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ARCHIMEDEAN ZETA INTEGRALS FOR FURUSAWA'S PULLBACK 
FORMULA 

ZHENG LIU 

Given a positive integer n, define the algebraic group GSp(2n) over Z as 

GSp(2n,R) = {g E GL(2n,R): tg [-~n Ion] g = v9 [-~n Ion], v9 E Rx} 

for all Z-algebra R. When n = 1, we write GL(2) = GSp(2). Fix an imaginary quadratic field K,. 
Define the algebraic group GU(n, n) over Z as 

GU(n, n)(R) = { g E GL(2n, ('.)K ® R): ~ [-~n IOn] g = v9 [-~n IOn] , v9 E Rx}, 

where for a EK,, a denotes its image under the nontrivial element in Gal(K,/Q). 
Let Qcu(3,3) C GU(3, 3)) be the standard Siegel parabolic subgroup. Let 3 be a Hecke character 

of K, and X be a Dirichlet character, and Iv(s, X, 3) be the degenerate principal series on GU(3, 3) (Qv) 
consisting of smooth functions fv(s, X, 3) : GU(3, 3)(Qv) ➔ C such that 

fv(s, X, 3) ( [~ ~] g) = 3v( det 2l)xv( det 2l'.D-1 ) I det 2l:D-1 I~+~ fv(s, X, 3)(g) 

for all g E GU(3,3)(Qv) and [~ ~] E Qcu(3,3)(Qv), If v is a finite place where Xv,3v are 

unramified, we denote by ftph(s, X, 3) the unique section in Iv(s, X, 3) invariant under the right 
translation by GU(3,3)(Zv) and taking value 1 on GU(3,3)(Zv), Put I(s,x,3) = @~Iv(s,x,3), 
the restricted tensor product with respect to ftph(s,x,3). Given a section f(s,x,3) E I(s,x,3) 
analytic in the variable s, the associated Siegel Eisenstein series is defined as 

ESieg(g;f(s,x,3)) = f(s,x,3)(,g). 
-yEQau(3,3) (IQ)\ GU(3,3)(1Q) 

Let II (resp. 7r) be a cuspidal automorphic representation of GSp( 4, AtQ) (resp. GL(2, AtQ) ). Given 
f E 7r, thanks to the isomorphism 

(ResK;tQGL(l)) x GL(2)/{(a,a-1 - I 2): a E GL(l)} ....'.::'..+ GU(l,1) 

(a,g) i---➔ ag, 

by choosing a Hecke character Y : K,X\Af ➔ ex with YIQ = YIAx = W1r, we can define an 
Q 

automrorphic form f 1 on GU(l, 1) as 

J1 (ag) = Y(a)f(g), ll E Af, g E GL(2, AtQ). 

The space 7r 1 = {f1 : f E 7r} is an irreducible cuspidal automorphic representation of GU (1, 1) (AtQ). 
Put 

GSp(4) XcL(l) GU(l, 1) = {(g, h) E GSp(4) x GU(l, 1) : v9 = vh}, 
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and fix an embedding 

(1) 

i: GSp(4) xGL(l) GU(l, 1) ---+ GU(3, 3) 

IAC ac BD '.1 [i gJ X [; :] c-4 l OJ 

We consider the integration of the restriction of ESieg(g;f(s,x,B)) via i to GSp(4) xGL(l) GU(l, 1) 

against a pair of automorphic forms on GSp(4) and GU(l, 1). By Furusawa's pullback formula 
[Fur93], the integral factorizes into a product of local zeta integrals and gives an integral represen­
tation for the £-function of II x 1r. 

Theorem 1. Let A = (scy)-1 and we assume that Ao = AIAx = wrr. Fix isomorphisms II ~ 
Q 

®v IIv, 1r ~ ®v 7rv, and suppose that the images of <p E II, f E 7r under these isomorphisms are 
pure tensors, denoted by ®v ({!v, ®v fv-

Here 

{ ESieg(i(g, h); f (s, X, B)) · <p(g) · fT (h) s-1(det h) dh dg 
J[GSp(4)xGL(1)GU(l ,l)] 

= Bs,A(<p)W.,(f) • IT Zv ( fv(s, X, B), BgAJ<pv), w;v,Tv Uv)). 
V 

- S = [; !] E Sym2(Q) such that JC= Q (as= llo+~), 

is the global Bessel period (resp. Whittater period), where 

Rs= { [is(3) tis(3)] [12 ~] : 3 E Resx:;oGL(l), XE Sym2}, 

is (3) = [ ~: n-1 [3 3] [ ~: n ' 

~]) = A(3)7/iA0 (TrSX). 

