hr]

k = rate constant of consumption of substrate per unit weight
of activated sludge [l/hr/SSppm]

S = conversion ratio of activated sludge to substrate
[BOD 5Ppm/SSppm]

and these parameters can be estimated from experimental data.

Under steady state conditions, the next condition

-1x. = 0
'l-

must be employed.

i = 1,,2 (9.3)

In a sedimentation vessel, concentration of suspended solid

in supernatant liquor x~ is represented by a function of sludge

concentration in the mixed liquor and retention time as[9-l]

where d" n and A are constant parameters. Since it may be natural

to assume that the concentration of substrate does not change in

the sedimentation vessel,

(9.5)

rThe concentration of recirculated sludge x
2

is represented by an

exponential function of retention time

r -2" V
x2 = c; {l-exp (-8(1 8 ) )}

IlO +r+lJH-r:. y

309

(9.6)



where ~ is the concentration of sludge for the condition of infinite

retention time, and B is a constant given by experimental data.

The mass balance in a sedimentation vessel can be written as

(9.7)

In the thickening unit, concentration of sludge to be sent

to wet-air oxidation process x~ is given in the same way as Eq.(9.6)

where CS and E are constants given by the experimental data.
00

(9.8)

If the

return sludge from the thickener to the aeration tank has the flow

rate eoy and the concentration of sludge is x~, the equation

(9.9)

is obtained from the mass balance.

In the wet-air oxidation process, the sludge of concentration

x~ and flow rate (w+a)y must be treated by oxidation. If the sludge

in this oxidation process is divided into three groups such as

solid matter A, soluble nonevaporative matter B below 120°C, and

soluble evaporative matter C below 120°C, and if the overall weight

concentration of the three groups in the reactor are denoted by

xi~A~ x~~B~ xi~C, respectively, the relations among these variables

become as follows under the assumption of a complete mixed tank

ractor,

v .7"j
rfa (9.10)

Where'X~ is the concentration of the j-th group in the input flow
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to the reactor. The following conditions are assumed

(9.11)

~. in Eq.(9.l0) denotes reaction rates and is represented by the
J

f:lrst order triangular reaction[9-3]

I'l) - (k1+1<2) ~ 0 0 Il~A
" ;'r,2

·It - k1 " - O<i,-kS )" k4
t~B

(9.12)8 X
2

'he k 2 k
3 " -(k4+7<6)

l C
" x "2

where kl~k6 are reaction rate constants which vary depending on

temperature. At the steady state, the conditions

J A.. B.. C (9.13)

are satisfied in Eq.(9.9). Separation of solid matter A, and solu-

ble matters Sand C from the oxidized sludge is so easy that a

separation unit for this purpose is not so significant in studying

the total system design. In the separation of solid matter A from

the oxidized sludge, the condition of

(9.14)

is realized. and soluble matters B and C contained in the super-

natant liquor must be returned to the aeration tank. The values

Z B Z C
of x

2
' and x

2
' have a significant effect on the COD concentration

of the return flow. as shown in Eq.(9.15) and as shown in Chapter 7,
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l B= 1.01B o x2' ISSppm] - 260

(9.15 )
l C0.SSox2' ISSppm] + lOBO

The COD and BODS concentration of soluble matter in the supernatant

liqu?r can be related by a linear equation from the experimental

[9-4] u>'
data as shown in Fig.9.2. BODS concentration xl of the super-

natant liquor is given by

(9.16 )

Assuming that the sludge from the dehydrating unit contains

no soluble matters and that the sludge is dehydrated to water content

Y[%]t then the equations

(9.17)

1­(LH1:l)x
2 (9.18)

y - 100 - %~ X 10-4 (9.19)

1,-
are given from the mass balance t where x2 is the concentration of

the sludge fed into the incinerating unit. In this unitt the sludge

of the water content Y[%] must be incinerated.

The junction conditions at the inlet of the aeration tank

are given by

0 (~+l'X~+CX~+WX~)/(l+r+w+£) (9.20)xl -
0 (x{+rx~+&X~)/(l+r+w+£) (9.21)%2 ...
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Fig. 9.2 Relation between COD and BOD.
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The output concentration of total BODS' calculated as the sum

of dissolved and suspended matters, is given by

where m is a conversion coefficient of SS to BODS. It is desired

to fix the value of output BODS CL at the standard value CLimit .

Thus,

(9.23)

The equations mentioned above are the process equations and

the constraints for design of the total system.
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9-3. OPTIMUM DESIGN AT STEADY STATE

In this section, optimum design at steady state is defined

as a problem of determining design and operating schemes which

minimize the total construction cost of the system illustrated in

Fig.9.l under given input and output conditions. The total con-

struction cost J is provided by

(9.24)

where the construction cost C.(i=A,S,T,W,I,P) [$] of the unit i is
1,

given by

CA
::::: VA (46. J-I'8120V~O.[J18) (9.25)

Cs =V
S

(45. O+10900V;1. 126) (9.26)

CT = VT{8?+42/exp(V7/J720)} (9.27)

C,o/ = 0.41 X 105V (9.28)W

CI =1.0? X 105(a.y)O.585 (9.29)

Cp = ?05ry (9.30)

These are formulated based on results represented in the

literature[9-5],[9-6],[9-7],[9-8] as follows.

