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abstract 

The rigged Hilbert space (RHS) treatment for the Dirac's bra-ket formalism in a non-Hermitian 

system with a positive-definite metric is reviewed. We propose an RHS related to the positive­

definite metric induced from a positive operator 77, called 77-RHS. The nuclear spectral theorem 

for the 77-RHS exhibits spectral expansions of the bra and kets by the generalized eigenvectors 

of an 77-quasi Hermitian operator. We establish a complete bi-orthogonal system that endows 

the transformation theory between the Hermitian and non-Hermitian systems using the spectral 

expansions. The 77-quasi Hermitian operator can be extended to the general operator on the 

bra-ket space while preserving its symmetric structure. 

1 Introduction 

A rigged Hilbert space (RHS), also called a Gel'fand's triplet, was introduced mathematically 

to correlating the distribution theory with the Hilbert space theory, by I. M. Gel'fand and his 

collaborators[l, 2]. This space has been utilized to formalize the Dirac's bra-ket notations in 

quantum mechanics because the mathematical formalism of them is considered insufficient within 

the context of von Neumann's Hilbert space theory[3]-[26]. Nowadays, the RHS is considered 

as an underlying space for describing quantum mechanics using the bra-ket notation. Actually, 

accurate elegant formulations for quantum mechanics based on the RHS are proposed for sev­

eral systems, e.g., harmonic oscillator[9], resonance state (Gamow vectors)[lO], and scattering 

problem[16]. Note that the RHS has also been applied to the fundamental study of complex 

eigenvalues of the operators treated in the context of statistical physics [11]-[14][21, 22]. 

The RHS is given the following triplet of topological vector space[l 7], 

<I> C 1l C <I>'' <I> X ' (1) 

where 1l = (1l, (·, ·)H) is a complex Hilbert space, <I> is a dense linear subspace of 1l equipping 

a topology T<J> such that (<I>, T<J>) is a nuclear space. <I>' and <I> x are sets of continuous linear and 
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anti-linear functionals on ( <I>, T<1>), namely, dual and anti-dual spaces of ( <I>, T<1> ), respectively. The 

inner product (·, ·)<1> on <I> becomes separately continuous on (<I>, T<1>), where (¢, 1/J)<1> = (¢, 1/J)11 

for ¢, 'ljJ E <I>. (Note that by the Rieszs' familiar theorem, 1{ can be identified with its dual 

1{1, 1{ = 1{'; then, the relation 1{1 C <I>' holds.) In the RHS (1), the bra-ket vectors can 

be constructed using the following procedure[l 7] (see also Sec. 2). Given a quantum system, 

observables of the system that are described as Hermitian (self-adjoint) operators in 1{ realizes 

the space <I>, and for the RHS, the bra and ket vectors are defined as the elements of <I>' and <I>x, 

respectively. Then, the nuclear spectral theorem of the RHS provides the eigenequations of the 

bra and ket vectors individually and the spectral expansions of the bra and ket vectors of the 

observables. In the sense, the Dirac's bra-ket formalism is obtained completely. 

Recently, the mathematical treatment for non-Hermitian quantum systems, such as, a parity­

time (PT)-symmetrical system, has been developed based on the RHS[19, 20, 23, 25, 26]. In 

a PT-symmetrical system, a non-Hermitian Hamiltonian H is assumed to satisfy the following 

symmetry: 

(2) 

where 7) is given as the composition operator of the parity and time transformations[27, 28]. 

When the left-hand side of (2) is the adjoint Ht instead of H i.e., Ht = 77H77-1 and the operator 

7) is assumed to be a positive operator, such an operator His referred to as an 77-quasi Hermitian, 

and the operator describes the system with a positive definite-metric[29, 30, 31]. 

In this short article, we review the study of the RHS formalizing the Dirac's bra-ket notation 

for a non-Hermitian system with a positive definite metric[26] after introducing the bra-ket 

formalism mathematically constructed on the basis of the RHS. 

2 Definitions, Statements, and Bra-ket formalism 

2.1 Definitions and Statements 

2-A. A countable Hilbert space (CHS) is a topological vector space constructed by the following 

steps. 

