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PREFACE

In natural and social sciences, a sudden and discontinuous change of the state
may occur as the external causes vary continuously: buckling and collapse of
structures, the flutter of aircrafts, the onset of turbulence in a fast-moving
fluid, the phase transition of fluids, the fracture of a crystal lattice, the evolu-
tionary stability of stars and planetary masses, the charged water drops of thun-
derstorms in an electric field, the heat conduction and fluid flow in thermo-
dynamics and so far. The discontinuous instability phenomena can never be com-
pletely interpreted in the classical Newton's mechanics using solutions of unified
differential equations.

Thom proposed the philosophical concepts of the catastrophe theory in order
to clarify the topological aspect of the sudden discontinuities in "Structural Sta-
bility and Morphogenesis"(1972). An instability may be determined from a poten-
tial function with several internal state variables and some external control para-
meters. When the control parameters vary continuously, the number of the local
minima representing the stable equilibrium states through the potential function
may change in a discontinuous way. The Thom's Theorem classifies the structur-
ally stable equilibria of the gradient system, ‘and says that, for the essential
state variables < 2 and the control parameters < 4, the canonical form of the
potential function is just equivalent to either of the seven elementary catas-
trophes: fold, cusp, swallowtail, butterfly, hyperbolic umbilic, elliptic umbilic and
parabolic umbilic.

The catastrophe theory has been applied to the instability problems of several
disciplines of pure mathematics, mechanical engineering, hydrodynamics, thermo-
dynamics, crystallography, cosmology, economics, social sciences and biology.

In civil engineering field, the catastrophe theory provides an effective means
for reasonable understanding of static instability or buckling. The internal state
variables and the external control parameters in the catastrophe theory corre-
spond to the generalized coordinates and the loading parameters & initial imper-
fection parameters in the elastic stability theory, respectively. Especially, a ques-
tion must be answered how Iimperfections affect the load-carrying capacity of
structures; imperfection sensitivity of structures. The catastrophe theory sig-
nificantly contributes to such problems. The load-carrying capacity of structures
corresponds to a singular point on the equilibrium surface of structures. Thus,
the imperfection sensitivity can be expressed in terms of the bifurcation set in
the catastrophe theory.

This dissertation aims to apply the catastrophe theory to evaluation proce-
dures of the ultimate strength of typical civil engineering structures in both the
elastic and elasto-plastic ranges. The paper is divided into three parts: the PART
I states an introduction to both structural instability theory and the catastrophe
theory from two view points of pure mathematics and engineering, the PART II
discusses on a proposal of the catastrophe analysis of elastic structures by the
use of discretizations and modal transforms, and the PART III formulates a new
approach to a unified expression of ultimate strength of compressed slender struc-
tural members. The present procedures do not need the so-called nonlinear ana-
lysis to evaluate successively the equilibrium states up to the ultimate strength
of the structure in elastic and elasto-plastic ranges.



The chapter 1 of the PART I is concerned with an introduction to the inter-
pretation of the concepts such as equilibrium, stability and imperfection sensl-
tivity of conservative structural systems using the general elastic stability theory
and the catastrophe theory. In the chapter 2 of the PART I, brief reviews are
presented on the catastrophe theory and its applications in engineering sciences
from a knowledge of the singularity theory of mappings in pure mathematics.
The main mathematical background is provided item by item in the APPENDIX
of the PART L

The chapter 1 of the PART II is concerned with an elastic catastrophe anal-
ysis of discrete structural systems with large degrees of freedoms. The present
numerical analysis makes use of discretization methods and diffeomorphic modal
transformations in the light of the Thom and Thompson's theories. The chapter 2
of the PART II gives a direct computational algorithm to determine the imper-
fection sensitivity curves or surfaces from the singularity condition in the catas-
trophe theory. The chapter 3 of the PART Il is a comparative study on "inex-
tensible" column models neglecting the axial deformations through the present
analysis for continuous and discrete systems. In the chapter 4 of the PART II,
the present catastrophe analysis is also applied to axially "extensible" columns,
compressed rectangular unstiffened plates and compressed rectangular stiffened
plates through the static condensation procedure. A simplified element method
adopted herein is briefly described in the APPENDIX A. Also, the standardization

of the structural potential function to the Thom's catastrophe unfolding is in the
APPENDIX B.

In the chapter 1 of the PART III, a unified new approach is proposed to the
prediction of ultimate strength of slender structural members in the elasto-plastic
range. The fundamental concepts of the approach is discussed in details. Then,
numerical illustrations of the present approach are demonstrated for axially com-
pressed steel columns. In the chapter 2 of the PART III, the present approach is
formulated for compressed plates with and without stiffeners. Especially, for
stiffened plates, the approach is also applied to independent two modes of the
global and local bucklings of the stiffened plate. Furthermore, using the present
approach, a Monte Carlo simulation is performed on appropriate statistical dis-
tributions of the residual stresses and the initial deflections for compressed
plates and stiffened plates. Then, the most frequent combinations of such imper-
fections can be explicitly determined. The chapter 3 of the PART III formulates
the simplified approach for compressed cylindrical shells with considerations of
interaction between both asymmetric and axi-symmetric buckling modes. Finally,
some experimental data in this PART III were acquired in the CATS, computer
aided testing system, at Kyoto University in the APPENDIX.
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PART 1

INTRODUCTION TO INSTABILITY AND CATASTROFPHE






CHAPTER 1
INSTABILITY AND CATASTROPHE

1.1 General Remarks

Pioneer works on the stability of an equilibrium state of a structure in class-
ical engineering mechanics were initiated by Euler and Lagrange in the eigh-
teenth century, Euler invented his calculus of variations for a bifurcation
problem on his "Euler strut". Lagrange introduced the analytical energy approach
to mechanics through his fundamental energy theorem using the associated total
potential energy.

In the nineteenth century, Poincaré produced a general bifurcation theory in
a mathematical sense so as to clarify many qualitative characteristics of solu-
tions for a set of differential equations. He classified them into two typical
forms of limit point and bifurcation point. Hamilton developed the vector fields
for a set of first-order differential equations. Also, Liapunov gave the mathe-
matical definitions of stability, and proposed the general energy function with his
name. These investigations on nonlinear problems of equilibrium states in pure
and applied mathematics will be briefly described in the next chapter 2 of this
PART L

Koiter unified a general bifurcation theory of an elastic continuum under con-
servative loading in engineering science, and discussed its stability, post-bifur-
cation and imperfection sensitivity within his energy approach framework[1,2]. He
had already proposed an algebraic energy function with the essential instability
modes after eliminating the other inessential ones. Furthermore, discussions on
the mnonlinear branching, postbuckling and imperfection sensitivity of continuous
elastic structures were made by Koiter, Budiansky and Hutchinson[3-6]. Especially,
Hutchinson extended such a general theory to problems of instabilities in the
plastic range[7-10].

Research groups at University College London, associated with Thompson,
Hunt, Roorda, Supple, Croll and their colleagues, have provided a great number
of significant contributions to study the nonlinear branching of discrete or dis-
cretized conservative structural systems using their generalized coordinates[11-24],
Thompson and Hunt summarized their remarkable investigations in the famous
monograph, "A General Theory of Elastic Stability"(1973)[25], which played the
most important role in engineering applications of Poincaré's dynamics to finite
discrete coordinate systems. Also, Huseyin developed his multi-parameter stability
theory of elastic structures under combined loading[26-32]. Sewell made a static
perturbation procedure to trace equilibrium paths near critical points in structural
buckling problems[33-37]. Moreover, Thompson, Hunt, Roorda, Chilver, Supple and
Johns have clarified the stability, postbuckling and imperfection sensitivity at the
two-fold compound branchings[38-50]. Also, independently, Ho established a rea-
sonable estimation procedure of elastic buckling loads in nonlinear systems[51-53].

Thompson and Hunt have unified the general bifurcation theory of elastic
conservative systems[54-64] from a knowledge of the catastrophe theory by Thom
and Zeeman[65-68]. The interaction concepts between such two theories of
Koiter-Thompson and Thom will be interpreted as follows:



Table 1.1.1 Classification of Static Instabilities of Engineeing Structures.
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In civil engineering field, the possibility of various instability phenomena may
increase with large degree of freedoms of structures. For typical structures,
Table 1.1.1 shows that the instabilities can be classified into global, partial and
local ones from the analytist view point, and that they can be also identified by
the canonical forms of catastrophe potential functions. In this table, the types of
catastrophes are marked only of so-called distinct critical points, and the possi-
bility of interactive or coincident instabilities, e.g., umbilics, may exist for each
type of structures marked in more than two items.

Practical structures have unavoidable imperfections such as initial displace-
ments, residual stresses and load eccentricities in their manufacture and const-
ruction. Then, a question must be answered how such imperfections affect the
load-carrying capacity of structures. In other words, discussions will concentrate
on the well-known imperfection sensitivity of structures. The catastrophe theory
provides significant reasonable contributions on such problems [62,64,69]. The load-
carrying capacity of the structure is assumed to be the maximum value of a
single loading parameter among several control ones as mentioned in the next
section. The maximum corresponds to a singular point on the equilibrium surface
of the structure. Thus, the relation between the load-carrying capacity and
several imperfections in the stability theory can be expressed in terms of the
catastrophe map in the catastrophe theory(64,69-71].

The catastrophe map means a projection of a set of singular points on the
equilibrium surface into the control-parameter space. The projection yields the
bifurcation set in the control-parameter space, and the set explains the imperfec-
tion sensitivity curves, surfaces or spaces. For examples, the so-called "one-half
power law" of the asymmetric buckling and the "two-thirds power law" of the
unstable symmetric buckling are of the bifurcation sets for distinct critical
points, which are clarified by Roorda's experiments[14] and Koiter-Thompson the-

ory[1,25]. At the same time, these sets are interpreted as those of fold and dual
cusp catastrophes.

Simultaneous buckling problems are focused on when two distinct instability
phenomena take place with coincidence and near-coincidence of the loading para-
meter. Then, in a mathematical sense, the Hessian matrix of the potential func-
tion is degenerate. Thompson, Hunt, Huseyin, Hansen and others have classified
such two-fold compound bifurcation points of the "semi-symmetric” potential func-
tion into three umbilic subtypes{42,54,72-77].



This chapter presents an introduction to equilibrium, stability and imperfection
sensitivity of conservative structural systems within frameworks of the general
theory of elastic stability and the catastrophe theory[78,79]. A classification of
critical points in both the distinct and the simultaneous cases will be briefly
described for ideal perfect systems with no initial imperfections. Then, topologi-
cal meanings of the use of the catastrophe map will be explained in order to
evaluate the load-carrying capacity in engineering practice.

1.2 Elastic Conservative System

A potential function of structural system can be regarded as a function of
the internal state variables x-—-(xl,x seesXpy) for prescribed external control para-
meters c-:(cl,cz,...,cK}. The potentia? function is defined by[62,69,71]

V[ x, c} = V( 11, Cj} (1-2-1)

which may be regarded as a single-valued real function of (N+K) independent
variables, x and ¢, and is assumed to be infinitely differentiable with respect to
them(71,80,81].

The system considered is also assumed to be conservative and to behave
elastically in the material sense except for the PART Il in this dissertation.
Further, the system is assumed to obey the following two Liapunov's axioms[82]:

(1) For a fixed value ¢, the system is in an equilibrium state if and only if
its potential function is taken to be stationary at such state with respect
to x

(2) For a fixed value ¢, the system is in a stable equilibrium if and only if
its potential function has a local minimum wvalue at such state with re-
spect to x. The system is governed by the so-called Perfect-Delay conven-
tion in a mathematical sense(80,81,83].

Figs. 1.2.1 show the concept of stability of equilibrium state. Fig. 1.2Z.1(a) is
"stable" state at which the potential function has a local minimum value, and
says that the system keeps the current equilibrium state for an infinitesimal per-
turbation of potential function near the state. Fig. 1.2.1(b) is "unstable" state at
which the potential function has a local maximum value, and means that the
system transforms an other equilibrium state with lower value of the potential
function for a perturbation. Moreover, Fig. 1.2.1(c) is "neutral" state at which
the potential function has a constant stationary value, and says that the system
keeps any equilibrium state without regard to a given perturbation.

e a
Mo A, =0
(a) (b) (e)
Fig. 1.2.1 Stationary Equilibrium States.
(a) Stable (b) Unstable (c) Neutral



Now, in this dissertation, the change of control parameters may be more
slow, but it may be more sensitive to the potential function than that of the
state variables. The latter may vary abruptly. That is, the former are assumed
to be slow-time scale, while the latter to be fast-time scale[84]. Thus, a pertur-
bation of potential function may be found to be given by that of its control
parameters in the case of considering the instability phenomenon through the
catastrophe theory.

A pgreat significant problem will arise on the correspondence of the state
variables and the control parameters in both the catastrophe theory by Thom and
Zeeman and the elastic stability theory of structural mechanics by Koiter and
Thompson. The state variables correspond to the generalized coordinates for a
discrete system, and are designated as Q=(Qq, Q2""’QN)' Whereas the control
parameters become both the magnitudes of “applied conservative loads and un-
avoidable initial imperfections such as initial displacements, residual stresses and
load eccentricities in manufacture and construction of structural system., The im-
perfection parameters can be also regarded as some equivalent loading para-
meters[55,60,61], so that the multi-parameter stability theory has been proposed
by Huseyin et al[32,85]. Here, in this dissertation, the control parameters consist
of a single loading one and several initial displacement ones.

The following peculiar correspondence between variables and parameters is
carried out for the buckling problem of slender structures or models in the dis-
sertation. The control parameters are designated as A = (A, Ay, A 1) such
that A = N s the loading parameter and the remainders A, [i=1,...l§(-1] are
the initPal displacement ones. The "perfect" system means that it has no initial
displacements and has only a single loading parameter, that is, Ao =A, A=
0 (i=1,...,K-1). On the other hand, the "imperfect" system possesses a single load-
ing parameter and at least more than one non-zero initial displacement para-
meters.

o]

1.3 Classification of Instabilities
1.3.1 General remarks

In the elastic conservative system, for fixed control parameters A, the
gradient of its potential function defines a set of equilibrium points. That is, an
equilibrium surface is given by a set of solutions of N equilibrium equations

Vv
grad V = 0 or 30, =0 (i=1,...,N) for prescribed A (1.3.1)
1

This set yields some equilibrium surfaces in the (Q, ) space when A varies.

A structural instability which occurs at a singular point on such an equi-
librium surface can be classified from a knowledge of its topological aspects
[59]. The classification is accomplished by studying on the behavior of "equili-
brium paths" on the equilibrium surface when A = A  changes for both the
ideal perfect system and the corresponding imperfect system [14,16,18,25, 82,86].

In this section, consider a ideal perfect system; K=1 with only a single load-
ing parameter and no initial displacements. This case has been powerfully studied
by Thompson et al. since 1960's[19-25]. Then, for a prescribed value

single-value solution of Eq. (1.3.1) is expressed by 8

4



Qigqqa; (i=1,...,N) (1.3.2)

where the superscript "F" refers to the fundamental solution in the equilibrium
surface.

Now, consider the stability of structural system using a perturbation of the
potential function V_due to that of the state variables Q; from the fundamental
equilibrium state, Q5(M ), for a given loading parameter ~ A . Thus, an infinitesi-
mal perturbation of the potential function, V, can be expressed by

§Vig, ) = VIQ§ + g 1) - VQf, 0 ) (1.3.3)

when the loading parameter A remains fixed. In whié:h, (qq,+-qy) are incremental
generalized coordinates from the fundamental one Q.

The perturbation of a potential function defines the stability of the system
in the following manner:

(i) if &V > 0, then the system is in a stable equilibrium state,
(ii) if 6V < 0, then the system is in an unstable equilibrium state, and
(iii) if &V = 0, then the system may be in a neutral equilibrium state.

Three possible equilibrium states are graphically shown in Figs. 1.2.1.

An explicit form of the perturbation § V can be determined in terms of the
Taylor expansion of V with respect to the g; {or Qi) about the origin (or the
fundamental point F). The form follows

sVig, A) = sV 4 sv@ o vl L gyl L (1.3.4)
where

svil) = vi( )

5V(2) = ;‘2" Vu( ﬂ}qin ’

h|—

sv® = L Vijkl A )9id;9k >

svi4)

1

for a prescribed loading parameter A . Also, Vi, Vi, Vi and Vrﬁg‘ denote the
first, second, third and forth partial derivatives with rerect to the q; lor Qj),
respectively. All t derivatives are evaluated at the origin q;=0 (or the funda-
mental point Q= Q. Further, the subscripts, i, j, k... obey the summation con-
vention form 1 to Ill The q; means an infinitesimal incremental displacement ‘Sqi
in a neighborhood of the origin.

When the system, stays in an equilibrium state satisfying a set of Eq. (L.3.1),

the first term &V''/ in the right hand of Eq. (1.3.4) disappeares for any dis-
placement perturbation gq; (i=l,...,N). Thus, in the first approximation, the second

5



term clarifies the stability of equilibrium states of the system,

W if svi2) . 0, or if the determinant of the "stability matrix" or the "Hessian

matrix"
det[ Vi(A)] = det [ LZV—(A ) (i,j=1,000,N)
1 quaqj ’

is positive definite at the origin, then the system is in a stable equilibrium
state.

(i) if svid) o 0, or if the Hessian determinant is negative definite at the
origin, then the system is in an unstable equilibrium state.

(iii) if va = 0, or if the Hessian determinant vanishes at the origin, then the
system is in an uncertain equilibrium state.

det[ Vij{ Al =0 (1,j=1,ees,N) (1.3.5)

The above first two conditions assert that, for a specified A , the potential
function V can be expressed by a "structurally stable"™ Morse function in the
topological sense at the origin or the fundamental point F. While the third con-
dition can be replaced for

(iii)* An eigenvalue characteristic equation
Vil M) g5 = 0 (i,j=1,..0,N) (1.3.6)

has more tgan one eigenvalues vanishing at the origin for a peculiar value
A= A

A discontinuous and sudden catastrophe phenomenon may occur at this point
(Qp A )=(Q%, A€), which is equivalent to an isolated "degenerate" point. Herein,
the point F Is especially designated as the capital superscript "C", named "cri-
tical". Thus, incrementals of state variables and loading parameter from the point
(Q5,A) can be rewritten by

Q =Qf+q  (i=1,,N) and 2 = A 4 A (1.3.7)

Then, the critical point (Qci, A< ') is transformed into the origin (g, A )=(0,0) in
the new coordinates.

By tk@ use of these notations, a determination of the sign of the quadratic
term &V is made through a convenient diagonalization process of its Hessian
matrix Vij( A). For this purpose, a linear transformation ¢;:( A) will be intro-
duced in ‘a neighborhood of the critical origin C (g, A }=(0.0}. and a new coor-
dinate system y; can be further defined as follows:

q; = @ij( ) uj (i=1,u00,N; j=1,...,n; n<<N) (1.3.8)
where the transform ¢ ;i( A) Is commonly taken as the eigenvector-matrix whose
components consist of n eigenvectors corresponding to the n lower eigenvalues of

Eq. (L.3.6). That is, herein, it equals to ¢;;(0) when ) =0. The critical point C
appears at the origin (u;, A )=(0,0) in the new "coordinate.

6



Therefore, for a prescribed incremental loading parameter A near zero, a
new potential function is obtained by

Dluj, x) = V(Q§ + q, A%+ x) - VQS 4° + 1) (1.3.9)
in a neighborhood of the critical origin (u;,)=(0,0).

Moreover, the potential function is expressed in the Taylor expansion in a
neighborhood of the critical origin u;=0 for prescribed A near zero

Diy, ») = D) + D@+ pB) 4 p) ,

1 1
D:( Au; + 5 Dol Auu, + = D.o( Ausuy, + ,
i i 2 i i k k "
3 ] e i (1.3.10)

where each derivative with respect to the coordinate u; is evaluated at the ori-
gin C (u;, A)=(0,0). Since the system stays in an equilibrium state, the first linear
terms in the right hand side vanish for all i (i=l,..,n). The second quadratic
terms may be diagonalized through Eq. (1.3.8).

Dyl A) = Cy(A) §y; (i,j: not summed) (1.3.11)

where C-l( A ) [(i=1,...,n) are called "stability coefficients", and éi' denotes the
well-known Kronecker's delta. Then, the quadratic terms are written as the form
of

1
7 Cy( A Ju? (1.3.12)
which determine the stability of the system considered.

(1) If Cy(N > 0 for all i, then the system is in a stable equilibrium state,

(ii) if C.(AN < 0 for certain i, then the system is in an unstable equilibrium, and

(iii) if C]i()«] = 0 for more than one i, then the system is in a "critical" equi-
librium state.

In two cases of (i) and (ii), the potential function D of Eq. (1.3.9) can be
expressed in the general quadratic form, i.e., the Morse function of Eq. (1.3.12).
On the other hand, the case (iii) says that its critical origin u.=0 is "non-Morse"
or "degenerate" point. This paper treats such a singular point. Since C;(0)=0 when
A =0, the singular point is commonly classified into two types of equilibrium
points through the mathematical bifurcation theory by Poincaré[87], Koiter[l] and
Thompson[25,54,62] as follows:

(a) Limit Point or Smap Through Point

An equilibrium path near this point has a local minimum value at which the
system may lose its stability, and may jump an another stable equilibrium state.
This condition can be written by

3°D ;
Dci = §u_lai $# 0 (i=1,see,1) (1.3.13)



which is evaluated at the point.

(b) Bifurcation Point

More than two independent equilibrium paths intersect at this point, and the
system may exchange its stability from a stable equilibrium to an unstable one,
or vice versa. This condition can be written by

D% = 0 (i=1,.e0,00) (1.3.14)

Similar classification has been also developed by Huseyin in his m.?lti-pare'\'—
meter stability theory of elastic systems[32,85]. He called the type(a) "general",
and the type(b) "special".

Now, consider m-fold compound critical points such that

DS = 0, D% = C;, = 0 and D =C, #0
'isleen) Y (i21en,m) 9% & =l acsn)

(1.3.15)
where the superscript "c" refers to the evaluation of each derivative at the
critical origin C, and the subscript "i" and " o " are reordered herein. In other
words, this condition equals that the Hessian matrix Dcij=Di]{O) has "rank" (n-m)
and "corank" m in a topological manner.

Under this situation, the quadratic form is the Morse function consisting of
only the inessential state variables, uy( ¢ =m+l, ..,n). More than cubic terms
remain in functions of all the state variables u; (i=1,2,...,n). The main objective
in this chapter is to describe a brief discussion on an explicit expression of
potential function, involving the essential stable variables u; (i=1,2,...,m) and the
loading parameter A. For this purpose, effects of the inessential state variables
u on the third and higher order terms of the potential function must be inves-
tigated using reasonable strategies. Koiter especially developed a powerful proce-
dure selecting some essential eigenmodes of instabilities in kinematically possible
displacement field[1,88]" Also, Thompson and Hunt proposed an alterpative method,
which can provide a potential function an explicit expression including the active
state variables and the control parameters through elimination of the passive
state variables[56, 59,60,62].

Now, (n-m) equilibrium equations for the inessential state variables
D, =0 (@ =m+1,...,n) (1.3.16)

leads to (n-m) real single-value solutions
Uug = ug (y, A) (i=1,...,m; @ =m+1,...,n) (1.3.17)

which give functions of the essential variables and the loading parameter. These
solutions require great complicated calculations since they are (n-m) nonlinear
simultaneous equations with (n-m) unknown variables uy. Such difficulties can be
dissolved by expanding algebraically the considered potential function.

Upon substitution of Eq. (1.3.17) into Eq. (1.3.9), a new potential function A
is defined by

# In a mathematical sense, this process is called the Liapunov-Schmidt Reduc-
tion[37, in chapter I-2]. g




Al M A =D 3 ’ A ’ A
(ul ) [ul uu’, (u-j ) ] (i,j=1|"'vm; o =m+1,",‘n) “.-3-'8)

Then, two potential functions of D and A give the identical important infor-
mations about both equilibrium and stability of the system considered. An equi-
valence between these two potential functions can be discussed fully in the
chapter 1 of PART Il The instability phenomena at the critical origin (u;,A)=(0,0)
(i=1,...,n) being m-fold compound critical point of the potential functions of D
can be realized as those at the origin {ui,)t)=(0,0) (i=1,...,m) of new potential
function A. Thus, each potential derivative of A at any point on the equilibrium
states is associated with that of D through formal algebraic computations by
Thompson et al. and Niwa et al.[25,54,78,79].

Af - DE -0, AS = DS =0,
AioF - DfF , Aloc Dioc ,
Ay = 0y, A§ =D, Aj=Dj=0,
a%f = pof ASF = DYF,
A = DN > ASk = DSk »
F _F
Al = Dl - 3 P eiiu
o=m+1 Daa

n

[ 2] e e {2 c

Afpe =Dkt -3 1T Dgs4Paka’ Poa
a=m+1

(1.3.19)

where the subscripts refer to the partial derivative with respect to the essential
state variables u; (i=1,...,m) and the superscript "o" refers to the partial deriva-
tive with respect to the loading parameter A. In which, such derivatives of the
potential function A are evaluated at any points on the equilibrium states, in-
cluding the fundamental and the critical points on equilibrium paths,

Using these values, the potential function A can be explicitly expanded in

the Taylor form about the critical origin, i.e., m-fold compound critical point.
For fixed value of A near zero, the potential function in a neighborhood of the

origin C
Aly, A) = AS(X )y + %—A‘}j( Mugu;

1 1
+ 5 Acl.jk( A )uinuk + 'ﬂ'Aqukﬂ.( A}ulujukuﬂ, (1.3.20)
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can be obtained as a linear function of A . Since the system stays in the fun-
damental equilibrium state, the first terms in the right hand side disappear in
order to solve a set of u; for prescribed *. These solutions yield both the fun-
damental and the postbucklilng paths in the equilibrium space.

Of course, the m-fold critical point is given by the origin (uj 2)=(0,0).
Furthermore, the second terms vanish at such a point

AS(0) = 0 and AS0) = 0 (1,j=1,..,m) (1.3.21)

Therefore, discussions on the stability problems of the system depend on inves-
tigating the features of the cubic and higher terms at the point.

Limit Point (Fold)

Asymmetric Buckling
(Fold)

Stable Symmetric
Buckling (Cusp)

Unstable Symmetric
Buckling (Dual Cusp)

A] 11 “_EJ ......................... (Swallowtail)
A11111=‘0 Allllll*ﬂ e {But:erﬂy)
qi\ =0| ... (Higher Order
1126 imd | Catastrophes)
Fig. 1.3.1 Classification of Distinct Critical Points. [25]

1.3.2 Distinct critical point

Thompson and Hunt accomplished a refined classification of a discrete critical
point for m=1 by means of a reasonable perturbation procedure in their general
theory of elastic stability[19-25], and they associated it with the concepts of the
catastrophe theory[54-64]. This classification is shown in Fig. 1.3.1. The typical
equilibrium paths are drawn in Figs. L.4.1, 1.4.2, 1.4.3 and 1.4.4 for limit point,
asymmetric point of bifurcation, stable symmetric point of bifurcation and un-
stable symmetric point of bifurcation, respectively., In these figures, solid lines
denote stable equilibrium paths, whereas dashed lines denote unstable ones.
Moreover, Qlor q) and € provide an essential state variable after eliminating the
remainder inessential state variables and the corresponding initial imperfection.

A distinct critical point can be generally classified into two types: limit
point and bifurcation point as previously denoted, (a)limit point and (b)bifurcation
point, and is rewritten in the following.

[L] Limit point or snap through point

The system loses the stability at this point, which is unstable itself. The
first approximation in the potential function of the perfect system is expressed
in a neighborhood of the critical origin (uy, A )=(0,0)

'
Alupr ) = ¢ A111“31 + A%uy A (1.3.22)
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which can be obtained from representing the linear term of X in Eq. (1.3.20) by
the use of Eq. (1.3.19). Therefore, each coefficient of the above form is not 2
function of A, but constant, evaluated at (ul,X}=(0,0}. Then, an equilibrium equa-
tion is defined by

8A _ 1 2 o
Bu, - 2 Ajpquq + A7 2 =0 (1.3.23)

which leads to a parabolic equilibrium path near the origin

Byq1q 2
o™
2 A]

A= - (1.3.24)

It is shown in Fig. 1.4.1 at Q=Q®wuy and A=A + A . This instability may be
realized in structural systems such as a shallow arch loaded laterally and a com-
plete or oblate spherical shell under external pressure. Furthermore, it may be
possible to associate this point with the common behavior of imperfect structures
at the maximum-load point in elastic and elasto-plastic ranges.

[B] Bifurcation points

The system exchanges the stability at this point, which may be uncertain
itself. The stability of the point itself can be determined from only characteris-
tics of the point itself. Moreover, these points are classified into the following
three types: asymmetric point of bifurcation, stable symmetric point of bifurca-
tion and unstable symmetric point of bifurcation in terms of each geometrical
feature of the point itself.

[A] Asymmetric point of bifurcation

The first approximation in the potential function of the perfect system is
expressed near the critical origin (uy,A)=(0,0)

S 3 1 a0 .2

where each coefficient is a constant value evaluated at the origin, similarly to
the above case. Then, an equilibrium equation is defined by

9A i 2 o _
du, - 2 Ajqquq + Aqqup A =0 (1.3.26)

It yields two solutions

Aiqq
u; = 0 or g = — Wy (1.3.27)
1 229 1
11
which denotes the trivial fundamental equilibrium path or the linear postbuckling

one, respectively, as shown in Fig. 1.4.2 at g=u; and A=NAS+A

11



This bifurcation may be realized in buckling problems of structural SyStems
such as a rigid frame, a spherical shell under external pressure and eccentrically
stiffened plates in global modes under in-plane compression.

[S] Stable symmetric point of bifurcation

[U] _Unstable symmetric point of bifurcation

The first approximation in the potential function of the perfect system is
expressed near the origin (uy, A)=(0,0)

i 4 il o .2
A(ul, l} = -2—4- Allllu 1 + "2'- A 111.1 1 A (1-3-28)
where each coefficient is constant. Then, an equilibrium equation is
9A 1 3 0 -
a—‘:l';‘" = g A””ul + Auul}\ =0 (1-3-29)

It leads to two solutions

T N (1.3.30)
514

which denotes the fundamental equilibrium path or the parabolic postbuckling one,
respectively. Since commonly AOI <0, Figs. 1.4.3 and 1.4.4 draw such equilibrium
paths for [S] when Ay;;{>0 and }or [U] when A;;;1<0 at q=u; and A=A + A,

These bifurcations may be realized in buckling problems of structural systems
such as the well-known Euler column, compressed unstiffened plates and
compressed symmetrically stiffened plates in global modes for the former bifur-
cation. The latter bifurcation point may appear in structural systems such as a
laterally loaded shallow or deep arch, a column on elastic foundations, a rigid
frame, a cylindrical or elliptic shell under pressure and/or axial load.

Thompson and Hunt gave fine relationships between the structural potential
function with either of these four distinct critical points and the catastrophe un-
folding for four cuspoids. Both the first[L] and the second [A] correspond to the
fold catastrophes. The third[S] and the fourth[U] correspond to the cusp and the
dual cusp catastrophes, respectively [54-64]. The remainder cuspoids of swallowtail
and butterfly, involving the higher order terms of the essential state variables in

the catastrophe theory, have been studied by Hui and Hansen in terms of
Koiter's theory[89].

1.3.3 Two-fold compound critical points

When m=2, it is well known that the two-fold compound instabilities appear
at their simultaneous critical points. Supple investigated the coupled branchings
for two-degree-of-freedom structural systems, and clarified the interactive buc-
kling phenomena within a framework of tracking the postbuckling equilibrium
paths[16,46,47]. Also, Johns and Chilver presented the stability and the imperfec-
tion sensitivity of structures at coincident and/or near-coincident critical

12



points[48-50]. They investigated on the simultaneous buckling problems in terms
of the elastic stability theory. On the other hand, using both the concepts of
the general elastic stability theory and the catastrophe theory, Thompson, Hunt,
Roorda and their colleagues have clarified the two-fold compound bifurcations of
the "semi-symmetric" potential function, which is symmetric with respect to cer-
tain one state mode and unsymmetric with respect to another mode[38-45,54,72-
77,90-93,99,100]. Recently, Gaspar proposed the concept of a "critical imperfec-
tion terrltory" instead of the imperfection sensitivity surface[94-96,101]. Huseyin
and Mandadi made an independent investigation on similar classifications of the
same form of potential functions through the catastrophe theory and their multi-
parameter stability theory[32,75-77]. Also, Hansen and Hui have applied the catas-

trophe theory to the single- and two-mode buckling problems in the Koiter's
elastic stability theory[72-74,89].