Construction cost of each unit is given as follows :

Thoes of the aeration tank and sedimentation vessel are given by

Eq.(9.25) and Eq.(9.26) from the result of Smith[9-7] on the base

of $ and m3 • Construction cost CT of the thickener is given by

Eq.(9.27)[9-5]. Construction cost C~ of the wet-air oxidation
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process depends on the volume of the reactor as shown in Fig.9.3.

This relation is obtained from the data of construction costI 9- 6J •

Then, Cwis given by Eq.(9.28). As the dehydrating unit is assumed

to weakly depend on the flow rate of the sludge to be dehydrated,

constructioncost of this unit is considered as a constant cost.

The cost of the incinerating unit is a function of flow rate of

sludge [9-8]as given by Eq.(9.29) .

The total construction cost can be described by the sum of

each construction cost. The decision variables in the system design

are the capacity of the unit such as the volumes of the aeration

tank, thickener and so on, as well as manipulating variables such

as recycle rates. The optimum design to be studied is to determine

the values of the decision variables so as to minimize the performance

index J given by Eqs.(9.24)~(9.30) subject to the process equations

(9.l)~(9.2l) and the output conditions of Eos.(9.22) and (9.23).

Values of the parameters and the boundary conditions used in

this calculation are given Table 9.1 and are termed nominal values

hereafter. In solving this optimization problem, the steepest de-

scent method is applied.

The results of numerical calculation are shown in Table 9.2.

The following becomes evident from the results i) The plant ca-

pacity for the sludge treatment process is much smaller than that

of the aeration tank and sedimentation vessel in this solution.

For example, the volume of the aeration tank is 7xl0 5 times as big

as that of the wet-air oxidation process. ii) The retention time

in the units calculated are as follows; tA=4.08[hrJ, tS=4.37[hr]~

t T=1.56[hr], t W=4.94[hr]. This result shows that the volumes of
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Table 9.1 Given parameter values & boundary
conditions.

a~O.52[SSppm!Bonsppml.A=O.6E1[1!hrl. b=0.OO5[1/hrl
;;; r B 5 1
~ B~E~O.29[l!hrl. C =12000[SSppm). C =10 [~Sppm

~ d=2.0((SSppm)O.Sl: k=O.OOO5(1!hrIS;ppml.

~ k =lJ.8[l!hr). k =7.32[1!hrl. k
3
=O.162[1/hr)

u 1 2
~ k4=0.0054[l!hrl. k5=O.96[1!hrl. k6~0.03[1/hr)

~ m=O.5[BODSppm!SSppm1.n=O.5(-1. B=0.7[BOD_ppm!SSppml
~ )

~ y=20000[m!hrl. x{=300[BODSppml. ~=O[ssprml
IQ

Climit-30[BODSppml. y=50[%1

Table 9.2 Optimum design of total system for
nominal values of parameters •

.
- 5 5

design variable V
A

,1.446XIO ,V
S
=1.584x10

per-
- - 3VT=179.0. V~0.198(m ) forma nee

- -6 Index

manipulating
r=0.765, LJ=2xlO

~=5.75x10-3 - -9variable cr.=l. JElx10 J~1.387

re.tention t.4=4.0B, t
S
=4.37, t T=1.56 xlO7

efJtime t i t W=4.94 (hr]

e e r 1X
b
=27, x

2
=6, X2=8621, X2=J757,

t w tstate variable Xt=36320, x2=5~. Xl=282~, x 2=344,

x 2,B.,.3S51, xi'" =8183, X~=5XI0S
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both aeration tank and sedimentation vessel are almost equal, which

corresponds to a retention time of about 4[hr]. They coincide with

the dimensions of plants actually constructed. The value of the

concentration of the return sludge x~ being about 8600[ppm] also

corresponds to the actual design value. iii) The calculated values

of the ratios of return flow rates to feed are unrealistic.

Especially, the value of r is too large when compared with the values

of e, w, ~, and yet this result may suggest the effectiveness of

the policy to reduce as much as possible the volume of excess sludge

to be treated. That is to say, a high rate or the total oxidation

method in the activated sludge process may be more desirable than

the so-called "conventional method".
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9-4. DESIGN MARGIN TO COMPENSATE FOR THE ERROR OF PREDICTED

INPUT FLOW RATE

The parameters in a mathematical model involve inevitable

estimation errors and may frequently deviate from the nominal values

during the. operating period. If the actual value of each parameter

deviates from the nominal one on which the optimum design has been

done, the output value will vary more or less from the optimum state.

Usually, some design margins are added to the result from the nominal

design to compensate for the undesirable effect of parameter devi-

. th t [9-10],[9-11],[9-12]at10ns on e sys em • A mp.thod for evaluating

design margins quantitatively, taking into account parameter un­

certainties, has been proposed by the author and others[9-l3],[9-14].

In this section, the extention of the method for more practical

d i Ch 5 [9-15]. l' d h d' fuse as was propose n apter 1S app 1e to t e eS1gn 0

[9-16]this system •

Generally, in the system design of a sewage treatment process

the capacity of each unit is determined based on the flow rate and

the concentration of sewage which are estimated from the predicted

value of future population. It has been reported that the flow

rate of waste water to be treated is propotional to 1.3rd power of

population, and that concentration is independent of popu1ation[9~9].