(i) Let a vector space <I> and let a system of inner products, { ( ·, • )n ; n = 1, 2, • • • }, such 

that the induced norms II · lln = ~ satisfy the inequalities II · lln :S II · lln+l, 
n = 1, 2, ···,and each (<I>,(·, ·)n) is a pre-Hilbert space. 

(ii) Induce a locally convex space (<I>,T<1>) from the family of the obtained norms {11 · lln}­

( iii) The completion of (<I>, T<1>) is called a CHS. 

2-B. A compact operator Ton a Hilbert space 1{1 into a Hilbert space 1{2 is said to be nuclear 

provided that the relation L~=l An < +oo holds, where each An is the eigenvalue of the 

operator T obtained in the polar decomposition of T. 
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2-C. In the construction of CHS (2-A.), let <I>n be the completion of the norm space (<I>, II· lln) 

(n = 1, 2, • • • ). Whenever m :::; n, the identity map ¢ = cpn H ¢ = <pm on <I> can be 

extended to the continuous linear map T;;, : <I>n ➔ <I>m. We call T;;, (m:::; n) a canonical 

mapping. 

2-D. A CHS (<I>, Tq,) is called a nuclear space provided that for any m there exists an n such 

that the canonical mapping T;;, : <I>n ➔ <I>m is a nuclear operator. In other words, T;;, has 

the form 
00 

r;:,¢ = L An(¢, lfJk/n7Pk (3) 
k=l 

satisfying L~=l An < +oo, where { lfJk} and { 7Pk} are orthonormal systems of <I>n and <I>m, 

respectively. 

(For a more general definition of nuclear space, see [32]). 

2-E. Let A be a locally compact separable space and µ a positive measure on A. For each A E A, 

set a (separable) Hilbert space (H(A), (·, -)>.). A vector field x is an element of Il>-.EAH(A). 

A countable family (x;) of vector fields is called a fundamental family if (i) all functions, 

A 3 A e-+ (x;(A),xj(A))>-. EC, are measurable for all i,j and (ii) (x;(A)) spans H(A) for each 

A. A vector field xis measurable if all the functions, AH (x(A), x;(A))>-. (i = 1, 2, • · • ), are 

measurable, where (x;) is a fundamental family. Let M = {x E Il>-.EAH(A), xis measurable 

}. The direct integral 

I H(A)dµ (4) 

of Hilbert spaces H(A) is the space of equivalence classes of measurable vector fields x EM 

satisfying 

(5) 

Here, two fields are equivalent if they are equal µ-almost everywhere on A. If the direct 

integral equips the inner product, 

r;;:;; = I (x, y)dµ, (6) 

where (x, y) : A ➔ C, A H (x(A), y(A))>-. (llxll 2= (x, x)) is measurable if x E M, then it is 

a Hilbert space. 

2-G. Statement.(Maurins' Nuclear Spectral Theorem)[2] Let (1i, (·, ·)H) be a Hilbert 

space, (<I>, Tq,) a nuclear space such that (i) <I> is a dense subspace of (1i, (·, ·)H) and (ii) the 

identity i: (<I>,ril>) ➔ (H,(·,·)H),¢ H ¢ is the continuous embedding. Then, Fourier 

transformation F : 1{ ➔ i£. is given by the formulae; 
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whereek(>.) E <T>', {fk(>.)}k=l, ... ,dimH(>.) is an orthonormal base ofil(>.), andil = JA il(>.)dµ 

is the direct integral of the family of (sebarable) Hilbert spaces {il(>.)}>.EA indexed by the 

locally compact space A with the Borel measureµ. Moreover, suppose that a normal oper­

ator A is continuous and A<T> c <T>. Then, the spaces il(>.) are common eigenspace of A, 

which is diagonalized by the transformation F. 

2-H. By using the Fourier transformation F : 1{ ---+ fl that is isometric isomorphic obtained the 

above statement, for¢, '1/J E <T>, we have 

(¢, '1/J)H = f (¢(>.), 7/J(>.))>.dµ. (8) 

By fl(>.) 3 ¢(>.) = L-t:'iil(>.) (¢(>.), fk(>.))>.fk(>.), 

dimH(>.) 