- If ({!v, fv are both spherical, Y, B, X are all unramified at v, S E M2(Zv), ICE z:, 4 <let S gen­

erates disc(lCv/Ov), the local zeta integral Zv ( f~ph(s, X, B), Br,AJ<pv), w;v,Tv Uv)) equals 

with T/K/Q the quadratic character of Qx V,o associated to the extension JC/Q. 

- In general, taking nonzero BgAv E HomRs(Qv) (IIv, As,v), w,;cv E HomuGL(2)(Qv) (1rv, 7P,:,v) 
and putting Br,AJ<pv) the function on GSp(4, Ov) sending 9v to BgAJgv • ({!v), w;v,Tv(fv) 
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(2) 

the function on GU(l, l)(Qv) sending ag, a E K,g E GL(2, Qv), to Yv(a) · w;v(g • fv), 

Zv ( fv(s, X, B), Br,AJ'Pv), w:v,Yv Uv)) 

=BrA (<i?v)- 1w;vUv)-1 r fv(s,x,B) (s- 1i(TJSg,h)) 
' v l(Rs\GSp(4)xGL{l)GU(l,1))(«:iv) 

x Br,AJ'Pv)(g)W;v,Yv(fv) ([~l ~] h) B;;1(deth)dhdg, 

with 

1 

[a~ -~s] 
1 

1 
S= 

1 
17'5 = 1 1 

1 1 
1 1 

We consider the computation of the local zeta integral (2) at the archimedean place in a case 
that is of arithmetic interest. Suppose that Xoo, B00 are both trivial on IR>o and the oo-type of B00 

is(;,-;). Given a positive integer t, we define the weight-t-classical section f~(s,x,B) as 

g = [: ~] f----t Xoo(v9 )vJ(r-t) hi !(s+!-r) ( <let g) rt' det(lti + f))-tl det(lti + 1)) 1-2s-3+t. 

(This section is of scalar weight ( tt, ttr, ttr; -tir, -tir, -tir).) Denote the oo-type of A by 

(y, -y ). We consider the evaluation of (2), with v = oo, at s = k + 11 +122+1- 1 in case where 

(3) 

- II00 = 'Dtih (resp. 1r00 ~ 'Dz), the holomorphic discrete series of weight (li, Z2) (resp. weight 
l) satisfying the condition 

min{ -li + l2 + l, li + l2 - l} 2': 3, 

and tp00 E II00 (resp. f 00 E 1r00 ) is a vector of weight (li, Z2) (resp. weight l) inside the 
lowest K 00-type (where K 00 is the connected component of the identity inside the maximal 
compact subgroup of GSp(4, IR) (resp. GL(2, IR))), 

- -li + Z2 S rA S li - l2, 
- the section f 00 (s, X, B) is given as 

D . fl2k+li+b+l-ll+3(s X o) 
k,l,li,l2,rA oo ' '....., 

with 
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a differential operator constructed as a polynomial in the Lie algebra operators µtu( 3,3),ij E 

Lie GU (3, 3) (IR)) ®IR C defined as 

µ+ -µ+ GU(3,3),ij - GU(3,3),X' 
X = Eij + Eji 0 l + Eij - Eji 0 -J=I 

2 2A 

µtu(3,3),x = [x -x] 01 + [x x] 0 v'=I, 

Theorem 2. In the case described as above, 

X E Her3(K: ®IQ IR). 

z (n fl2k+li+b+l-ll+3( ';::;) Bvl1h ([ 12] ) wV1,Too([ l])f ))I oo k,l,li,b,rA • oo s, X, ~ , S,Aoo 12 'Pao , o: 1 00 s-k+ 1+11 +12-1 
- 2 