Suppose that the population increases linearly at an increasing

rate ~ during the design period T. The rate of population increase

usually has some estimation error, and the input flow rate y thus

contains an uncertainty. Denoting the error of ~ by v, the un-

- 320 -



certainty~y of the flow rate calculated from the predicted value

of population is given by

1.3 1.3
~y = {1+ Ts(l + v)} - {1 + Ts} (9.31)

For example, if v=O.2, T=10[year], s=O.04[l/year], the value of ~y

is about 12[%].

The problem considered here is to evaluate the design margin

~V.(i=A,S,T,W) to compensate for the effect of the uncertainty of
1.-

the input y by the method proposed in the previous section.

The numerical values used and the result of the calculation are

shown in Table 9.3. As this table shows, the design margins calcu­

lated by the method presented in the literature[9-l3], where no

account is taken of manipulating variables, have larger values than

those in this method. From this calculated result the following

is concluded : i) No design margin for the unit operation is re-

qui red because a small change of the manipulating variable r can

sufficiently compensate for the effect of parameter variation.

ii) The smaller the allowable range for the change of manipulating

variables becomes, the larger the design margin ~VS of the sedi-

mentation vessel becomes. From the example, if the allowable ranges

of ~r/r, ~w/w and 6C Z are l[%J, 1[%] and l[ppm], respectively,

there is no need to evaluate the design margin since the undesirable

effect of parameter deviation can be compensated for by slightly

changing the manipulating variable. iii) It's the sedimentation

·vesse1 to which the design margin should be added. This result is

suggested by both methods. The value of design margin 6V
S

by the

. [9-13] .
previous method is about 2~4 times more than that by the
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Table 9.3 Rational design margin for parameter uncertainty.

range of para- allowable de"i.~n marllln
9 a)*')

meter deviation
range of

bv the method proposed here bv the orevious methoa

'" 6U/u output f!E l remark 6V
S 6V4, 6V'l' 6VfJ 6V

S 6V4 ' 6V'I" 6V,.,

0.2 0.12 If!Ezl~1
at most**)

0 6V4 ..6VT"'6Vw=C 1. 38><10" 6V4. =6VT=6VW..O
flro/r:=0.0066

0.2 0.12 lC Z=O ;{ t ;f!:"fY **} 0 " 2.32><10" "t' 1'" .01 1

IlC Z1;,1,
if allowable

ranges***) of
3. 38><Ur0.2 0.12 61', 6w are " 1.38><10" "

161'/rj<0.005 and
f 6w/LJI <0.005 -f:I., ~a 1t allowable

0.2 0.12
ranges***) of 1. 28><10" " 2.32)(10" "61', 6W are

16l'/rl<0.005 and
i "w;'wl ~O. 005 I

*) ~ and 6r are'taken as 6W=0, A1'=0 bv the previous method •
••) It is sufficient to compensate for the bad effect of 6y if 41' has that value at most •
•••) The case in which controllable ranges 6r, ~ of manipulating variables are given.
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present method. iv) The allowable range of the change of the

manipulating variable is quite significant in designing the process

system.
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9-5. CONCLUDING REMARKS

In this chapter, the methodology for rational design of

process system was applied to a waste water treatment process.

A useful way was presented to decide nominal optimum design, to

utilize the uncertainties of parameters for predicting reasonable

design margin. On the basis of the methodology given above, the

following results are derived concerning the design of waste water

treatment systems i) A high rate or total oxidation of the

activated sludge process may be more desirable than the convention­

al method from the viewpoint of reducing construction cost.

ii) Design margins that compensate for the error of predicted input

flow rate are determined rationally. As a result of this, it has

been proved that the process systems engineering approach is of

great use, even for systems whose parameters contain various kinds

and degrees. of uncertainty.
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NONENCLATURE

a ; conversion ratio of substrate to activated sludge
ISSppm/BODSppm]

A parameter in Eq. (9.4) [l/hr]

Cz total BODS of effluent water [BODSppm]

k rate constant of substrate consumption per unit weight of
activated sludge [l/hr/SSppm]

k. rate constant in Eq.(9.11) [l/hr]
&.

m conversion coefficient from SS to BODS [BODSppm/SSppm]

r ratio of return sludge to input flow rate [-]

r nominal optimum value of r [-]

~r deviation of r from r [-]

t. retention time of unit i(i=A~S~T~W) [hr]
&

T design period of sewage treatment plant [yr]

Vi volume of unit i(i=A~S.,T.,W) [m 3]

V. nominal optimum value of V. [m ]
& &

~V. design margin of V. [m 3]
& &

w ratio of flow rate from the filtering unit to the aeration
tank [-]

w nominal optimum value of W [-]

~w deviation of W from W [-]

Y flow rate of input waste water [m 3/hr]

y nominal value of y [m 3/hr]

~y deviation of y from y [m3/hr]

a ratio of input flow rate of incinerating unit to feed [-]

y ratio of water contents [io]

£ ratio of flow rate'of thickener to aeration tank [-]

v error of rate of population increase [-]

~ rate of population increase [-]
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superscript

e output from total system

f input to total system

i input to incinerating unit

Z ;. output from wet-air oxidation process

Z,A solid matter in oxidized sludge

Z,JB '; soluble matter in oxidized sludge

Z,C soluble matter in oxidized sludge

r return sludge

S output from thickener to wet-air oxidation process

w output from filter to aeration tank

w' output from wet-air oxidation process

e output from thickener to aeration tank

o input to aeration tank

1 output from aeration tank

-1 inverse matrix

subscript

A aeration tank

I incinerating unit

p pump

S sedimentation vessel

T thickener

W wet-air oxidation process
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CHAPTER 10

RATIONAL DESIGN OF ACTIVATED SLUDGE

PROCESS WITH DYNAMIC INPUT DISTURBANCES

10-1. INTRODUCTORY REMARKS

As stated in chapter 4 and 5, it will not always be sufficient

to determine the mathematically optimal value based only on a

mathematical model t and treatment of parameter uncertainty has been

discussed as one of the problems to be considered. In this chapter,

a rational static design method for an activated sludge process with

dynamic input disturbance will be discussed. This problem is

application oriented.