(¢(>.),'¢(>.))>. = L ek(>.)(cp)ek(>.)('l/J) (9) 
k=l 

is satisfied. Assuming dimil(>.) = 1 for any >., we have 

(¢,'1/J)H = f e(>.)*(cp)e(>.)('l/J)dµ. 
lsp(A) 

Therefore, Maurins' Nuclear Spectral Theorem can be represented by the following simple 

statement. 

Statement. Let <T> c 1{ c <T>' be a RHS, A: 'D(A) ---+ 1{, self-adjoint with a dense domain 

'D(A). In addition, assume that A is continuous on <T> and A<T> c <T>. Then, A has the 

set { e(,)} of the generalized eigenvectors in <T>' corresponding to generalized eigenvalues,, 

where, goes through the spectra Sp(A) of A. Furthermore, for any 'P, 'l/J E <T>, we obtain 

the relations 

(r.p,'l/J)H f e(,)*(r.p)e(,)('l/J)dv(,), 
lsp(A) 

(r.p,A'l/J)H = f 'e(,)*(r.p)e(,)('l/J)dv(,), 
lsp(A) 

(10) 

where v(,) is a Borel measure on Sp(A). 

Here, <T>' 3 F : <T> ---+ (C is called a generalized eigenvector of A corresponding to the 

eigenvalue,, if F satisfies F(A¢) = ,F(cp) for every¢ E <T>. 

2.2 Bra-ket formalism 

The main features of Dirac's bra-ket formalism that are handled by the RHS are listed as follows. 

• To each point of the spectrum of an observable (self-adjoint operator) A, there correspond 

left and right eigenvectors, denoted by (al and la), satisfying 

(al A = a (al and A la) =ala) , (11) 

respectively. 
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• These (eigen) bra and kets form complete bases; any bra (ipl and ket lip) can be expanded 

as 

(ipl = L (iplan) (anl + j{ipla) (al dµ(a), 
n 

(Aipl =Lan (iplan) (anl + fa (ipla) (al dµ(a), 
n 

(12) 

and 

lip) = L (an lip) Ian)+ j{alip) la) dµ(a), 
n 

IAip) =Lan (an lip) Ian)+ fa (alip) la) dµ(a). 
n 

(13) 

(an and a correspond to the discrete and continuous eigenvalues). 

• They are normalized with respect to the following relations: 

(14) 

where 6nm is the Kronecker delta and 5(a - a') is the Dirac delta function. 

The RHS formulation of the above features is summarized as follows. First we construct 

bra-ket vectors. Set a RHS of the type (1), 

<I> C 1{ C <I>'' <I> X • (15) 

For ip E <I>, define a map lip)1-l: <I> ➔ C by lip)1-l ('¢) = ('¢, ip)H where'¢ E <I>. This map lip)1-l is 

called a ket vector of ip. Similarly, a bra vector of ip is the map (ipl1-l : <I> ➔ C of the complex 

conjugate of lip)1-l : (ipl1-l ('¢) = lip)~('¢) = (lip)1-l ('¢))* = (ip, '¢)1-l- Clearly, (ipl1-l E <I>' and 

lip)1-l E <I>x hold. 

For the representations in (10), as {e(~)}(c <I>') are the generalized eigenvectors of A, they 

satisfy 

e(~)(Acp) = ~e(~)(cp) (¢ E <I>). (16) 

Here, we adopt the following notations: 

and set the extension A on <I>'u<I>x where A(!)(¢)= f(Acp) (f E <I>'u<I>x,¢ E <I>) (see also Sec. 

3). Then, from (16) we derive 

(17) 

They show the eigen equations with respect to the bra and kets, individually. Moreover, the 

relations in (10) convert to 
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Therefore, the spectral expansions can be obtained as follows. 