From many researchers' attempts, the two-fold compound bifurcations have
some umbilic characteristics of the semi-symmetric potential functions. The first
approximation in the potential function of the perfect system is expressed in a
neighborhood of the critical compound origin (uy,u9, A )=(0,0,0)

1
Alupug, 1) = g Appud + 2 Ajgquiuy + 2 (A%uE + Azzuymn

where each coefficient is also constant. Then, simultaneous equilibrium equations
are

3a _ ] 2 1 2 0 -
|, A% X i (1.3.32b)
qu, T fztfz Aot = -

The second equation yields

u-z = or A122u1 + Aozz A =0 (1.3-33)
If ug =0, the first equation leads to
up =0 or TAjpup v A% =0 (1.3.34)

Eliminating A from Eq. (1.3.32a) and the second equation of Eq. (1.3.33),
projected solutions into the (uj,uy) plane are determined as:

u22 =a uzl (1.3.35)
where o
L Biq A
- fo) A
A22 122

Therefore, the following three types of equilibrium paths can be obtained, and
they are

13



(i) trivial fundamental equilibrium path

UI=U2=O

for all

A (1.3.36)

(ii) uncoupled postbuckling equilibrium path

up =0 and 3 Ayqqup + AG A =0 (1.3.37)
(iii) coupled postbuckling equilibrium paths
Ajgou; + A%oA= 0 and u22 = a u21 (1.3.38)

if a<0, then the third coupled paths never exist.
the equilibrium paths are shown in Figs. 1.4.5, 1.4.6 and 1.4.7 at

[M] Monoclinal point of bifurcation

Thus, the canonical aspects of
A=A% + A,

As shown in Fig. 1.4.5, there exist two paths of (i) and (ii} in a neighbor-
hood of the critical point when a<0. This may be realized in structural systems
such as a column on elastic foundations and compressed stiffened plates with

coincidence of local and global modes.

If a0,

then the signs of Ay and

Aqg9 estimate the possibility of the following two bifurcation points.

(H]

Homeoclinal point of bifurcation

If Aiii"A
1.4.6. Thlellunclogpled path and

> 0, then there exist three paths of (i), (ii) and (iii) in Fig.
the projection of the coupled paths onto the

(uy, A )-plane have equal sign of slopes on the (uj, A )-plane. This may be real-
ized in simultaneous buckling problems such as infinitely wide stiffened plates
under compression and complete spherical shells under external pressure.

[An] Anticlinal point of bifurcation

If Alll_ll'Al22 < 0, then there exist also three paths of (i), (ii) and (iii) in
owever,

Fig. 1.4.7.

the uncoupled path and the projection of the coupled paths

onto the (u;, A )-plane have opposite sign of slopes (ug, A )-plane. This may be
realized in the similar simultaneous bifurcation problems.

Both the former [M] and [H] cor-
respond to the hyperbolic umbilic
catastrophe, while, in the latter case
[An], the elliptic umbilic catastrophe
appears.*

Table 1.3.1 Sub-—classification of o
Semi-Symmetric Bifurcation Points. [42,54

Such a sub-classification of um-

bilics was proposed by Thompson et
al. using several partial derivatives of
the Taylor expansion of potential

function considered. Huseyin et al.
led to the similar results using non-
linear perturbation process. The sub-

A1 S8 A
same sign opposite sign
a <0 monoclinal void
a >0 homeoclinal anticlinal

classification is listed in Table
1.3.1(42,43,54,72-771.

* If a0,

Aqy11=0 and A ,,+#0, then there exist thr h f i
1 122#0, ee paths of (i),
A =A€, and [‘hi} with the paraclinal point of

catastrophe neglecting its fourth-order term.
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1.4 Imperfection Sensitivity

Consider a system with only a single loading parameter and several initial
displacement ones, regarded as control parameters. Such an "imperfect" system is
associated with the corresponding "perfect" system with only loading parameter
and no other initial displacements. The control parameters are designated as a
vector (ho,ﬁ[,....AK_l}, whose component A_ =N denotes the loading parameter

and the remainders Ay (i=1,...,K-1) denote the initial displacement ones as men-
tioned above.

In this dissertation, an imperfect system will be considered to be a perturba-
tion of the corresponding perfect system. For this purpose, incremental control
parameters can be defined by

Ay = A+ A (i=0,1,...,K-1) (1.4.1)
where

& = c c

A o = N ’ Ai = 0 {1=1,»--,K‘1)

when A; denote initial displacements, and Ay =X indicates an incremental load-
ing parameter from the critical value A “.

The imperfect system is defined such that it leads to the perfect system
when there exist no initial displacements. Therefore, upon the procedures similar
to Eq. (1.3.9) for the perfect system and from Egs. (1.2.1), (1.3.2), (1.3.3), (1.3.7)
and (1.4.1), the reduced potential function of the imperfect system is assumed to
take the following form

Dluj, M) = VIQF + g5 AG + 2y - VIQ§, A+ A (1.4.2)

in a neighborhood of the critical origin (u;, A j}=(0,0). In which,
q; = @ij( Ao} uj (i=1,se0,N; j=1,...,m; n<<N) (1.4.3)

for the imperfect system. In this paper, u; are assumed to be determined from
the eigenvector matrix it Ao independer'ltly of initial displacement parameters
A ¢ (j=1,..K-1) except for 1che oading parameter A_, This is the reason why dis-
cudsions on the instability behavior is completed if’ imperfect systems are taken
into account for only the essential eigenmodes of the corresponding perfect
systems. [t is obviously found that a perfect system is regarded as one when all
the control parameters X i equal to be zero from Eqs. (1.3.9) and (1.4.2).

Moreover, another linear transform similar to Eq. (1.4.3) is adopted for initial
displacement parameters XA; (i=1,...,K-1), that is,

A= ¥ ij( Ao) €y (i=1,00K-1; j=1,eme,k-1; k<<K) (1.4.4)

where the transformation matrix ‘i’i( A ) is chosen so that the partial deriva-
tives evaluated at the critical origin (ui, )Q\D,Aj}=(0,0,0)

Dj = _23*D (i=1,000o0; j=1,00nk-1) (1.4.5)

Buiaej
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constructs a diagonalized matrix after reordering. If the form of initial clislplace-

ments is the same as that of the relevant buckling modes, then ¥ t( A_) in Eg.
i Htiof this

(1.4.4) can be taken to be @ 'j[ Ag) in Eq. (1.4.3). Detail descriptiors on

will be provided in the chapter 1l of %ART IL

Under Egs. (1.3.15), (1.3.16) and (1.3.17), the previous procedure for elimina-
tion of the inessential state variables can be expanded in the case of imperfect
systems,

DS = 0, DS =0 and BY £0
: (i=1,...,n) = (i=1,...,m) e ( @ =m+l,...,n)  (1.4.6)

where the superscript "c" refers to the evaluation of each partial derivative at
the critical origin (ujA,, Ej}=(0,0,0). Then, (n-m) real single-value solutions are as-
sumed to be

ug = ugl w, Ao,ejl (1=1,ece,m; @ =m+1,...,n; j=1,...,k-1) (1.4.7)
which yield a resultant potential function
A(ujl Koi EJ] - D[ui!ua [ujl ?\o] Ek}y ;\oj E_Q, ] (1-4.8)

It is apparently shown that this potential function must be defined so that
Eq. (1.4.8) when A =} €.=0 is equivalent to Eg. (1.3.18) in a neighborhood of
the critical origin (uj, A,,€1=(0,0,0). An explicit form of the potential function of
the imperfect system can’ be determined from evaluation of its Taylor expansion
near the critical origin (u;, A, € .)=(0,0,0), That is, for prescribed control
parameters (Ag,E:) near {0,(}), the ‘l‘aylor expansion of the imperfect system can
be estimated similarly to Eq. (1.3.20) for the perfect system. Also, the form and
the number k of the essential control parameters can be topologically proved
from the concepts of the universal unfolding in the singularity theory of map-
pings [62,69,81,83].

Using such an explicit expression of the potential function Alu;, Aty in Eg.
(1.4.8), a projection of a set of singular points on equilibrium surface fnto the
control-parameter space leads to the "bifurcation sets", i.e., the imperfection
sensitivity curves or surfaces in the stability problems of structural mechanics.

The imperfection sensitivity curves or surfaces mean that universal explicit
expression of relation between the essential initial displacement parameters €
(j=1,...,k=1) and the loading parameter A provides the load-carrying capacity o}
the system. For examples, the "one-half power law" for asymmetric buckling and
the "two-thirds power law" for unstable symmetric buckling are those of the
well-known imperfection sensitivity of structures, which have been already inves-
tigated theoretically and experimentally [1,3,4,11,13, 18,25,32,97].

Figs. 1.4.1, 1.4.2, 1.4.3 and 1.4.4 show the imperfection sensitivity curves for
the typical four distinct instabilities when m=1 and k=1. Figs. 1.4.5, 1.4.6 and
1.4.7 show the imperfection sensitivity surfaces for two-fold compound in-
stabilities when m=2 and k=2. The correlation between Thom's and Thompson'
theories is summarized in Table 1.3.2[54,55])(Also, see Table 2.5.1 in this PART).

The significant relationships and meanings between the bifurcation set in the
catastrophe theory and the imperfection sensitivity surface in the structural ip-
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Table 1.3.2 Relationships between Catastrophes and Instabilities. [54,55]

CATASTROPHES (THOM)

INSTABILITIES (THOMPSON & HUNT)

fold

=x3+ux

1 3 o]
6P11197 + Dy Ay

limit point

cusp

4 2

V=X "+tux“+vx

1 4 L 1,0 1.2 4 4l
74P1111Y Y RRT MYt ATE Y

stable sym., bifurcation

unstable sym., bifurcation

V=x5+ux3+vx2+wx

swallow tail m=1, k=3 rare
butterfly v=tx6+ux‘+vx3+wx2+tx m=1, k = 4 rare
hyperbolic | v=x3+y3+wxy-ux- 1 - 0 | 2 .y ; .
Y 'f'o c X7y Hwxy=ux-vy eBd111m t 2A122u1u2 moniclinal bifurcation
ilic
+-% A(Aglu% + Agzugl homeoclinal bifurcation
; : - 2 2oy 2 1 2 ’ . : .
elliptic VE=x = 3xy “Hw(x“+y© ) —ux-v + AJE.u, + ASE,u anticlinal bifurcation
umbilic Y 1-19y + BzEqu,
parabolic 2 4 2 2 m=2, k=4 ——

umbilic

V=x"yty twx“+ty“—ux-vy
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Fig. 1.4.1 Limit Point Instability with Fold Catastrophe. [25,64]
{(a) Equilibrium Paths (b) Imperfection Sensitivity Curve

Fig. 1.4.2 Asymmetric Point of Bifurcation with Fold Catastrophe. [25,64]
(a) Equilibrium Paths (b) Imperfection Sensitivity Curve
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Fig. 1.4.3 Stable Symmetric Point of Bifurcation with Cusp Catastrophe. [25,64]
(a) Equilibrium Paths (b) Imperfection Sensitivity Curve
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1.4.4 Unstable Symmetric Point of Bifurcation with Dua.l Cusp Catastrophe.
s (a) Equilit{?:um Paths (b) Imperfection Sensitivity Curve [25,64]
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Fig. 1,45 Monoclinal Point of Bifurcation with Hyperbolic Umbilic Catastrophe. [25,64]
(a) Equilibrium Paths (b) Imperfection Sensitivity Surfaces
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Fig. 1.4.7

A=A

Anticlinal Point of Bifurcation with Elliptic Umbilic Catastrophe. [25,64]
(a) Equilibrium Paths (b) Imperfection Sensitivity Surfaces



stability problems will be mentioned in the chapter | of PART IL Furthermore,
the canonical procedure to evaluate it qualitatively and quantitatively is proposed
in the chapter 2 of the PART Il using the singularity theory.

1.5 Conclusions

This chapter reviews on the general theory of elastic stability in a topologi-
cal sense using the catastrophe theory, and classifies the static instability pheno-
mena on the basis of the canonical form of the potential function in order to
predict the imperfection sensitivity of structures, The main conclusions are:

(1) A potential function of structural system can be defined by a function of
the generalized internal state variables and several external control
parameters.

(2) The generalized state variables correspond to the active and essential in-
stability modes, while the control parameters correspond to a single load-
ing parameter and the associated initial modes.

(3) An explicit form of the potential function of the imperfect system can be
evaluated by only significant informations on partial derivatives at the
critical point of the potential function of the associated perfect systems.

(4) . An effect of the initial displacements on the load-carrying capacity of the
system is obtained from the bifurcation set in the catastrophe theory, and
its evaluation procedure will be explained in the chapter 2 of the next
PART.
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CHAFTER 2
SINGULARITY THEORY AND CATASTROPHE THEORY

2.1 General Remarks

Many phenomena in natural process may take place suddenly and disconti-
nuously as the relevant external control parameters change continuously: buckling
and collapse of slender structures, the flutter of aircrafts, the onset of tur-
bulence in a fast-moving fluid, the phase transition of fluids, the fracture of a
crystal lattice, the evolutionary stability of stars and planetary masses, the
charged water drops of thunderstorms in an electric field, the heat conduction
and fluid flow in thermodynamics, and so on. Such discontinuous phenomena can
not be systematically interpreted by the classical Newton's mechanics in which
any continuous phenomena can be specified as solutions of unified differential
equations with any smooth changes of control parameters.

Thom introduced the concept of the structural stability to understand some
topological aspect of the sudden discontinuity in natural process. He also applied
the concept of the transversality to a canonical form of mappings. Furthermore,
he proposed such mathematical ideas of the catastrophe theory as fundamentals
in biology, and published the well-known powerful paper, "Stabilite Structurelle et
Morphogeneses"(1972), which was translated into English, "Structural Stability and
Morphogenesis"(1975) by Fowler[1].

It may be very difficult for our engineers to understand completely the topo-
logical concepts of the catastrophe theory since the concepts are rigorously
derived from the singularity theory of mappings in pure mathematics., Each in-
stability phenomenon may be regarded as one governed by a potential function of
the system considered. The equilibrium states of the system may be those for
which the corresponding potential function is locally minimized. Then, they can
construct an equilibrium space, i.e., a set of critical points named in pure mathe-
matics. The potential function has almost multiple local minima, then there may
exist more than one stable equilibria of the system. When the external control
parameters vary continuously, the number of the local minima will change in a
discontinuous way. As a result, the allowable stable state will be exchanged sud-
denly into other unknown states. Such discontinuous phenomena may occur at a
singular point in the equilibrium space. One of several topological forms of the
potential function in a neighborhood of the point locally determines the struc-
turally stable characteristics.

The Thom's Theorem allows one to classify the structurally stable equilibria
of the "gradient system" under a small number of control parameters and to des-
cribe how these equilibria change as the parameters vary. The theorem asserts
that, for the number of state variables < 2 and the number of control para-
meters < 4, the typical form of potential function is just equivalent to either of
the well-known seven elementary catastrophes: fold, cusp, swallowtail, butterfly,
hyperbolic umbilic, elliptic umbilic and parabolic umbilic.

The useful applications of the catastrophe theory have been accomplished in
the problems of several disciplines of mechanical engineering, hydrodynamics,
thermodynamics, crystallography, cosmology, meteorology, economics, social sci-
ences and biology as well as pure mathematics.
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In this chapter, a historical review on the study of the catastrophe theory
within a frame of the singularity theory will be briefly discussed. Ft_lrthermore,
the chapter presents a simple interpretation of the Thom's Theorem in a topo-
logical manner accessible to our engineers. The local forms both of‘ potential
functions and of families of potential functions will be considered herein throl-}gh
the concepts of the Implicit Function Theorem, the Morse Lemma, the Splitting
Lemma and the Thom's Theorem. The main mathematical background is provided
on brief items in APPENDIXof PART L

2.2 Historical Reviews

The study on the qualitative properties of nonlinear ordinary differential
equations in dynamical systems was firstly by Poincaré just last century. He f-m?
mulated the fundamental ideas of structural stability, dynamic stability and criti-
cal set, which form the current necessarities of mathematical bifurcation theory.
For examples, his achievements were surveyed by Gurel in concise expressions(2].
Liapunov provided the mathematical definitions of stability using the generalized
energy functions with his name at the end of last century[3]l. Then, the precise
concept of structural stability was introduced by mathematicians Andronov and
Pontryagin in 1930's. Smale translated the qualitative dynamics motivated by
Poincaré into the modern mathematical terminologies of the differential topology
by Andronov et al.,, and systemized the topological theory in dynamical systems.
Within a frame work of singularity of mappings, Morse developed the structures
of some canonical forms of functions in a neighborhood of isolated critical point.
Mather also made important contributions for the singularity of C% -mappings.
Furthermore, Whitney discussed on the typical forms of mappings of singularities.

Thus, as mentioned at the previous section in this chapter, at the beginning
of 1970's, Thom introduced the concept of transversality in order to explain the
structural stability, and applied the transversality to the canonical expressions of
singularities, i.e., catastrophes, for families of potential functions[l]. He also as-
sociated the catastrophe theory with applied mathematics in terms of structural
stability[4].

The rapid growths of the catastrophe theory to applied mathematics, engi-
neerings, economics, biology and social sciences have recently been accomplished.
Many introduction papers of the catastrophe theory to those who not pure math-
ematicians appeared in the middle of 1970's, e.g., by Zeeman[5], Sussmann[6],
Chillingworth[8], Stewart[8], Sewell[9] and Golubitsky[10].

Zeeman made the most significant contributions to the development of the
catastrophe theory in pure and applied mathematics. He proposed a mechanical
model to illustrate visually the catastrophes, then the model has been called the
Zeeman's catastrophe machine[11,12,13]. Also, he classified some elementary catas-
trophes of small codimension in view of topology[14], and graphically described a
higher-order catastrophe of the double cusp[l15]. Moreover, he reviewed on re-
searches of the catastrophe theory in applied mathematics and sciences[16], No

one Eexi]sts who applied the catastrophe theory to the buckling problem of Euler
strut[17].

While, in the middle of 1970's, the remarkable advances of the catastrophe
theory were made within a topology of singularity theory by Lu[l8], Lander[19),
and et al. Particularly, Poston and Stewart clarified the relationships between
catastrophes and the Taylor expansions being unfolding germs in terms of brief
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and rigorous mathematical representations[20]. They surveyed on applied catas-
trophe theory[21]. Recently, Stewart discussed on its applications to physics,
chemistry and fluid mechanics[22]. Hilton edited the well-known Lecture Note
series on the structural stability in the catastrophe theory[23]. Also, Gurel et al.
published the proceedings of the mathematical bifurcation theory and the catas-
trophe theory in mathematics and sciences[24].

Independently of these investigations, useful researches on mathematical bifur-

cations through the singularity theory have been made by Golubitsky and Schaef-
fer [25,26,27,49].

In Japan, the journal of Mathematical Sciences made up special editions on
the catastrophe theory just after Thom's book[28,29,30]. MNoguchi has rigorously
investigated the applied catastrophe theory through Japanese translations of
Zeeman et al.[31,32,33]. Fujii and Yamaguchi examined the numerical realization
of the structure of singularities by means of their group theory[34-38].

Several applications of the catastrophe theory to the buckling of structures in
mechanical engineering have been carried out since Zeeman's pioneer works of
Euler column. Thompson and Hunt unified a bifurcation theory between catas-
trophe theory and elastic stability theory in order to evaluate the imperfection
sensitivity of structures(39]. They explained the static instabilities in structural
mechanics using the unified theory, and wrote many important introduction papers
[40-46]). Using such theory, the imperfection sensitivity, i.e., the load-carrying
capacity of structures can be expressed in the form of an explicit function of
unavoidable imperfections. Recently, they summarized the applications of the
catastrophe theory to engineering sciences in [47,48].

A great number of researches on such structural instabilities in the light of
the catastrophe theory has been reported by Thompson, Hunt and colleagues.
Further, Hansen and Hui, Huseyin and Mandadi, Sewell, Niwa, Watanabe and Isami
have been discussed on the imperfection sensitivity of structures. Also, Niwa et
al. have attempted to expand the catastrophe theory in order to predict the
strength of steel structures in the elasto-plastic range. These contributions will
be explained in the following PART IIL

2.3 Family of Potential Functions
Now, consider the mathematical system governed by a potential function

Us: RN= R or U. = Uyx), x € RN (2.3.1)
when the external control parameters c € RX remain fixed. In which, rN repre-
sents the internal state space, described by the state variables x. These term-
inologies were firstly introduced by Thom, and also Zeeman called R'Y and R
the state (or behavior) space and the control ((i{ parameter) space, respectively.
Particularly, it is reasonably natural to namgl R™ as_the unfolding space in view
of the topological meanings. Furthermore, R™ and RK refer to an N- and a K-
dimensional Euclidian space, respectively. In structural mechanics, the former cor-
respond to the so-called generalized coordinates, while the latter does the control
parameters such as loads and unavoidable imperfections.
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As the control parameters cerK vary continuously, a change in the poten-
tial function, U,, leads to each state of the system itself. Then, for each point
c , there exists a smooth map, i.e., continuous and differential map

U:RN xRES R or U = Ulx,e) (2.3.2)

K
The map constructs a family of potential functions on RN characterized by R™,
and it is called an unfolding of U,. Then, U may be regarded as a set of per-
turbations of Ug.

U={Us| eeRC} o Uxe =Um, cerRC 233

Therefore, both a potential function U_.(x) for fixed ¢ and a family of potential
functions U(x,c) parameterized by ¢ can be defined above. In other words, a fam-
ily of potential functions, U(x,c), may correspond to an unfolding of potential
function U, as mentioned below.

The system will possess more than one minimum or maximum of the poten-
tial function U, for specified control parameters c. Several minima will be ac-
cessible to the stable states of the system. Therefore, a question arises: which
one minimum of all should be chosen according to a prescribed certain rule ?
The question can be answered under either of the following two conventions.

[il Maxwell's convention This convention specifies the state of the system to
be one where the potential function U, reaches its absolute minimum for
given parameters c.

[ii] Perfect-delay convention This convention insists that the state of the sys-
tem is one determining the local minimum of the potential function Ue-
The chosen state follows a continuous family of minima until these minima
disappear or translate to other different minima as the control parameters
¢ changes continuously.

The so-called catastrophe takes place at the point c=c. where the number of
minima will alter. The catastrophe means that the stable state of the system

may vary suddenly and discontinuously with the continuous change of the control
parameters.

2.4 Thom's Theorem

If, for presc::ibed c € RK, the gradient of a potential function, gradU,, is
non-zero at a point x € R, then a new coordinate system near the point can be
chosen so that the gradient has only one vanishing direction, denoted as the "I".

The Implicit Function Theorem asserts that there exists a smooth change of co-
ordinates such that

UC = yl (2-4.1)
for a new coordinate Y=y yees¥N) € RN,
The stable or unstable equilibrium state of the system considered can be
regarded as the one of the minimum or maximum of the potential function

U.(x), respectively, for fixed control parameters c. When the Perfect-delay con-
vention is adopted herein, the stable state corresponds to the local minimum of
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Ug(x). Then, gradU.=0 at a particular point x for prescribed c. This defines a
set of equilibrium point, surface or space

My = { (xe) € RN x RX | graaqu-0 } ¢ RN x R (2.4.2)
which the zero-gradient gradU_=0 means the equations of equilibrium

U,
% (x) =0 (i=1,...,N) (2.4.3)

Now, the equilibrium point is non-degenerate if the Hessian matrix of the
potential function with each component
3%Uu
=]

aos e
ij 3xiaxj

(x) (1,j=1,000,N) (2.4.4)

is non-singular at a point x, that is,

det[ U..]_ %0

1 j x (2:4-5}

"transverse"

graph of zero
function

non-transverse"

Fig. 2.4.1 Graphs of Zero Function and grad U_.[21]

This condition means that the graph of gr:audUc meets that of the zero function
transversely(See, Fig. 2.4.1; curves AC and BC, not including the point C). Then,
the function Uc is non-degenerate at the point x. Therefore, through the Morse
Lemma, there exists a smooth local change of coordinates such that the non-
degenﬁrate function becomes a quadratic form in a neighborhood of the origin
0ER™:

UC - yzl - yzs -+ s#] Feeot yzN (2.4.6)
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for a new coordinate yéRN. In which, "s" denotes the index” being the number
of the negative eigenvalues of the Hessian matrix Uj at the point X. The non-
degenerate equilibrium point is also called an isolated1 or Morse point. Conversely,
if the Hessian

det[ U

]jlx =0 (2.4.7)

then the equilibrium point is called a degenerate, non-isolated or non-Morse point.

As the control parameters ¢ vary, a family of potential functions,_ U, may
have such a degenerate equilibrium point x. In other words, since the e1genva.tlues
of the Hessian matrix depends on the control parameters ¢, more than one eigen-
values may vanish at a point x. The number of non-zero eigenvalues rt?fers to as
the rank of the Hessian matrix, while, that is not the case, is called its corank.
Topologically speaking, at the point, the graph of gradU. meets that of the zero
function non-transversally"(See, Fig. 2.4.1; the point C). .S.lso, the number and the
location of the minima of the potential function U. changes discontmuously.at
this point. The one of main objectives of the catastrophe theory is to determine
a canonical expression of a potential function at this point.

If eigenvalues ofi< the Hessian matrix Ui' vanish simultaneously at =x=
X, € R when c=c; € R™, then a family of poténtial functions, Ulx,c), can be
split into a degenerateh})art f and a Morse part, using the Splitting Lemma, for

a new coordinate y € R,
U ¥ £y ey pp@ £ ¥3ga T o £ ¥ (2.4.8)

in a neighborhood of the corresponding degenerate point, transformed into the
origin 0 € R™ by an appropriate change of coordinates. In which, yi,..,yyq as-
sociated with the corank M of the Hessian matrix are smooth functions of both
the N state variables x s XN and the k control parameters CpyeresCpe The num-
ber k is still unknown, but it may be determined from the concepts of the un-
folding. Of course, k << K. These coordinates Y1s-¥)\ are called the essential
variables. Whereas the remainders YMs+ 1Yy are smooth functions of only the

X{,-, XN+ They also are called the inessential variables, neglected in a catas-
trophe r\in1.-%~s:stiga|':ion.

The Splitting Lemma provides no informations about the form of the degene-
rate function f, but the function f has moM; that third order terms of the y; in
the Taylor expansions at the origin 0 € R corresponding to the original point

X=X, en c=c,. The resultant form is accessible in the neighborhood of (x
k 0 o
c,) € RVxRY,

Since the catastrophe is assumed to take place at the degenerate point (x.,
c.), the Hessian matrix Ui] vanishes at the point. That is, the Hessian matrix
ij (i,j=1,2,...,M) is singular at the point. While the remainder (N-M)x(N-M) matrix
1s “non-singular, or Morse. Thom insists that there exists a smooth change of co-
ordinates so that the potential function U. at the fixed value c=c_, € R¥ can be

expressed in the neighborhood of the tranft‘ormed origin 0 € R in "the canonical
form

Uc {I) = g(Yll"'lyM} :t yz]“_'_l i (Y j: YzN (2.4.9]

where

* The index can be determined from the Sylvester's Law of Inertia. The quad-

ratic form in Eq. (2.4.6) is called the Morse s-saddle(See, APPENDIX in this
PART).
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The y; are new coordinates after such a smooth differomorphism, and g refers
to the _ catastrophe germ. This form is available in the neighborhood of x=
x,€ R at fixed c=c € R" Therefore, the result of Eq. (2.4.9) provides only
spec1fic form of f when c=c, in Eq. (2.4.8).

Thus, Thom introduced the concept of the umiversal unfolding. He resolved
such insufficiencies of f and g, thinking that U(x,c) may be regarded as a per-
turbation of U, (x) in the neighborhoockof [xo,co). A k-unfolding of g is equiv-
alent to the form near the origin 0 € R

Viy,e) = gly) + hiy,c) (2.4.10)

where

V(y,coj = gly) when c=c,
and y-(yl, ,yM] Cl""’ck) and h(y,c) may be associated with some mathemati-
cal concepts such as the truncated Taylor expansion, the jet, the determinancy,
the transversality and the codimension. Furthermore, the unknown number k can
be evaluated from the versality and universality of the unfolding, that is, V is
universe if k is the smallest dimension for which a versal k-unfolding of g
exists.

Hence, the rSngmal potential function U(x,c) with the degenerate equilibrium

point [\f{ ﬁ@ when c=c_, € R™ can be transformed in the neighborhood of
0 € R 'xR" into the following canonical form
Ulx,c) = Viy,c) y%/“l T e Y%\I
= gly) + hiy,0) £ yi gt - T ¥ (2.4.11)
where
chx} = U(x,co) = gly) £ Y2M+1 + e T yzN when c=c, € RK

Therefore, the catastrophe at the degenerate equilibrium point (x 0o ) is equi-
valent to the one at the origin

= 0,00 = ly,c,) ¢ RM x Rk = RN | x RK
yM+1='"=yN=0 (2.4.12}

Of course, a smooth change of parameters from the original ¢ ¢ RX to the cor-
responding ¢ € R™ near the origin 0 € R™ may be necessary to realize such an
equivalence, but herein both are designated as the same small letter c.

Now, as mentioned above, the compound, but exactly concise procedures to
determine the form of h(y,c) have been developed by Mather, Siersma et al.
[21,54]. Their details on proof and derivation in pure mathematics are beyond
this dissertation. The resultant form of h(y,c) follows a linear combination of
parameters c
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h(y,c) = Clbl(y’) * aie ok Ckbk(]'] (2.4.13)

where bi(y) are called the cobases, and can be obtained associating with the jet
space using the germ g. Further, their order is one less than that of g.

2.5 Thom's Elementary Catastrophes

All the typical forms of germs gly) and unfoldings Vl(y,c) for k < 4, M=l or
2 are listed out in Table 2.5.1(Also, see Table I-1.3.2). The concept of both the
catastrophe map and the bifurcation set are also under the Thom's Theorem.
Now, as the control parameters ¢ vary in a neighborhood of the point c, then
consider a set of degenerate equilibrium points near the point (x,c.)

Sy = { me) € RN x R | gradUg = 0 and detlVyl, = 0 f <My

Further, consider a projection
y RN x RK — RK (2.5.2)
onto the parameter space, then the restriction of X on My can be written as
Xy : My —> RE (2.5.3)
This projection is called the catastrophe map. Particularly, a set of points on
R™ projected by this of Sy on My is also called the bifurcation set, designated
as By
By = XylSy (2.5.4)
The set can be defined for (x,c) in the neighborhood of the point (xo,co), and

forms a significant point, surface or space in the parameter space. In structural
mechanics, the set By; specifies the well-known imperfection sensitivity curve(s)

or surface(s) as stated in the chapter II-2(See, Fig. 0-2.2.1).

Finally, for the canonical potential form, V(y,c), the catastrophe map and the
bifurcation set will be analogously treated from the Thom's Theorem. Hence,
the Thom's Theorem says that a family of potential functions

Uxe : RN x RK —s R (2.5.5)

with the degenerate equilibrium point (xo,co) is equivalent to either of seven
elementary catastrophes

Viy,c) : RM x Rk —> R (2.5.6)

with the degenerate point being the origin 0 € RMxrK,

2.6 Conclusions

This chapter presents an introduction to the catastrophe theory in the light
of the singularity theory of mappings in pure mathematics. Then, broad, but
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Table 2.5.1 Thom's Elementary Catastrophes

Name Germ g(y) h(y,c) M k
fold x3 cyX 1
cusp x4 clx2+c2x M =1 2

swallow tail x° c1x3+czx2+c3x X =y 3
butterfly +xB c1x4+c2x3+c3x2+c4x 4
hyperbolic x3+y3 CXY+CoX+Cqy
umbilic M= 2

3
elliptic x3-3xy2 cl(x2+y2)+02x+c3y X =y
umbilic
¥ =y
parabolic x2y3y4 clx2+c2y2+c3x+c4y 2 4
umbilic

Viy,c)=g(y)+h(y,c) is equivalent to the Thom's unfolding(See, Table 1-1.3.2),
where y=(y,yg,...,y)q) and c=(cy,Cq,eem,cy)-
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concise, historical reviews on the catastrophe th_eory and its applications in en-
gineering sciences are provided. The main conclusions are:

(1)

(2)

(5)

(6)

The system is governed by a potential function, which is a function of in-
ternal state variables for fixed value of external control parameters.

There exists a family of potential functions characterized by the control
parameters as they vary smoothly.

The stable state of the system corresponds to the one for which the po-
tential function has its local minimum for prescribed control parameters
under the Perfect-delay convention.

The catastrophe may take place at a peculiar point where the number of
such minima changes suddenly.

The Thom's Theorem asserts that a family of potential functions can be
described locally in either typical form of the seven elementary catas-
trophes or universal unfoldings when the state variables < 2 and the con-
trol parameters < 4.