Inputs to the process t that is, the flow rate and concentra-

tion of inlet sewage inevitably change in time. They have patterns

of daily or seasonal disturbances in a waste water treatment proc­

ess[lO-l]. Therefore, the size of each unit obtained form the nom-

inal optimum design based on the mean values of the inputs may have

to be replaced by the size determined by using the dynamic model.

But the data of inputs to be used, if it exists, may increase, or

the dynamic nature·of an input may be known only as an expected-

value.
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In the customary way of designing plants, mean values of input

are used as a basis for determining the capacity of the system, and

some margin estimated according to experience is added to this in

order to compensate for the dynamic input disturbance.

It may be more practical now to design a waste water treat-

ment process according to the customary method stated above. We

must discuss the problem of the relationship between the static

design value using a constant input and the value of the dynamic

design using dynamic input disturbance that may exist. That is, how

does one evaluate the design margin to be added to a nominal static

design value? This must be made clear. In this chapter, the prob-

lem considered is how the dynamic input disturbance, that is, a

time-dependent parameter disturbance, should be taken into account

[10-8]for static system design •
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10-2. STATIC OPT~ DESIGN AND INPUT DISTURBANCE

10-2-1 Mathematical Model of the Process and Static Optimum Design

We consider the activated sludge process illustrated in Fig.

10.1 which is composed of an aeration tank and sedimentation vessel.

Process equations are given as fo1lows(10-~].

In the completely mixed aerator

(10.1)

where R. represent reaction rate and is given by
-z.

(10.2)

(10.3)

Parameters a,b,S, and k are constants with respect to the

reaction of microorganisms, as shown in Table 10.1. VA is the

[ 3 i ivolume of the aeration tank m], xl and x2 are BOD and SS at sta~

tion i, respectively. Superscript 0 and 1 represent in flow in to

the aeration tank and effluent from the aeration tank, repectively.

Y, Rand t represent flow rate of the inlet sewage [m3/hP], flow

rate of return sludge [m3/hP] and time, respectively.

55 and BOD of the supernatant liquid of outlet waste water

e e
from the sedimentation vessel are denoted by x2 and x2 , respectively,

and given by the following equations,

(10.4)
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o:r.
1 VA Vs

w
W
N

.
I,~, ~ 0 Aeration

1 1
Sedimp.ntation:2 ~ Y+R, :1' :1: 2Tank VeRsel

j

e l' ,
R, %1' 3:2

Y : input flow rate [m3/hr]
R : return sludge flow rate [m 3/hr]
e l : cone. of output total BOD [BODppm]

Fig. 10.1 Activated sludge process.
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Table 10.1 Given parameter values.

a-0.52(SSppm/BODppm)

d-2. O(SSppm)"I)

i-O. 000';( I/Ch.·SSppm»)

..-0.5

"'1·-IO.ooo~SSppm)

b-O.OOse I/hr)

h-0.68Icl1.)

... -0. 5CBODppm/SSppm)

6-0.7c130Dppm/SSppm)

"'.'- 0 eSSppm)
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where d, n and A are constants given in Table 10.1 and

vo1ume[m3J of the sedimentation vessel.

V is the
B

At the junction point of recycled activated sludge and input

sewage, tha following conditions

o:x:.­
1-

(~y + :r:~R) / (Y+R),
1- 'f..

i. - 1,3

(10.5)

are satisfied.
1" e

We now assume that xl = xl. Water quality of ef-

fluent waste water is measured as total BOD Ct as follows

where m is the conversion coefficient from SS to BOD. Since it is

desired to fix Ct at standard value C1imit' the following condition

C z =Climit. (10.7)

must be satisfied. For the steady state

J i = 1,2 (10.8)

are given in Eq.(10.1).

The nominal static optimum design problem studied here is to

determine the optimum volume VA' Vs of the aeration tank and

sedimentation vessel, and the recycle flow rate R which minimize

a performance index under a given input Y, ~ and output condition
1-

c· together with the parameters listed in Table 10.1. The
limit

performance index employed here is
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Some examples of the solution of optimal satic design for various

x{ and Yare listed on the left handside of Table 10.2. For example,

the solution for xi = 131.6, Y = 3,497.5 is as follows; R/Y = 0.6,

VA/Y = 3.84,(hr) VS!Y = 4.84(hr), where in these numerical calcula­

tions Cl . 't = 30(ppm) is used, and each case in Table 10.2 is
~ml

explained in 10-2-2. It becomes clear from Table 10.2 that the

retention time of each unit (T
A

or T
S

) becomes small and recycle

ration y~R/Y also becomes small.when input BOD concentration x{ be­

comes small.