Statement. The spectral expansions for the bra ('PIH and ket l'P)H in <T>' and <T>x by the gener­

alized eigenvectors { ((11-l} and {1()1-l} of A represent, for 'PE <T>, 

('PIH f ('Pl()'/-{ ((11-{ dv((), (A'Pl1{ = f ( (ipl()'/-{ ((11-{ dv((), 
j Sp(A) j Sp(A) 

l'P)1{ r ((l'P)1-{ 1()1-{ dv((), IA'P)1{ = r ( ((l'P)1-{ 1()1-{ dv((). (19) 
j Sp(A) j Sp(A) 

Note that in physical literature, (19) are represented in the following forms: 

(20) 

and 

('PIH = L ('Pl(n)1-{ ((nl1-{ + 1 ('Pl()'/-l ((11-l dv((), 
~nESp(A) ~ESp(A) 

(21) 

where the sum is taken over the discrete spectrum and integral over the continuous spectrum. 

3 Construction of 17-RHS 

Let 7/ be a positive operator on the Hilbert space (1l, (·, ·)H)- Given RHS (1), we assume that 

7/ is continuous on the nuclear space (<l>,T<1>) and satisfies 7J<l> C <T>. Set an hermitian form(·,·),,, 

over 1{ by 

(22) 

Then, the hermitian form endows the inner product where the vector space 1{ becomes a pre­

Hilbert space; such inner product is denoted by(·,•),,, again and the pre-Hilbert space is denoted 

by 1l,,, = (1l, (·, ·),,,). Also, we set the completion 1l,,, = (1l,,,, f,°Tr,) of 1l,,,. This procedure shows 

that 7/ defines a new metric, called the positive-definite metric, in 1{ such that 1{ becomes a 

Hilbert space with respect to (·, ·),,,. It is shown that <T> is a dense linear subspace of H,,, and 

the inner product (·, •),,,<1>, which is the restriction of (·, •),,, to <I>, is separately continuous on the 

nuclear space ( <T>, Tq,). Therefore, the family 

<l> C :U C <T>' <l>x 
n'f/ ' (23) 

becomes an RHS; hereafter, we call (23) an 7)-RHS. 

An extension of 7/ to the dual and anti-dual spaces <T>' and <T>x are easily established as 

follows. The assumption wherein 7) is continuous on ( <T>, Tq,) and has 7]<T> C <T> provides the 

mappings f/: <T>'-+ <I>' and fJx : <J>X -+ <J>X by (ff(!))(¢) := f(rJ(rp)) for¢ E <T>, f E <T>j where 

j = ,, x. From these mappings we can derive the operator fJ : <T>' U <T> x -+ <T>' U <T> x, where 

(fJ(f))(¢) = f(rJ(¢)) (24) 
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for f E cf>' U cf>X and¢ E cf>. It is easy to check the relations, fJ(f) E cf>j for f E cf>j (j = I, x) 

and fJ(f*) = fJ(f)*. Note that cf>' n cf>X = {O} (0 stands for the zero-valued functional on cf>). 

Furthermore, we can show 

(25) 

where we denote fJ( (cpl1l) by (cpl1l fJ. The relations of (25) indicate that the operator fJ, extended 

from rJ, transforms the bra and ket vectors of 1-l-system into those of the 1-l,,,-system. 

If we set a positive invertible operator rJ on 1-l, then 1-l,,, = 1-l,,, = (1-l, (·, •),,,), since (·, •),,, 

produces the equivalent norm of (·, •)1l- The extension of the inverse 'T/-l of 'T/, rJ-l : cf>' U cf>X ➔ 

cf>' U cf> x , is defined by 

(26) 

for f E cf>' U cf>x and¢ E cf>. It follows that 'T/-1 is the inverse of fJ, namely, 

(27) 

Also, the following inverse relations to (25) are obtained: 

(28) 

4 Bra-ket Formalism for quasi-Hermitian system 

4.1 Spectral expansions 

Let an 'T]-quasi Hermitian operator A: V(A) ➔ 1l in a Hilbert space 1l = (1-l, (·, ·)H), where a 

positive operator rJ is assumed to be invertible[29, 30, 31]. Then, by its definition, A satisfies 

the following symmetric structure : 

(29) 

Here rJ is intertwining between A and At. Regarding the positive operator rJ we set the rJ­