The bifurcation set in the control-parameter space through the catastrophe
map of elementary catastrophe unfolding plays a significant role in order
to evaluate the imperfection sensitivity in structural mechanics.
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APPENDIX for PART I
MATHEMATICAL BACKGROUND TO SINGULARITY THEORY
_ The fundamental mathematical concepts to understand the topology of the
singularity theory of mappings will be outlined with only short comments and

notes, and their precise proof are referred to mathematical papers[1-10].

A.1 Differential Calculus

The first step follows some basic principles of differential calculus of several
variables:

Derivative

A function f: R"+ R™ is differentiable at x ¢ R" if there exists a linear
map A : R%5 R™ such that

%im Jifcxaehh-;tﬁ)—uh)ll -0 (A1)
h-+0
where the symbol || || designates the so-called morm. The linear map A s

uniquely determined, and is called the derivative of f at x. It can be described
as

=D fl], (A.2)

Partial Derivative

For f: R+ R and x € R, if the limit

s, paws i dhyemard ) = E(%; ;565 a6%.)
gim — : = 1 - (A.3)
h+0

exists, then it is called the i-th partial derivative of f at x.

D f|y or

(A.4)

Thus, if f: R® =R™ is differentiable at x € R", then D;f; | x exists for all
i, j, and Df|, has the matrix

of.

[Difjlx] or [B_X}]X

(A.5)

Using this derivative, the Jacobian determinant of f at x is defined by Jf ]x
= det(Df| ).

Note: Df |x is non-singular if and only if the Jacobian determinant Jf \x = 0,
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Note: f is contimuously differentiable such that Df |, exists if all Difjlx exist
and are continuous.

Class =

If partial derivatives of a function f up to order r exist and are cogtinuous,
f is r-fold differentiable or of class r. A smooth function is of class C (k= ).

Taylor Series

For any smooth function f: R + R, its Taylor series at the origin is defined
to be the formal power series

IEO L pTe|, %" (A.6)

k-jet
The k-jet of smooth function f: R - R is defined by truncating its Taylor
series up to degree k at the origin

k
e = 1
r=0

1

;!_ Drf l 0 xr (An?)

Note: A function f: R+ R has order k at the origin if
f(0) = D flg = .. = D1 £]5 =0 (A.8)

Note:  Apparently, its Taylor series and its k-jet can be also generalized for
smooth functions f: R? + RM,

A.2 Diffeomorphism

In the second step, the type of change of coordinates is restricted herein in
order to hold some important informations of topology.

Diffeomorphism

A change of coordinates is diffeomorphism if and only If it must be smooth
- differentiable and continuous - and reversible.

Inverse Function Theorem

Let f: U+R™ (U is an open set in R") be smooth, and let x e U. If the
linear map Df |, is non-singular, then f is a local diffeomorphism at x.
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Implicit Function Theorem

If £ R™ x R"+R" is smooth and f(xg¥o)= € at (xg,¥,) ¢R™ x R", and if
a set of solutions at (x,y)

{ (y) ' Df|(xy =0} (A.9)
(XY )

is the graph of a function y=y(x) from R™ to R, then a set of solutions

[ Gy \ fhty) = ¢ } (A.10)

Is also the graph of a smooth function locally near (x,,y,).

Equivalence of Functions

Two smooth functions f, g : R"> R are R™ f
called to be equivalent around 0 ¢ RM if Ty
there exists a local diffeomorphism y: Y R

R?"+ R? around 0 € R™ and a constanty .
such that R

glx) = flylx)) + v (A.11) Fig. A.2.1 Equivalence
- of Functions.

around 0 € R" (See, Fig. A.2.1).
Note: This concept can be also expanded in the case of a family of functions F:
R™ x Rf+ R(See, Fig. A.4.4).
A.3 Morse Lemma and Splitting Lemma

The third step follows that the main objective of the catastrophe theory is
the classification of types of critical points at which the derivative of a smooth
real-valued function vanishes.

Critical Point

A point x e R" is a critical point of f: R+ R if

i of of
Df[ =0 or |y = «-+ = 3|

= lx = 0 (A.12)

The value f(x) at a critical point is called the critical value of f.

Non-degenerate Critical Point

f: R"> R has a non-degemerate critical point at x if Df| , = 0 and if D2f|x
is a non-degenerate quadratic form, that is, its rank is equaf‘ to the number of
variables n. In other words, the Hessian matrix
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arp QY A.13)
Hf] 4 [axialex (

is non-singular, so the Hessian determinant.

det [Hf|,1#0 (A.14)

Note: The number of the negative eigenvalues, including their duplications, of the
Hessian matrix of f at x is called the index of f at x (See, Eq. (A.18)).

Note: Let f: R+ R be a smooth function, and let the origin 0¢€ R” be a
critical point, such that

f0) =D f|g=u =Dl £|g=0 (A.15)
but

DK f |y %0 (A.16)
Then there exists a smooth local change of coordinates under which f takes the
form

xK (k : odd ) , + xK ( k : even ) (A.1T7)
and in the latter case the sign is that of DKf lo.
Morse Lemma

Let x be a non-degenerate critical point of a smooth function f: R® + R with

the index 2. Then, there exists a local coordinate system {yl,...,yN) in a neigh-
borhood U of u with yi(x)=0 for all i such that

f = flx) - y21 - . - y% + y%+1+ S yzn (A.18)

for all ue UCR™, In which, the quadratic form of the right hand is called the
Morse L-saddle.

Note: The Hessian is degenerate at a non-Morse critical point.
Note: If f is a quadratic form itself, the number & can be obtained by the
Sylvester's Law of Inertia independently of the coordinate system y.

Splitting Lemma

Let f: R"> R be a smooth function, whose Hessian at 0 € R™ has rank m,
i.e., corank (n-m). Then f is equivalent around 0 € R™ to a function of the form

2 ")
2 ST S S CEP (A.19)

where
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N
f: RFO, R

is smooth.

Note: This lemma asserts that a smooth function at a degenerate critical point
is split into the Morse part on one set of variables and a degenerate part on
the remainder set. Thus, from the Morse part being non-degenerate, the behavior
of the original function f near the degenerate critical point can be realized as
that of the remainder function f with the number of variables equal to the
corank of the Hessian at such a point.

Note: The corank of the Hessian is also the corank of the function at the criti-
cal point.

Note: The concepts of the Morse and Splitting Lemma can be also expanded in
the case of a family of functions F: R™ x RT» R(See, Section A.5).

A4 Suouctural Stability and Transversality

Structural Stability

A smooth function f: R™ + R is structurally stable if f and f+p are "equi-
valent" after a suitable translation of origin for all sufficiently small function p
(See, for examples, Figs. A.4.1).

Note: Any function near the Morse critical point is structurally stable.

Note: A critical point is structurally stable if and only if it is non-degenerate;
every degenerate critical point is structurally unstable.

Transversality

Two spaces U, V of R" are transverse if they meet in a subspace whose
dimension is as small as possible. If dim U = s and dim V= t, then this minimal
dimension is

max( 0,s + £t - n ) (A.20)

Note: The transversality is generalized for affine subspaces. Then, let X and Y
be affine subspaces of RM™ of dimensions s and t, respectively. They meet
transversely if either

(a) their intersection XNY is empty, or

(b) s + t > nand dim XNY =5 +t - n

Note: The condition that the Hessian of a smooth function f: R? * R is non-
singular leads to the condition that the Jacobian of the mapping

Df=(iﬁ- Bf ].Rn_,,Rm

TN v .
9%, ax_ (A.21)

is non-singular. In other words, the condition is equivalent to the condition that
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A

€ < 0 e =0 e >0

(a)

Fig. A.4d.1 Structural St%blllty.
(a) x3 +€x (b) x + Ex2
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the graph of Df meet that of the zero function transversely(See, Fig. A.4.2;
curves AC and BC, not including the point C),

Note: The derivative of the non-Morse function not being structurally stable has

a graph which is typical in meeting the zero line non-transversely(See, Fig.
A.4.2; the point C).

Note: Several examples for the transversality are typically shown in Figs. A.4.3
in the case of two manifolds X and Y.

"transverse"

graph of zero
¢~ function

"non-transverse"

Fig. A.4.2 Transversality [7]

A5 Family of Functions

In the fifth step, the structural stability of families of functions is briefly
described, and the Splitting Lemma for families can be expanded herein.

Equivalence of Families

Two families of functions f, g : R x RF + R are equivalent if there exist e,
y, Y defined in a neighborhood of 0€ R™ such that

glx,s) = flyg(x),els)) + ¥ (s) (A.22)

for all (x,5) € R?" x RT in that neighbor- RD x RT
hood(See, Fig. A.4.4). In which, e, y, andY £
follows \
Y e R
(a) a diffeomorphism B
e : Rf>RF (A.23.a) RT x RT E
(b) a smooth map
y : R? x RF+Rf (A.23.b) Fig. Ad4 = Equivalence of

Families of Functions.
such that for each s € Rf the map
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X
. /-\
L ]
Y
Y
(a) transverse (b) transverse non-transverse (d) transverse
Y

(e) non-transverse  (f) non-transverse (g) transverse (h) non-transverse
(i) transverse (j) non-transverse (k) transverse (1) transverse

(m) non-transverse

Fig. A.4.3 Some Examples for Transversality. [7]
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¥g + RT+R" or y (x) = ylx,s) (A.23.¢)
is a diffeomorphism.

(c) a smooth map

Nz Rn+ R {A.23.d)

Structural Stability of Families

A family f: R® x RT+ R is structurally stable if f is equivalent to any
family f+p, where p is a sufficiently small family R" x RT +R.

Morse Lemma for Families

Let F: R" x RF ~R be smooth. Suppose that the Hessian

32F
( Bx 9%, ] (1,]=1,0001) (A.24)

is non-degenerate at (x,c)=0 ¢ R" x RF. Then, F is equivalent to a family of the
form

3 R (A.25)

Splitting Lemma for Families

Let F: R? x RF *R be smooth. Suppose that the Hessian

ach
HF_ =

e= Uaxax, Ix (i,j=1,000m) (A.26)
%%

has corank m at (x,c)=(xl....,x",cl,...,cr)G R™ x RT. Then F is equivalent to a
family of the form

AT
Fly(%,€)senesY (x,0)0¢) £ yzm” & e :yzn (A.27)

where

s

F:RM x RT 4R
In the form, Y{sens¥y are called the essential variables, whereas the remainders
Yms{sYy the inessential variables negligible on the study of topology of
catastrophes.
A.6 Determinancy and Unfolding

In the sixth step, the significant problem is outlined what beginnings of

Taylor series will be typically necessary to realize the essential features of
catastrophes of functions considered. From finite Taylor expansions, it can be ex-
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actly determined whether the relevant function is typical or not.

k-Determinancy

If, for a smooth function f: R" + R and any g of order k+l, any flmc“ﬁ“
f+g is locally, equivalent by a smooth change of coordinates to thenk‘iet of the
function f, j§°f at 0& RY, then, f is called k-determinate at 0 € R,

r-Unfolding

An r-unfolding of a function f: RT +R is a function

F: R, R (A.28)
such that
F(xl,...,xn,o,...,O) = f(X[e0nXp) (A.29)

Note: Denote
F{x1,|oo,xn,01,-.-,cr} = F(c 1"",cr}{xl,...,xn) {A.30)

the r-unfolding F is regarded as a family of functions R™ + R parameterized
by (Cl,...,Cr].

Note: The internal variables, the unfolding variables, the unfolding dimension and
the unfolding space are named as X, C, T and RI.

Note: An r-unfolding of f is versal if all other unfoldings of f can be "induced"
form it, that is, they are equivalent to it. Moreover, it is umiversal if r is the
smallest dimension for which a versal r-unfolding of f exists.
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CHAPTER 1

CATASTROPHE ANALYSIS OF STRUCTURES BY
DISCRETIZATION AND MODAL TRANSFORMS

1.1 General Remarks

As the degree-of-freedom of structures increases, the possibility of various
instability phenomena increases. From the analysists' view point, the instability
can be classified into global, partial and local ones, as shown in Table 1.1.1 of
the previous PART I[1]. At the same time, engineering structures may be classi-
fied in terms of the types of catastrophe or instability[2,3,4]. The purpose in this
chapter is to show whether or not these marked items in the table are correct,
and to find the most influential parameter in each of the items. In order for
the structures to be accounted for by means of discretization methods, a ques-
tion must be answered regarding whether or not the structure of singularities
can be realized numerically. To answer this question, either a mathematical ar-
gument or an engineering computation will be necessary.

In the mathematical field, Poincaré made significant contributions on such
problems in view of qualitative interpretations of differential equations. These re-
searches performed by many investigators were briefly surveyed in the previous
PART 1I[5,6]. Among them, recently, Fujii and Yamaguchi tried to answer the
question through a nonlinear operator equation in the topological group theory, by
use of the shallow arch and shell theory of von Karmén, Donnell and Marguerre
[7,8]. Then, a numerical approximation of the problem was performed in a class
of finite element schemes with the approximate Hilbert space. As a concluding
remark, it was made clear that the numerical realization of the cusp bifurcation
in the Hilbert space reveals the imperfections resulting from the use of numeri-
cal schemes which are very non-degeneric, and thus can be avoided.

In the engineering field, however, this equation may be equally answered .by
a comparison of the results such as eigenvalue, eigenmode and load-deflection
curves from the discretization methods with those from the closed-form solutions,
or with those from the experiments concerned. A great number of the theoreti-
cal and numerical analyses of static instability problems using the classical
stability theory mainly initiated by Koiter have been developed by many re-
searchers as well as by such experimental investigations(9,10]. Furthermore,
Thompson et al. have proposed a unified bifurcation theory between the classical
stability theory and the catastrophe theory introduced by Thom and
Zeeman{4,11,12]. These were also discussed in the previous PART I with short
comments. Thus, in this chapter, further introductions to the objectives of the
associated problems will not be provided.

This chapter is also concerned with a catastrophe analysis of static instability
problems of multi-degree-of-freedom structural system in the light of the Thom
and Koiter-Thompson's theories. The proposed procedure makes use of discretiza-
tion methods, such as a finite element method and a simplified element method
[13,14] through the Lagrangian formulation, and some diffeomorphic modal trans-
formations[15,16] upon the static condensation procedure. Also, this method
formulates a numerical evaluation of catastrophe characteristics near the critical
point. Furthermore, the applicability and the validity of the present analysis of
numerical formulations will be discussed within the framework of the topological
meanings. Several results as calculated in the subsequent chapters in this PART
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II for the normal and unstable behavior of the engineering structures show that,
in general, legitimate use of the finite element method and_the. §1mpl1fied ele-
ment method will be surely realize the singularities and instabilities of the
canonical prototypes of catastrophe instabilities[15-19].

1.2 Formulation by Discretization

A method of approach to a catastrophe analysis of structures by d_iscretiza-
tion and modal transforms will be summarized in the flow chart of Fig. 1.2.1
[14]. Brief descriptions on this procedure are performed in the previol:ls ch§pter
I-1. Herein, the applicability and validity of this method is examined in a
topological sense.,

1.2.1 Potential function V

Consider a potential function of a discrete structural system with M+N de-
grees of freedoms[4,13,14,18]

U: RM RN x RK = R or U = U(ui,wj, hk) (1.2.1)

under K external control parameters. In which, rRM x grN refers to an Euclidian
behavior space of dimension M+N, representing a set of two types of generalized
coordinates, u(i=1,2,...M) and w;(j=1,2,...,N), respectively; RN refers to a K-dimen-
sional Euclidian space, represerllting conveniently a single loading parameter and
several imperfection parameters, A k(k=0,1,...,l(-1}( Ay is a single loading para-
meter). In the catastrophe theory, the former denotes the internal state vari-
ables; while the latter the external control parameters. The potential function
can be defined by a perturbation one from the fundamental equilibrium state as
mentioned in the chapter [-1. Furthermore, as stated in the chapter 1-2, this
potential can be also regarded as a family of potential functions in a mathe-
matical sense if it is referred to as a set of potential functions when the con-
trol parameters A, change continuously, The concept will be applied in evaluation
of the form of the universal unfolding{20,21,22].

The equilibrium surface My, of this system is given by:

du ; U .
MU = { (ui’wj’ ﬂk] \ a_uit 0 (i=1,...,M), *a"q =0 {]=1,...,N)} (1.2.2)

Now, consider a static instability phenomenon of slender structures such as
columns, beams and plates, that is, mainly a bifurcation problem with respect to
the generalized coordinates, wil(j=1,2,...,N). Then, this surface is assumed to have
the trivial solution (ui,w,!\k]= u;,0, A,0) for the structure with no imperfections.
Hence, w; designates essential variagles from this solution, and inessential vari-
ables u; fust be eliminated from the original potential function U in Eq. (1.2.1).
This is called the static condensation procedure,

In general, the variables u; can be determined from the first M equations in
parentheses of Eq. (1.2.2) in the following from:

u = gylwy, A ) for 3L = 0 (1=, M) (1.2.3)
i
Under this condition, the original potential function U and its equilibrium surface
My, can be rewritten as
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Definition of Potential Functicon U

of Discrete Structural System

A

"Static Condensation"

Definition of Condensed Potential

Function V

[}

"Mcdal Transform”

Definition of Transformed Potential

Determination of
Structural Stability

Function D

"Elimination of Inessential
Modes"

Definition of Reduced Potential

T

Y

Function A

"Equivalence by the
Thom's Theorem"

Seven Elementary Catastrophes F

Classification of
Instabilities

by R.Thom

Fig. 1.2.1 Flow Chart of the Proposed Catastrophe Analysis.
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v : RN x RK = R or V = V(wl, Aj) (1.2.4)

such that

v y N K
My = { (Wi, Ai) | E =0 (i=1,....N) } <= RN xR

3

[ o

|

for = 0 (i=1.,,,,M) (1.2.5)

Q

u,
iL

This potential function V is defined as a function whose as_spc1§ted original
potential function U identically satisfies equations of. equilibrium for u
(i=1,2,...,M). Discussions on the instability of the system will be made h;areafter'.'
It indicates the so-called fundamental equilibrium path, w;=0 for the "perfect
system with only the loading parameter A,= A ., In other words, the path com-
poses of a part of the section of equilibrium surface, cut by the plane A '!.=0
(j=1,2,...,K-1). The section also involves the initial postbuckling path under the
similar condition.

The catastrophe on this surface My, can be represented by the bifurcation
set Bif Xy from the catastrophe map Xy

: + pK .
Xy : My =+ R (1.2.6)

Now, an instability phenomenon may occur at a peculiar point S. Then, at
the point, the Hessian matrix of the potential function vanishes, that is,

2
detl Vil Mg = detl 3o (4 )]g = 0 (1.2.7)
1 ]

It is apparently found that, for the perfect system, Ag= A, A.=0 (j=1,2,..,K-
1), the condition of Eq. (1.2.7) provides a critical point or a ‘singular point
(w;, A, A.)=(0,A",0) corresponding to some bifurcations as stated in the chapter
I-1. Wheree{s, as a result, Eq. (1.2.7) under Eq. (1.2.5) commonly determines the
well-known load-carrying capacity corresponding to the maximum value of loading
parameter A for prescribed f\j(j=I.....K—1) of the imperfect system.

1.2.2 Potential function D

Discussions on the catastrophe characteristics using potential function V are
not realistic since a large degree of freedoms is generally involved. Thus, an
eigen equation satisfying Eq. (1.2.7) is given by

Viywy = 0 (=1, 000,0) (1.2.8)

for given control parameters .'\]- near zero, This equation provides the eigen-
vector matrix whose components® consist of n eigenvectors corresponding to n
lower essential eigenvalues. The matrix is used for an Affine transformation hy:

hl H Rl"l - RN
v=(v1,...,vn] > owslwy,e.,wy) (n<<N) (1.2.9)
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With respect to the control parameters, another transformation similar to hy
can be used for the imperfection parameters except for the loading one ;=X |,
and a translation from the critical point to the origin may be used for the load-
ing parameter:

hy : RE > RK
A= o EpenE]) N=(Agy Aoy Mey) (k<<K) (1.2.10)
Thus, a potential function D can be defined such that

D: R x REK » R or D

[}
=)
<
>
m

(1.2.11)

where the quadratic terms

3%p

. z
- j 3“D
Dij v, dv, ' D
i 3

i = dv, 3E .
i 3

are diagonalized at the point (v;, A, € )=(0,0,0). In which, the imperfection

parameters E}- will be rewritten as )‘j in thé next section of this chapter.

Let the equilibrium surface be designated by Mp. Then, the catastrophe map
Xp can be taken so that
XD » MD =P Rk‘ (1.2.12)

If two transformations h; and h, are both diffeomorphism (See, APPENDIX in
PART 1), then the potential function V is equivalent to D in a mathematical
sense. The equivalence can be proved using their explicit expression of transfor-
mations in the next section.

1.2.3 Potential function A

Now, consider the buckling problems treated as structural instabilities. Then,
they lead to an evaluation of m instability modes with respect to the essential
lowest buckling load A,=A , Le.,, A; = A =0, In other words, it means that the
Hessian matrix of the potential function D has m zero-eigenvalues at the critical
point (vi, X, Ej)=(0,0,0).

Suppose that the corank of the Hessian matrix at the point is

2

3
corank][ Dij 1 = corank|[ a_'ﬁ;_g"—j ] = m (1.2.13)

Under this situation, m-fold compound instability phenomena will be taken into
account herein(23,24].

Since Dij is diagonal, it can be shown after reordering,

Dj =0 (i=1,...,m) (i: not summed)

Dga # 0 (¢=m+l,...,n) (a: not summed) (1.2.14)
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On the equilibrium surface Mp, (n-m) equations of equilibrium, D o =0, Will
yield the following diffeomorphisms through the theorem of the Implicit Function
Theorem:

Vg = ga (Via A, EJ) (a=m+1,...,n; i=l,...,m; j=liesk-1) (1.2.15)

for prescribed control parameters ( A, €;) near zero (0,0).
Furthermore, consider a map | such that
U S AT xa(vl,...,vm,vm+l-gm”,...,vn-gn) (1.2.16)
in a neighborhood of the critical origin (vj, A, Ej)=(0.0,0). Then, it can be easily
shown that the potential function can be written as[15,20,21,25]:
N 2
D{Vi: )‘: EJ) (D ol})'l)(xi, A, El} = A(xl,...,xm] + = }: Daaxu
G=m+1
(1.2.17)

LS B [

for prescribed ( A, Ej]. This relationship is known as the Splitting_Lemma for a
family of functions in’ Eq. (I-2.4.9). A potential function A can be interpreted as:

A:RM™ xRk - R or A = Alx;, A, e:]-} (1.2.18)
and A(Xy,....X, A, €;) includes terms higher than the third order. Variables
X;=v; (1=]1,2,...,m] are (.jalled the essential state variables, and variables v,

(‘@ =m+1,...,n) are called the inessential state variables, and Thompson et al.
called the former active and the latter passive.

An equivalence between two potential functions D and A can be proved from
an existence of the diffeomorphic map ¢ , i.e., from the Implicit Function
Theorem and the Splitting Lemma. Also, the number of the essential control
parameters among all k can be determined from the concept of unfoldings in the
singularity theory of mappings as mentioned in the chapter I-2. The number is
designated as % . This may be strengthened by diagonalization of the terms
All(j#o) similarly to Eq. (1.2.11). Therefore, a potential function can be rewritten
by

A:R® xR* > R (1.2.19)

Let the equilibrium space be designated as M,. Then, the catastrophe map
may be given by X 4:

Xa i My > RY (1.2.20)

1.2.4 Thom's unfoldings
When 1< m<2, 1<%<4, the diffeomorphisms g; and 8o

gg : R® + R™  and gy :R'> R (1.2.21)

will lead to either of the well-known seven elementary catastrophes by Thom([2,
12](See, APPENDIX B in this PART).
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The discussions may be graphically summarized in Fig. 1.2.2.

rN x RK R? x RE R™ x RY R™ x RY
U U u u
3
Byxhy , W 9 r 9,
Xy Xp Xa g
rK RK r* B

Fig. 1.2.2  Relationship among Four Potential Functions.

1.3 Numerical Formulation
1.3.1 General remarks

In the system, the generalized coordinates describing the state variables will
correspond to nodal displacements, and the external control parameters to a load-
ing parameter and nodal initial displacements. That is,

ho= 0, hj = ij+1 (i=1,00s,K-1) (N=K+1) (1.3.1)

Let u;, w;, PY%( A ) and P¥( A ) denote the nodal in-plane and out-of-plane
displacementsl). ané the equivalént nodal in-plane and out-of-plane forces, respec-
tively. The latter two forces are assumed to be known as linear functions of a
single loading parameter A_ = A in the fundamental case of instability problems
in civil engineering. An explicit form of the potential function including implicit
function of the loading parameter can be written as[14]

jl

. 1.8 S PB - 1 .PB
=3 Kijuiuj + 3 Kijwiwj + Kijuiwj + Kkijukwiwj * 5 Kkijukwiwj
+ KS.S';:.w.w + lKSS WeW.W, + l'E(ZBB W WL WL W

ijk"i%3k IR U | S s il 4 e s 1 M Wit 0 S

1.BB - 1 BB _ou _ o A

(1.3.2)
P B PB BB ; ;
Here, Ki;, Xi;, Ksij , Kfzk , XE§y and ¥P5,, are constants determined in
terms of the geometry of the structure and thé mechanical properties. Their su-

perscripts "P" and "B" refer to the in-plane and out-of-plane stiffnesses, respec-
tively. Moreover, the superscript "S" refers to the asymmetric stiffnesses of ec-
centric stiffeners. The symmetric stiffnesses of the stiffeners are included in
these stiffnesses with the superscripts P and B.

Using the principle of virtual work on Eq. (1.3.2), a set of basic equations of
equilibrium can be derived considering the potential, U, in a form similar to the
nonlinear equations:
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Bui im in m i
= | ——— ——— + l + -]-"'

9 | 2 A 5 W I go
qu_ Wi il Q. B (M)
dw ij ! an ¥n Qj J

J |

(1.3.3)
where
- wPB— S
Klil.;=xﬁm' KT = Ky} = Kyn W * Kip o

and

T L
o = 2 Koy -

o3 = 3 KljagQS_n g%t ank w4 Ki?k)wkwn '
Cg =3 ?ﬁqs nYg¥s *

Moreover, let 0, @7 and c" refer to the quadratic pseudo forces in the in-

plane and out- ofl—piark dlrectloﬂs, and the cubic pseudo-force in the out-of-plane
direction, respectively.

Whether or not the discretization method is legitimate will depend on how
and to what extent the singularities can be realized numerically. Then, the criti-
cal loads, the buckling modes and the load-displacement relationships will serve
as good measures in this respect. Fujii and Yamaguchi have discussed mathe-
matically the numerical realization of the nonlinear behaviors in a Hilbert
space[7,8]. Also, for square plates in in-plane compression with and without initial
deflections, the load-deflection curves provide good numerical realizations of the
nonlinear buckling behaviors by Tateishi, Kageyama, Yamaki and Nomura[26-31].

1.3.2 Potential function V

Here, in this dissertation, consider buckling problems of slender structures
with respect to the out-of-plane nodal displacements under in-plane compressive
loading controlled by only a single loading parameter A, = \. Then, through the
static condensation procedure as stated in the previous section, in other words,
eliminating the in-plane displacements, uj.
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For this purpose, firstly, the in-plane equilibrium equations in Eg. (1.3.3) lead
to the in-plane displacement solutions expressed in terms of the out-of-plane dis-
placements and the loading parameter

. u i s PB — 1 PB
4 = FimPmlA) - FimKhnevk - FimKm ke ™icve = 3 FimK m k2 Wieve

(1.3.4)
where

- P -1
Fim = Ky

tl}_,at is, ij refers to the inverse matrix of the in-plane linear stiffness matrix
mj

Now, two types of in-plane controls are taken into account in the post-
bifurcation range: {A) load-control and (B) displacement-control. For example, in
case of buckling problem of axially compressed rectangular plate structures, the
former control means that the resultant axial in-plane displacement components
are linearly distributed in the axial direction; whereas the latter means that the
axial in-plane displacement components on the loaded edges remain straightly
with their prescribed amplitudes.

Then, the two control types are assigned by difference of evaluation of the
in-plane nodal forces: The load-control is

(A) PPl A) = A PYH (m=1,...,M) (1.3.52)

where P“m refers to the mode of the in-plane nodal forces prescribed. While,
the displacement-control is

B PULlr)= AP, + (m=1,...,M) (1.3.5b)

P'm
where P denotes the magnitude of the nodal forces due to the constrained in-
plane displacements whose number is designated as M, and

P * 0 (m=a=1,.,M), = 0 {others) (1.3.5¢)

Pm

Furthermore, A refers to the single loading parameter as stated above, and
however each has significantly physical difference under condition of (A) or
(B). In the case of the load-control type (A), the parameter A indicates the
magnitude of uniform applied load itself. Whereas, under the displacement-control
(B), the parameter A represents the magnitude of a part of uniform load in the
response of constrained in-plane displacements. Also, in which, the equivalent out-
of-plane nodal force is assumed to be written as

w _ w =
P m( A} e l"\ P om (m—l,-",N) (1-3;6]
for both control types of (A) and (B).
Apparently, it is found that the type (B) may involve the type (A) when
M.=0. Hence, hereafter, this numerical formulation will be accomplished for only

the type (B).

Let the assigned condition of M, constrained in-plane displacements be given
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by
uy = fomUm (@ =1,1,Mg; a#m; m=1,...,My) (1.3.7)
where My refers to the number of nodes with known equivalent in-plane forces.

Upon substitution of Egs. (1.3.4) and (1.3.5b) into Eq. (1.3.7), the constrained
nodal forces p, are obtained as

1 B PB = = ik u
Py = GuK% g%y * 3 Gy Kk em™2¥m * @K' m™ 2 Vm Gy kP ok

(@ =1, M) (1.3.8)
where
Gtxk = H’&B Hek (2,B =1,...,Mq; k=1,...,M)
H*d_s = {HBQ',)-I ( a ,E Hi’""MC)
Ham =Fym - faprm (U=l,...,Mc; m=1,...,M; © #p; p'_'l""'Mb)

Using Egs. (1.3.8) and (1.3.5b), Eq. (1.3.4) can be rewritten as

s PB — 1 P B
u o= AF%POn - PimKncvk - FimKmke™kcve - 2 FimKme Yk

(i=1,...,M) (1.3.9)
where

P = Figg = Frolo (om=lpeeM; @ =1,00,M,)

It is apparently shown that the difference between the conditions of (A) and (B)
results in that between the forms of F, in Eq. (1.3.4) and F* __ in Eq. (1.3.9).
Therefore, Eq. (1.3.9) includes Eag. d%.éi) under the condition (A); P m=0
(m=1,...,M) and M.=0. The difference of the control types of (A) and (B) leads to
that of the explicit expression of the potential function. This will be discussed in
the subsequent chapter 4 of this PART II in details.

Upon substitution of Eg. (1.3.9) into the out-of-plane equilibrium equations of
Eq. (1.3.3), the static condensation procedure is completely accomplished. Then, a
set of equations of equilibrium with only the out-of-plane nodal displacements,
Wi, the loading parameter 1 and the initial out-of-plane nodal displacements,
w; can be determined. Thus, the condensed potential function V(w;A, W;) can be
defined as a function of solely the out-of-plane displacements, w;, for prescribed

A and Wj such that its equilibrium equations are given by
Vi = Ei.:-p,](g,-_+ kB _ .Sp
L7 G, i¥y * ( Kiy - K3Z - A RS; dw,
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ss SS _ .SPB _ SPB =
* UKk * Ry~ Kiix T Keig JWywe

1
+ = ( k35 4+ 5 kS8 _ ¢SPB SPB
2 kij

ijk kij ~ Fijk T 2 Kgig Iwywk

B

+ BB i 3
Kigke ¢ Wiwevg + 3

" 1
ijkw?. + P ijkwﬂ. )

_ ¢BPB_ , —— 1 — - 1 -
Kijkl ( W Wy Wy + 5 ijkwi + W Wwy, + —iijka, ) =0

{i=1,...,N) (1.3.10)
where
G _ _ oPB u SP _ .S s
Kiy XniiFanPon ¢ K5 = Knifmnfng ¢
SPB _ .§ PB BPB _ _PB PB
Kiik = KnifanFnik Kijk? = FniiTmnfnkd ¢

and herein, the following condition is postulated:

j - P%; =0 (i=1,000,N)

where

S u
Ry = K%iFtmn on

For a symmetric structural system with respect to the essential out-of-plane dis-
placements, this assumption may be clearly identified since Kis.=0 and Kis-i=0.
While, for an asymmetric system, the condition may play an irrfportant ro]é, In
other words, the latter case says that the associated instability may occur on
the trivial equilibrium path (w;, A ,w:)=(0, A ,0) for any A, and furthermore, that
the potential function V, whose derfvative with respect to w; can be evaluated
from Eq. (1.3.10), may be equivalent to a perturbation of 1\! of Eq. (I-1.3.4).
Also, it is clearly found that the equilibrium surface My, as defined by Ea.
(1.2.5) can be explicitly given by Eq. (1.3.10),

1.3.3 Potential function D
Now, consider linear terms of Eq. (1.3.10)

P o
(KB - K5 - aKG) wy =0 (1,j=1,000,N) (1.3.11)
which present an eigenvalue problem on the lowest value A of the loading
parameter \ and the associated eigenvector being the lowest instability mode of
the out-of-plane displacements. Let ®.. take the eigenvector matrix, composed
of n eigenvectors corresponding to n lfower essential eigenvalues[29]. Then, a
linear transformation is defined as °
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wi = o ij Vj (1=1,...,N; j=1,0e0,10; n<<N) (1.3-12)

This is an explicit expression of the Affine transformation h; in Eq. (1.2.9). The
transformation is diffeomorphic, topologically derived from the mapping
theory[15,32]. Then, the mapping h; is shown to be one-to-one corresponden.t.
Moreover, for the control parameters, another transformation hz in Eq. (1.2.10) is
taken Into account similarly to h; in Egs. (1.2.9) and (1.3.12).