10-2-2 The Effect of Input Desturbance

When inputs having time-dependent disturbances both in flow

rate and concentration enter a system which has been optimally design

based on the static mean values xfm, Ym, we discuss the effect of

input disturbance on the mean values of output total BOD, CZ,m' from

the numerical calculation.

The numerical calculation is made as follows:

Solutions x~(t) and x;(t) which satisfy Eqs.(lO.l)~(lO.5) based on

static optimal design values, R,VA,VS and input x{(t) and Y(t) are

first calculated. Next, time dependent output CZ(t) can be calculated

by the substitution of the solution into Eq. (10.6), and the mean

value of CZ(t), CZ~ can be determined. Some example of the result

are shown on the right handside of Table 10.2.

In Table 10.2, 1-6 is the case where assumed input data is

used. In the following numerical examples, case 1-1 to a case 1-5

are the cases where input data is simulated arbitra1y in the same

way as in case 1-6.
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Table 10.2 Optimum design at seady state and effect of
input di.sturbance.

Optimum DesiRn at Steady St. Effect of Input Disturbance

-in U" inDut
Csse

~ Y
optimum desip;n :r!. ~Jl'l) Ym Y.l'V1,m °1.,m I'l

r=R/'Y=0. 8

l-G 258.6 ~.1l6)(10~ 7'4 ="VI1 /Y=6. 30 258.6 0.20'1 2.86 10 0.250 31.34 4.5

Ts="VIY=6.251

r=R/Y=0.6

2 131.6 349'1.5 TA=~ /Y=3. 84 131. 6 0.231 349'1.5 0.198 33.18 10.6

TS=V/Y=4. 84

1'=8/Y=0.45

3 81.0 85.'1 TA=~/Y=2.'16 81.0 0.200 85.'1 0.168 32.48 8.3
TS=VIY==3. 89
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In each case (case 1-1 to case 1-6), mean value of input

data is the same value as ,in the other cases, but the

variance of input data is different as we will see when we

examine the effect of the variance of input data on output

total BOD. Moreover, the pattern of input disturbance has two

peaks, one in the morning and evening which corresponds to the

actual domestic sewage.

In case 2, input data is taken from actual domestic sewage

plants at Kishoin Waste Treatment Plant in Kyoto City. In case

3, input data is given by Eqs. (10~0)~(10.11) which are obtained

from the input data taken from Nishiyama Waste Treatment Plant

in Nagoya City by the Fourier Series Expansion[~0-3].

That is,

Y = 178 - 8sinx - 72sin2x + 5sin3x + 8sin4x

3sin5x 57cosx - 12cos2x + 20cos3x

- 7cos4x - 3cos5x + cos6x

x{= 80 + 3sinx - 34sin2x - 7sin3x - 4sin4x

+ 20sin5x - 19cosx + 10cos2x + 4aos3x

- 6aos4x + 18cos5x - 14cos6x

where x.is given by

retx =-
12

where t is timelhr].

Input data in case 1-6, case 2 and case 3 is shown in
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Fig.lO.2. One example of output CZ(t) is shown in Fig.10.3 in case

2. The values of xl ,xf- rv ' Ym, Yrv ' CZ.m' n are defined as
l,m , ~

follows

(10.12)

y :J.. JTy dt
m T 0 ~

(10.13)
1 JT:t - (y-y) 2dt/y2rv Tom m

(10.14)

That is, x l
1

and Yare mean values of BOD and flow rate, Y...., and,m m .L-V

x{,rv are the relative variances of flow rate and BOD, respectively,

which represent the degree of distribution of input data.

C~ is the mean value of output BOD, and n represents the degree
",m

of deviation of Ct m from standard or fixed value, Climit.,
T in Eqs. (10. l2)tV (10.14) is taken as follows; T = 168 [hr] for

case 1-1 tV case 1-6, T =72 [hr] for case 2, and T = 48 [hr] for

case 3.

From Table 10.2, the following become clear: When inputs having

Itime-dependent disturbances (mean values are xl m' Ym) enter a system,
Ioptimally designed based on xl,m and Ym, mean values of output, Ct,m

don't coincide with C10 0t which is the eixed value of static optimum
l.ml.

design. This fact may be explained as the result of nonlinearity of
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output, because, if there is no effect of input dynamic disturbance

on the output variable, C~ has to be equal to Cl , 't.
v~m ~~

If the relative variance of the input flow rate, Y. i's therv
same degree in some cases, the effect of nonlinearity on output,

which may be represented quantitatively by n in Table 10.2, becomes

stronger as the mean value of input BOD, x{m becomes smaller. For
~

example, in case 2, n is about 11%. On the contrary, in case 1-6,

is about 5%. This result is explained as follows: The optimal

tank volume becomes small as input x{ becomes small, while each tank

also has the role of buffer tank against input disturbance. Then,

the effect of input disturbance becomes larger when tank volumes are

small. These facts:explain the results. Naturally the degree of

the relative variance of input, Y ,xl
1 V gives some effect on n,

1'V ,1'

however, the effect is relatively smaller then the effect of x{.

This becomes clear by comparing each case in Table 10.2. The effect

of Yrv ,xr~rv will be discussed in the next section.