RHS by (23), and we assume that A<f> C cf>, rJ<T> = cf>, and A is continuous on (<f>,Tg,). Using 

this assumption and the fact that A is a self-adjoint operator in the Hilbert space 1-l,,,, the 

nuclear spectral theorem based on rJ-RHS can be applied to A and hence we have the following 

representations : for any cp, ¢ E cf>, 

(¢, cp),,, r (¢1A),,, (Alcp),,, dµ(A), 
lsp(A) 

(30) 

and 

(¢, Acp),,, = r AA (¢1A),,, (Alcp),,, dµ(A), 
lsp(A) 

(31) 

where µ(A) is a Borel measure on the spectrum of A. (Al,,, and IA),,,(= (Al;) represent the 

generalized eigenvectors for A; they satisfy the following (generalized) eigen equations, 

(>-1,,, (A¢)= AA (Al,,,(¢), IA),,, (A¢)= AA IA),,,(¢) (32) 
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for any ¢ E <I>. From (30)-(31), we obtain the spectral expansions of the bra and ket in the 

1-l,.,-system by the generalized eigenvectors of A : for rp E <I>, 

( 'Pl,., 1 (rplA),., (Al,., dµ(A), 
Sp(A) 

(Arpl,., 1 AA (rplA),., (Al,., dµ(A), 
Sp(A) 

(33) 

and 

lrp),., 1 (Alrp),., IA),., dµ(A), 
Sp(A) 

I Arp),., 1 AA (Alrp),., IA),.,dµ(A). 
Sp(A) 

(34) 

Using the transformations (25) and (28), the following relations with respect to the bra-ket 

of 1-l-system can be derived from (33) and (34) : 

r (11-1rp1A) ,A1,., dµ(A) 
lsp(A) ,., 

r ,'PIH ry-1 IA),., (Al,., dµ(A), 
lsp(A) 

r (A111-1rp) IA),., dµ(A) 
lsp(A) ,., 

r ,A1,., ry-1 lrp)H IA),., dµ(A). 
lsp(A) 

(35) 

These relations formulate the spectral expansions in terms of the bra (rplH and ket lrp)H. Simi-

larly, we have the spectral expansions, 

(ArplH 1 AA (rplH IA),., (Al,., ry- 1dµ(A), 
Sp(A) 

IArp)H 1 AA (Al,., l'P)H ry- 1 IA),., dµ(A), 
Sp(A) 

(36) 

and 

(AtrplH 1 AA (rplH ry-1 IA),., (Al,., dµ(A), 
Sp(A) 

IAtrp)H 1 AA (Al,., ry- 1 lrp)H IA),., dµ(A). 
Sp(A) 

(37) 

Note that the region of integral can convert from Sp(A) into the real line JR and hereafter we 

take JR. 

4.2 Complete bi-orthogonal system 

From the spectral expansions obtained in the previous section, the complete bi-orthogonal system 

is composed of the generalized eigenvectors of A. The completeness is easily found from the 

relations in (35), which forms 

(38) 
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where I is the identity for the bra (·11-l and ket 1·)1-l" Here, we define the operators (>-11-l and 

l>-)1-l in <l>' and <l>x concerning 1-l-system by 

(39) 

Then, (38) is reformed to 

(40) 

Regarding the bi-orthogonality, we set cp71 (>.) = (>.1 71 (cp) for (>.1 71 and cp E <l>. Using (38), we have 

{ (>.I>.') cpTl(>.')dµ(>.') 
J.fil T/ 

r (>-Ir,· l>-')1-l (>-'I (cp)dµ(>-') JIB. T/ 

r (>-Ir, -fi-1 I>-') (>-'I • l'P)Hdµ(>-') JIB. T/ T/ 

(>-Ir, • l'P)H 

cpTI(>.). (41) 

Thus, the orthonormal relation is obtained as 

(42) 

where o is Diracs' o-function as the normalization factor of the eigenvectors of A. Therefore, the 

relations (40) and (42) show that the pair {l>.) 71 , l>-)1-l} is the complete bi-orthogonal system. 