Let X. designate the generalized initial displacement transformed through Eq.
(1.3.12) ffom wi. Each A. corresponds to v;, and was designated as €. in the
previous section 1.4 in th& PART L Then, {he following transformation” can be
made with respect to the control parameters:

hy 1 A =0 Apuady) > A =(g Ay y) (1.3.13)
where
n = hg + A, By =y (i=1,0.0,K-1; K=N+1)
AS = AC Ao = A, .
W= 0. A, (i=1,000,N; j=1,e0,k-1; K=N+1; k=n+1)

Now, let us define a new potential D so that
D(Vi. )\j) g V{Wp AJ} (1.3.14)

Through Eq. (1.3.12), the first partial differentiation of D with respect to
yields:

B = He Vi % =0 (i=1,...,n) (1.3.15)

i
The explicit form of D; is given by the product of the right hand side of
Eq. (1.3.10) and ¢ ji» Where w; has been expressed in terms of v; by Eq.
(1.3.12). That is, equdtions of equ’ilibrium of the potential function D are written
in the form similar to Eq. (1.3.10):

8D _ c i ngo_ Dgp e 6
D; = aVi == (A€ &+ A)Kij J\j + [Kij 2 Kij - (A +X)Kij]vj
ss ¥SS _ MSPB _ OSPB
IRk * Keij = ik Keiy! "j"k
i %ss S _ vSPB ~SPB
+ 2 [Kijk + 2 Kkl] Kijk -2 Kkij]vjvk

VBB 3 1
+ Kiij[ J\j)\kvz + 5 ljvkv£ + 2 Y%Yg 1
[ ]
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- - v + = <\ + v, W + = w. v

2
(i=1,...,1) (1.3.16)
where
= %G = yB
%Gij Knn ¢mi¢nj Y I}?.j B Icmn(I)rl'liq)n;; :
NSP _ . SP ASS _ SS
ki3 = Sm®mi®ny - Ki5kx = Konp ¥mi ®nj ¥pk ¢

SPB _ ,,SPB
kijk - Kmnpq)mi(bnj@pk ’

BB _ .BB
¥e, - Kunpg Ymi ®ny @ pk P -

BPB _ BEB
ijkg = Monpg ¥ mi ®nj Ppk Pqq -

Furthermore, more than the second order derivatives are feasibly obtained by
evaluating them at the critical point as follows:

The quadratic terms are

. 3% - B _ /P _ c G
Pij "a‘vi'_?mj i3 ifj CAZ +KY

4ss S _ ¥SPB _ SPB
* LRyt &sjik Kijx =~ K3ix 1 Ax

+ [ 55 4§88 258 RSPB _ pSPB

SPB
ik Y Reis Y K3k T Kok T Kk

- KJik 1 vy
VBB 3
Kijkg,[ }‘k}‘ﬁ, + 3 )\kvi + S iy ]

+

_ BPB
Jxk}\

1 BPB ABPB ABPB
e -=[ 2K + 3K
ikig 3 b

1jkg ki * Fikig 1 Ak Vg
(i,j=1,ues,m) (1.3.17a)

g

The cubic terms are

- 9°p  _ P65 , PSS, p6S
D = m Ky Rﬁij ik
i)
_ “SPB _ %SPB _ SPB BB "“BB
RTED - REos - KSR + 3 KGN + 3 Kigevy
_ 1 ABPB “BPB “BPB
502 %550 ¥ 3 Kikje * Figik 1 X
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_ ¢ “BPB “BPB BPB
[ Kiike * Fikge ¥ Kigge Vo

(i,j,k=1,...n) (1.3.17b)
The quartic terms are
3°'D

D . = T A A AL =
ijk Bviavjavkavﬂr

“ppB , wBPB , (PPB

VBB P
3 Ko = [ Kigkn * Kikje *Kigx!

(i'!jlk! R"=1p--,n] [1-3.1?(:)

1.3.4 Potential function A

Let the corank of the Hessian matrix Dij be m. In other words, let us as-
sume an m-fold coincident buckling. Then, from Eq. (1.2.13) and the Implicit
Function Theorem, it has been shown that the inessential modes, v (a =m+1,...,0),
can be expressed in terms of the control parameters and the essential modes,
vili=l,...,m), after some reordering in the form of Eq. (1.2.14).

Upon substitution of these expressions into Eq. (1.3.15) or (1.3.16), a new
potential A can be defined through the Implicit Function Theorem by the follow-
ing equation.

A(Vis A]) = D[Vi"’a("j- )\k)’ A‘g ] (1.3.18)

where the Roman and Greek subscripts on v refer to the essential and inessen-
tial modes, respectively.

The substitution of v,(a=m+l,...,n) into the equilibrium equations Dg=0 will
yield the identities:

Da [vi'va{vf' )\k)) }\Ql =0 (05=m+l....,nj (1.3.19)

The left-hand side now represents a function of totally (m+k) independent vari-
ables. Thus, the relationships between two potential functions of D and A can be
easily obtained in Egs. (I-1.3.19) of the PART I

As mentioned in the chapter 1 of the PART I, an explicit expression of the
potential function A can be determined by the Taylor expansion about the criti-
cal point (v;, A, X .)=(0,0,0) For any small perturbations of control parameters
(A, A) in a neighborh]ood of the zero (0,0), the Taylor expansion of the potential
funclion Alvi, A, X)) can be explicitly determined similarly to Eqgs. (I-1.3.20),
using the reilationshipsl» between D and A as follows:

- 1
A(Vi, A, Aj) = Ai{ )\, )\j)vi + E Aij{ A ’ A k)viVj

La. 1
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where each coefficient is evaluated at the origin v;=0 in the following form:

- 92 | _ _ c G _ e » _
A (A, J\j) = oy, |=-(rnc+ )\ﬁéij Ay = a) A (§#0) (i=1,...,m)
v, =0
5 K
2
ic _ _O0°A - _ ; CNG . N
ac = Bv on, | A "Ki; (3%0) (i,j=1,00eym)
(v r A l )=(0,0,0)
- 32 "'G _NEP _ . ¢ G
BigC A, Ay) = av_av_l ST SHE +1)’kj
L Jv}'_G
'\ss '\'ss - gSPB _ kSPB
UK * R5ik T Kigk T Riakd Ak
VBB  _'VYBPB
+ LRS- KSR, 1Ay
= oc ke
= Agy v Agg AR Rgydy (k+0) (i,j=1,0eepm)
c _ VB _ ¥SP _ G n
Aiy = Ryy ~ Kyy ACKLJ ' (i,j=1,e0s,m)
oc = < e
Bis = Bv av 3A = : (i,j=1,00s,m)
(v PR A )—(o 0,0)
__98’a  |_<ss _ }ss SS
Allk( Ry }\1 ) e B v | Eige T Bpdg T ’Izjlk
v =O
- ¥SPB _ "ﬁSPB _ ¥SeB
ik kij jik
BB  _ ¥BPB VBPE _  BP
* O3 K500 " Xigkp ~ Kikje L
- 2%, + K5 0) (i,j,k=1,0e0,m)
) 3 ijk "2 (24 k=l
9°a NSS L, ySS ss
L e e— =
Aijk T Bv,.ov.ov | Kijk ¥ Rxijg * 'kjlk
* (v, +A,A,)=(0,0,0)
_"vspPB _ 4SPB _ USEB (i,j,k=1,0ss,m)
Kisk ~ ®kij ~ Mjik ’
Ko 3"a | =38 _ [ yBPB , 3)BPB | 17BEB

Aijjk T W zm idkg ¥ 2%k T 2 Mk
a4 (v,l?\) (0,0,0)

(i, .k, =1,0.,m)
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PP TIIE WO |« S
ijky i | aviavjakaVQ Vj.:O

]

BB “BPB VBPB VBPB
3 X35 - U K5+ Kyt S5

. __3a | (i, ko =1,000,m)
= A5kl < 3v;av 3V, 3vy

(v. tAJA-)z(OlOIOJ
1 ]

in which the superscript "C" denotes the critical point (v, A, ;\j}=(0,0,0).

l?

This potential function forms a family of potential functions by perturbing
A and A; near the zero (0,0), and itself means an universal unfolding of the
associated onél when ( A, A;)=(0,0) as briefly mentioned in the chapter I-2. Then,
neglect more than the secdnd order terms of control parameters of A and

A;, and for their fixed value near the origin ( 0, 0), a canonical form of a
famil;!r of potential functions can be obtained as

=1 e 1,8
A(vi, Ay )\_j) T Aijkgvivjvkvﬂ, + e Aijk vivjvklﬂ.
1l.c 4 1 36 + L 00
t 2 A govavawy o+ 5 Ranve +5 Bg3 dvyvy

+
~ =

ke jC
Aijvivj ?\k + Ai vy )‘j (1.3.21)

where the terms A v; A j and viViV Aq  disappear since they may be higher or-
der than the remainéer terms 1r} %q (1.3.21), in other words, more than the
second order terms of control parameters ( A, A j) are neglected herein. From
the quadratic terms A(i:j ( A, A in Eq. (1.3.20) and A?J? in Eq. (1.3.21), the
following ~;.ignifir;ant eigenvalue prf)blem can be defined at the critical point (v,
A :)=(0,0,0):

1

dger [ RE; - R§F - nKG1-0 (1.3.22)

which presents peculiar eigenvalues A€ corresponding to the m-fold primary
modes of bifurcation buckling. The lowest eigenvalue among them is called the

primary buckling load of the structure considered, and it is rewritten as AC
hereafter.

Also, this typical form* of the potential function A can be derived from the
universal unfolding of the singularity theory of mappings in the PART I-
2[20,21,25]. These concepts are briefly interpreted in the previous PART I. Some
numerical illustrations using the numerical formulation of catastrophe analysis by

discretization and modal transforms will be demonstrated in the subsequent chap-
ters.

* See, APPENDIX B in this PART II. APPENDIX B summerizes the relationships

between the structural potential function and the Thom's unfolding using some
diffeomrohisms.
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1.4 Conclusions

This chapter presents a numerical formulation of catastrophe analysis in order
to evaluate static instabilities of multi-degree-of-freedom structural systems in
civil engineering field, The main conclusions are:

(1)

(2)

(3)

(4)

(6)

The present procedure makes use of discretization methods such as a finite
element method and a simplified element method, and also of several
modal transformations.

The method finally leads to the determination of the canonical form of
potential function by means of evaluating the Taylor coefficients at the
critical point of the associated instability in the light of the Thom and
Thompson's theories.

The instability phenomena for the original potential function with the mult-
iple state variables can be numerically realized as those for either of the
Thom's seven elementary catastrophes with one or two state variables
through some diffeomorphisms.

The proposed procedure can be mainly applied to bifurcation problems
having no prebuckling equilibrium solutions. Then, several features of
bifurcation, postbuckling and imperfection sensitivity will be predicted
herein.

‘It is clearly found that this method will be also applicable to the common

instability problems with linear or nonlinear prebuckling equilibrium solution,
since the solution can be regarded as the fundamental one, that is, its

potential function can be defined as a perturbation from the fundamental
state.

Some numerical demonstrations will be performed in the subsequent chap-
ters in this PART II on the typical civil engineering structures or struc-
tural elements such as columns, plates and stiffened plates.
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CHAPTER 2
EVALUATION ALGORITHM OF IMPERFECTION SENSITIVITY

2.1 General Remarks

Several comprehensive studies on the relationship between the general elastic
bifurcation theory and the catastrophe theory have been developed by Thomp§0n
and Hunt. They revealed that an elastic structural instability under conservative
loading can be classified in the form of either of Thom's seven elementary
catastrophes[1-6],

According to the Thom's theorem, an instability near the prescribed critical
point in the relevant space can be realized as that near the origin in the space
after certain consistent transform. The consequent potential energy A near the
critical origin can written by[7-12]

A : RM™ x Rk . R or A=A[vi,k,€j}

where v; refers to the essential i-th instability mode, and (Vl.---,VmJ spans the
state space RM in the catastrophe theory. Also, ¢ refers to the imperfection
mode corresponding to v; A designates an assigne]d conservative loading para-
meter. Then, the control ‘space is spanned by (X, e,)so that k=m+1. An explicit
form of the potential energy can be defined by the Taylor's expansion near the
critical origin(7,8,13].

Thompson and Hunt investigated the imperfection sensitivity surfaces of struc-
tures using a perturbation procedure with the discrete generalized coordi-
nates(3,6,14,15]. Hunt proposed a perturbation algorithm for the compound in-
stabilities with the parabolic, hyperbolic and elliptic umbilic catastrophes[16-21].
Such umbilics were also illustrated by Gasper for simple strut models[22,23,24].
Moreover, the swallowtail and the butterfly catastrophes as well as the umbilics
were examined by Hui and Hansen through Koiter's general stability theory for
beam, plate and shell models[25-28].

This chapter discusses on a direct computational algorithm to evaluate the
effect of imperfections on the elastic load-carrying capacity of structures through
the singularity condition in the catastrophe theory without using a perturbation
process. The bifurcation set representing such imperfection sensitivity is explained
briefly with topological meanings. For some simple typical examples in structural
engineering, the bifurcation sets will be spatially drawn in three-dimensional load-
imperfections space by the use of the proposed formulation.

2.2 Imperfection Sensitivity

Let a potential energy of an elastic conservative structure be mathematically
rewritten as:

A:RM™ x Rk » R
(vi’ )\! Ej} * A = A(vi’ >‘p E]) (202-1)

Under the principle of the stationary potential energy, the necessary and suffi-
cient condition for equilibrium states of the structures can be described by
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_ 9A _ ;
M, = {[vl,)\,‘aj}l " (i=1,2,...,n)} =« RM x Rk

(2.2.2)

wl;lli]ch cob?stitutes the equilibrium surface in an (m+k)-dimensional Euclidian space
R™ x R™.

Then, on the surface My, a set of singular points Sp is obtained by means
of the condition of the zero-determinant of the Hessian matrix of the potential
energy:

. oA _ a%a . _
S, = {(vi.?\,Ele B, 0 and cxet[av_Lavj 1=0} = u

A
(i,j=1,.e.,mm) (2.2.3)

These (m+1) equations may be resolved in terms of k=m+1 control variables being
one loading parameter A and n imperfection parameters € (j=1,...,m) for given
state variables v]-(j-—-l,...,m). !

On the other hand, in the singularity theory of mappings, the catastrophe
map Xp is referred to as a projection of M, to the control space (l.Ej)ER s
that is,

k
)(A : MA + R
Sl he) v (hey) (2.2.4)

Then, the bifurcation set BAERk is obtained as

As the map is not one-to-one correspondent, assume a projection ¢ to exist
in the following form:

o: R™ - M,
{Vi’ A) x (Vis ;\ 1 Ej] {2-2-6)
such that the projection is one-to-one correspondent. It means that each imper-
fection £ ; can be solved for any prescribed values of v; and A. Thus, a chained
map is ddtermined by

Xg 6 : RM*L - RK
(Vi] }\ ) Es ( A 3 € j} (2-2.7]

where k=m+l. The map becomes singular if and only if the Jacobian of X,¢ is
equal to be zero:

3 24 2\ |2

i b T ‘m 1 3%

€, 3¢ 851 | 961

. viaes = . - b I a0

v, 8v2 v ' A

_ . . e I

J(XA¢} = dEt & 5 . | . = D
|
|
ae:m -Bim E}i | _B_E_m (2.2.8)
\‘6?1 av, v i I
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This relationship determines a set of singular points at which the one-to-on€ C%f'
respondence of X a0 vanishes(See, Fig. 2.2.1). Therefore, the bifurcation set A
can be appreciated to be the set of singular points on My as follows:

. 2a _ o
B, = {(A,ej)| v, 0 and J(X,4) =0 )
2.....vm)} = R (2.2.9)

for a given (vl,v

Meanings of two sets of S, and B, in Egs. (2.2.3) and (2.2.9) are entirely
idfntified, and indicate the imperfection sensitivity surfaces in the control space
R™.

2.3 Distinct Instabilities
2.3.1 Fold catastrophe

The first illustration is a typical fold catastrophe, which may be realized in
a structural models such as a rigid frame and complete or oblate spherical shell

under external pressure [3,11,15,29]. The mathematical form of the potential
energy can be expressed for m=1 and k=2 from Eq. (2.2.1):

A:RIxRZ - R

(v, A 81 > A = Alv, A, £) (2.3.1a)
or in the Taylor's expansion
B 3.2 o0 2 L
Alvi A€ = By V) TRV Y AVE)

(2.3.1b)

whose coefficients are evaluated at the critical origin. The subscript "1" denotes
the differentiation with respect to the instability mode vy; whereas the super-
script "o" and "1" refers to the differentiation with respect to the loading

parameter A and the imperfection parameter €, corresponding to vy,
respectively. That is,
_ 3% o 3°a ol 3%n

A = ' w r -
111 4,3 11 2 1
avl avlak avlasl
These notations will be adopted hereafter in this chapter.

Then, the equilibrium surface M, in Eq. (2.2.2) is given by

. R . Y 2,0 1
My = {tvpdeey) | 2= By, 2o R ¥ ARy < o} = R! x R?
(2.3.2)

Moreover, the set of singular points on M, is obtained from Eq. (2.2.3), and is
written by

a2a o
—_— M:g}CMA

= A.E = = =
5, {(vl, X l)]Al 0 and A, Bvi Ay vyt Y

(2.3.3)

Now, let a projection ¢ in Eq. (2.2.6) defined explicitly as:

12



RITH'I

Fig. 2.2.1 Catastrophe Map and Bifurcation Set. [10]
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&}

A A
) m . _ °m
o (V1, Ay - vy A, - 2A1 Vi A1 ).v1) (2.3.4)
1 1

Hence, the zero-determinant condition of the Jacobian of X Ad’ in Eq. (2.2.7) is
given by

3X  3A
v, = 0 ‘
det Je e = det A AO AO =0
==y =y i 1 IO | Y o,
v, 32X e al 1 (2.3.5)
) L 1 1 1 J

Therefore, it is clear that the bifurcation set in Eq. (2.2,9) through Egs. (2-?»-?)
and (2.3.5) is completely identified with the set S, in Eq. (2.3.3). An explicit
form of the bifurcation set can be determined by
1

1 z
mA€q)

Ag=* 5 (2.3.6)

211

which means that the imperfection sensitivity obeys the one-half power law.

(23

The bifurcation set is drawn in two-dimensional control space (A,g;). How-
ever, it can be drawn spatially in three-dimensional space(A,£;,£,) adding another
void parameter £, as shown in Fig. 2.3.1(29). The parameter E, may be
arbitrary, but must correspond to another mode Vo independently of the mode vy

2.3.2 Dual cusp catastrophe

The second example includes a typical dual cusp catastrophe, which may be
realized in the models such as a laterally loaded arch, a column on an elastic
foundation, a pony truss and a cylindrical or elliptic shell under external pressure
and axial load [3,11,15,29]. Then, the potential energy in Eq. (2.2.1) for m=1 and
k=2 leads to

A:RI xRrR?Z 5 R
vy, A, 31) + A= Alv, A, £y) (2.3.7a)

or

1 y k Q 2 1
A(v,,A,€,) = 57A Vo + ALV +A V. E,
1 1 24 71 1 211 11 (2.3.7b)

which characterizes a cusp or dual cusp catastrophe whether &

: is positive or
negative.

1111
In this case, the equilibrium surface M A Yields

9A

MA={ (v, ,A,s1 ) IA‘I ==

1 3 o 1 1
A Vit Mg v+ Ag=0) <= R! x R?

1 (2.3.8)

and the set of singular points on My is
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2
SA={ vy ?\,21 ) |A.| =0 and Aﬂz-a—-A:

av2

1 2 o
2A1111V1 - AAT]-.zo} - MA
1

(2.3.9)

Similarly to the case of the previous fold catastrophe, a projection ¢ s
defined as follows:

o
i Am o, Py
r r -

¢ : (v1,>\) - (v -
6A

1917 Avy)
1 1
Therefore, from the zero-determinant condition in Eq. (2.2.8), the bifurcation set
By in Eq. (2.2.9) being equivalent to the set S, can be revealed apparently.

(2.3. 10]

Thus, the imperfection sensitivity surface is expressed by the two-thirds
power law:

1 2

7 aale P
e (A (327e,)
4= 2

o 3.1
224, (2.3.11)

Assuming the null parameter €, similar to the fold catastrophe, the bifur-
cation set is visually drawn in Fig. 2.3.2[29].

Al A

Fig. 2.3.1 Bifurcation Set for Fig. 2.3.2
Fold Catastrophe.

Bifurcation Set for Dual
Cusp Catastrophe.

2.4 Compound Instabilities

The third illustrations have some umbilic characteristics, which may be real-
ized in the compound instabilities such as struts on an elastic foundation and
stiffened plates subjected to in-plane loading. The typical form of the potential
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energy is assumed to be given for m=2 and k=3:

A:REx R + R

(VlsVZ: A ¥ El; 52} + A = A("l:vza A ? Ell E 2) (2.4.13)
or
1 3,1 2
Alv vy M€ E)) = B By vy + 5 A0NY
A o 2 o 2 1 2
2 e
3 (Ryv  Rov) A e, b RVLE,
(2.4.1b)
Then, the equilibrium surface MA is obtained by
a1 2 .1 2
hy= Bv, 22111%1 T 221222
o] 1 -
+)\Allv1 + AlEl =0
M =4(v_,v r}\re E.)
A 1'7°2 L2 _ on _ o 2. _
By= By, =RV Yy TAB, U, HAE, = 0
(2.4.2)

The set of singular points can be defined from the zero-determinant condition
of the Hessian matrix of Eq. (2.4.2) in the following form:

3%a _ 2
aviavj 1= All. A22 - (A12)

det(

)2=0

+An2 ) - ¢

b2, B122Y1 22

o
+)\A11)(

111¥1 BT

(2.4.3)
Eqgs. (2.4.2) and (2.4.3) provide the set of singular points ‘SA in Eq. (2.2.3).

In the mapping theory, a projection ¢ is obtained by

o]
A A A
111 2 122 2 32
¢ : (Vl'v2'>‘) + [vl,vz,}\, = ! ¥ - ol Vy A—ll\vl p
1 % 1
- —lzzv v - :A_z.l ); )
W2 12”2 V2
5 3 (2.4.4)
The bifurcation set B, in Eg. (2.2.9) can be represented as the set S, substitut-
ing Egs. (2.4.2) and (2.4.3) into Eq. (2.2.3):
8, = {(J\,al,szJ | 2= 2,=0 and
o] s} 2 _
(Bliavy FAR B 0v FAA ) - @, v = 0(2}:4.5}

Now, the form of bifurcation sets for the fold and dual cusp catastrophes
was shown to be definitely described by Eq. (2.3.6) and (2.3.11), respectively.
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However, it is very difficult to make an explicit expression of bifurcation set
for the umbilics. Therefore, Thompson and Hunt clarified the umbilic charac-
teristics using a manipulative perturbation algorithm([1,4]. In this chapter, a non-
perturbing direct procedure will be presented in the following manner:

Firstly, some equilibrium paths on M, in Eq. (2.4.2) for perfect structures
€= €9=0 are obtained as follows:

v. =v. =0 for all A (2.4.53)
1 2
- L o _
v, O 5 ByqqWy +AA11 0 (2.4.6b)
and
(=] 1
22 A ES
o _ . 11 "1 2
BigpVy ARy, = 0 vy =i © A, Uy
22 . (2.4.6¢)

if and only if 2A?1/Agz> Ay11/B122 . Eq. (2.4.6a) provides a trivial fundamental
path imbeded on the A-axis, Eq. (2.4.6b) shows an uncoupled secondary line on
the plane representing the asymmetric postbuckling path with respect to only vj.
Moreover, Eq. (2.4.6c) indicates two coupled secondary lines spread spatially in

(VAQ‘%’ ‘}\} space. This case is previously discussed in details in the chapter I aof

Secondly, consider imperfection senmsitivity for imperfect structure €£;#0, €4
=0. Then, from Eq. (2.4.2), vo=0 is reasonably satisfied. The following two imper-
fection sensitivity surfacels can be easily calculated.

1 -2
e 5 (28, B7E,)
9 20 (2.4.7a)
11
and 1
1. .2
£
_ (22,50, %)
A=iy 22 280 A 1
o 11 _Llo .3 (2.4.7b)
2 "o T a )
Rss 1272

It is found that Eg. (2.4.7a) is identically equal to the imperfection sensitivity of
the fold catastrophe with respect to only v, or € referring to Eq. (2.3.6).
Subscript " £ " refers to the set of limit points with tlhe asymmetric bifurcation
point. Also, Eq. (2.4.7b) gives the imperfection sensitivity for the secondary
bifurcation points with respect to v; only, being designated by the subscript "b"
if 227, /R55 % 831 P102¢

Finally, for computation of general imperfection sensitivity of imperfect
structures, €;: amny, E£o%0, three equations in Eq. (2.4.5) will be solved simul-
taneously and directly. The consequent imperfection sensitivity surface can be ob-
tained by
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(a ) Tx (A2)E A A
fm) B —i22 P11 72’ Jihes —éhﬁ;lll -
u o _ o A 122 2.4.
A2(A111 22 ~ P12t * &2 22

where x designates an available real root of the following eighth order equation:

o 4 o _ o a8
ByplBynn) (ByqqPoy ~ 2B 508 ) %

2 4

2)2 % - ° 2% 4+ (a2 )%l x
* By, By 3 ) 28, 0,809R 1130, T (B0 (B0 18
221 c o 2 2 2 o 2 2 4_4
A et = 1

*2ANTAA AR R ) TEE, X Ry (B (B,

(2.4.9)

If 3\11/1’*22 = 2111/B122 |, that is, in the case of the spherical shell conditions
named by Thompson and Hunt[15], then an alternative implicit expression for Eg.
(2.4.8) leads to

2 - T 3 2.2 2
U507 A (B, AE) ] (R;55! %112(32) €g
for ?\2 > '——Z(Alzz) Az £
s " (a° 2A 1 (2.4.10)
220 Py

Hence, the umbilic imperfection sensitivity surfaces can be defined from Egs.
(2.4.7) and (2.4.8), or Egs. (2.4.7) and (2.4.10). These results confirm the closed-
form solutions obtained by Thompson et al[l5]. For evaluation without compli-
cated calculations, a polar coordinate (£,8) for the Cartesian (51,62) is adopted:

£, =gcoshb , E, =€ sinf for 05 0 < 27 (2.4.11)

Then, Eqs. (2.4.7), (2.4.8) and (2.4.10) can be rewritten explicitly for a given
€ on the line of 19 =constant:

- 2
(2A.. A E)
?\2’ =) ———1101 d for 8 =0 or ™ (2.4.12)
Ry
1
(ZAlzzAlE)z
Ab =z 220 = 1 for 8 =0o0r m (2.4.13)
o, 11 111 3
Rl o o K. )
22
3 4 e 22 o
(A )x - A (A €
i 5w —tid SN Bt when il_liil_li
u A Q o o A
a_ (A _..a° -na
2(R111P0p T BygpPyy) X E Ay, 122 (2.4.14)

for 0 <8 < 2m, B &7
where X is a proper real root of the following equation from Eg. (2.4.9):
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¢ 2 o 32 4.4 _ (2.4.15)
+ 28 (A (A A0 - A AT) &% By (A hig” =8
and furthermore,
1
20 . 2 1
 mipotagy A T Whagd Bygs Bt 2
s i a (a° >2
2 M111%z3
for 0 < 0 < 2m, O # 7 (2.4.16)
in these equations
A]_ = Ai cos B and 5\2 = Ag sin @ for 0 £ 8 < 27 (2.4.17)

Also, the superscript " * " designates the differentiation with respect to the
radius imperfection parameter € on each 8 ray.

Some illustrated drawings of the bifurcation sets for the hyperbolic umbilics
are performed in such manner. The first example as shown in Figs. 2.4.1 cor-
responds to the imperfection sensitivity with the momnoclinal point of
bifurcation(11]. The instability has two equilibrium paths in Eqgs. (2.4.6a) and
(2.4.6b) for the perfect structure, and the bifurcation sets can be expressed in
terms of Ag, A and

The second illustration represents the imperfection sensitivity with the
homeoclinal point of bifurcation, including three equilibrium paths in Eqgs. (2.4.6)
for the perfect structure. The bifurcation sets are drawn in Figs. 2.4.2 for ?\9',

Ab' and i\u[ll].

A

Fig. 2.4.1 Bifurcation Set

for Hyperbolic Umbilic

“1 Catastrophe with Mono-
clinal Bifurcation.
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Fig. 2.4.2 Bifurcation Set
for Hyperbolic Umbilic
Catastrophe with Homeo-
clinal Bifurcation.

2.5 Conclusions

A direct computational approach for evaluating the imperfection sensitivity of
structures was presented in terms of the bifurcation set through the catastrophe
theory. The main conclusions are:

(1) The singularity condition on the equilibrium surface is definitely consistent
with the zero-determinant condition of the associated map. XA¢-

(2) The bifurcation set for a typical fold catastrophe can be explicitly realized
by the 1/2-power rule Af.

(3) The bifurcation set for a typical dual cusp catastrophe can be realized by
the 2/3-power rule de.

(4) The bifurcation sets for typical hyperbolic umbilic catastrophes can be
consequently composed of }\9,’ Ab " Au (or )\S} and their combinations.

(5) Each bifurcation set may be visually drawn in the three-dimensional load-
imperfections space, and may confirm Thompson's results.
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CHAPTER 3
APPLICATIONS TO ELASTIC COLUMN STRUCTURES

3.1 General Remarks

The l_oad—carrying capacity of structures is generally adversely affected by
imperfections such as initial deformations, eccentricities and residual stresses.
This is what is called the imperfection sensitivity of structures.

It is general practice to solve the elasto-plastic and geometrically nonlinear
equilibrium equations for evaluating the load-carrying capacity. For this purpose,
such numerical procedures as Newton-Raphson's, perturbation, incremental and
homotopy continuation methods are commonly used. Consequently, the load-carry-
ing capacity of structures can be plotted against the initial imperfections.
However, these results can only be obtained in a discrete numerical form and
are generally time-consuming,.

In this respect, an application of the catastrophe theory to the strength pre-
diction of structures may be found to be useful as stated in the previous PART
[. The load-carrying capacity of structures can be evaluated explicitly by means
of the bifurcation set of the catastrophe map. The catastrophe map, herein, is
defined to be a map of singular points of equilibrium surface on the control
space, spanned by a loading parameter and several imperfection parameters. The
mapped surface is called the bifurcation set, designating the adverse effects of
the initial imperfections. It can be evaluated without resorting to the solution
process of the nonlinear simultaneous equations.

This chapter provides a comparative study on the continuous analyses and dis-
crete analyses for column models in relation to the models by Thompson et al.
and Niwa et al[1-5]. The first symmetric buckling model corresponds to an Elas-
tica model, normal simple struts and rings, struts on an elastic foundation and
normal thin plates subjected to in-plane loading. The stability of such models has
been analyzed by Thompson in terms of the differential equation, continuous
method and finite element method[6]. The second unstable symmetric buckling
model corresponds to a laterally loaded shallow arch, a column on an elastic
foundation, pony truss and a cylindrical or elliptic shell subjected to an external
pressure and the axial load. Furthermore, the third asymmetric buckling model
corresponds to a rigid frame in the well-known Roorda's experiments(7,8], and in
Britvec's analysis(9], to a complete spherical or oblate spheroidal shell under ex-
ternal pressure.