As shown in Table 10.2, when static optimal design was performed

besed on,the mean value of the input, the mean values of total output

BOD in this system for input disturbance is 5-11% .greater than the

given fixed value Climit • Optimum design at an unsteady state or

design mat'gin taking into account input disturbance may have to be

considered.
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10-3. OPTIMUM DESIGN AT AN UNSTEADY STATE

We design optimally taking into account input time-dependent

disturbance, x{(t) and yet). The design may be performed Qy minimiz­

ing J in Eq. (10.9) under the conditions of Eqs. (10.1)-(10.6) and

CZ,m = Climit· There may be much data of yet) and x{(t) , or it may

not be given beforehand while mean values and variance may be

expected beforehand. Then, some modification myst be considered.

We consider three cases.

(i) To use explicit functions of t,xf(t), yet):

First, we represent time-dependent inputs as explicit functions

xf(t), yet) based on given data or experience by using some

technique, for example, Fourier Series analysis. For example,

time dependent inputs may be represented by Eqs. (10.10),(10.11).

Next, optimal design at an unsteady st~te can be performed

based on x{(t) , yet) and Eqs.(10.1)-(10.6). Parameters ihclud~

ed in explicit functions of time t, x{(t) and yet) may have

uncertainty, and if so, then the design margin can be evaluated

if necessary.

(ii) Using the static model:

Design values are determined based on the static model which

is represented by Eqs. (10.1)-(10.6) and (10.8) and given

numerous input data.

Input data to be used for calculation may be too much to

calculate.

(iii) To use the static model and mean value,
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We calculate the static optimum design value based on the

static model and mean values of input data, and we evaluate

the design margin to be added to the nominal optimum design

value taking into account input disturbanCe.

Method (i) or (iii) may be more practical: B~ method (i) we evaluate

design margin to be added to the optimal design value based on the

dynamic model. The method of evaluating design margin has been

given already by the author and others[10-4] ,[10-5]. Method (iii)

is discussed in section 10-4. In this section optimal design based

on both dynamic and static models were discussed.

10-3-1 Optimal Design Based on a Dynamic Model and Input;

When inputs yet) and ~(t) are given; optimal design values

based on the dynamic ~ode1 are calculated, and the effect of the

relative variance of Y and ~ on the design values are determined.

In this dynamic model, the output total BOD is fixed as a mean value.

Thus,

C., = C1 " "t-,m l.m1.t
(10.15)

Optimal design values are given by minimizing J in Eq. (10.9) under

the conditions of Eqs. (10.1)-(10.6), (10.14),(10.15). Some examples

of the results of numerical calculation are shown in Table 10.3.

When the time-dependent input, x{(t) and yet) enter an optimally

designed system based on a static model, the ~ m'Ym,n in Eq. (10.14)-
.J

which represents the deviation of the output mean value from the

desired value are also shown on the right handside of Table 10.3.

In Table 10.3, case 1-6, case 2 and case 3 correspond to the oneS
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w

Table 10.3 Optimum design based on dynamic model.

c~:el ---i.nP-1!-L I dynami~- oD...t....-jl~J static OOL--

sl/.• I y.. I %,'.r.• 1
Y,.r

\
RIY... I V../}'", 1VsIY.. I flY.. I ? I design

I-I 0.091 0.019 0.80 6.30 6.25 12. 55 -0.10

1-2 0.091 0.07·' 0.80 6.50 6.10 12.60 0.46 R/y",~0.80

1-3 0.091 0.250 0.85 6.80 6.20 13.00 3.68 V ../Y..~6.30
258.6 2.86x1O S

Vsl Y.. -6.251(-, 0.207 0.019 I 0.1l0 6.30 6.21 12.5l> -0.26

1-5 0.207 0.074 I 0.80 6.50 6.13 12. 63 0.56 //Y.. -12.551

1-6 0.207 0.250 0.85 6.80 6.30 13.10 4.46

RIY.. -0.60

2 131.6 3·197.5 0.231 0.198 0.60 4. iO 4.90 9.60 10.6 V .. /Y.. -3.8·'

VsIY.. -4.84

I RIY..-0.45

3 81. 0 85.7 0.200 0.1611 0.45 3.00 3.99 6.99 1l.3 VAIY.. -2.76

I V.IY..-3.89
---



in Table 10.2.

The following becomes clear from Table 10.3:

i) If the relative variance of input flow rate, Y is the same
rv

in some cases, the ratios of the value of design variables VA'

Vs to static optimal value VA' VS' VA/VA and VS/VS becomes

greater as the mean value of input BOD, x{m becomes smaller.

For example, in case 1-6, VA is an overdesign of 8% compared

with VA' however in case 2, VA is about 22% over designed

compared with VA. This fact corresponds to the effect of input

disturbance to output, and the reason has been described in

10-2-2.

ii) If the relative variance of input BOD, x{ rv is the same value
"

in some cases, the design margins to be added to VA and Vs be­

come greater as the ralative variance of input flow rate, Yrv

becomes greater. For example, in case l-5,V
A

:is about 0.5%

overdesigned compared with VA' however in case 1-6, VA is about

8% overdesigned. In the same way, if Ypv is the same value,

the design margins become greater as xf
1 becomes greater.
"rv

This may be natural and becomes clear from cases 1-3 and 1-6.