=r(k + [i + Z2 + l - 2)r(k + [i + Z2 - l)r(k + Z2 + Z - l)r(k + [i + Z) 

k + li+l2+l > l 
2 - 2 

The proof makes use of the existence of a four-variable p-adic £-function with partial interpolation 
properties. We first introduce some notation that will be used in the proof. We fix an odd prime 
p and a sufficiently large finite extension F of Qp- Denote by O the ring of integers of F. Let 

Tasp(2n) = { diag(a1, • • • , an, va11, · · · , va;:;-1) E GSp(2n)}, 

TJsp(2n) = Tasp(2n) n Sp(2n). 

and 
- 1 
Aasp(2n) = O[Tasp(2n/Zp)]. 

Given m1 2: m2 2: • • • 2: mn 2: 0, we define the Up-operator Up,m1, ... ,mn as 

1 action by udiag(pm1, ... ,Pmn,p-m1, ... ,P-mn) du. 
UGSp(2n) (Zp) 

We define the following p-modified Petersson inner products 

p : A~Sp(4),w,llp,ic0 X Aasp(4),w ---+ C, p : A~L(2),w,llp,ic0 X AaL(2),w ---+ C, 

on the product of the subspace of cuspidal automorphic forms on GSp(4) (resp. GL(2)) of central 
character w on which Up-operators act invertibly and the whole space of automorphic forms on 
GSp( 4) of central character w (resp. GL(2)) as 

P(rp1, 1P2) = { UP~;,. 1 ,m2 'P1(g) 
j[GSp(4)] 

( [
pml ] ) 12 Pm2 -1 

X 'P2 g [1 ] p-m1 • w(vg) dg, 
2 poo P-m2 P 

P(f1,h)= { u;,;.Ji(g)h(9[1 1] [pm p-m] )·w(detg)-1dg, 
j[GL(2)] poo p 

m»0. 

One can check that the right hand sides of the above formulas are independent of m1, m2, m, and if 
'Pl, rp2 (resp. Ji, h) both belong to A~Sp(4),w,llp,icO (resp. A~L(2),w,Vp,icO' then P(rp1, rp2) = P(rp2, rp1), 
P(f1, h) = P(h, Ji). 
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Prood of Theorem 2. Choose □ ,s1,l-adic and □ ,s1,l,-adic Hida families fil, fil' on GL(2) of tame level 
KbL(2) such that both admit a Jacquet-Langlands transfer to Hida families of a quaternion algebra 
D definite at oo. We also require filJ to be primitive. Define 

such that the central character equals W,sj,i ® W,sj,i and 

>,,.•.••) ( GSp( 4, Z,,) [ ro,, ro,, J J GSp( 4, Z,,)) ~ A,. ( GJ.(2, Z,,) [ ro,, t] GJ.(2. Z,,)) , 

"•<·••·••) ( GSp(,, Z,,) [ ro,, l 1 roJ GSp( ,, Z,,)) ~ wt w;/( ro,, )A,w ( GL(2, Z,,) [ ro,, 1] GL(2, Z,,)) , 

for places v where KbL(2),v = GL2(Zv) and D(Qv) ~ GL(2, Ov), and lfasp(4),P is the Hecke alge­
bra containing unramified Hecke operators at such places and Vp-operators at p. Here we view 

AaL(2)®AaL(2) as a subslgebra of Aasp(4) via the embedding induced by 

We can take a tame level KbSp(4) with det(KbSp(4)) = z; such that at a set of classical points of 

fil, fil' that is Zariski dense, there are Yoshida lifts from nx Xaet nx to GSp( 4) belonging to the 
Hecke eigensystem >.0(,s1,l,,s1,l')· Then the spectrum of lf GSp(4),ord, the Hecke algebra acting on Hida 
families on GSp( 4) of tame level Kbsp(4), has an irreducible component 0(fil, fil') with >.0(,s1,l,,s1,l') as 
the corresponding Hecke eigensystem. Choose another □ 'if-adic primitive Hida family '{} of tame 
level K~~(2)" The convention for p-nebentypus we use for the Hida families is 