All proposed models are assumed to be elastic conservative systems.
Therefore, the necessary and sufficient condition of the equilibrium of the sys-
tems is the total potential energy being stationary, whereas the condition of the
stability of the equilibrium systems is the second variation of the total potential
energy being positive definite[10]. Furthermore, these column models are assumed
to be inextensible along their neutral axis. The load is assumed to act conserva-
tively in the axial direction, being controlled by a single loading parameter.
Thus, the total potential energy of a column structure can be expressed in terms
of a single loading parameter, the lateral deflections and prescribed initial
deflections. The initial deflections are assumed in the same modes as the con-
sidered buckling ones. The other imperfection parameters such as load ec-
centricities and residual stresses are not considered herein.
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Thus, several interesting comparisons can be among those three ca:astrop}'le
analyses: the two-degree-of-freedom analysis, the continuous analysis and the dis-
crete analysis. The applicability and the feasibility of the proposed method are
discussed in the later section.

3.2 Continuous Analysis
3.2.1 General remarks

A continuous analysis on stable symmetric, unstable symmetric and asym-
metric buckling models will be presented. The discussions will be made as brief
as possible here, and detailed descriptions may be provided in references by
Niwa, Watanabe and Isamil3,4,5].

Let W(X) and WO(X) designate the lateral additional and initial deflection of
column structures, respectively, where X refers to the coordinate taken along
the deformed neutral axis of the column. Fig. 3.2.1 illustrates a simply supported
column, referred to as the stable symmetric buckling model(1,6].

L

/ exy

w(x) o P

’ i ’ Fig. 3.2.1 Simply Supported
A

Column Model.
In the inextensible column, a curvature #., at the coordinate X can be
designated as:

k=W, [ = (W, .4 W PP % }

= Wby W a2

(3.2.1)
where W, =dW/dX and W, ,=d*W/dx?

Also, a shortening 4 at the right end as shown in Fig. 3.2.1 can be shown
as:

A=JL[I_ {l—(W,,-f—Wa,,)’}f'f] dx

;JL(‘;-IT Wazz_'_ W,_,WD,_,—F-L wv z‘) dx
o

3 (3.2.2)

where L is the constant total length of the column structure. In Egs. (3.2.1) and

(3.2.2), the terms of (W, . and the higher order terms of W,, are assumed to
be negligible.

Let us introduce the following non-dimensionalized parameters:

X 7% W, PLY
=T W= W= =g feedad

where EI refers to the constant flexural rigidity of the column structure, and P
refers to the axial load applying at the right end.
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Table 3.2.1 Various Approximations of Flexural
Curvatures and Edge Shortening.

Approx-
in?aption Curvature «; Shartening J Remarks
L Linear
I Wz . (% W+ W,z Wn,j)d?{ Eigl;n-\falue
robiem

L

S
2 Wz ‘i‘% Wzl 22 IB
J
f

WAL W.;—W..,;)dx

| —

(
3 W :(

Wt W..\-Wn.:*-é- W, dx

1| =

=~

4 Woezt ]T Wox W, 2

( 1 Wi W.;Wq,;:——l W,_—')dx Present Analysis,
3 Eqs. {3.2.1) & 13.2.2)

3]

Then, the non-dimensionalized total potential energy V can be obtained by
the sum of the flexural strain energy and the external work under the axial load:

1
Viw, 2, wy) =%J (w, 2.4 w2, w,2) dx
=Jo

1
—,{J‘n(-.zl-w,ﬁ_+u',, Wa, = +%w, i) dx

(3.2.4)

where. w, ,=dw/dx, w,, :=dwo/dx, and w, ., =d*w/dx*,

Usually, however, both the second term of €x in Eq. (3.2.1) and the third
term of A in Eqg. (3.2.2) are not taken into account for linear bifurcation
problems. Table 3.2.1 shows several possible combinations of approximations of
curvature and edge shortening. It can be shown, firstly, that the potential energy
based on Approximation 1 leads only to a linear eigenvalue problem. Secondly,
the potential energy based on Approximation 2 or 3 can be shown to fail in
evaluating rigorously either the flexural strain or the external work. Finally, the
potential energy on Approximation 4 in the last row is considered to be suffi-
ciently rigorous, and is adopted herein in order to approximate the geometrical
nonlinearity.

3.2.2 Stable symmetric buckling model

Fig. 3.2.1 illustrates an arbitrary deformed state of the model. The non-
dimensionalized total potential energy is given by Eq. (3.2.4). This equation may
be interpreted as the map with a lateral deflection w as the state variable, and
the load 1 and the lateral initial deflection w, being the control parameters.

The perfect column model without any initial imperfections has, in general,
distinct bifurcation buckling points. The primary buckling mode is of a half sine
wave. Therefore, the modal transforms h; x hy given by

hy: w(x)=v, sinmx,  and /s wo(x)=¢, sinnx (3.2.5)

can be adopted to transform directly the total potential energy V into a new
potential A, In Eq. (3.2.5), v; and &, refer to the parameters indicating the
magnitude of the buckling mOtl:le and that of the initial deflection of the same
mode, respectively.
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Upon transformation through Eq. (3.2.5), the Ta_ylor expansion of the imper-
fect total potential emergy A around the critical point (v, 4, &)=(0, #*% 0) of the
perfect system, leads to[11,12,13]

1 1 g
A(v, 4, 51)=_22f Aflu":"‘"j AXQA—A)vitArne (3.2.6)
where
e 3 A% = ﬁ
A::Lll:*g—?r ’ n= - 27
+
Ai‘-:_%‘n Ao=mt.

Then, an equilibrium equation is

3a 1 e -3 oc 1c _
Bv, & MY Bpyig AR = O (3.2.7)

This provides the fundamental solution v;=0 for €1 =0 and the typical nonlinear
equilibrium path

£
A 2 1
A_C =1 4+ C4V1 + CEV1 (3.2.6]
where c e
a Ay 5 = =Aq
4 oc,C £ oc,; e
6A1 1 A A1 1 A

Since Acl { > 0, Eq. (3.2.6) indicates the stable symmetric bifurcation
buckling corresponding to Thom's typical cusp catastrophe[l4,15]. It is well-known,
however, that the bifurcation set of the cusp catastrophe does not provide any’
realistic meaning on the stability problems in structural mechanics. In such case,
the load-carrying capacity of the model should be evaluated using a certain yield
criterion of the material in the elasto-plastic range. However, such elasto-plastic
characteristics are beyond the scope of this chapter, and will be investigated in
the subsequent PART III of this dissertation.

3.2.3 Unstable symmetric buckling model
Let us consider a column similar to the stable symmetric model, but with an

elastic foundation at the right end as shown in Fig. 3.2.2. Then, the non-
dimensionalized total potential energy of the model is given by

1
Viw, 4, w.,)=-£__l‘u(w, 1wt ) de

—lﬁ(%w,.’,-kw,, Wo, = +%w,i) ﬂ'x-i-%wt
(3.2.9)

where wL=WL/L, k=KL3/EI and K refers to the spring constant of the elastic
foundation.
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Fig. 3.2.2 Unstable Symmetric
Buckling Model.

Then, the following three typical instability phenomena can be shown to take
place depending upon the magnitude of the non-dimensionalized spring rigidity &
of the elastic foundation.

(i) when k>nt

A distinct bifurcation with the mode 2:

w(x)=w; sin rx

may occur at the critical point (v 4, &2)=(0, 7%, 0) ., The mode corresponds to a
half sine waveform for the column buckling configuration.

Then, the non-dimensionalized total potential energy of the imperfect model
near the critical point can be expanded to the following form:

1 |
A(vs, 4, €)= szA;mv;—l—-i—A;‘g(i — ) Vit AY vees, (3.2.10)
where
3 0Lid
Algna== ’8_""'“- A= 9
4
Ar=—"r, A=n?

Eq. (3.2.10) predicts the stable symmetric bifurcation buckling corresponding
to Thom's cusp catastrophe. This model can behave similarly to the simply sup-
ported column without any significant effect due to the elastic foundation. Also,
the nonlinear equilibrium solution is expressed in the form similar to Eq. (3.2.8)
by replacing the subscript "1" for the "2".

(ii) when k<g?

A distinct bifurcation with the mode 1:

wlx)=r x

may occur at the critical point (v, 1, &)=(0, k. 0) . The mode corresponds to a
rigid-body straight line configuration for the elastic foundation.
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The non-dimensionalized total potential energy of the imperfect model near
the critical point can be expanded to the following form:

|
A &, )= At ATG—1) i A R
where
Afn=—73k, Aj=—1,
Alf=—k, =k,

Since AS { < 0, Eg. (3.2.11) predicts the unstable symmetric bifurcation
buckling corresponding to Thom's typical dual cusp catastrophe. Then, the Don-
linear equilibrium solution completely equals to Egq. (3.2.8). The sign of A%
plays an important role to predict the strength of the model. The load-carrying
capacity 1, of the model can be identified as the bifurcation set corresponding
to the imperfection sensitivity surface. The surface can be expressed by the fol-
lowing non-dimensionalized form[16](See, Eq. (II-2.3.1))

4 An 1 . ]
== g (i) GAe) (3.2.12)

near the critical point (v, 4, &)=(0, k&, 0) . This sensitivity is usually referred to
the two-thirds power law.

(iii) when k==’
The bifurcations of (i) and (ii) may occur simultaneously. Near the two-fold

critical point (v, ¥, 4, &, €&2)=(0, 0, £, 0,0) , the non-dimensionalized total potential
energy of the model can be expanded to the following form:

I 1
A(vl: Va, 4, &y, 52)=ﬁ1‘4i111v;+ ﬁA;uzv;

1
o (A A (=2

(3.2.13)
+ A v+ Alvge,
where

. . 3
AH"-__ 3n ’ A:n:—?x ’ A“,,—O,

0 1
Aff=—1, A:f:—jx A A= —nt,
O —

Eq. (3.2.11) predicts the compound bifurcation buckling of the stable sym-
metric and the unstable symmetric buckling corresponding to the double cusp
catastrophe, not indicated in Thom's seven elementary catastrophes. Then, the
nonlinear equilibrium solution is clearly obtained by two independent equations of
equilibrium, whose forms are both similar to Eq. (3.2.8). This catastrophe will not
be discussed any further in this dissertation[17].
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Fig. 3.2.3 Asymmeric Buckling
Model.

3.2.4 Asymmetric buckling model

The third model is a column similar to the unstable symmetric buckling
model, but having an asymmetric elastic foundation at the right end as shown in

Fig. 3.2.3. Then, the non-dimensionalized total potential energy of the model can
be obtained as

V(W’, ‘l: w0)=—;'J‘1(Wl .:r.x +w1§uw! :r) dx
0
—,lr( ] W, lw, . W +-!—w,‘) dx
o 3‘ rz 1z ) * 8 z

k k k

k k k
taritgigg ittty

g wid,

where

(3.2.14)
= A s 2 ) 1 4
5=L(7u,=—|—w,,nu,,+_8_w,=) dx.
Let us consider the modal transform hl X h2:
hy: w(x)=v,x+vssintx ha: wy(x)=ex+esinmx. (3.2.15)

Upon substitution of Eq. (3.2.15) into Eq. (3.2.14), the potential energy V can
be rewritten as D:
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D(v,, vs, A, &1, &)= ( ]c—al)v B L (n' ——.I—I——k)vp’é

+]6( l+4)"1 V- J;kv,v }

+—(:z —A)vi—Ave,— 2 Av,eg

k
8
(3.2.16)

The following three typical instability phenomena can be shown to take place
depending upon the magnitude of the spring constant k:

(i) when k>2n*
A distinct bifurcation with the mode 2:
w(x)=w,sinwx
may occur at the critical point (v, 4, &)=(0, 2%, 0) . Taking into account the

interaction term v, v} , the non-dimensionalized total potential energy of the im-
perfect model near the critical point can be expanded to the form

1
A(ve, 1, €2) 22_4A§zu Vi

k (3.2.17)
S AE(A—2) v+ A¥ sy,
where
—37[‘ 21?‘-{—?!2/(
A;121=D§zn—3(D‘:“)2ng|=i—(k*) <0,
SN |
15( 3 ,:)
2 4
Ag;zDﬁ:_%" A§‘=D§°=—”T, Ae=n.

Since A2222 < 0, Eq. (3.2.17) predicts the unstable symmetric bifurcation
buckling corresponding to Thom's dual cusp catastrophe similar to Eq. (3.2.11).
Then, the bifurcation set near the critical point is in the form similar to Eg.
(3.2.12), and is given by

A = g’n)%(SA;‘es)-‘i

(3.2.18)
(ii) when j<2z?
A distinct bifurcation with the mode 1:
w(x)=vx
may occur at the critical point (v, 2, &)=(0, /2, 0) . The non-dimensionalized to-

tal potential energy of the imperfect model near the critical point can be ex-
panded to the form

1
A(I-‘l, i, EJ"——'F‘AT“V‘:
1 (3.2.19
F5 A=)+ A e, J
where
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3 k k
AI:;1=D:II=—?[(’ Aj=—1, Ai‘::#i—s lc:f-

Since AS # 0, Eq. (3.2.19) predicts the symmetric bifurcation buckling
11T ' . T g
corresponding to Thom's typical fold catastrophe. Then, an equilibrium equation is

B3R _ 2 e

1
av, F AV + A AV, + 2 %e, = 0 (3.2.20)

This yields the fundamental solution v; = 0 for € g = 0 and the typical nonlinear
equilibrium path

CUI c 1
e =" 30 * ev, (3.2.21)
where
_ c A‘Ic
c 111 c 1
37 ZAOCAC € ??Ac

includes the primary postbuckling straight line when €, = 0. The bifurcation set
is referred to as the one-half power law(See, Eq. (1I-2.3.6))

In=—-=lt4 Am @AfuAre)s. (3.2.22)

<

where, since A9 < 0 and Alic < 0 in general, Eq. (3.2.22) is valid only if
£l<0 fOl‘ A 111

(iii) when k=2x?

The bifurcations of (i) and (ii) may occur simultaneously. Near this critical
point  (vi, vs, 2, &, &)=(0, 0, k/2, 0, 0) , the total potential energy of the imperfect
model can be expanded to the form of

1
A(vy, ve, 4, 8, 89)= m";"" Am"ﬂ’n

= (Afyi+AgyD) (A—2, '
+2( vt AEn) =4 (3.2.23)
+A1‘V[€|_+A§c'f'g€g

where
€ 3 2 e & !
AIILZD‘{H.:_TK 5 Am=Dm=——2",
a2
A‘l‘f‘_—Dg:z—l, Ag:D‘;;:#T’ A= D,,-__ .

4
Ap=Dy=—"—, l=rt.
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Since

3

Afu""fm"‘g’"u >0, 2_—E‘=‘T>0‘
Eq. (3.2.23) predicts the semi-symmetric bifurcation buckling, that is, the
Thompson's homeoclinal bifurcation buckling, corresponding to Thom's hyperbolic
umbilic catastrophe[18]. Then, equations of equilibrium are

A 1.cC 3 1 .c 2 oc Te « 0
Sv, 200" ¢ ZRiaeVE ¢ T T
A o oc 2¢c _
0wy = Maa¥i¥g * Baghp + AgTeg = 0
(3.2.24)
The fundamental path when €;= €5 = 0 is solved in the chapter [-1.3 in

details. Moreover, the typical nonlinear equilibrium solutions are obtained from
the above simultaneous nonlinear equations using a particular nonlinear procedure.
However, this dissertation aims to estimate the strength of slender structures
without solving such nonlinear equations, so that this purpose follows the
catastrophe theory in the form of the bifurcation set(See, Section 2.4 in this
PART). Detailed discussions on the bifurcation sets for each model just men-
tioned will be described in the section 4 of this chapter.

3.3 Discrete Analysis
3.3.1 General remarks

A catastrophe analysis by discretization methods will be presented herein. The
discretizations adopted herein are both the finite element method (abbreviated as
FEM) using the ACM cubic shape function and the simplified element method
(SEM), idealizing the column to consist of chains of rigid bars and a flexural
spring using the linear shape function, first introduced by Watanabe et al[19].
These discrete numerical analyses are compared with the continuous analyses. All
of the assumptions made for the continuous analysis are also adopted herein.
Moreover, the D.O.F. at each nodal point is two for FEM and one for SEM,
respectively. The total D.O.F. in the SEM is much less than that in the FEM.

The discrete total potential energy corresponding to Eq. (3.2.4) can be
expressed

1 1
V(H’“ "l) ‘VDJ)Z_KPIW{WJ‘F_K%IW(H’ WeHYy
21 2y b

A A
"TKT}‘WM— FK‘T‘” WO W,

— A K8'wowy,

(3.3.1)

where KZ and Ky,  refer to the linear and nonlinear flexural stiffness
matrices, respectively, whereas, K{} and K7., refer to the linear and nonlinear
geometrical matrices, respectively, Each subscript i, j» k, / obeys the summation
convention upto the total D.O.F.= N.
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3.3.2 Stable symmetric buckling model

For the perfect model w0j=0 (j=1,...,N), the characteristic equation at the
critical point:

det (K2 —21K®)=0 (i,j=1,...,N) (3.3.2)

provides n eigenvector matrices, #y (i=1,...N; j=1,...n) where n eigenvectors are
chosen corresponding to their smaller n eigenvalues.

Then, the following modal transform .is adopted:
We=dyv, (i=1,..0,N; j=1,...,m; 1< n<<N) (3.3.3)

This transform diagonalizes the Hessian matrix of the total potential energy in
Eq. (3.3.1) at the critical point. Upon substitution of Eq. (3.3.3) into Eq. (3.3.1),
the diagonalized potential energy D can be defined as:

I - L=
DAy, 4, e,)=w2fK,"j‘ v,v,-l—-z—l(jﬁ,l VP VT,

= 1.z
1 “2 )
- K vw— g KR vivaver

— K7}

(3.3.4)

Furthermore, herein, the transform similar to Eg. (3.3.3) is adopted for the
initial deflection w; (i=1,...,N), that is,

Woi=bes€s (i=1,e00,N; j=1,0e0,0; 1< n<<N) (3.3.3)

where &, corresponds to v (j=1,...,n) and

K?;’ = Kﬂl,,’ﬁmi'ﬁa,n
K?}: K& bniBngs
RE, =K2 b nibrsbpatbus
K(Djzu = K:’;f:ﬁ‘f,‘f’ﬁl¢ﬂf¢yk¢qll
(3.3.6)

Table 3.3.1 shows the numerical results by the discrete analyses of the
model, with those through the continuous analysis and one degree—of—freegiom
analysis. The convergence of the buckling load 2, and thle 4th deri.vatw:es
Acl | Wwith respect to the number of discrete elements is 1llu5trat'ed in Frlg.
3..‘1.11. It may be seen that the discretization method can surely realize the in-
stability phenomena of the continuous model.
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3.3.3 Unstable symmetric buckling model

The discrete total potential energy corresponding to Eg. (3.2.9) is given by

1 1
F(wy, 2, wa,)=?(f(ﬁ’ —!—Kﬂ)w‘w_,-l-TKﬂi‘ W Wy W,

A A
o TKE’;WM,—?K?;I WW W,

—AK G wowgy

(3.3.7)

where K$=ko..0;, superscript "S" refers to the spring stiffness, whereas subscript
"s" refers to the nodal point on the elastic foundation, and g4, designates
Kronecker's delta.

For simplicity, a new stiffness parameter x will be introduced:
oEl o* KI?
K=k k=721 (3.3.8)

instead of the non-dimensionalized spring stiffness Fk,

A=

Similarly to the continuous analysis, the following typical three instability
phenomena may be found to occur, depending on the magnitude of =

0 <r<1: stable symmetric bifurcation (cusp catastrophe)
g =1: double cusp catastrophe

£ > |: unstable symmetric bifurcation (dual cusp catastrophe)
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Tables 3.3.2(a), (b) and (¢) show the numerical results with those of the two-
degree-of-freedom analysis and the continuous analysis. As an example, the bifur-
cation set for k=1,5 in the continuous analysis is illustrated in Fig., 3.3.2.

Am
A
1.0
Fig. 3.3.2 Imperfection Sensi-
tivity for Dual Cusp
& Catastrophe of Unstable
& Symmetric Model, € = 1.5

3.3.4 Asymmetric buckling model

The discrete total potential energy corresponding to Eq. (3.2.14) is given by

| A = 7
M(w,, 4, Wu;)=‘2-{K£J,‘-l—Kf})w,-w,--z—Kﬁ}‘w.»w,—.»(Kj‘}wiwo,

I ) Ao
+3 (Kif+KGIwwwe—7g KR wowywew,

1 y y
‘}'E(K ﬂ?u ‘l‘K?}J;a + Ki\_?u +Kf,:‘1-£) W Wy

(3.3.9)
where

| 1 ,
Kﬂtt=?kKﬁ"lKﬁ£" Kf;,..=—?k§"](;':,

; | P ’ | .
K;\’)’akl.:?koi:ah[(i:ll! K'f,-‘=“2*‘k°u5n

. 1 |
K§=7k0:8,00,  Ki=—35k0u0,080,

and subscript "s" corresponds to the nodal point on the elastic foundation.

Then, the following typical three instability phenomena may be found to oc-
cur depending on the magnitude of & introduced in Eq. (3.3.8):
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Table 3.3.1 Stable Symmetric Buckling. - Cusp Catastrophe -

DISCRETIZATION METHODS

CONTINUOUS
METHAD 1-D.0.F. Finite Element Method [ Simplified Element Method
Elements 2 3 B 18 32 64 4 8 16 32 64
- 1 ] 16 32 84 128 3 7 15 31 63
DBHE: (3.5) (7.9)  (5.A7) (31,320 (63.85)

A 9.a70 8.000 9.875 9.870 5.870 3.870 3.870 9.373 9,743 9,838 9.362 9.868
Ai‘ -48.705 | -32.000 | -48.684 -48.699 -48.708 -48.708 -48.708 | -43.922 -47.468 48,383 -48.630 -48.889
a‘l'i -4.935 | -4.000 | -4.930  -4.934  -4.935  -4.935  -4.935 | -4.686  -4.872  -a.919  -4.931  -4.03¢
Al 560.521 | 128.000 | 360,118 360,986 362.3534 368.506 392,834 | 127.889 294.062 343.340 356,190 350,436

(1.000)| (0.355)| (0.999)  (1.001)  (1.008)  (1.022) (1.090)| (0.355) (0.816) (0.952)  (0.988)  (0.997)
Table 3.3.2(a) Unstable Symmetric Buckling. - Cusp Catastrophe -
e=rx2EJf(KL?)=0.5
CONTENUGLS DISCRETIZATION METHODS
METHOD 2 = % =
2-0.0.F. Finice Elemenc Method Simplified Element Method
Elements 2 4 8 16 32 54 4 8 16 32 6e
6 p 3 17 33 33 129 P 8 16 3 64
(4,5) (8,9} (16,17)  (32,33)  (64,65)

i 9.370 8.000 9.370 9.870 9.870 9.870 9.870 9.373 9.743 9.838 9,862 9.358
Mede 2 2 2 2 2 2 2 2 2 2 2 2
A;’c -48.705 | -32.000 | -48.684 -48.699 -48.708 -48.708 -48.708 | -43.922 -47.468 -48.393 -48.630 -48.689
Ag; -4.935 -4.000 -4.930 -4,934 -4.935 -4,935 -4.935 -4.686 -4.872 -4,919 -4,931 -4,934
-\;'2” 360.521 | 128.000 | 360.116  360.987 362.534 368.596 392,834 | 127.889 294,062 343.340 356,190  359.4%

(1.000) (0.355)) (0.899)  (lL.001) (1.006) (1.022) (1.090}| (0.355)  (0.816) (0.952) (0.388)  (0.987)
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Table 3.3.2(b)

Unstable Symmetric Buckling. - Double Cusp Catastrophe

r=x2El|(kLY)=1.0

]

CONTINUOUS DISCRETIZATION METHODS
WETHED 2-D.0.F. Finite Element Method Simplified Element Method
Elements 2 4 B 16 32 Bd 4 ] 16 32 64
D.0.F. z 9 17 33 65 129 a 8 16 32 64
(a,5) (8,9) {16,17)  (32,33)  (b4,65)

’, 9.870 8.000 2,870 5.4870 9.870 9.870 9.870 9.870 2.870 9.870 2.870 9.870

i, 9.870 8,000 9.875 2.870 9.870 9.870 9.870 9.373 9.743 9.838 0,862 5,868
Made i, 2 ¥ ;2 T 12 1, 2 1,2 e 1,2 1,2 iz 32 1,2

A}c -9.870 -8.000 -4 870 -9.870 =y, 870 -9.870 -9.870 -9.870 =9_870 -9.870 -4, 870 -9.870

A%‘ -48.705 -32.000 | -48,684 -48.699 -43.708 -48,708 -48.708 -43.922 -47.468 -48.393 -dB.630 -48.689

A'ﬁ -1.000 -1.000 | -1.000  -1.000  -1,000  -1.000  -1.000 -1.000  -1.000  -1.000  -1.000  -1.000

A% -4.935 -a.000 | -4.930  -4.934  -4.935  -4.938  -4.935 -4.686  -4,872  -4.519  -4.93]1  -4.934
J';i.ll -29.609 | -29.610 | -29.605 -29.595 -29.553 -29.388 -28.724 | -2B.118 -29.230 -29.514 -29.585 -29.603

(1.000) (1.000)| (1.000) (1.000) (0.999)  (0.993)  (0.970) (0.950] (0.987) (0.997)  (0.989)  {1.000)

"‘gzzz 360.521 128.000 | 360.671 361,022 362,535 368.506 392.784 | 127.889 294,062 343.340 356,190  359.437

{1.000) (0.355)( (1.000)  (1.001)  (l.006) (1,022) (1.080) (0.355)  (0.816) (0.952) (0.988)  (0.997)
Table 3.3.2(c) Unstable Symmetric Buckling. - Dual Cusp Catastrophe -
s=22EM(KLY=1.5
CONTINOUS DISCRETIZATION METHODS
METHOD 2-0.0.F. Finite Element Method Simplified Element Merhod
Elements 2 4 8 16 32 (-] 4 8 16 32 64
2 9 17 33 65 129 4 8 16 32 64

D.0.F. (4,5) (8,9) (16,17)  (32,33)  (64,65)

A 6,580 6.580 6.580 6.580 6.580 6.580 6.580 6.580 6,580 6.580 6.580 6.580
u.mi 1 1 1 1 1 1 1 L 1 1 i 1
A{‘ -6.580 -6.580 | -6.580  -5.5B0  -6.580  -6.580  -6,580 _6.580  -6.580  -6,580  -6.580  -6.580
Aﬁ -1.000 -1.000 | -1.000 -1.000 -1.000 -1.000  -1.000 -1.000 -1.000  =-1.000  -1.000  -1.000
S | mgm | e e e e | e B 0% T G
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0 < k< 0.5: unstable symmetric bifurcation
(dual cusp catastrophe)

£ = 0.5: homeoclinal bifurcation
(hyperbolic umbilic catastrophe)

£>05: asymmetric bifurcation (fold catastrophe)

Tables 3.3.3(a), (b) and (c) show the numerical results with those qf the two-
degree-of-freedom analysis and the continuous analysis. The bifurcation sets in
the continuous analysis are illustrated in Figs. 3.3.3, 3.3.4 and 3.3.5 for & =0.25,
0.5 and 0.75, respectively[5,20,21].

Fig. 3.3.3 Imperfection Sensi-
tivity for Dual Cusp
Catastrophe of Asym-
metric Model. < = 0.25

€

Fig. 3.3.4(a) Imperfection
Sensitivity for Hyperbolic
Umbilic Catastrophe of
Asymmetric Model.

- All Sheets - K = (.5
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Table 3.3.3(a) Asymmetric Buckling. - Dual Cusp Catastrophe -
e=x2El{(KLY)=0.25

CONTINUOUS DISCRETIZATION METHODS
HETHOD 2-D.0.F. Finite Element Method Simplified Element Method
Elements z A 8 16 32 54 4 8 16 32 64
D.0.F. 2 9 17 33 65 129 4 8 16 32 64
(4,5) (8,9) (16,17) (32,33) (64,65)

A 9.870 8.000 9.875 9.870 9.870 9.870 9.870 9.373 9.743 9.838 9.862 9.868
Mode 2 2 2 2 2 2 2 2 2 2 2z 2
A§° -48.705 | -32.000| -4B.684 -48.699 -48.708 -48.708 -d8.708 | -43.922 -47.468 -48.393  -48,630 -48,5680
Ag; -4.935 -4,000( -4.930  -4,934  -d4.935  -4,935  -4.935 -4.686  -4,872  -4.919  -4,931  -4,934
n‘u 9.870 11.739 9.865 v.870 9.870 9.870 9,870 10.367 9.996 9.901 9.878 9.872
szz -97.409 | -78.957| -97.307 -97,403 -97.409 -97.409 -97.409 | -92.504 -96.164 -07.096 -97.331 -97.390
n§222 1802.605 | 1075.480| L799.186 - 1802.880 1804.604 1810.678 1834.916 | 1428.387 1699,504 1776.166 1795.938 1800.941
A;Hz -1081.563 | -517,724(-1080.282 -1080.811 -1079.442 -1073.442 ~1049.131 |-1047.833 -1075.861 -1080.404 -1081.160 -1081.307

(1.000) (0.479)( (0.999) (0.999) (0.998) (0.992)  (0.970) (0.969)  (0.994)  (0.999}  (1.000) (1.000}
Table 3.3.3(b) Asymmetric Buckling. - Hyperbolic Umbilic Catastrophe -
r==ElI[(KLY)=0.5
CONTINGOUS DISCRETLZATION METHODS
HETOD | o b.0.7. Finite Element Method Simplified Element Method
Elements 2 4 8 16 32 64 4 ] 16 32 64
D.0.F. 2 9 17 33 65 129 4 8 16 32 64
(4.5) (8,9) (16,17} (32,33)  (64,55)
el 9.870 8.000 9.870 9.870 9.870 9.870 9.870 9.870 9.870 9.870 9.870 9.870
- 9,870 8.000 9.875 9.870 9.870 9.870 9.870 9.373 9.743 9.838 9.862 9.868
Made : e 1,1 1,2 ) ;2 1 1,2 R 152 Ly ig2 12

Ai‘ -9.870 -8.000 | -9.870 -9.870  .0.870 -9.870  .0.870 -9.870  -9.870  -9.870  -9.870  -9.870
A:C -48.705 | -32.000 | -48.6B4 -48.699 -48,708 -48.708 -48,708 | -43,922 47,468 -48.393 -48,630 -d8.689
Agf -1.000 -1.000 | -1.000  -1.000  -1.000 -1.000  -1.000 -1.000  -1,000 -1.000  -1,000  -1.000
A.f,’; -4.935 -4.000 | -4.930  -4.934  -4.935  -4.935  -4.935 -4.686  -4.872  -4.919  -4.931  -4.934
Ai“ -14,804 -12.000 | -14.804 -14.804 14,804 -14.804 -14.804 | -14.804 -14.804 ~14.804 -14.B04 -itggﬂ

(1.000) (0.811) | (1.000) (1.000)  (1.000) (1.000)  (1.000) (1.000)  (1.000) (1.000) (1.000)  (1.000)
"i‘zz -48,705 | -32,000 | -48.654 -48.701 48,704 -48.705 -48,713 | -46.252 -48.082 -48.584 -48,665 -48.695
(1.000) (0.657) { (0.999)  (1.000) (l.000) (L.006) (1.000) (0.950)  (0.987) (0.997) (p.99%)  ({l.000)
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Table 3.3.3(c) Asymmetric Buckling. - Fold Catastrophe -
c=m2El{(KL%)=0.75

DISCRETIZATION METHODS
CONTINUOUS =
METHUD 2-0.0.F. Finite Element Method Simplificd Element Metho
64
Elaments 2 Fl 8 16 12 64 4 B 16 32
0 2 9 17 33 65 129 4 8 16 32 64
Wi, F (4,5) (8,9 (16,17)  (32,33)  (64,65)
.580 :
A 6.580 6.580 6.580 6.580 6.580 6.580 6.580 6.580 6.580 6.580 6.5 6,58
Mode 1 1 1 1 i 1 1 1 1 1 1 1
A{r' -6.580 -6.580 -6.580 -6,580 -6.580 -6,580 -5.580 -6.580 -6.580 -6.580 -6.580 -6.58(
"-c;; -1.000 -1.000 -1.000 -1.000 -1.000 -1.000 -1.000 -1.000 -1.000 =1.000 -1.000 -1.00¢
T - -2,370 -9.870 -9.870 =9.87¢
A -9.870 -9.870 -9.870 -3.870  -9.870 -9.870  -9.870 9.870 9,
Sk (1,000)|  (1.000) | (1.000) (1.000) (1.000) (1.000) (1,000) | (1.000) (1.000)  (1.000)  (1.000)  (1.00¢

Fig. 3.3.4(b) Imperfection
Sensitivity for Hyperbolic
Umbilic Catastrophe of
Asymmetric Model, ¥k = 0.5

- Only the Lowest Sheet -

A
1.0
\ /
/,. Fig. 3.3.5 Imperfection Sensi-

tivity for Fold Catas-

trophe with Asymmetric
Model. « = 0.75
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3.4 Discussions

Detailed discussions will be presented herein based on Tables 3.2.1, 3.3.1,
3.3.2 and 3.3.3, and Figs. 3.3.1, 3.3.2, 3.3.3, 3.3.4 and 3.3.5, comparing the
numerical results of both the continuous and discrete analyses.