iii) By comparing case 1-3, it may be clear that the 0.12 increase

of xl:. requires a 0.5% design margin and that the 0.18
l"rv

increase of Yrv requires about a 4% design margin. Then the

design margin taking into account the input dynamic disturbance

depends more on the variance of Y than the variance of x{.
This result may be explained from following fact; when Y and

x{ have positive and negative step changes, the absolute value

of the· response of the output CZ more straigly depends on positive
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step changes. Step change xf has the opposite effect.
1

iv) From the result of cases 1-1 and 1-4, it becomes clear that the

optimal design based On the dynamic model is under designed

compared with the static optimal design. It is desired that

the input having appropriate dynamic disturbance enter the acti-

vated sludge process with the object of making the total volumes

of each unit as small as possible. That is, the optimal input

may be expected to exist[10-61.

v) It may not be necessary to change the sludge return ratio R/Ym

if we design based on the dynamic model and dynamic input.

vi) Roughly speaking, an appropriate design margin may have to be

added not to the sedimentation vessel, but only to the aeration

tank when we take into account the dynamic input disturbance

in the design margin. This fact coincides with the result of

the evaluation of design margin in section 10-4.

10-3-2 Optimal Design Based on Static Model and Dynamical Input;

We will calculate the value of the optimal design based on

static model and dynamic input data in order to compare it with the

optimal design based on the dynamic model. The solution can be

calculated by minimizing J in Eq. (10.9) under the conditions of

Eqs. (10.1)-(10.6), (10.8) and (10.14). Some results of the numeri-
•

cal calculations are listed in Table 10.4, the difference between

the result of the optimal design based on the static model and that

based on the dynamic model may be negligible. Small differences

exist only in the volume of the sedimentation tank. Then, using the

static model instead of the dynamic one, it may be sufficient eo
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Table 10.4 Optimum design based on static and dynamic model.

- dynamic model static model
case

RIY. I V~/Y.. I VsIY.. I JIY.. RIY. I V~Y.. I VsIY.. I JIY..

1--3 0.85 6.80 6.20 13.00 I 0.85 6.80 6.33 13.13

1-- 6 0.85 6.80 6.30 13.10 I 0.85 6.80 6.41 13.21

3 0.45 3.00 3.99 6.99 0.50 3.20 4.11 7.31



design the activated sludge process with a dynamic input. As

discussed, however, input data to be used for calculation may be .

too much to calculate.
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10-4. RATIONAL DESIGN MARGIN ACCOUNTING FOR DYNAMIC INPUT
DISTURBANCE

As stated in section 10-3, method (i) using dynamic model and

the explicit function of t ,Y(t) and xf(t) or method (ii) using

a static model and mean value has practical meaning for designing

an activated sludge process. In this section, we consider method

(iii). Let's evaluate the design margin to be added to the nominal

design value calculated based on the static model and mean value of

input data taking into account the dynamic input disturbance.

The method of evaluating design margin has already been

d .b d· Ch t 4 [ 10-4] , [10-5 ]escr1 e 1n ap er • Here, we will employ Method

IV described in Chapter 4 because the calculation by it is simpler.

The design margin is evaluated by using Eqs.(4.60)-(4.61) or

(5.6) ~ (5.8) so as to compensate for the input disturbance, where

the deviation of the manipupating variable from the static optimum

value is disregarded in using Eqs.(4.60) and (4.61).

Now, variance of input data can be used for determinimg the

ranges of parameter deviations which are utilized for determining

the design margin, because variance explains the grade of the

distribution of the input data. Parameter deviations ~x{, ~Y are

assumed to be given by

61- _ roo:!.
.Yin° ...

1
zv (V )2

~ U.I. = .I.r .. t1
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and Y
rv

f
are relative variances of xl and Y, and ~

is an arbitrary constant. Now h in Eq.(4.6l) is replaced by ~ in

Eq. (5.8) and represents the increment of J in Eq.(10.9) by adding

Thus,

(10.19)

Considering the deviation of output total BOD Cz' it is desired that

ACtbe less than AC(AC~O). Thus

ACt ~ AC (10.20)

Finally, rational design value accounting for dynamic input

disturbance can be determined by the following procedure: First,

the nominal static optimum design values VA' VS. R are calculated

based on the mean values of input, x!1, and Y. Next, the relation-
m m

ship between design margins AVA' AVS ' input disturbances A~, AY

and deviation of output BOD, I:::. Col can be calculated by using sensitiv-

ty equations, for example, in the same form asEq. (4.19) or Eq. (5.6).

By using this relationship and Eqs.(10.16)~(10.l8), (10.20), I:::. VA ,

and Vs are determined so as to minimize ~ in Eq. (10.19).

Finally, retional design values, VA' Vs and R, are taken as

VA = VA .+ AVA' Vs = Vs + AVS ' R = R.

As ~ and I:::.C are arbitrary constants, we must determine these

values. The values of ~ and AC may be predicted the following

numerical calculations.

By this method, design margins are determined for various ~

and AC. The results are shown in Table 10.5. For the judgement of

effectiveness of this method. optimum design by dynamic model and
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Table 10.5 Design margin for input disturbance.

----- llVS=O , IW
4

on OptL desi~n

by dynamical
fC 0 2.0 model

£, 0.1 0.2 0.5 0.1 0.2 0.5 flV;! (% flV
S

(%

Ca5e 1-::1 9.6 19.2 48.0 0 8.4 37.6 8.0 -0.8
~=a.302, 6Y=0.50

Ca5e 1-6 12.1 24.2 60.5 1.3 13.4 49.8 8.0 0.7
6~=0.456, 6¥=0.60

CaSe 3
&r{=0.447, 61=0.41 10.1 20.2 50.5 0 9.4 39.7 8.7 2.5
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input is also shown in Table 10.5. The values 6VA and 6VS in the 8th

and 9th coulmns in Table 10.5 indicate the values yielded by substract­

ing the design values by nominal static design from that determined

by dynamic optimum design.