[ a ~] f----t [diag(a, a-1)] E O[T6L(2)(Zp)], 

(4) 

["' 
* * 

}J a2 * 
f----t [diag(a1, a2, a11, a21)] E O[T6sp(4i(Zp)]. a-1v 1 

* 

We fix a finite set S containing p, oo and all places where there is ramification. 
By constructing a p-adic family of Siegel Eisenstein series on GU(3, 3) [Liu24], we can show that 

there exists 

µ~,O(,s1,l,,s1,l') E Meas ( z;, M::,L(2),ora®oMasp(4),ord) 

® AaL(2)0oAasp(4) (F'i!'®oFo(,s1,l,,s1,l'))' 



115

where M~L(2),ord (resp. Mcsp(4),ord denotes the space of Hida families of tame level K~~(2) (resp. 

Kbsp(4)) on GL(2) (resp. GSp(4)), and F?l = Frac( □'fl),F0c~.~') = Frac( □ 0c~.~')), such that 

where 

- x E □ 0 c~.~') (Qp) x □ 'tl(Qp) is a classical point with weight (l, l), l etale over the weight space, 
where l 2'. 3 and -2l + 2 ~ k ~ -l - 1 

- 'lrx (resp. ax, a~) is an irreducible automorphic representation of GL(2, AQ) generated by 
a form belonging to the eigensystem parameterized by the projection of x in <tJ' (resp. 

KP,' 
!Jll, !Jll'), and fx is a nonzero p--ordinary form in 7rx GL(2) with fx,cc the c-th coefficient in its 
q-expansion, 

- ..9"csp(4),x is an orthogonal basis, with respect to the above defined modified Petersson inner 
product P(·, ·), of the space spanned by ordinary cuspidal holomorphic forms on GSp( 4) of 
weight (li, l2) = (l, l) and tame level KbSp(4) with nebentypus at p given by (4) specialized 
at the character associated to the projection of x inside the weight space, belonging to the 
Hecke eigenspace parameterized by x, 

- BtA denotes the p--modified Bessel period defined as 

One can check that the right hand does not depend on the choice of m1, m2 [Liu23 , Propo­
sition 2.7.1], 

- D 8 (s, ·) denotes the product of the S-imprimitive £-function and the modified Euler factors 
at p, oo for p--adic interpolation (as defined in [CPR89, Coa91 ]), 

- SE Sym2(Q)> 0 is chosen such that fx,cc,BtA(cp) are nonzero at some x, cp E ..9"csp(4),x· 
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For more general classical points x E □ e(@,@') (Op) x □'if(Op) with weight (li, h), l etale over the weight 
space and k satisfying (3), we have 
(6) 

(h: x(y)yk dµi,0(@,@ 1/Y)) (x) 

L8 (k + 11 +b+l a- x 1r xx) L8 (k + 1,+b+l 1r x a-' x w½ w -½ xx) 
"TA 2 ' X X 2 ' X X ax a~ 

=Z 
P(Jx, fx) 

( li + l2 + l ) ( li + l2 + l 1 ½ -½ ) 
X Ep k + 2 , /Jx X 'lrx XX Ep k + 2 , 'lrx X /Jx X WuxWu~ XX 

k+ li+b+l > .! 
2 - 2 

k+ l1+b+l < .! 
2 - 2 

with Zk,l,lihrA the left hand side of the formula stated in Theorem 2. 
On the other hand, by the results on p-adic £-functions for Dirichlet characters, Rankin-Selberg 

products [Hid88] (Theorem 5.ld.) [CH20, Theorem A] and symplectic groups [Liu20], there exist 

£ s • £s • ( x A ~ A ) ( ,,, A F. ) &a,'if, i,@' E Meas ZP, GL(2)00 GSp(4) 0x_GL(2)@oAasp(4) I''if1@0 0(@,@') 

and 

Fe(@,@') E (Mcsp(4),ord 0x_GSp(4) Mcsp(4),ord) 0x_GSp(4) F0(@,@1)) 

satisfying the following interpolation properties: for x E □ 0(@,@') (Qp) x □ 'i&'(Op) at which (6) is proved, 