Table 3.2.1 shows how the degree of the order of the approximation for
either a curvature %, or a shortening 4 may affect the form of the total
potential energy. The first order approximations in the first row give a linear
eigenvalue problem, from which only the critical bifurcation buckling load and its
buckling mode can be evaluated. The fourth order approximations in the last row
are found to describe the geometrical nonlinearity with sufficient accuracy. The
second and third rows in the table indicate that the potential energies fail to
evaluate rigorously either the flexural strain energy or the external work.

Three tables in the previous section 3 provide a complete comparison among
the numerical results of stability coefficients as A%, , A%, for the one-degree-
of-freedom, two-degree-of-freedom, continuous and discrete analyses. Furthermore,
in these tables, the two figures in parentheses in the second row, pertaining to
the FEM, refer to the D.O.F. of the lateral deflection and that of the rotation,
respectively. The wvalue in parentheses in the rows of stability coefficients such
as A5, , ALw indicate the ratio of the value of each coefficient through
discrete analyses to the value of the corresponding coefficient through the con-
tinuous analyses. '

Table 3.3.1 shows the numerical results for the stable symmetric buckling
model. Fig. 3.3.1 illustrates the convergence of the buckling loads and the 4th
order stability coefficients A5,  with respect to the number of finite elements.
Obviously, the discrete analyses can be shown to realize the instability
phenomena, predicted by the continuous analysis. The FEM used herein, however,
may seem to tend to estimate the values of 45, slightly larger than the SEM,
with an increase of the number of elements.

The numerical results are shown in Table 3.3.2 for the unstable symmetric
buckling model. In this case, the discrete analysis can be also shown to realize
the continuous model. Similarly, the FEM will tend to overestimate slightly the
values of AS,,, AL, etc., in comparison with the SEM.

Fig. 3.3.2 illustrates a bifurcation set for x«=1.5 in the continuous analysis.
The surface of the bifurcation set represents the dual cusp catastrophe with
respect to the buckling model 1, i.e., the mode for the buckling of the column
structure. It is symmetric with respect to the plane of ¢=0 . Furthermore, it
has no dependence on the value of ¢ , which is called the two-thirds power law.
For example, if & = 1/1000, & = 0, then 1, = 0.985. The load-carrying
capacity will thus be reduced by 1.5 %, compared to the buckling load.

Table 3.3.3 shows the numerical results for the asymmetric buckling model
The bifurcation sets in the continuous analysis are illustrated in Figs. 3.3.3, 3.3.4
and 3.3.5 for x =0.25, 0.5 and 0.75, respectively.

The bifurcation set for & =0.25 is shown in Fig. 3.3.3. The surface of the
bifurcation set corresponds to the dual cusp catastrophe with respect to t_he ch~
kling mode 2, i.e., the straight line rigid-body mode. It is symmetric with
respect to the plane &=0 independent of & . For example, if =0 , & =
1/1000. then 1, = 0.971, so that the load-carrying capacity will be reduced by

107



2.9 % compared to the buckling load.

Fig. 3.3.4 illustrates the bifurcation sets of a typical hyperbolic umllJ_iliLi
catastrophe for & =0.5. The bifurcation point has been called the homeoc mgf
bifurcation point of the semi-symmetric buckling by Thompson. For example, =
& =0, € = 1/1000, then i, = 0.851, and if & = 1/1000, & = 0, then J“a—
0.937. Thus, the load-carrying capacity will be reduced by 14,9 % and 6.4 %,
respectively, from the buckling load.

Fig. 3.3.5 illustrates the bifurcation set of a fold catastrophe_mth respect to
the buckling mode 1 for « =0.75. It will exist only if & > 0 independently on
&2 . For example, if & = 1/1000, ¢ = 0, then J, = 0.923, whereby the load-
carrying capacity will be reduced by 7.7 % from the buckling load.

From three numerical results, the effects of the initial imperfections on the
load-carrying capacity may be found to be significantly sensitive for the asym-
metric buckling model. The imperfection sensitivity to the mode 2, & of t_he
compound buckling for x =0.5, may seem to be much greater than that of a dis-
tinct buckling of the mode 2 for x =0.25.

Next, several discussions on the error and convergence of each stability coef-
ficient may be made. The values of the stability coefficients calculated by a
discrete analysis may converge to those in a continuous analysis, as the number
of discretized elements increases. Especially, the stability coefficients through the
SEM may converge rapidly to the value through the continuous analysis. The
value by the FEM, on the other hand, may have a tendency to overestimate
slightly, as the number of elements becomes larger as mentioned previously. The
FEM provides a very accurate value of the buckling loads regardless of any
kinds of models and any buckling modes.

The values of the stability coefficients for the rigid buckling mode 1 of the
elastic foundation can be evaluated precisely for any modes, and in any analyses.
Those for the mode 2 of the column structures, however, may contain slight er-
rors depending on the degree of approximation of the mode shape.

3.5 Conclusions

For several simple elastic conservative column structures, both continuous and
discrete analyses were performed. The numerical results were compared with the
two-degree-of-freedom analyses. The main conclusions are:

(1) The discrete analysis can be shown to realize the instability phenomena,
predicted by the continuous analysis. The results of the discrete analysis
are shown to converge to those of the continuous analysis generally, as
the number of discrete finite elements increases.

(2) The imperfection sensitivity of structures can be evaluated qualitatively
and quantitatively by means of the bifurcation set in the control space
through the catastrophe theory.

(3) For a legitimate evaluation of the cusp and dual cusp catastrophe, the 4th
order terms of the buckling mode in the total potential energy must be

considered rigorously in expressions for both the strain energy and the ex-
ternal work.
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(4)

(5)

(6)

(8)

(9)

The stable symmetric buckling model is shown to indicate the typical cusp
catastrophe.

The unstable symmetric buckling model can be shown to indicate the typi-
cal dual cusp catastrophe for a relatively small stiffness of the elastic
foundation, the cusp catastrophe for a relatively large stiffness, and the
compound double cusp catastrophe at a certain critical stiffness value.

The asymmetric buckling model can be shown to indicate the typical fold
catgstrophe for a relatively small stiffness of the inclined elastic foun-
dation, the dual cusp catastrophe for a relatively large stiffness, and the

colmpound hyperbolic umbilic catastrophe at a certain critical stiffness
yvalue.

The value of each stability coefficient calculated by discretization methods
may generally converge to that by the continuous analyses.

The value of each stability coefficient calculated by the FEM may tend to

overestimate slightly in comparison with the SEM, as the number of dis-
crete finite elements increases,

The true load-carrying capacity of the column structures should be investi-
gated, taking into account such things as the extensibility, the elasto-
plasticity of the material and the residual stresses of the cross section.
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CHAPTER 4

APPLICATIONS TO ELASTIC COLUMN AND PLATE STRUCTURES
THROUGH STATIC CONDENSATION PROCEDURE

4.1 General Remarks

This chapter is concerned with applications of the catastrophe analysis
proposed in the previous chapter II-1 to evaluating elastic initial postbuckling
characteristics of several structural models such as columns, unstiffened plates
and stiffened plates. The numerical formulation is made through discretization
and modal transforms[l,2]. Then, it includes the static condensation procedure and
the load- and displacement-control types as previously stated in the chapter I[I-1
if these strategies are necessary.

Firstly, the three prototypes of structural buckling models in the chapter II-3
are also adopted herein[3-7]. However, each model in this chapter differs from
the original one with an inextensible column, that is, it consists of an extensible
column and an elastic spring representing an elastic foundation. Such an ex-
tensibility of column is commonly neglected to estimate its Euler buckling load
[8,9]. Based on both the theoretical and numerical results, an effect of extensi-
bility of column on its stability characteristics at the critical point will be
investigated briefly. Furthermore, the imperfection sensitivity surfaces of the
model are drawn spatially in terms of the bifurcation sets(4,10-12).

Secondly, the primary buckling of compressed rectangular plates will be
studied using the proposed catastrophe analysis under the two control types of
load and displacement[l,2]. Especially, the obtained initial postbuckling and the
typical nonlinear equilibrium solutions are compared with those by Timoshenko,
Coan, Yamaki, Williams and Rhodes for compressed square plates under various
supporting conditions[8,13-18] and control types as mentioned in the chapter II-1.
Then, a validity and an applicability will be made clear of the present catas-
trophe analysis.

Finally, such applications of the present catastrophe analysis lead to com-
pound bifurcation problems when compressed stiffened plate buckles simultaneously
in both modes of an Euler-type column for a stiffener and of an isolated local
plate between stiffeners[l,19-24]. Moreover, the imperfection sensitivity surfaces
of the stiffened plate for the simultaneous bifurcations as well as a distinct
asymmetric bifurcation one with only the primary global mode are shown spa-
tially in the form of three-dimensional surfaces[10,12,19,25].

4,2 Elastic Extensible Columns

The three typical buckling models of compressed columns in the chapter [I-3
are also considered herein. In the previous chapter, it is assumed that the
column is inextensible on the neutral axis, neglecting the axial deforma‘tions.
Then, the prototypes of catastrophes such as cusp, fold ‘an‘d.umbilics are inves-
tigated in order to evaluate their imperfection sensitivity surfaces([3,4,5].
‘However, the column models considered in this chapter is assumed to bg _exten-
sible in the neutral-axis direction. Therefore, an effect of the extensn!:nhty of
column on its stability will be briefly studied in view of the analytical and

numerical interpretations.
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Figs. 4.2.1, 4.2.2 and 4.2.3 show the stable symmetric, the unstable sym=-
metric and the asymmetric buckling models corresponding to Figs. 3.2.1, 3.2.2
and 3.2.3 in the chapter II-3, respectively. Also, Tables 4.2.1, 4.2.2 and 4.2.3 list
the numerical results by the present analyses of the three extensible co_iurnn
models, In which, the two computations of a finite element method (abbreviated
as FEM) and a simplified element method (SEM) in APPENDIX[26-29] are com-
pared each other. They are performed for column models having the numlber of
discrete elements of 32 with the maximum number of out-of-plane deflections of
65 and 32 by the FEM and the SEM, respectively. Note that all the propose_d
results are obtained with respect to the buckling deflection modes whose ampli-
tudes are non-dimensionalized by the undeformed column-span length L.

From these calculations, it is found that, for the asymmetric buckling (fold)
and the semi-symmetric compound buckling (umbilic) associated with the cubic
terms of the potential function, some instabilities of the extensible column
models can be similarly realized into those in the case of the inextensible
models in the chapter II-3. Then, all the numerical results are identical, regard-
less of the procedures of the FEM and the SEM with increase of the number
of discrete elements. The asymmetric and the semi-symmetric bucklings are both
related to evaluations of the cubic terms of the potential function at the criti-
cal point[30,31]. The cubic terms are defined by directly deriving from the
changes of large geometrical configurations of the model, and they never depend
on whether the column is extensible or not.

However, it is shown that, for the extensible columns, the symmetric bifurca-
tions obtained from the quartic terms of the potential function can not be com-
pletely realized similarly to those of the inextensible models in the chapter II-3,
Then, the numerical computations by the SEM provide no postbuckling strength of
column models with respect to the symmetric buckling except in the case of the
unstable symmetric bifurcation of the asymmetric models in Fig. 4.2.3. Also, all
FEM's results give the stable symmetric buckling characteristics. In order to
clarify the reason of such inconsistencies, an analytical discussion will be carried
out as follows:

Let U(X) and W(X) denote the in-plane axial displacement and the out-of-
plane lateral deflection at the axial point X, where X refers to the axial coor-
dinate of the original perfect column model, differently from the inextensible
neutral axis X in the previous chapter II-3. Then, an axial strain ¢, at the point
X is given by x

€y = Egp - Z K, (4.2.1)
where r*
A 2 =
€ox = U * ;w'x’ Kx = Wixx
and
- du _aw _d%w /
U'x ax ’ w'x T oax ! w'xx T ax?

In which, Eox and K, represent the well-known Green's strain tensor of column
and the first approximation of its curvature in Table II-3.2.1, respectively. Also,
the coordinate perpendicular to the axis X is designated as Z, whose direction
coincides with that of the deflection W. An accurate expression of the curvature
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Table 4.2.1 Stable Symmetric Buckling Model.

Discretization Methods
Continuous
Method®
‘ Finite Element Method Simplified Element Method
Elements 4 B 16 32 4 8 16 32
0.0.F. 12 24 48 96 7 15 31 63
(4,8) (8,16) (16,32) (32.64) (4,3) (8,7) (16,15)  (32,31)
Mode 1 1 1 1 ] 1 1 1 1
A" 9,870 9.870 9.870 9.870 9,870 9,372 9.743 9.838 9.870
A:C -48.705 | -48.699 -48.699 48,699 -48.609 |-43.927 -47.458 -48.393 -48.551
Ly -4.935 | 4,034 4,934  -4.934  -4.934 | -4.687 -4.871 -4.919  -4.919
L 360,521 [130329.36 35669.76 11109.12 10884.48 order ( 101 - 10712
c T.234 | 445.733  122.077  38.020  37.251 arder ( 10714 - 10712 )

* Results for "inextensible" columns.
¥ Stability curvature € = —k$1|1f(ﬁa?§nc)

Table 4.2.2(a) Unstable Symmetric Buckling Model.
K = mEI/kL? = 0.75

Discretization Methods

Continuous
Method ®
Finite Element Method Simplified Element Method
Elements 4 | 16 a2 4 8 16 32
0.0.F. 13 25 49 97 8 1 32 64
(4,9)  (8,17)  (16.,33)  (32.65) | (4,4) (8.8)  (16,16) (32.32)
Mode 2 2 2 2 2 2 2 2 2
A€ 9.870 | 9,870  9.870  9.870  9.870 | 9.372  9.743  9.838  9.870
ade ~48.705 | -48.699 -48.699 -48.699 -48.699 |-43.927 -47.458 48,393 -48.55
Aos -4.935 | -4.934 4934 4,934 4,934 | -4.687 -4.B71  -4.919  -4.919
A3222 360.521 [130329.36 35669.76 11109,12 10884, 48 order ( 10714— 10712
4o 1.234 | 445,733 122.077  3B.020  37.251 order ( 1071%— 10712

*Results for "inextensible” columns.

E e 1t - A oc
StabiTity curvature C AZEZZI(GAEBJ\‘)
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Table 4.2.2(b)

Unstable Symmetric Buckling Model.
K = mEr/KkL® = 1.0

Discretization Methods
Continuous
Mathod*
Finite Element Method Simplified Element Method
Elements 4 8 16 32 4 8 16 32
0.0.F. 13 25 43 57 a 16 32 64
(4,9 (8,17 (16,33)  (32,68) | (4,4) (8,8)  (16,18) (32,32)
Mode 1.2 1z 1.2 1.2 1.2 12 1,2 1.2 1:2
n 9.870 [ 9.874 9,870 9,870  9.870 | 9.870  9.870  9.870  9.870
75 9.870 [ 9,870  9.870  9.870  9.870 | 9.372  9.743  9.838  9.870
Al -9.870 | -9.864  -9.860 -9.860 -9.860 | -9.860  -9.860  -9.860  -0.860
Ag’—' -48.705 | -4B.599 -48.699 48,690 -48.699 |-43.927 -47.458 -48.393 _48.55)
AYS -1.000 | -0.993  -0.999  -0,999  -0,999 | -0.999  -0.99%  -0.999  -0.959
%S -4.935 | -4.930  -4.934  -4.934  -4.934 | -4.687 -4.871  -4.919  -4.919
A5y -29.609 | 49.267 319.104 2227.20 16475.52 arder (10713 10712 )
Asopa 360.521 |130239.36 35667.84 11111.04 1089.408 order ( 10713- 10712
c -0.500 0.832 5,394  37.647  278.487 arder ( 10773 90712 )
€ 1,234 | 445,733 122,077  38.020  37.25) order ( 10713 = 10712
# Results for "inextensible” columns.
- =3 oc.c (= oc,C
** Stability curvatures C, = ‘AH]]“GAT]AT) : C2 = -AZZZEI(SAZZAZ}
Table 4.2.2(c) Unstable Symmetric Buckling Model
Kk = m2EI/kL3= 1.25
Discretization Methods
Continuous
Method®
Fintte Element Method Simplified Element Method
Elements [ B 16 32 4 a 16 32
0.0.F. 13 25 49 a7 8 16 32 64
(4,9) (8,17) (16,33) (32,865) (4.4) (8,8) (16,16)  (32,32)
Mode 1 1 1 1 1 1 1 1 1
a* 7.896 7.896  7.896  7.896 7.896 | 7.896  7.8%  7.896 7.896
A}‘ -7.896 | -7.896  -7.896 -7.896  -7.896 | -7.896  -7.896  -7.896  —7.894
A% -1.000 | -0.5¢9  -0.999  -0,999  -0.999 | -0.999  -0.999  -0.999  -0.999
A _23.687 | 49.267 319.296 2227.20 16477.44 order ( 10713 = 10712 )
18 wp-12
cw= -0.500 0.832 5.394 37.647 278.487 order ( 10 10 )

*Results for "inextensible" columns,

** Stability curvature C = - A§11‘I(6A?§ﬂc)
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Table 4.2.3(a) Asymmetric Buckling Model.
K = m2e1/kL® = 0,25 - Dual Cusp Catastrophe -

Discretization Methods
Continuous
Mathod™
Finite Element Method Simplified Element Method
Elements 4 B 16 32 4 8 16 iz
0.0.F. 13 <5 49 97 8 16 32 64
(4.9) (8.17)  (16.33) (32.65) (4,4) (8,8) (16,16)  (32,32)
Mode 2 2 2 2z 2 2 2 2 2
A° 9.870 9.884 9.880 9.880 9.880 9,382 9,753 9.848 9.872
A}: -48.705 | -4B.673 -4B.703 -4B.704 -4B.704 | -43,923 -47.469 -48.392 -48.626
A?‘; =4.935 -4.924 -4,929 -4.930 -4.930 -4.681 -4.867 -4.914 -4.926
Dfl‘l 9.870 9.849 9.854 9.883 9.8130 10.351 9.980 9.887 9.815
":zz -97.409 |-97.208 -97.302 -97.308 -97.309 | -92.409 -56.065 -96,996 -97.231
DE’IZZ 1802.605 [131679.08 37108.50 12550.97 12324.62| 1301.081 1402.942 1433.487 1438.508
“:‘222 -1081.563 [128800.81 34226.52 9667.93  9434.78|-1173.875 -1371.151 -1421.239 -1451.110
[of =-3.701 -— —_— -_— —_ =4.454 -4.814 -4.894 -4.974

* Results for "inextensible" columns.

c oc €
** Stability curvature C = 'AZZZZ"":GAZZAZ)

Table 4.2.3(b) Asymmetric Buckling Model.

K = T*EI/kL® = 0.5
- Hyperbolic Umbilic Catastrophe -

Discretization Methods
Continuous
Method *
Finite Element Mathod Simplified Element Method
Elements 4 3 16 32 4 8 16 32
D.0.F. 13 25 49 97 8 16 32
64
(4,9) (B.17)  (16,33) (32.65) (4,4) (8,8) (16,16) (32,32)
Mode 1,2 1.2 142 1,2 1,2 1.2 1.2 1.2 1,2
c
" 9.870 9.872 9.872 9.872 9.872 9.872 9.872 9.872 9.872
c
A 9.870 9.880 9.875 9.875 9.877 9.377 9,748 9,843 9.867
le
A -9.870 -9.864 ~9.864 =9.864 -9.864 -9.864 -9.864 -9, 864 =9.864
2c
AZ -48.705 |-48.690 -48.578 -48.704 -48.704 -43.922 -47.467 -48.392 -48.626
oc
A%S -1.000 -0.999 =0.999 -0.999 -0.99% -0.99% -0.999 =0.999 -0.999
oc
Azs -4.935 -4.927 -4,932 -4,932 -4,932 -4.684 -4.869 -4,916 -4.928
AS -14.804 |-14.778 -14.778 -14.778 -]
m . . 4.778 | -14.778 -14.778 -14.778  -14.778
(1.000) [(0.998) (0.998) (0.998) (0.998) | (0.998) (0.998) (0.998)  (0.998)
s -48.705 |-48.629 -48.676 -48.679 -4
122 5 B . 8.679 | -45.364 -48.057 -48.523 -48.640
(1.000) |(0.998) (0.%99) (0.999)  (0.999) (0.931)  (0.987) (0.996)  (0.999)

* Results for "inextensible" columns.
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Table 4.2.3(c) Asymmetric Buckling Model.
k = m*EI/kL? = 0.75 - Fold Catastrophe -

Discretization Methods
Continuous
Method #
Finite Element Method Simplified Element Method
Elements 1 8 16 32 4 8 16 2
0.0.F. 13 25 49 97 8 16 32 64
(4.9). (8,17}  (16,33) (32,65) (4,4) (8,8) (16,16)  (32,32)
Hode 1 1 1 1 1 1 1 1 1
I 6.580 6.581 6.581 6.581 6.581 6.581 5.581 6.581 6.581
A:C —-6.580 -6.577 -6.5717  -6.577 -6.577 -6.577 -6.577 -6.577 -6.577
Aﬁ' -1.000 -0.99% -0.999 -0.99% -0.999 —0.999 -0.999 -0.599 -0.999
A?“ -9.870 ~9.858 -5.858 -9.858 -9.858 -9.858 -9.858 -9.858 -9.858
(1.000)| (0.999) (0.993) (0.999) (0.999) | (0.999) (0.999) (0.939) (0.599)

* Results for "inextensible" columns.
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can be written in the Lagrangian description:
3
R Wiy 1 10 Wh, 17 % (4.2.2)

Note its Eulerian representation is previously expressed by Eq. (II-3.2.1). In this
dissertation, both the FEM and the SEM make use of the above first approxima-
tion of the curvature in Eq. (4.2.1). Then, the axial stress oy ls assumed to be
related to €, in terms of the Young's modulus E.

o, = E g, (4.2.3)

The material of column models behave elastically alone.

Then, the total potential energy function V of perfectly straight column can
be obtained by the sum of the internal strain energy and the external work due
to the applied load A :

viow, a) = B Py, s 2wl )2 ax
0
EI (L 2 £
£ éW,xde+A£ U,, dX (4.2.4)

Under the variational principle in the elasticity theory, equations of equili-
brium and some boundary conditions can be obtained as follows:

Equations of equilibrium for 0 < X < L

1 w2
(U s 5 Wil =0 (4.2.5a)
and
1
El Wopuxx - EA [ Uy + 3 W2 )W, 1 =0 (4.2.5b)
Boundary conditions at X = 0 and X =
1
N+ EA (U, + 5 W2 ) =0 or U : specified (4.2.5¢)
1 w2
EA ( U, + 5 Wox ) W - EI Wixxx = 0 or W : specified (4.2.5d)
and
El W,o =0 or W,x : specified (4.2.5e)

Now, the axial force N, on the neutral axis and the bending moment M,
with respect to the axis in the cross section are easily represented by

h/2
o " 1w
Ny b_h£2 dZ = EA ((Uy + 5 W4 ) = EA e, (4.2.6a)
and
h/2
b—hsz Z Oy dZ = - EI W,y = - EI&, (4.2.6b)
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where b and h refer to the width and the height of the rectangular cross sec-

tion for simplicity. Using these expression, equations of equilibrium in Eqgs.
(4.2.5a,b) lead to

Nyy =0 (4.2.7a)
El Wogex = Ny Wopy = 0 (4.2.7b)

In the case of simply supported column as shown in Fig. 4.2.1, all the
boundary conditions in Egs. (4.2.5¢,d,e) are completely satisfied. Thus, the left

;o:}fiition of Eq. (4.2.5c) and that of the constant axial force N, are specified at

Ny = - A (4.2.8)

and Eq. (4.2.7) say that the axial force N, is always kept constant value of the
compressive applied load - A along the neutral axis X, and also that from Eq.
(4.2.6a) the Green's strain tensor €, remain constant along the axis throughout
deformations. Such a peculiar property plays an important role in an evaluation
of extensibility of column.

Therefore, the resultant governing equilibrium equation

El Wypgux + AN Wy = 0 (4.2.9)

under

1w =
{U:x+ zwsx))x"o
yields only an eigenvalue problem with respect to the well-known Euler buckling
of column[8].

On the other hand, Eq. (4.2.9) can be also obtained from the first order ap-
proximation in Eq. ([I-3.2.4) of Table [-3.2.1 in the case of columns with the in-
extensible property of the neutral axis(4].

"> wl X (4.2.10)

e

VW, A ) = EE R wloax - A {}
0

Hence, for the elastic extensible column, the total potential function of Eg.
(4.2.4) under the in-plane condition of Eq. (4.2.5a) is equivalent to that of Eg.
(4.2.10) for the elastic inextensible column. Of course, if the condition of inex-
tensibility of column
1

2 L2.11
> Wi, =0 (4.2.11)

€ox = Ux *
ls substituted into Eq. (4.2.4), then it is apparently that Eq. (4.2.10) can be also
obtained.

The use of the strain €, and the curvature K, in Eq. (;1!.2.1] provgdes
only the characteristic eigenvalue equation of Eq. (4.2.9), and nonlinear postbuc-
kling equilibrium paths can never be solved from this equation. This aspect is
confirmed by the proposed catastrophe analysis specla_lly by the SEM suct! that
the constant N leads to no postbuckling reservation in Eq. (4.2.9). Then, in or-
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der to precisely evaluate the nonlinear behavior of the extensible columns,_it is
necessary to formulate the higher order axial strain from geometrical configura-
tions and to use the accurate definition of curvature in Eq. (4.2.2).

In the SEM analyses, the shape functions are adopted to be linear functions
of the axis coordinate X for both the in-plane displacement U and the out-of-
plane deflection W. Then, the condition Eq. (4.2.5a) of such constant axial force
N,, i.e., the constant Green's strain tensor € along the axis X may be alwz:_\ys
satisfied for the SEM analyses, Hence, the 5%‘}\/1'5 results provide no postbuckling
prediction for the symmetric bifurcation bucklings. However, in the FEM analyses,
one of the adopted shape functions is a linear function for the displacement U
and another is a cubic function for the deflection W. So, it is apparently dif-
ficult to satisfy completely the in-plane condition of Eg. (4.2.5a) in large deflec-
tion range. Especially, the quartic terms of the potential function may be over-
estimated for the postbuckling which is stable or not.

However, it seems that the present numerical results are almost reasonable
within practical large deflection allowing the column to behave elastically, The
explicit postbuckling expressions by the FEM are predicted by remarkable small
values of the associated postbuckling modes non-dimensionalized by very large
column-span length L. Furthermore, it is found that, if necessary, the higher or-
der analyses in Table 0I-3.2.1 will be required so as to predict the elastic large
deformations of inextensible columns or struts in comparison with the results of
the Elastica problem, Koiter, Thompson, Zeeman[8,32-34].

4.3 Compressed Plates
4.3.1 General remarks

The fundamental equations for the large deflection of thin flat plate were
first derived by von K&Armén, and were modified for plates with small initial
curvatures by Marguerre. Timoshenko provided the classical mathematical solutions
by means of double Fourier series for the deflection and Airy's stress function[8].
The numerical solutions for Marguerre's equations were developed by Coan,
Yamaki for various supporting conditions[13,14]. Moreover, Williams and Walker
proposed some explicit solutions using a perturbation approach and a finite dif-
ference for design purpose[15,16]. Also, Harvey and Fok determined similar simple
formula by an energy method[17,18).

The present section is concerned with an application of the catastrophe theo-
ry to such initial postbuckling characteristics of thin plate models. In the catas-
trophe theory, the large deflection nonlinear behavior of the plate either perfect
or imperfect can be predicted by knowing the stability characteristics of the
critical buckling point without recourse to solving nonlinear equations[1,2].

4.3.2 Formulation of potential function A

Consider a distinct primary bifurcation problem of the compressed rectangular
plates. Thus, m=1 and 2 =1+1=2 in Eq. (II-1.2.19), so that the essential state
variable representing the primary buckling mode of the plate is designated as v,
and the control parameters consist of both the deviation A= A of the loading

4 =]
parameter L from the critical value A€ and the initial imperfection parameter

€1 =€ in the same mode of buckling, respectively.

* From the FEM results with 32 elements(Table 4.2.1), A/ A°-1.0037 and A/ A°

=1.0931 at w/L=1/100 and 1/20, respectively, on the postbuckling parabolic equi-
librium path. 114



Particularly, in the case of compressed rectangular unstiffened plates, all
asymmetric cubic terms may disappear in the original form of the potential func-
tion considered in Eq. (I-1.2.1), ([I-1.2.4) or (II-1.3.10) since K}, = 0 and K§§ =
0. The reduced potential function can be explicitly defined by the Taylor ealc‘ban—
sion about the distinct critical origin (vy, A,€ )=(0,0,0) from Eq. (lI-1.3.21):

1 1 1
2 = ot 50 4 L alc 3 L ,c 3
Alvy, AL E) = o Ry1vy + g B1118 V1 * g A1V
+_1_Ac V2+lec>\v2 +;AlcE 2 , ale
3 MY T Yl AV T 5 A1V 1 =

— (4.3.1)

c . "B _'YBPB , _ ,lc

A7111 = 3 (Ki1qq ~ Ki117 ) = A77p o

€ _ 2 (4SS _ 3SPB , _

R111 = 3 (KJ7; ~K§j7 ) =0,

1c _ “SS _ SPB =

Aj; =2 ( Ky ~ K33 ) =0,

oc - _ %G le _ _ pcC 3G

A7 K]y v AT == AT Ky

c B _ ac%G _ SP _

Aj; = K;p - AT Ky; =0 (X =0)

Then, the last equation provides the critical load A€ for the primary bifurcation
buckling v. Moreover, it is rewritten as

R . 4 1 .le 3
Alvy, A, €) = 37 Bqpva Y 5 MtV
1 _oc, 2 lc
+ T A Ave + A Ev
1k i B 1 1
2 (4.3.2)
Now, in order to eliminate the term Ev31, a linear transform
X = 1.r1 + £ (4-3-3)
is introduced herein. Then, Eq. (4.3.2) leads to
A(x, A, €) =z'lq agyxt + %Aggkx2 + A7 €x
(4.3.4)

in which, such terms as €2 and e with respect to the control parameters are
neglected as mentioned in the chapter II-1. Of course, each Taylor coefficient is
evaluated at the critical point (x, A, £ )=(0,0,0). As a result, the variable x in
Eq. (4.3.3) denotes the "otal" amplitude of the deflection mode of the plate
considered.
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Here, an equilibrium equation in a neighborhood of the critical point for a
compressed plate is obtained from Eq. (4.3.4)

g_p, = %A‘l’nlx:" +A§’§Ax+A%cs =0
X

(4.3.5)

This equation yields both the trivial equilibrium solution for the pgrfect plate
( & = 0) and the typical nonlinear large deflection equilibrium soh_mon for the
imperfect plate ( ¢ # 0). The latter solution includes the canonical parabolic
postbuckling equilibrium solution in the particular case of the perfect plate.
That is,

x =0 or £c=1+cl"2+ca§§ (4.3.6)
where . -
e, gzl
11 11

The equations provide the common nonlinear equilibrium solution for a compressed
rectangular plate under the load-control as discussed in the previous chapter II-1,

4.3.3 Formulation for plate edge conditions

In this dissertation, the two controls are mainly discussed on by the exist-
ence of the equivalent nodal forces due to some constrained in-plane displace-
ments as mentioned in Egs. ([I-1.3.5) and (II-1.3.8). Then, the total load on the
compressed edge under the displacement-control type can be determined by sum-
mation of reaction nodal forces on the constrained edge. Let P designate as the
total load in the compressive axial direction. It is apparently shown that physical
meanings of the total load P for both the load control(A) and the displacement
control(B) have significant difference as follows. The total load on the compres-
sive edge is obtained by either of

P=mnh (4.3.7a)
for the load-control type (A) or
Mb Mc

P=- 1 AP, - 1 P (0) (4.3.7b)
m=1 Q=1

for the displacement-control type (B) as discussed in the chapter II-1. In which,
n refers to the number of partition of the plate in the y-direction as shown in
Fig. 4.3.1 below. In the latter case, as a result, the compressive total load P is
determined from Egs. (II-1.3.5) and (II-1.3.8),

Mb Mc:
B z h(Pom-IGOLmPom]
m=1 a=1
M M
1 c
i = PB =
2 azl Cak Fem ¥m 021 Cuk Kigm"g¥m

(4.3.8)

116



Then, upon adopting the modal transforms of Eq. (II-1.3.12) and ([I-1.3.13), and
writing as €, = € and v{ + € = x, the first term in the above equation is
reasonably equivalent to A in the theoretical and numerical manners. This condi-
tion is satisfied at the critical point (x, A, € )=(0,0,0). Thus,

P=nh -Cyx?+Cye? (4.3.9)
where
1 Ye PB
Ca = Eazl Gk Fiim ® 21 %m

In which, upon elimination of the higher term £2 from Egs. (4.3.6) and (4.3.9),
the resultant nonlinear equilibrium path including the complete postbuckling para-

bolic one can be expressed in terms of both the total deflection x and the ini-
tial imperfection E.