For example, in case 1-3, design margins are given by 6VA =

9.6(%), 6VC = 0 at ~ = 0.1, bC = 0, that is a 9.6% design margin

must be added to the design value of the aeration tank only. On

the other hand, 6V
A

= 8(%), bV
S

= -0.8(%) for the dynamic optimum

design. It may be said that the method for evaluating design margin

described here is rational. A design margin is added to the aera­

tion tank only because the method for evaluating design margin

utilizes an L.P. problem as described in Chapter 4.

Moreover, it may be sufficient to give ~ = 0.1 and 6C = 0 for

the method used to estimate the design margin by Eqs. (10.16)-(10.18).

It has become clear that the method described in this section is

suffient1y practical to'design taking into account the input dynamic

disturbance.
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10-5. CONCLUDING RE~Ii\RKS

Th(' riltinllill Rlatic design 11I00thod for an <lctivated sludge

process with dynamic input disturbance has been proposed and proven

to be practical. He assume that model parm'\eters and strucutre do

not change with the dynamic input disturbance and that toUd output

BOD Cz can be evaluated as a mean value. These assumptions, however,

may have to be discussed in the future[lO-8].
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NOMENCLATURE

a conversion ratio of substrate to activated sludge [SSppm/BODppm]

A parameter [l/hr]

Cz total BOD of effluent water [BODppm]

k rate constant of substrate consumption per unit weight of

activated sludge [l/hr/SSppm]

m conversion coefficient from SS to BODS [BODppm/SSppm]

V. volume of unit i(i=A,S) [m3]
1-

V. nominal optimum value of V. [m3]
1- 1-

~V.; design margin of V. [m3]
1- 1-

Y input flow rate [m 3]

~Y deviation of Y from Y [m3]

superscript

f input to total system

r return sludge

o input to aeration tank

1 output from aeration tank

-1 inverse matrix

subscript

A aeration tank

S sedimentation vessel

- 353 -



REFERENCES

[10-1] Rott, C. and R.H. Bogan

Theoretical Analysis of Activated Sludge Dynamics, Jr.

ASCE, Vol. SAl, Feb., 1/17 (1971)

[10-2] Naito, M.

Mathematical Model and Optimization of an Activated Sludge

Process; Doctor Thesis of Kyoto University, 126/136 (1969)

[10-3] Tai, S.

Spectral Analysis of the Change of Input Flow Rate and

Quality into Sewage Treatment System, Water and Sewage

Works (Japan), Vol.7, No.4, 249/250

[10-4] Takamatsu, T., I. Hashimoto and H. Ohono

Optimal Design of a Large Complex System from the Viewpoint

of the Sensitivity Analysys, IEC Process Des. and

Develop., 9, 3, 368/378 (1970)

[10-5] Takamatsu, T., I. Hashimoto and S. Shioya

On Design 1-1argin of Process System with Parameter

Uncertainty, System and Control, l5~ 2, (1970)

[10-6] Douglas, J.M.

IEC Process Design & Develop., 6, Japan (1967)

[10-7] Adams, C.E.

The Response of Activated Sludge to Organic Transient

Loadings, Jr. ASCE, Vol.SA2, Apr., 330/334 (1970)

[10-8] Takamatsu, T., I. Hashimoto and S. ~oya

Rational Design of an Activated Sludge P~ocess with

Dynamic input Disturbances, Jr. of Japan Sewage Works

Assoc., 8,41 1/7 (1971)

- 354 -



SUMMERIZED CONCLUSION

In this paper, some problems of system identification and

the realization of optimal systems with parameter uncertainty are

studied as follows having the purpose of the synthesis in mind.

In Chapter 1, studies on model building and the application

of sensivity analysis to system synthesis with parameter uncertain­

ty are briefly surveyed. In Chapter 2, parameter estimation by the

least square technique is discussed when the model structure is

given, and the geometical meaning of the parameter estimation is

indicated. In Chapter 3, a method of determining the experimental

condition based On estimation error of parameters is presented.

And a method of evaluating the rational design margin taking into

account parameter uncertainty is proposed and discussed. Moreover,

various methods of design rationally taking into account parameter

uncertainty are classified and discussed. In Chapter 5, an attempt

to design a process system with parameter uncertainty by consider­

ing the movable range of manipulating variables is studied.

Chapter 6 serves as an introduction to waste water treatment system

design. In Chapter 7 and 8, models of the wet-air oxidation process

of sludge which may be subsystem of the waste water treatment system

are determined and discussed experimentally using the result of
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Chapter 2. In Chapter 9, the rational design of a waste water

treatment system is tried based on a mathematical model and the

results of Chapter 4 and Chapter 5. In Chapter 10, the problem of

time-dependent disturbance of input in an activated sludge system

is discussed from the viewpoint of the static design of the system.

The main problem in this paper is the treatment of par?ffieter

uncertainty in process system design having the purpose of system

synthesis in mind. The methodologies and those applications to a

waste water treatment system described in this paper may show that

those considerations are effective.
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