4.3 Transformation Theory 

Let a self-adjoint operator B: D(B)--+ 1-{ in (1-l, (·, •)H) satisfying continuity on (<l>,Tif>) and the 

relation B<l> C <l>. (B = rJ is possible.) From the nuclear spectral theorem based on RHS (1), 

each of the bra ('PIH and ket l'P)H can be expanded in the 1-l-system by using the generalized 

eigenvectors, denoted by { (wl1-l}, of B. Then, we have 

L (cplw)1-l (wl1-l dµ(w), 

L (wlcp)1-l lw)1-l dµ(w), (43) 

where µ(w) is a Borel measure on the spectrum of Band (wlcp)H = (wl1-l (cp) and (cplw)H = 
lw)1-l ( cp ). The generalized eigenvectors { (wl1-l} composes of the complete orthonormal system 

for the 1-l-system[l 7], i.e., 

(44) 

and 

(45) 
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are satisfied. Now we consider the transformations of the bra-ket vectors of the representa­

tions between the 17-quasi Hermitian A and the above self-adjoint B. First, using the complete 

relations (45) for {lw)1-l} and (40) for {IA)1-l, IA),,,}, we obtain 

(wl1-{ • l'P)1-{ 

l (wl1-l • IA),,, (Al1-l • l'P)H dµ(A) 

L (wlA),,, (Alcp)1-l dµ(A), (46) 

for any cp E <I>. The relation ( 46) shows the transformation of the representations from (Al1-l to 

(w I 1-l by means of the transformation factor (w 11-l ·IA),,, = (w I A),,,. Additionally, the transformation 

from (Al,,, to (wl1-l is derived from 

l (wl1-l • IA)1-l (Al,,,· l'P)H dµ(A) 

l (wlA)1-l (Alcp),,, dµ(A), (47) 

where (wl1-l • IA)1-l = (wlA)1-l represents the transformation factor. The other factors (Alw)1-l and 

(Alw),,, that characterize the transformation equations from (wl1-l to (Al1-l and (Al,,, are obtained 

by 

(48) 

and 

(49) 

Note that the following relations of the complex conjugates are satisfied: 

(50) 

We note that the transformation of the representations between the 1i-system and 1i,,,-system 

is distinct from the typical transformation for Hermitian systems, such as the Fourier transforma­

tion between the real space and the momentum space. To see it, we consider the transformation 

factors as the Fourier transformation, namely, we set (wlA)fi = be-iwAfn in (46) for which A 
., V 21rn 

and w are like the position and momentum operators in Hermitian quantum mechanics. Then, 

from (50), we have (Alw),,, = (wlA); = ~eiwA/n_ Therefore, we obtain by the transformations 

in ( 49) 

(Alcp),,, = ~ r eiw>-./n (wlcp)1-{ dµ(w) = (Al'P)1-{ 
v2-rrn Jlil. 

for any cp E <I>. The relation induces (Al,,, = (AIH, which shows that iJ is the identity. 
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5 Extensions 

Since A is continuous on (cf>, T<J>) with A cf> C cf>, the operator A on cf>' U cf> x can be defined by 

(A(!))(¢):= J(A(¢)), (51) 

for any ¢ E cf> and f E cf>' U cf>X. The extension A satisfies the eigenequations represented by 

(32); for the generalized eigenvectors { (>-1 17 } and {l>-) 17 } of A we have 

(52) 

where we denote A( (>-1 17 ) by (>-1 17 A. Similarly, the adjoint operator At can be extended to the 

operator At on cf>' U cf>X, where 

(53) 

for¢ E cf>, f E cf>' U cf>X. As well as (52), the eigenequations 

(54) 

are satisfied. Between these extensions A and At, the extension iJ of T/ is intertwining. Actually, 

the following symmetric structure is shown: 

(55) 

where ¢, rp E cf>. Considering that the relation (55) is satisfied, A is identified with the iJ-quasi 

Hermitian operator for the bra-ket space. 

The extensions constructed in the section can be applied to the practical physical non­

Hermitian system, such as Swanson model[33]. Regarding the details of the topics, see [26]. 
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