P £
'P—C =1+C x2 4+ Ces (4.3.10)
where
P¢ = n AC
3
C=C1 - Cgiw Cq = — .
n i

The path represents a typical equilibrium solution for the displacement-control
type (B), and furthermore, the same form of solutions in the case of another
load-control type (A) can be given by replacing F,.  in Egs. (II-1.3.9) and (II-
1.3.10) for F*_. Also, this solution can be determinéd from denoting A and A€
in Eq. (4.3.6) as P and PC, and letting C4q = 0 in Eq. (4.3.10). Therefore, finally,
Eq. (4.3.10) involves both types of controls of (A) and (B).

Then, in the displacement-control type(B), the potential function A in Eaq.
(4.3.4) should be also modified as follows: Substituting directly Eq. (4.3.9) into
Eq. (4.3.5) and eliminating A , the modified equilibrium equation corresponding to
Eq. (4.3.5) can be obtained by

i c + 6a°%ct 3 . a0c -Pc+n}\1c5 =0
6 (PAT1p + BATICRIVY ¥ Ayqvy (P ) 1 817
(4.3.11)

Therefore, the modified potential function due to the control of the constrained
displacements may be written as

= 4 1 Loc _ nC 1 o,
Blvy,Rs £7) =50 Biygqvy + 3 BignaiF = BO) + By &y
(4.3.12)
where
c = ~aC oc oC _ ,0cC le - a1l
Bf111 = MT111 * 6A11C4 + By = A7 By S A
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and, P and PC refer to the total load on the constrained edge and its critical
buckling value, respectively. From this potential function, the equilibrium equation
can be obtained identically to be Eq. (4.3.10). Of course, in the case of the
load-control type, Eq. (4.3.12) leads to Eq. (4.3.4).

However, the difference of the type of controls of (A) and (B) as discussed
above may be found to be insignificant in view of the numerical realization.
Hence, several demonstrations of computations will be made under mainly the
load-control type(A) as discussed in the section 4.3.5.

4.3.4 Numerical illustrations

The numerical procedure formulated as stated above is applied to predict the
postbuckling behavior of compressed steel rectangular flat plates. Fig. 4.3.1 il-
lustrates the compressed plate model and its Cartesian coordinate system con-
sidered herein. The model is assumed to behave only in the elastic range. The
applied compressive load is assumed to be in the longitudinal and uniaxial direc-
tion under the two types of (A) load and (B) displacement controls for the in-
plane displacements on loaded edges. Also, the in-plane transverse displacements
on unloaded edges are assumed to be freely deformable throughout. Moreover, the
following four types of the out-of-plane supporting conditions are considered: (i)
all edges simply supported, (ii) loaded edges simply supported and unloaded edges
clamped, (iii) loaded edges clamped and unloaded edges simply supported, and (iv)
all edges clamped. Then, the geometrical and material properties considered here-
after in some numerical illustrations are constants as follow (See, Fig. 4.3.1):

= 1 : aspect ratio ,

ol

: Poisson's ratio ,

w |-

B = % = 100 : width-thickness ratio ,

C= cri = 875 : ratio of Young's
Y modulus to yield stress , in Compression.
and
2, a
- y
R =2 \/ 12090 X - 1757 (ked ) :  generalized width-
Tk thickness ratio

(4.3.13)

Th_e calculations are performed for the plates using the non-dimensionalized
poten.nal function in Eq. (4.3.1) through the FEM with the ACM cubic shape
function and the SEM developed by Watanabe et al. in APPENDIX [26-29].

The parabolic postbuckling equilibrium paths for the perfect plate ( € = ()
and the canonical general nonlinear large deflection equilibrium solutions for the
imperfect plate ( € # 0 ) can be evaluated under four supporting conditions.
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4.3.5 Discussions

Tables 4.3.1, 4.3.2, 4.3.3 and 4.3.4 show the numerical results by the FEM
analysis for square plates in the cases of four supporting conditions. Each table
includes two results of (a) and (b) under the load-control type(A) and the dis-
placement-control type(B), respectively. In these tables, the first row refers to
the mesh of discrete elements of the plates. The FEM analyses are calculated
from 3x3=9 elements to 8x8=64 elements. Also, the similar results using the SEM
are summarized in Tables 4.3.5, 4.3.6, 4.3.7 and 4.3.8. The analyses for the SEM
are computed up to 10x10=100 elements.

From these sixteen tables, the convergence of the elastic buckling coefficient
k and the 4th stability curvature C with respect to the number of elements will
be discussed firstly. Figs. 4.3.2, 4.3.3, 4.3.4 and 4.3.5 show such convergence for
square plates in the case of (i), (ii), (iii) and (iv), respectively, under the dis-
placement control(B). In each figure, the abscissa denotes the number of ele-
ments; the left and the right ordinates represent the stability curvature C in Eaq.
(4.3.10) and the ratio of the obtained buckling coefficient k to the Timoshenko's
elastic buckling coefficient k., respectively. Furthermore, under the load-control
type(B), the similar characteristics of the convergence of the buckling coefficient
k and the stability curvature C are also realized in above tables.

It is found that for any supported conditions the calculated buckling coeffi-
cients tend to converge asymptotically to Timoshenko's results as if they are up-
per bound values, with increase of the number of elements. For comparison of
the SEM results with the FEM ones, the former have slower convergence than
the latter except for the case of (i). In the case of (i), the former provide
more accurate values than the latter regardless of the number of elements. For
any supporting conditions, all the coefficients calculated by both the SEM and
the FEM lie in the range of error of about 8 percent to Timoshenko's results
for the maximum number of elements.

Furthermore, it is also shown that each stability curvature C may approach
to certain appropriate lower-bound value for each- supporting condition. For any
supporting conditions, the SEM provides more rapid convergence of the stability
curvatures than the FEM. Each stability curvature is calculated for the primary
buckling mode vy, which is added to the initial deflection w_/t, and whose total
is rewritten as w/t. In which, t refers to the plate-thickness considered. In all
the computations, herein, the maximum amplitude of the corresponding general-
ized out-of-plane nodal displacement is assumed to be unity. Similarly, the initial
deflection mode is redesignated as wolt. Here, Coan and Yamaki postulated the
maximum amplitude of the out-of-plane deflection to be unity, so that the pre-
sent results hereafter may correspond to Coan's and Yamaki's works only for
even number partitions of the discrete elements of the plate. Finally, the con-
vergence of the stability curvatures can be clarified more excellently.

The postbuckling parabolic and the general nonlinear large deflection equi-
librium paths using Egs. (4.3.6) and (4.3.10) will be compared with the previous
investigations by Coan, Yamaki, Williams and Rhodes et al. Figs. 4.3.6, 4.3.7,
4.3.8 and 4.3.9 illustrate the nonlinear solutions of compressed square plates with
the supporting conditions of (i), (ii), (iii) and (iv), respectively. Here, the initial
out-of-plane deflection is assumed to be the same mode that the primary buckl-
ing mode calculated, and the maximum amplitude is given by wy/t = 0.1, In
these figures, Coan's and Yamaki's works include the first order solutions‘consi'st-
ing of only the primary buckling mode and the second order solutions involving
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Table 4.3.1{a) Stability Curvatures of Compressed Square Plates.
(i) All Edges Simply Supported. Load Control using

343 4% 4 5X5 6X6 747 8x8
D.0.F. 47 83 129 185 251 327
(21.20)  (44.39)  (65,64)  (00,95)  (119,132) (152,175)
P, 20188 30.21 3072 3.450 3G 31,840
her 9.729  7.605  6.214  5.243 4,527  3.980
k 1605 3757 3.3 3.888 3914 3933
mode (1,0 (1,1) (1.1} (1,1) ) (1.1
A% -0.129  -0.09  -0.150 0,148  -0.191  -0.197
Ale | s 0750 0.93 0774 -0.861  -0.78S
AT 5.674 1.473 1.999 1.308 1.657 1.497
c, 21000 -1.000 1,000 -1.000  -1.000  -1.000
¢ 0.752  0.329  0.357  0.280  0.319  0.317

the FEM.

Table 4.3.1(b) Stability Curvatures of Compressed Square Plates.
(i) All Edges Simply Supported.
Displacement Control using the FEM.

31 4%4 5%5 6 X6 TX7 gx¥8
0.0.F. 47 83 129 185 251 327
(27,200  (44.39)  (65.64)  (90.95)  (119,132) (152,175)
P, 29.188  30.421 n.072 31,450 31.586 31.838
Aer 9.729 7.605 6.214 5.242 4.527 3.979
k 3.605 3.757 3.838 3.884 1004 3.932
mode (n (11 (L1 (.1 (. (n
[+ 0,129 -0.098  -0.150  -0.148  -0.191  -0.197
A -1.257  -0.750  -0.93¢ 0,774  -0.864  -0.785
Ao 7.308 2.133 3.005 1.95% 2.427 2,093
[ 0.974 0,477 0.536 0.421 0.458 0. 444
G 0.204 0.129 0.152 0.116 0.170 0.101
€ -1.000  -1.000  -1.000  -1.000  -1.000  -1.000
c 0.770 0.348 0.384 0.305 0.348 0.343
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Table 4.3.2(a) Stability Curvatures of Compressed Square Plates,
(ii) Loaded Edges Simply Supported and Unloaded Edges
Clamped. Load Control using the FEM.

3%3 4x4 5%5 6%6 14T Bx8

A P W s (30.85) ‘(115.319&: (s2sn)
B 52.221 54,737 S6.746 58130 59.083  50.757
A 17.407 13,664 11,349 9.688 8.440 7.459
! 6.450 6.76) 7.009 7.180 7.298 7.380
mode (2,1) (2,1 (2,1) 2.0 (2.1) (2.1)
A% -0.476  -0.322  -0.82%6  -0.661  -0.653  -0.664
Ale -B.286  4.408 5,971 6,407  -5.554  -4.960
S | 929 2043 2.0 27 vezes 13486
C, -1.000 -1.000 -1.000 -1.000 -1.000 =1.000
c 1.996 0.913 0.773 0. 707 0.548 0.453

Table 4.3.2(b) Stability Curvatures of Compressed Square Plates.
(ii) Loaded Edges Simply Supported and Unloaded Edges
Clamped. Displacement Control using the FEM.

311 axa 5%5 6 X6 7%7 gxa
0.0.F 43 77 121 175 239 23

(27,16)  (#4,33)  (85,56)  (90,B5)  (119,120) (152,161)
Py 52.221 54.738 56.7¢8  58.130 59.082  59.748
. 17.407 13.684 11,350 9,688 8.440 7.469
K 6.450 6. 761 7.009 7.180 7.297 7.360
mode (2:1) {2:2) (z,1) (2.1 (2,1 2, %
aly -0.476 -0.322 -0.526 -0.661 ~0.658 -0. 664
Al -B.286  -3.409  -5.971  -6.407  -5.550  -4.961
A5y, | 160.886 8712 63.061 65.860 45739 36.651
Cl 3.236 1,690 1,760 1.703 1.373 1.164
¢y 1.029 0,638 0,799 0.799 0.657 0.563
(3 -1.000  -1.000  -1.000  -1.000  -1.000  -1.000
C 2.206 1,052 0.961 0.904 0.716 0.601
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Table 4.3.3(a) Stability Curvatures of Compressed Square Plates.
(ili) Loaded Edges Clamped and Unloaded Edges
Simply Supported. Load Control using the FEM.

3%3 1x4 5X5 6X6 7x7 BXB
3
.0.F. 43 7 121 175 239 N
-0 27,16)  (44,33)  (65,56)  (90,85)  (119,120) (152,161)
P 19.289 50.658 51,752 52.484 52.983 53.321
A 16.430 12.664 10.350 8.747 7.569 6.665
k 6.088 6.257 6.392 6.483 6.544 6.586
mode (1.1 (1.1 {1,1) (1.1) (1.1 (hn
A% | -0o1e1 -0.09  -0.166 0,148 -0.202  -0.198
sl -2.641 -1z -L722 <1292 -1.528 -39
A 13,598 2.618 3.748 1.933 2.594 1.941
Ce -1.000 -1.000 ~1.000 -1.000 -1.000 -1.000
c 0.858 0.358 0. 362 0.249 0.283 0.245

Table 4.3.3(b) Stability Curvatures of Compressed Square Plates.
(iii) Loaded Edges Clamped and Unloaded Edges
Simply Supported. Displacement Control using the FEM.

3%3 ax4 5X5 6% 6 r ) BX8
0.0.F. 43 77 121 175 239 13
(27,16)  (44,33)  (65,56)  (90,85)  (119,120) (152,161)

Per 49,289 50.658 51,752 52.484 52.979 53,316
N, 16.430 12.664 10,350 B.747 7.568 6.664

k 6.088 6.257 6.392 6.483 6.544 6.585
mode (1.1 (1.1 (1.1 (1,n (1.1) (.
A7S -0.161 -0.096 -0.166 -0.148 -0.202 -0.198
me -2.681  -1.214  -1.722 -1.292  -1.529  -1.319
Aﬁm 15.775 3.010 4.639 2.466 3.359 2.516
g 0,996 0.413 0.582 0.318 0.366 0.318
€y 0.128 0.048 0.077 0.061 0.073 0,064
c. -1.000 -1,000 -1.000 -1.000 -1.000 -1.000
C 0,868 0,365 0.504 0.257 0.259 0.254
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Table 4.3.4(a) Stability Curvatures of Compressed Square Plates,
(iv) All Edges Clamped. Load Control using the FEM.

Ix3 4x4 5X5 61X 6 %7 8x8

D.0.F. 39 7 13 165 227 299
(27.12)  (44,27)  (65.48)  (90,75)  (119,108) (152,147

B 73.884 74.603 76. 250 77,494 78. 330 79.029
A 24.628 18.651 15.250 12,916 11,198 9.879
k 9.126 9.218 9.418 9.572 9.682 9.761
mode 1.1) (1.1 (1.1 (1.1) (1,1) (L
A%s ~0.172 -0.081 -0.156 -0.126 -0.181 -0.169
S ~4.24¢  -1506 2,382 -1.625  -2,028  -1.668
Af1|\ 30.077 3.494 6.155 2.4 3.929 2.581
Ce -1.000 -1.000 -1.000 -1.000 -1.000 ~1.000
c 1.181 0.387 0.431 0.278 0.323 0.256

Table 4.3.4(b) Stability Curvatures of Compressed Square Plates.
(iv) All Edges Clamped. Displacement Control using the FEM.

3x3 axa 5X5 [ 1x7 g xa
D.0.F. 19 n 13 165 227 2939
(27,12)  (449.27)  (65.4B)  (90,75)  (119,108) (152.1a7)
Per 73.884 74.604 76.250 77,494 78. 385 79.023
Asr 24,628 18,651 15.250 12.916 1n.198 9.878
k 9.126 9.214 9.418 9.572 9.682 9.761
mode (1 (1,0 (1.1} (1,1} (1.1 (LN
435 ~0.172 -0.081 -0.156 -0.126 -0.181 -0.169
A}“ -1,244 -1.506 -2.382 -1.625 -2.028 -1.668
“?}11 34,316 3.872 7.107 3.133 4.550 2.964
g 1.248 0.429 0.497 0.321 0.374 0.298
cy 0.149 0.038 0.060 0.038 0.044 0.035
Ce ~1.000 -1.000 ~1.000 -1.000 -1.000 -1.000
c 1,192 0.391 0.837 0.283 0.329 0.263
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Table 4.3.5(a) Stability Curvatures of Compressed Square Plates,
(i) All Edges Simply Supported. Load Control using the SEM.

313 4x4 §X%5 6X6 X7 8x8 949 10 X 10

D.0.F. 3 53 81 15 155 201 253 m
(27,4) (44,9) (65,16) (90,25) (119,36) (152,49) (189,64) (220,81)

e 31,008 31.585 31.864 32.021 2.7 32.183 32,228 32,257
Ar 10.336 7.896 6.373 5.337 4,588 4.023 3,581 3.226
k 3.830 3.901 3,936 3.955 3.967 3.975 3.980 3.984
node (1.1) (1.1) (1, 1) (1.1 (1,1 (.1 (.0 (1.1
A'ﬁ -0.100 -D.08B4 -0.137 -0.138 -0.182 -0.190 -0.229 -0.241
.\} 9 -1.034 -0.668 -0.871 -0.738 -0.834 -0. 764 -0.820 -0.776
A 2.99% 0938 1412 0,951 1,170 0.957  1.080  0.955
C. ~1.000 -1.000 -1.000 -1.000 ~1.000 ~1.000 -1.000 -1.000
6 0.483 0.234 0.270 0.214 0.234 0.209 D.220 0.205

Table 4.3.5(b) Stability Curvatures of Compressed Square Plates.
(i) All Edges Simply Supported.
Displacement Control using the SEM.

3K 3 4%4 5%5 5%6 727 8%8 9% 09 10 % 10

0.0.F. 3 53 81 115 155 201 253 n
(27.4) (44.9)  (65,18)  (90,25)  (119,36) (152,49) (1B9,64) (220,81)

P 31,008 31,585 31,864 32.021 32.17 32,179 32,264 32.248
[ 10,336 7.896 6.373 5.337 4.588 4,022 3,580 3.224
k 3.830 1.902 3.936 3.955 3.967 3.974 3.979 3.983
mode (.1 (1.1 (1.n (1.1) (1.1) (1,1) (N (1.
A3y -0.100 -0.084 -0.137 -0.138 -0.182 -0.150 -0,229 -0.241
A]C -1.034 -0. 668 -0.87 -0,738 -0.834 -0.764 -0.820 -0.776
A 4,189 1.476 2,293 1.548 1.890 1.527 1.707 1.491
[ 0.675 0.368 0.439 0. 350 0.378 0.333 0.347 0.320
¢y 0.175 0.116 0.141 0.110 0.115 0.098 0.039 0.088
c -1.000 ~1.000 -1.000 -1.000 -1.000 -1.000 -1.000 ~1.000
c 0.500 0.252 0.298 0.239 0.262 0.235 0.249 0.232
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Table 4.3.6(a) Stability Curvatures of Compressed Square Plates.

(ii) Loaded Edges Simply Supported and Unloaded
Clamped. Load Control using the SEM, e

33 4x4 5%5 6X6 i ol 8x8 919 0% W

D,0.F, N 53 81 15 155 201 253 mn
(27,4) (44,9)  (65,16)  (90,25)  (115,36) (152,49) (189,64) (220,81)

P 39.867 46. 651 50. 281 53.657 55. 564 56.921 57.912 58. 666
Nz 13.289 11.663 10.176 8.943 7.938 7.115 6.435 5.867
k 4.92¢ 5.762 6. 284 6.527 6. 863 7.031 7,154 7,248
made (2.1) (2,1) (z,1) {2.1) (2,13 2,1 (2,1) (2:n
Aﬁ -0.300 -0.273 -0, 465 —0.619 -0.624 -0.642 -0.783 -0.899
A}“ -3.987 -3.184 -4.732 -5.540 -4.948 -4.564 -5.037 -5.273
A?]H 18.541 6. 542 11.006 1.1 10.270 8.579 10.238 11.060
c. -1.000 -1.000 -1.000 -1.000 -1.000 -1.000 -1.000 -1.000
[ 0.775 0.3a2 0.388 0.413 0,350 0.313 9,339 0.350

Table 4.3.6(b) Stability Curvatures of Compressed Square Plates.
(ii) Loaded Edges Simply Supported and Unloaded Edges
Clamped. Displacement Control using the SEM.

3073 axe 545 646 %7 B8 9% 9 10 % 10

0.0.F. 3) 53 a1 15 155 201 253 3N
(27,4) (44,9)  (65,06)  (90,25)  (119,36) (152.49) (189.64) (220,81)

P 39,867 46.65) 50. 880 53.656 55. 562 56.916 57,943 58.653
'\cr 13.289 11.663 10,176 B.943 7.937 7.114 6.434 5.855
k 4,924 5.762 6.284 6.627 6.853 7.030 7.152 7.244
made (2.1 (2.1 N (2.1) (2.1 (2n @n (2.1)
a3 -0.300 -0.273 -0.465 -0.619 -0.624 -0.642 ~0.783 -0.899
A:c -3.908 -3.184 -4.732 -5.540 4,949 -4.564 -5.036 -5.274
8111 36.538 18.864 35.284 44.276 33,359 27.252 32,204 34,520
£, 1.528 0,988 1,243 1.332 1.123 0.995 1,066 1.091
¢y 0,651 0,540 0.706 0,751 0.625 0,547 0,580 0,588
[ -1.000 -1.000 -1.000 -1.000 ~1.000 -1.000 -1.000 -1.000
g 0.877 0,447 0.537 0.582 0.498 0.448 0.486 0.503
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Table 4.3.7(a) Stability Curvatures of Compressed Square Plates,
° (i) Lot:ded Edges Clamped and Unloaded Edges
Simply Supported. Load Control using the SEM.

3I%3 484 5%5 6£X6 Ty 88 9%9 0% 10

0.F, 3 53 8 115 155 201 253 3N
e (27.4) (42,9)  (65.16)  (90,25)  (119.36) (152,49) (185,64) (220.81)
P 42,821 47.800 50.044 51,358 52.183 52.736 53,120 53.394
o 14.274 11.950 10.009 8.560 7.454 6. 592 5.902 5.339
K 5,289 5.904 6.181 6,304 6.446 6.514 6.561 6.595
mode (2.1 .1 1.1 (.1 (1.1) (. (1.1 .1
ATy -0.300 ~0.,073  =0.142 -0.131 -0.185 -0 184 -0.232 -0.237
e 4282 -0.876  -1.421 1.2z 1382 -1.218 1,369 -1.265
A 18.539 1.159 2.262 1,242 1.757 1.304 1.596 1.332
¢ -1.000 -1.000 -1.000 -1,000 -1.000 -1.000 -1.000 -1.000
c 0.722 0.221 0.264 0.184 0.212 0.178 0,194 0.175

Table 4.3.7(b) Stability Curvatures of Compressed Square Plates.
(iii) Loaded Edges Clamped and Unloaded Edges
Simply Supported. Displacement Control using the SEM.

Ix3 4x4 5% 5 6X6 77 8%8 3% 9 10 X 10
0.0.F. 3 53 81 15 155 201 253 n
(27,4) (84,9)  (65,16)  (90.25)  (119.36) (152,43) (189,64) (220,81)
P 42.820  47.800 50,043 51,358 52,183 52.730 53,107 53.382
A, 14,273 11950 10.009 8.560 7,454 6.591 5.901 5,338
k 5.289 5.904 6.181 6.343 6,445 6.513 6. 560 6.594
mode (2.1) (1.1) (1.1) (1.1) (1.1) (1.1 (1.1) (1,1
A%s -0.300 -0.073 -0.142 -0.131 -0.185 -0.18¢ -0.232 -0.237
,.}= -4.,281 -0.876  -1,421 -1.122 -1.382 -1.218 -1.369 -1.255
Ayy | %6526 n.as 303 g4 241 185 2.278  1.906
¢ 1.422 0.276 0.358 0.256 0.298 0,253 0.277 0.251
C 0.606 0,050 0.083 0.063 0.077 0.066 0.073 0.066
. -1.000 -1.000  -1.000  -1.000 -1.000  -1.000  -1.000 -1.000
c 0.817 0.226 0.271 0.192 0,222 0.187 0.204 0.185
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Table 4.3.8(a) Stability Curvatures of Compressed Square Plates.
(iv) All Edges Clamped. Load Control using the SEM.

313 axa L X6 i i) 818 9:%:9 10210
0.0.F, 3N 53 81 115 155 201 253
mn
(27,4) (44,9)  (65,16)  (90.25)  (119,36) (152,49) (189,64) (220,81)
Pis 44.297 58.470 65.467 69.650 72,41 74.332 75.717 76.744
hep 14.766 14.617 13.093 11.608 10. 344 9.291 B.413 7.674
k 5.471 1.222 8.086 8.603 B.944 9.180 9.352 9.479
mode (2,1) (r.n (. (1.1 (1 (1.m (n.n n
oc
A -0.300 -0.10 -0.174 -0.130 -0.185 -0.171 -0.217 -0.212
e
Ay -4.430 -1.483 -2.284 -1.504 -1.915 -1.5684 -1.824 -1.629
c
Al 18.5¢1 2.276 3.988 1.692 2.677 1.802 2.362 1.867
. ~1.000 -1.000 ~1.000 -1.000 -1.000 -1.000 -1.000 -1.000
c 0.698 0.256 0.291 0.188 0.233 0.190 0.216 0.191

Table 4.3.8(b) Stability Curvatures of Compressed Square Plates.
(iv) All Edges Clamped. Displacement Control using the SEM.

3%3 ax4 55 636 7% 7 8%8 9%x9  10x10
0.0.F. 3 53 81 15 155 201 253 m
(27,8) (42,9)  (65,16)  (90,25)  (119,36) (152,49) (189,64)  (220.81)
- 44,297 58,470 65.467 69.450  72.409 74,324 75,702 76.727
hey 14.765 14.617 13.093 11.608  10.344 9.291 8.411 7.673
K 5,471 7.223 8.086 8.603 8.944 9.180 9,350 9.477
mode (2.1) .1 (0 (.0 (. (b (11 (1)
o -0.300 -0.101 -0.174 -0.130 -0.185  -0.171 -0.217 -0.212
A}“ L4830 -1.483  -2.284  -1.504  -1,915  -1.58¢ -84 -1.629
A5 36.541 .09 5,571 2.254 3,468 2.250 2.950 2.314
C, 1.374 0.348 0.407 0.250 0.302 0.241 0.270 0.237
g 0.586 0,084 0.105 0.056 0.062 0.046 0.048 0.040
. _1.oc0  -1.000  -1.000  -1.00p  -1.000  -1.000  -1.000  -1.000
¢ 0.789 0.264 0.301 0.193 0,240 0.195 0.222 0.197

127



Za

1.0+ BUCKLING COEFFICIENT
——e SEM
8 FEM

o—0C SEM

STABILITY CURVATURE
O0—a FEM

0.5

9 16 25 36 49 64 81 100
Number of Elements

Fig. 4.3.2 Convergence of Buckling Strengths and Stability Curvatures.
(i} All Edges Simply Supported. Displacement Control.
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Fig. 4.3.3 Convergence of Buckling Strengths and Stability Curvatures,

(i) Loaded Edges Simply Supported and Unloaded Edges Clamped,
Displacement Control,
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Fig. 4.3.4 Convergence of Buckling Strengths and Stability Curvatures.
(iii) Loaded Edges Clamped and Unloaded Edges Simply Supported.
Displacement Control.
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Fig. 4.3.5 Convergence of Buckling Strengths and Stability Curvatures.
(iii) All Edges Clamped. Displacement Control.
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Fig. 4.3.6(a) Postbuckling Equilibrium Paths of Compressed Plate.
(i) All Edges Simply Supported.
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P ——— SEM100 Disp.
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Fig. 4.3.6(b) Nonlinear Equilibrium Paths of Compressed Plate.
(i) All Edges Simply Supported.
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Fig. 4.3.7 Postbuckling and Nonlinear Equilibrium Paths of Compressed Plate.
(ii) Loaded Edges Simply Supported and Unloaded Edges Clamped.
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Fig. 4.3.8 Postbuckling and Nonlinear Equilibrium Paths of Compressed Plate.
(iii) Loaded Edges Clamped and Unloaded Edges Simply Supported.
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Fig. 4.3.9 Postbuckling and Nonlinear Equilibrium Paths of Compressed Plate.
(iv) All Edges Clamped.
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the higher order buckling modes.

For smallerj out-of-plane deflection w/t < 1.5, the proposed solutions are
shown to be in good agreement with Coan, Yamaki, Williams, Rhodes et al.
Throughout larger deflection, the results obtained by the SEM may be in more
excellent agreement with the above previous investigations than those by the
FEM. Thp latter method may be found to slightly overestimate the stability cur-
vatures in comparison with the former because the latter results are in the mid-
d_le of convergence as shown in Figs. 4.3.2-4.3.5, previously. This tendency con-
firmed the catastrophe analysis of column structures in the chapter II-3.

‘ The mair} objective of the proposed catastrophe analysis is to predict a non-
linear behavior of slender structure in terms of evaluation of only the stability
characteristics at the associated critical point. So far at the critical point, the
in-plane displacements constrained on loaded edges satisfy their condition to
remain straight, regardless of control types of (A) and (B). The load-control type
(A) says that all the axial in-plane displacement components are linearly dis-
tributed in the axial direction at the critical point, and that the resultant formu-
lation provides the first order approximation to actual postbuckling behavior of
the compressed plate. Of course, the displacement-control type (B) should give
more accurate values of the stability curvatures.

Then, it is found that the proposed results under the two control types of
(A) and (B) approximate the Yamaki's solutions for larger deflection w/t > 1.5
and for smaller deflection w/t < 1.5, respectively. This is satisfied for any out-
of-plane supporting condition except for the second one (i) in Fig. 4.3.7.
Especially, in the case of condition (ii), the results under the type (B) may ap-
proach to the Yamaki's ones in the whole deflection field. Also, for the plate
with all edges simply supported (i), the results by the load-control type (A) are
shown to be rather slightly reasonable than those by the displacement one (B).
Both the control types of (A) and (B) may approximate the previous works with
an appropriate accuracy for smaller deflection considered herein. That is, in en-
gineering practice, a difference between two control types may become little
significant quantitatively and qualitatively within the range of deflection allowing
to apply the elastic theory of stability to such problems. Therefore, the effect
of control types on the stability of structural members may be secondary since
the difference of controls never change the essential characteristics of the in-
stability phenomena.

Thus, in the proceeding section, some numerical illustrations for compressed
rectangular stiffened plates will be performed under mainly the load-control type
(A) because of a simple expression of numerical formulation.

4.4 Compressed Stiffened Plates
4.4.1 General remarks

Instability phenomena of rectangular stiffened plates with longitudinal stiff-
eners under uniaxial in-plane compression involve the following prototypes of
bifurcation problems. One of them is a global instability when the stiffened plate
overally buckles with an Euler-type mode of a stiffener like a simple column.
Another type is a local buckling of an isolated plate panel between stiffeners
which form nodal lines of the associated buckling mode. The former type of
buckling may appear in general for a compressed stiffened plate with smaller
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flexural rigidities of its stiffeners. Whereas, the latter type of buckling may oc-
cur for the stiffened plate with the larger flexural rigidities. Then, there exist
their simultaneous bucklings with the two-fold bifurcation. The compound buckling
point may be characterized by the complex umbilic catastrophes identified by
Thompson, Hunt and Tvergaard [7,12, 19,21,22]. Also, the distinct or the com-
pound bifurcations are characterized by the symmetry of the stiffener itself with
respect to the plate panel of stiffened plate.

4.4.2 Numerical illustrations

Figs. 4.4.1 show square plates subjected to in-plane uniaxial compression.
Each stiffened plate has only one longitudinal stiffener on the center line at
equal distance from both unloaded edges. All edges of the stiffened plate are
simply supported with respect to the out-of-plane deflections under the load-
control type (A) or the displacement-control type(B) as discussed previously. The
geometrical and material properties are similar to those of the unstiffened plates
in Fig. 4.3.1 as follows:

- 2 1 b
e = = =1, \)=3,B=E=200, c=ci=875,
¥
and
g
b 12(1-w%) vy _
R = \/ e = = 1.757 ( kg =16 ) (4.4.1)
™k
'
Moreover, the major parameters of a stiffener are
Y = ESIS , 5 = A_S i D = L
bD bt 12(1 -V} (4.4.2)

Fig. 4.4.1 Compressed Stiffened Plate Models.
(a) Symmetric Stiffener (b) Eccentric Stiffener
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where Y and & refer to the ratios of the flexural rigidities and of the cross-
sectional areas between a stiffener and its plate panel, respectively. Also, Eg, Ig
and As denote the Young's modulus, the moment of inertia and the are of the
stiff'ener, respectively. The torsional rigidities of the stiffener are assumed to be
negligible in this dissertation. It seems that the first parameter Y is superior to
the second one O on effects of the stability properties of stiffened plates.
Thus, the numerical calculations are performed for several values of the flexural
rigidity Y under a constant cross-sectional ratio of & = 0.1. Then, the typical
bifurcation bucklings may appear discontinuously as the parameter y changes
smoothly. Herein, all the numerical calculations are illustrated through the SEM
analyses for several partitions of their discrete elements.