(7) 
ns (k + i+1, +b a- x 7r x x) 8 2 ' X X 

£i'if(K,x) = (-2i)li+b-1P(hx,hx) 

(8) 
D8 (k + l+li+l2 7r X a-1 X W½ W -½X) 2 , X X O'x a{i; 

£~,~1(K, x) = l 1 (-2i) + P(Jx, fx) 

F, (x) = 2-1i-li -b+l P(h h ) '°' 'P [8J ip 0(@,@') x, x ~ P( ) 
CL' 'P, 'P 

<pEJ GSp( 4) ,x 

where hx E a-x the unique normalized ordinary form fixed by KiL(2). (Note that the weights of the 

archimedean components of a-x, a-~ are li + l2 - 2, li - h + 2.) By p-adically interpolating the Bessel 
periods, from Fe(@,@'), one can construct 

Fe(fft,@'),S,A E Mcsp(4),ord 0x_GSp(4) Fe(@,@') 

such that for almost all x as above, 

F, ( ) _ 2-l·-li-l2+lp(h h ) '°' BtA(ip)ip 
0(/5.i,@'),S,A X - Z x, X c~ P(ip, ip) • 

<pEJ GSp(4),x 

(9) 
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Denote by f the primitive Hida family associated to'{/_ Combining (5)(7)(8)(9), we see that 

c✓ det S23C 1 • £~~'6'£~,~' • Fe(!1.i,s6'),s,A • f J 

E Meas ( z;' M~L(2),ord0oMcsp(4),ord) ®xGL(2)0aAGSp(4) (F<t'0oFe(s6,s6')) 

have the same evaluation as µi,e(sB,&6') at points for which (5) are proved. The set of such points 

is Zariski dense in □ <t'0 □ e(s6,!1.i') [z;]. Thus, we have 

s r:;-;-;::.d ts23•-1 r,s,. r,s,. -r ff µ<t',0(36,.P!') = CV aet :'.:l i • !1.i,<t' <t',!1.i' • .re(s6,s6'),S,A • c • 

Comparing their valuations at points for which (6) is proved, (noting that for all k, l, (Ii, 12) consid­
ered in the theorem we want to prove here, there exist such points with k, l, (Ii, 12) as the algebraic 
part of their projections in the weight space), we get that 

k l !2..±.! 
Z - -k-l-li-l2+l2-li-l2-l+2•-TA-li+l( ( - )2)-- 1- 2 r:;-;-;::.dtS k,l,hh,rA -c i - as - as v aet::, 

{ 
23(2k+!1 +l2+!J7r3(2k+!1 +l2+l+l)i2k+!1 +!2+!+2 k + l1 +l2+l > ! 

X Ilj=O r(2k+h +l2+l+2-j) ' 2 - 2 

2-3(2k+li+Z2+Z-2)-17r6i-(2k+li+Z2+Z) k + Z1+Z2+Z < ! 
' 2 - 2 

( l + li + l2 ) ( l + li + l2 ) 
X Eco k + 2 'D1i +lz-2 X Dz Eoo k + 2 'Dz X Dii -lz+2 ' 

and we can rewrite it as 

lz +l+l 
Z = (Ck+li + l (det s)-k-li - 2 k,l,li,b,rA 

[CH20] 

[Coa91] 

[CPR89] 

[Fur93] 

[Hid88] 

[Liu20] 

[Liu21] 

[Liu23] 
[Liu24] 

{ 
24k+!2+!+27r6k+3!1 +3!2+3!+3i2k+!2+2!-rA +2 k + z1 +z2+z > ! 

X Ilj=O r(2k+Z1 +l2+l+2-j) ' 2 - 2 

2-8k-6li-5Z2-5Z+77r6i-2k-2li-lz-rA k + Z1+l2+l < ! 
' 2 - 2 

x 2-4k-3Zi-3Z,-3z+s7r-4k-3Zi-3Zz-3ZHi1i+1z+zr(k +Ii+ 12 + z - 2)r(k +Ii+ z2 - l) 

X r(k + l2 + l - l)r(k + /i + l) 
□ 
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