4.4.3 Discussions

Stiffened plate with symmetric stiffener

This model as shown in Fig. 4.4.1(a) is called a symmetric-stiffened plate
only in the dissertation. Tables 4.4.1, 4.4.2, 4.4.3 and 4.4.4 show the results and
relations of some coefficients for the prototypes of bucklings of square sym-
metric-stiffened plates with the number of the discrete elements of 4x4=16,
6x6=36, 8x8=64 and 10x10=100, respectively. Their total degrees of freedom are
(44,9), (90,25), (152,49) and (220,81), respectively, where each has summation of
the in-plane displacement components and the out-of-plane deflections. The com-
putations are performed under the displacement control (B) for all partitions. In
these tables, the subscripts of "1" and "2" correspond to the first and the second
bucklings of the parameterized stiffened plates by the flexural rigidity v . Thus,
case by case, each buckling mode of v, or vy may have either of the global or
the local one.

The symbols of G{m,n) and L{m,n) on the rows of the mode 1 and 2 in each
table are designated as follows: G(m,n) denotes the Euler-column mode of a
central stiffener for the global buckling of stiffened plate with m and n half-
wave numbers in the longitudinal and transverse directions. Also, L(m,n) denotes
the local-plate mode of overall stiffened plates for the local buckling of stiff-
ened plates with m and n half-wave forms.

The primary instability has the stable symmetric bifurcation point, character-
ized by the cups catastrophe, without regard to values of the flexural rigidities.
The symmetric-stiffened plate at a smaller flexural rigidity buckles with the
global mode; while it buckles with the local mode of the plate panel at a larger
flexural rigidity. This is shown in above four tables. In the case of 4x4
elements, however, the local mode is different from that in other cases of the
greater elements. The results of 4x4 elements may be unreasonable in comparison
with those of other elements because of insufficient partition of the stiffened
plate. The forms of buckling modes are referred to the next type of the
stiffened plate as shown in Fig. 4.4.1(b).

It is clearly found that the buckling coefficient and the stability curvature
may converge to the well-known value of 16 by Timoshenko and an unknown ap-
propriate value, respectively, as the number of discrete elements increases. The
characteristics of such convergence may be drawn similarly to the unstiffened
plates as shown in the previous section.
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Table 4.4.1 Table 4.4.2

Stability Curvatures of Compressed Square Symmetric- Stability Curvatures of Compressed Square Symmetric-
Stiffened Plates. Displacement Control using the SEM4x4. Stiffened Plates. Displacement Control using the SEMG6x6.
Case 1 2 3 4 Case 1 2 3 4
¥ 5.0 10.0 15.0 20.0 Y 5.0 10.0 15.0 20.0
05 85.990  115.140  115.737  115.737 13 58.199  B2.686  B2.686 82.686
Lk 111.800  115.737  115.904  116.285 L B2.686  88.094 88. 593 88.593
ky 10.621 14,222 14,295 14,295 Ky 10.783 15.320 15.320 15.320
K 13.809 14.295 14.316 14,363 k, 15.320 16.321 16.414 16.414
mode 1 6(1.1) L(3.3) L(3,2) L(3,2) mode 1 G(1,1) L(2.2) L(z,2) L(2,2)
mode 2 L(3,2) L(3,2) L(3,3) L(3,3) mode 2 L(z,2) G(1,1) L(3,2) L(3.2)
(o]
A?SI: ~0,142 -0.372 -0,363 ~0.364 A]? ~0.201 -0.800 -0.800 ~0.800
oc
(i -0.243  -0.364  -0.368  -0,368 bog 079 018 -l%9 1,989
lc
A}“ -12.222  -42.822  -41.992  -42.108 A -9.169  -66.118  -66.121  -66.122
W& 20.905  -41.891  -42.597  —42.558 nZe -46.509  -15.517  -99,134  -99.144
c
Ay4a 11.436  184.592  183.947  185.020 A1 B.728  286.668 288,696  288.710
C, 0.156 0.718 0.730 0.732 Cy 0.124 0.728 0.728 0.728
Cq 0.0545 0.0138 0.0034 0.0044 Cy 0.0528  0.139 0.139 0.139
C. ~1.000 -1.000 -1.000 -1.000 Ce -1.000 -1.000 -1.000 -1.000
c 0.101 0.704 0.726 0.728 c 0.0716 0.588 0.588 0.588
Type STABLE SYMMETRIC BUCKLING Type STABLE SYMMETRIC BUCKLING
Catastrophe CUSP CATASTROPHE Catastrophe CUSP  CATASTROPHE




el

Table 4.4.3 Table 4.4.4

Stability Curvatures of Compressed Square Symmetric- Stability Curvatures of Compressed Square Symmetric-
Stiffened Plates. Displacement Control using the SEMS8x8. Stiffened Plates. Displacement Control using the SEM10x10,
Case 1 2 3 4 Case 1 2 3 4
Y 5.0 10.0 15.0 20.0 Y 5.0 10.0 15.0 20.0
C _
I 44.042  63.167  63.167  63.168 & 35.3%0  50.978  50.978  50.978
c
A; 63.167 §7.564 70.323 70. 324 "‘2 50.978 54.698 57.820 57,820
K 10.880 15.604 15.606  15.608 K 10.928  15.742 15,742 15.742
ky 15.604 16,690  17.372  17.372 Ky 15.742 16.890  17.854  17.854
mode 1 6(1,1) Lz,2)  Lz2 L(2,2) mode 1 &(1.1) Lz,2)  L2.2) Lz,2)
mode 2 L2.2) G611 61,1 L(3.2) mode 2 L2y &1 6Ln W32
ASS 0.270  -0.676  -0.676  -0.676 M Wz oAz e e
A5 ~0.676 _0.279 1,426 _1.426 A% -1.092 -0, 349 -2.133 -2.134
1
A.Ic -11.911 —42.716 -42.714 _42.716 A}c -13.209 -55.660 -55.660 -55.660
2
Agc -29.770  -17.632 80,067  -90.06] A5¢ -318.622  -17.797 -108.758 -108.767
7. 8.211  103.265 103,261  103.276 AT 7.913 161,194 161.199  161.206
, 0.115 0.403 0.403 0,403 N 0.109 0.483 0.483 0,483
cd 0.0475 0.0915 0.0915 0.0915 Cd 0,0426 0.107 0.107 0.107
¢, -1.000  -1.000  -1.000  -1.000 Ce -1.000  -1.000  -1.000  -1.000
¢ 0.0674  0.311 0.311 0.311 L 0.0664 0,376 0.376 0.376
Type STABLE SYMMETRIC BUCKLING Type STABLE  SYMMETRIC BUCKLING
Catastrophe CUSP  CATASTROPHE Catastrophs CUSP  CATASTROPHE




Stiffened plate with eccentric stiffener

This model as shown in Fig. 4.4.1(b) is called an eccentric-stiffened plate
only in the dissertation. Tables 4.4.5, 4.4.6, 4.4.7 and 4.4.8 show the numerical
results of compressed square eccentric-stiffened plates with .the number of the
discrete elements of 4x4=16, 6x6=36, 8x8=64 and 10x10=100, respectively. All the
computations are demonstrated under the load-control type (A). The sameé nota-
tions in the symmetric-stiffened plate are also used herein. Then, for smaller
flexural rigidity Y , the global buckling tends to occur with the asymmetric
point of bifurcation. Adversely, for larger rigidity Y , the local-plate buckling
may appear with the symmetric bifurcation point. Of course, there exist the
simultaneous bifurcations at a particular value of vy.

Firstly, the case 1 in the first column shows the results of a distinct pri-
mary global buckling v, prior to the local buckling vq. The typical buckling
mode of Table 4.4.8 is drawn spatially for the SEM10x10 in Fig. 4.4.2. It is
found that the instability has an asymmetric point of bifurcation, i.e., the fold
catastrophe characteristics since A # 0. The global buckling mode v, is sym-
metric with respect to- the stiffener in an opposite meaning of the asymmetric
buckling due to eccentricity of the stiffener. Then, the form of the total poten-
tial function can be expressed in Eq. (II-3.2.19), and the nonlinear equilibrium
solutions are obtained from Egs. (II-3.2.20) and (1I-3.2.21). Furthermore, its sig-
nificant imperfection sensitivity curve can be explicitly expanded by Eq. (-
3.2.22), and also the detail algorithm to evaluate the bifurcation set of the im-
perfection sensitivity was presented in the chapter II-2, Fig. 4.4.3 shows the im-
perfection sensitivity of the fold catastrophe in the case 1 of Table 4.4.8 by the
SEM. When the stiffened plate with the eccentric stiffener in the upper side as
shown in Fig. 4.4.1(b) has the downward global buckling mode in Fig. 4.4.2, the
stability coefficient Aj;;; is negative. Then, it is reasonable to be €, > 0 for
evaluating the load-carrying capacity. Therefore, the eccentric—stiffenelﬂ plate is
sensitive to the downward global initial deflection since the corresponding buc-
kling mode is negative itself. While the stiffened plate may be rather stable for
the upward global initial deflection. Herein, the plus sign of e; says that the
global initial deflection is in the downward direction as shown in Fig. 4.4.2. For
example, the numerical results of 10x10 elements are illustrated herein. If the
downward global initial deflection non-dimensionalized by the plate-panel thickness

is prescribed as ¢, =0.1, then the load-carrying capacity will be reduced by 15%
from the buckling load; A/AS =0.850.

Secondly, the case 4 on the last column in each table shows the results of a
distinct primary local buckling vy of isolated plates prior to the previous global
buckling v,. The typical buckling mode is drawn spatially for the SEMI10x10 in
Fig. 4.4.4. This bifurcation is identical with that for the unstiffened plates as
discussed in the previous section, and indicates a stable symmetric point of bifur-
cation as the cusp catastrophe since AS;; ¥ 0 and AS { > 0. The local buckl-
ing mode v, is asymmetric with respect to the stiffener in an opposite meaning
of the symmetric buckling as the local-plate panel. So far as the local buckling
mode of L(2,2) is concerned, the stability may be regarded to realize the equi-
valent behavior of the simply supported one-fourth plate panel of the overall
stiffened plate, Then, the nonlinear solutions can be presented similarly by Egs.
(II-3,2.6-8). Since equilibrium paths are essential stable in such cases within the
elastic range, the prediction of strength of stiffened plates requires further
elasto-plastic analyses. They are beyond in this chapter, but one of them will be
proposed to be a simple prediction approach of elasto-plastic strength of
stiffened plates in the proceeding chapters of PART IIL
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Table 4.4.5 Stability Curvatures of Compressed Square Eccentric-
Stiffened Plates. Load Control using the SEM4x4.

Case 1 2 3 4
Y 10.0 14.2 15.0 20.0
A 94,498 115,657  115.737  115.737
c
[ 114,747 115737 115.763  116.210
k, 11,672 14.285  14.295  14.295
ko 14.173 14,295 14,590 14,354
mode 1 G(1,1) L(3.1) L(3,2) L(3,2)
mode 2 L(3,2) L(3.2) L3, L(3,1)
AYS -0.133  -0.33¢  -0.348  -0.363
A% -0.343  -0.350  0.333  -0.362
1
AL© -12.606  -38.579  -40.272  -42.054
2
ASE -32.389  -41.552  -38.597  -41.873
A -0.291  -0.736  -0.0098  -0.000068
AT12 0.143  -0.0019  -0.136  -0.0130
AJ2p -8.147  -0.240  -0.0042  -0.000031
Az22 0.0354  -0.0046 0,438  =-0,0571
a* === -1.216 — —_—
atn - s -1.310 s
c .,C
L — 0.177 — S
L «aC
LT — — 0.060 -
- 7.334 151436 167.702  1B2.471
¢ 0.0115  0.0095  0.00012 0.00000081
c 0.0970  0.654 0.694 0.723
Type of ASYMM.  MONO- MONO- STABLE
Buckling CLINAL  CLINAL  SYMM.
Catastrophe FOLD HYPERB. HYPERB. cuse
UMBILIC ~ UMBILIC
* oc ¢ e oc & X c
_ By Ay g P Ry . M
oc c oc c 5 oc,c
Ase  Map A Az il
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Table 4.,4.6

Eccentric-

Stability Curvatures of Compressed Square
Stiffened Plates. Load Control using the SEMG6x6.
Case 1 2 3 4
Y 10.0 13.8 14.2 20.0
A3 58.534 82,448  82.688  82.688
75 81,888  82.683 84,513  8B.595
K 10.845 15.275 15.320 15.320
Ky 15.172 15.320 15.658 16.414
mode 1 6(1,1) &(1,1) L(2,2) L(2,2)
mode 2 G(z,1) L(2,2) 6(1,1) L(3,2)
A -0.203  -0.199  -0.799  -0,799
Ag; -0.490 -0.791 -0.200 -1.198
Al -11.906  -16.390  -66.040  —66.103
Agc -37.442  -65.249  -16.556  —99.058
A?]? -0.550 -2.233 0.0142  -0.00028
A§12 ~3.307 0.0116  -8.051 -0.0010
ATz 6.306 -8.227 -0.00032  -0.0016
Agzz -5.277 -0.144 -2.694 0.00071
a® — 0.231 — —
al —_ - 0.167 —_
C .,C
A11A 22 — 18.371 —_ _
c «pC
Az22"M12 — — 21689 ==
- 4,797 6.187  226.990  227.426
Cgrn 0.0113 0.0681 0.00011  0.0000021
c 0.0671 0.0629 0.573 0.573
Type of ASYMM. HOMED- HOMEO- STABLE
Buckling CLINAL CLINAL SYMM,
Catastrophe FOLD HYPERB.  HYPERB.  CUSP
UMBILIC  UMBILIC
* oc o oc c e c
A ) g1 o ae  Papg A1y
oc ac o s oc
Ara Ay AT Al 2ATAY
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Table 4.4.7 Stability Curvatures of Compressed Square Eccentric-
Stiffened Plates. Load Control using the SEM8x8.

Case 1 2 3 4
Y 10.0 13.8 14.4 20,0
ng 41.674 61.559 63.173 63.173
ng 59,634 653.173 64,209 70.329
ki 10.294 15.207 15.606 15.606
K 14.732 15. 606 15.862 17.373
mode 1 G(1,1) G(1,1) L(2,2) L(z,2)
mode 2 6(2,1) L(2.2) G(1.1) L(3.2)
AT -0.277  -0.283  -0.674  -0.676
A% -0.664  -0.674  -0,288  ~-1.424
A S11.556  -17.391  -42.602  -42.698
ace -27.679  -41.537  -18,162  -89.958
ATq1 -0.891  -1.469  -0,0028  -0.00021
AJq2 -3.488  -0.0052  -5.582 -0.0011
Al20 5.569 -5.664 0.0041 0.0023
(=}
Ason 2.998 0.0241  -1.964 0.0019
a * _— 0.578 _— -
al e _— — 0.501 =
Cc «2C
L o 8.320 0.000011 —
[+ « xC
B o5 — 0.00013  10.963 F
. 4.540 5.237 76.082 76.236
C, wow 0.0389 0.151 0.00032  0.0000025
c 0.0654 0.0502 0.298 0.298
Type of ASYMM, HOMEO- HOMEQO- STABLE
Buckling CLINAL CLINAL SYMM,
Catastrophe FOLD HYPERB.  HYPERB,  CUSP
UMBILIC  UMBILIC
* oc c b oc c FeHt c
M M % M .M
oc { o} oc c s oc,C
Az M2z A Mz 2y
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Table 4.4.8

Stability Curvatures of Compressed Square Eccentric-
Stiffened Plates. Load Control using the SEM10x10.
Case 1 2 3 4
¥ 10.0 14.2 14,4 20.0
AS 32,091 50.622 50.987 50, 987
Ag 42.856 50.987 51.360 57.830
Ky 9.909 15.632 15.744 15.744
Ky 13.233 15.744 15.859 17.857
mode 1 6(1,1) 6(1,1) L(2,2) L(2,2)
mode 2 G(2,1) L(2,2) G(1,1) L(3,2)
AT -0.337 -0.350 -1.080 -1.091
Agg -0.913 -1.081 -0.349 -2,130
A]C -10.802  -17.742  -55,059  -55.633
Agc -29.309  -54,722  -17.777 -108.586
ATiy -0.950 -1.247 0.133 -0.00030
Af]z -3.074 0.0243  -7.164 0.0019
A?zz 5.180 -7.23] -0.0197  -0.0054
C
Ao -2.912 -0.150 -1.362 -0.0053
a® — 0.476 — —
al W == — 0.456 .
c * AC — - [re—
$E A 9.017 0.0026
c «pC i = e
Arza M2 0.0036  9.757
AE 4,141 4.747  116.377  118.817
R 0.0440 0.0351 0.0012 2.702x10°10
c 0.0639 0.0446 0.352 0.356
Type of ASYMM, HOMEQ- HOMEO- STABLE
Buckling CLINAL CLINAL SYMM,
Catastrophe FOLD HYPERB.  HYPERB.  CUSP
UMBILIC  UMBILIC
* oc c b oc c i c
o M L Y M _ M
oc [ oc c s oc,C
A2 M2z Al Az 2A11N
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Fig. 4.4.2  Typical Global Buckling Mode G(1,1). SEMIO x 10 (Case 1).

€y (local)

global

for Global Buckling. SEM10 x 10 (Case 1).

Fig. 4.4.3 Imperfection Sensitivity of FOLD Catastrophe
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Fig. 4.4.4 Typical Local Buckling Mode L(2,2). SEM10 x 10 (Case 4).

(b) Back View

(a) Front View

Fig. 4.4.5 Imperfection Sensitivi astrop
ty of HYPERBOLIC UMBILIC Cat he
for Homeoclinal Buckling. SEM10 x 10 (Case 2).
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&=

Fig. 4.4.6 Symmetric Local Buckling Mode L(3,1). SEM4x4.

T

Fig. 4.4.7 Asymmetric Local Buckling Mode L(3,2). SEM4x4.
145



&5

mode L(3,2)

&

mode L(3,1)

(a) Front View

(b) Back View

Fig. 4.4.8 Imperfection Sensitivity of HYPERBOLIC UMBILIC Catastrophe
for Monoclinal Buckling, SEM4x4 (Case 2).
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Finally, the cases 2 and 3 in the middle two columns of each table show
the results of near-coincident bucklings between the global and the local modes
as mentl_onfad and drawrx in Figs. 4.4.2 and 4.4.4. In a numerical sense, it is
rather difficult to realize the complete coincidence of above two bifurcations,
so that the near-compound cases are considered in the present dissertation. The
si{nultaneous bucklings are characterized by the hyperbolic umbilic catastrophe
with the homeoclinal point of bifurcation proposed by Thompson and Hunt from
relatiopships bf:tween the coefficients of the potential function. Then, the total
pptentla] function is expressed in the form similar to Eq. (II-3.2.23). The non-
llpear equilibrium solutions of Egs. ([I-3.2.24) can not be easily analyzed with the
aid of any nonlinear process of calculations, but the imperfection sensitivity sur-
faces can be obtained as the bifurcation sets in the catastrophe theory, using a
powerful manipulation as stated in the chapter [I-2. Figs. 4.4.5(a) and (b) show

the imperfection sensitivity surfaces and their back views of the hyperbolic um-
bilic catastrophe.

For example, the numerical results in the case 2 of 10x10 elements are
demonstrated herein., When the initial deflections non-dimensionalized by the
plate-panel thickness are prescribed, the elastic load-carrying capacity can be
determined from the lowest cusp-type sheet with respect to the local initial
deflection €,, as shown in Fig. 4.4.5. The imperfection surfaces are symmetric
with respect to the £,=0 plane, and the sign of the local initial deflection mode
will never affect the zload—carrying capacity. Of course, since Ay < 0, the plus
sign of the global initial deflection € is downward similarly to the distinct
asymmetric case 1. If there exists only the downward global initial deflection,
i.e., £4=0.1 and €,=0, then the load-carrying capacity will be reduced by 13.4%
as A}flc =0.866. “Also, if there exists only the local initial deflection; € =0,
€ 9=0.1, then the capacity will be reduced by 21.1% as A/ AS =0.783. Moreover,
if there exist both the downward global and local initial deflections; € =€2=0.1,
then A / AS =0.783 by 21.7%. At the compound bifurcation, the load-carrying
capacity is more sensitive to the local initial deflection £ 4 than to the global
mode €4 for their magnitudes being the same. While, as shown in Fig. 4,4.5(b),
the upward global initial deflection with € ;<0 may also reduce the capacity, dif-
ferently from the case 1 of the distinct asymmetric buckling.

In the special case of 4x4 elements, it is found that, as the flexural rigidity
changes continuously, two  typical buckling modes of Vi and vo may approach
each other under keeping the symmetry and asymmetry of each mode. Therefore,
the coincidence of two local modes in Figs. 4.4.6 and 4.47 lead to the similar
hyperbolic umbilic catastrophe but with the monoclinal point of bifurcation(See,
Figs. 4.4.8). It seems that the numerical results of 4x4 elements may be more
unreasonable than those of other partitions of elements. This may provide an ex-
ample at the coincidence of two local buckling modes of stiffened plates.

4,5 Conclusions

Several applications of the catastrophe analysis were made in order to pre-
dict the nonlinear behavior of structural models such as columns and compressed
plates with or without stiffeners by discretization and modal trangforms_. This
chapter particularly asserts that the catastrophe analysis accompanies with t.he
static condensation procedure under the certain control types of loads and dis-
placements in the initial postbuckling range. The main conclusions are:
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(1)

(2)

(3)

(4)

(5)

(6)

(M

(8)

(9)

For an extensible column with the first-order approximations of the axial
strain and the curvature, the 4th order terms of the buckling mode in the
total potential function always disappear, and the potential function leads
to only an eigenvalue problem for the ideal buckling load. Then, the
column model has no postbuckling strength.

The present numerical results analyzed by the SEM confirm such a theo-
retical prediction of the first-order approximate extensible column. How-
ever, the results by the FEM may tend to slightly overestimate the non-
linear characteristics. This quantitative difference depends on the kind of
the shape function adopted in each discrete method.

An extensibility of the neutral axis of column will not affect the cubic
terms of the potential function, and the terms completely equal to those
in the case of the inextensible column as the number of the discrete ele-
ments increases, Thus, the dual cusp, hyperbolic umbilic and fold catas-
trophes for the asymmetric buckling model can be realized, and the imper-
fection sensitivity surfaces of extensible columns are drawn spatially as the
bifurcation sets in the catastrophe theory.

The nonlinear solutions of elastic large deflection for compressed rectan-
gular plates are predicted by the proposed numerical formulation. In the
case of square unstiffened plates, the numerical results are found to be in
excellent agreement with those by Timoshenko, Coan, Yamaki, Williams and
Rheodes under various supporting conditions and the two control types.

From the numerical results of compressed square plates, the difference bet-
ween two control types of load and displacement may become little sig-
nificant quantitatively and qualitatively within the accessible range of elas-
tic large deflection.

The compressed stiffened plate with the symmetric stiffener has the stable
symmetric bifurcation point, cusp, for both the global and the local buc-
kling modes at smaller and larger flexural rigidities, respectively.

The present analysis is applied to both distinct and simultaneous bifurcation
phenomena between the global and the local bucklings of compressed rec-
tangular stiffened plate with the eccentric stiffener. For the distinct global
buckling, the load-carrying capacity can be determined from the asym-

metric buckling, fold, for the downward mode of the global initial
deflection.

Whereas,_ the distinct local buckling of the stiffened plate has the stable
symmetric point of bifurcation, cusp, and the load-carrying capacity can

never predicted in the stability and the catastrophe theories of elastic
structures.

At their coincident bifurcation for the stiffened plate, the imperfection
sensitivity surfaces are expressed in the form of the hyperbolic umbilic
catastrophe with the homeoclinal bifurcation. The load-carrying capacity is
commonly more sensitive to the global initial mode than to the local ini-
tial mode for the same magnitudes.
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(10) However, an insufficient partition of elements by the SEM may lead to

the coincident of symmetric and asymmetric local modes, and its imperfec-

tion sensitivity is in the hyperbolic umbilic catastrophe with the monoclinal
bifurcation,

Bibliographies of chapter 4 in PART II

1)

2)

3)

4)

5)
6)
7)
8)
9)
10)
11)

12)

13)

14)

15)

16)

17)

N_lwa.Yl.. E.Watanabe and H.Isami, Catastrophe analysis of structures by
discretization and modal transforms. Memoirs of the Faculty of Engi-
ngering, Kyoto University, Vol. 43, pp. 67-87, 1981,

Niwa,Y., E.Watanabe and H.Isami, On prediction of large deflection of
compressed rectangular plates. Proceedings of Structural Mechanics, Vol.
31A, pp. 25-35, 1985 (in Japanese).

anvg,‘x’., E.Watanabe and N.Nakagawa, Catastrophe and imperfection sen-
sitivity of two-degree-of-freedom systems. Proceedings of the Japan Society
of Civil Engineers, No. 307, pp. 99-111, 1981.

Niwa,Y., E.Watanabe and H.lsami, Catastrophes of elastic column struc-
tures. Memoirs of the Faculty of Engineering, Kyoto University. Vol. 45,
pp. T1-97, 1983.

Thompson,].M.T. and G.W.Hunt, A General Theory of Elastic Stability. John
Wiley & Sons, 1975.

Thompson, J.M.T., Instability and Catastrophes in Science and Engineering.
John Wiley & Sons, 1982.

-Thompson,J.M.T. and G.W.Hunt, Elastic Instability Phenomena. John Wiley &

Sons, 1984.

Timoshenko,S.P. and ].M.Gere, Theory of Elastic Stability, 2nd Edition.
McGraw-Hill, 1961,

Dym,C.L. and LH.Shames, Solid Mechanics: A Variational Approach.
McGraw-Hill, 1973.

Isami,H., A topological aspect of imperfection sensitivity of structures. Bul-
letin of Kohchi Technical College, No. 20, pp. 85-94, 1984.
Thompson,].M.T., J.K.Y.Tan and K.C.Lim, On the topological classification
of postbuckling phenomena. Journal of Structural Mechanics, Vol. 6, pp.
383-414, 1978.

Hunt,G.W., An algorithm for the nonlinear analysis of compound bifurcation.
Philosophical Transactions of the Royal Society of London, Series A, Vol.
300, pp. 443-471, 1981.

Coan,].M., Large-deflection theory for plates with small initial curvatures
loaded in edge compression. Journal of Applied Mechanics, Transactions of
American Society of Mechanical Engineers, Vol. 18, pp. 143-151, 1951,
Yamaki,N., Postbuckling behavior of rectangular plates with small initial
curvatures loaded in edge compression. Journal of Applied Mechanics, Trans-
actions of American Society of Mechanical Engineers, Vol. 26, pp. 407-414,
1959.

Williams,D.G. and A.C.Walker, Explicit solutions for the design of initially
deformed plates subject to compression. Proceedings of the Institution of
Civil Engineers, Part 2, Vol. 59, pp. 763-787, 1975.

Williams,D.G. and A.C.Walker, Explicit solutions for plate buckling analysis.
Journal of the Engineering Mechanics Division, Proc. ASCE, Vol. 103, No.
EM4, pp. 545-568, 1977.

Rhode,]., J.M.Harvey and W.C.Fok, The load-carrying capacity of initially
imperfect eccentrically loaded plates. International Journal of Mechanical
Sciences, Vol. 17, pp. 161-175, 1975.

149



18)

19)

20)

21)

22)

23)
24)

25)

26)

27)

28)

29)

30)

31)
32)

33)

34)

Rhodes,]. and J.M.Harvey, Examination of plate post-buckling behavior.
Journal of the Engineering Mechanics Division, Proc. ASCE, Vol. 103, Na.
EM3, pp. 461-473, 1977.

Hunt,G.W., Symmetries of elastic buckling. Engineering Structures, Vol. 14,
pp. 21-28, 1982.

Hui,D. and ].S.Hansen, Two-mode buckling of an elastically supported plate
and its relation to catastrophe theory. Journal of Applied Mechanics,
Transactions of American Society of Mechanical Engineers, Vol. 47, pp.
607-612, 1980.

Tvergaard,V., Imperfection-sensitivity of a wide integrally stiffened panel
under compression. International Jourmal of Solids and Structures, Vol. 9,
pp. 177-192, 1973.

Tvergaard,V., Influence of post-buckling behavior on optimum design of
stiffened panels. International Journal of Solids and Structures, Vol. 9, pp.
1519-1534, 1973.

Murray,N.W., Introduction to the Theory of Thin-Walled Structures. Oxford
University Press, 1984.

Walker,A.C., A brief review of plate buckling research. Behavior of Thin-
Walled Structures (Eds. J.Rhodes and ].Spense), Elsevier Applied Science
Pub., pp. 375-398, 1984.

Thompson,J.M.T. and G.W.Hunt, Towards a unified bifurcation theory. Jour-
nal of Applied Mathematics and Physics (Zeitschrift fiir Angewandte Mathe-
matik und Mechanik), Vol. 26, pp. 581-603, 1975.

Watanabe,E. and Y.Yamada, On the behaviour and ultimate strength of lon-
gitudinally stiffened flanges of steel box girders. Proceedings of the Japan
Society of Civil Engineers, No. 252, pp. 127-142, 1976.

Yamada,Y., E.Watanabe and R.Ito, Compressive strength of plates with
cross-sectional ribs. Proceedings of the Japan Society of Civil Engineers,
No. 278, pp. 133-147, 1978.

Tateishi,A., A Study on the Utilization of Static Instability Analysis by a
Discretization Method. Thesis presented to the Faculty of Engineering of
Kyoto University in partial fulfillment of the requirements for the degree
of Master of Engineering, 1980 (in Japanese).

Kageyama,M., A Study on the Utilization of Geometrical and Material Non-
linear Analysis. Thesis presented to the Faculty of Engineering of Kyoto
University in partial fulfillment of the requirements for the degree of
Master of Engineering, 1980 (in Japanese).

gilmore,R., Catastrophe Theory for Scientists and Engineers. John Wiley &
ons, 1981.

ngton,'l‘. and LStewart, Catastrophe Theory and Its Applications. Pitman,
1981.

Koiter,W.T., Over de Stabiliteit van het Elastische Evenwicht. Thesis, Delft,
1945 (English translations: On the Stability of Elastic Equilibrium. NASA
Technical Transactions, F10, 833, National Aeronautics and Space Admini-
stration, 1967 and Technical Report AFFDL-TR-70-25, Air Force Flight
Dynamics Laboratory, 1970).

Thompseon,J.M.T. and G.W.Hunt, Comparative perturbation studies of the
Elastica. International Journal of Mechanical Sciences, Vol. 11, pp. 999-
1014, 1969.

Zeeman,E.C,, Euler buckling. Structural Stability, the Theory of Catas-
trophes, and Applications in the Sciences. Lecture Notes in Mathematics,
Vol. 525, Springer-Verlag, pp. 373-395, 1976.

150



APPENDIX A for PART I
SIMPLIFIED ELEMENT METHODS

A simplified element method (abbreviated as SEM) was firstly proposed by
Yamada and Watanabe in order to reduce degrees of freedom of deformations at
each discrete nodal point[1-4]. The adopted shape functions in each discrete ele-
men.t are linear or bi-linear ones of the reference coordinates. Then, the total
strain energy stored in an element can be divided into two parts; one is the
membrane strain energy due to stretching deformations of the element itself as-
sociated with the so-called Green's strain tensors; and another is the flexural
strain energy due to bending deformations associated with the curvatures. Using
some constitutive equation in the elastic range of the material, the former is
derived from integration throughout an element, while the latter is replaced for
the bending and twisting strain energies of equivalent flexural and twisting linear
springs about the relevant coordinates between two adjacent elements.

A brief introduction of such a manipulation of the simplified element method
will be provided for a discrete column or rectangular isotropic plate model(5-11]:

A.l Column Model

Element coordinates

Fig. A.1.1 shows the Cartesian coordinate system (x,z) defined locally in an
discrete element with four nodal generalized displacements; u; and u,y are in-
plane nodal displacements, w; and Wwo are out-of-plane nodal displacements. Each
node has two degrees of freedom of deformations.

Shape function

The deformation of the column element can be described in terms of the
displacement vector (u,w,w), which denotes the axial displacement, the lateral
deflection and the initial lateral deflection on the neutral axis z=0, respectively.
Then, geometry of the column element is defined by

u(g) = a; g1y, s w( &) = ay; Ej'lwi , x =LE (i,j=1,2)
1 : . (A.1.1)

using four nodal displacements (“1'“2'“'1"”2)' In which, L denotes the axial length
of the element, and components of coefficient 3y (i,j=1,2) are listed:

iN 3 1 2 4
1 1 -1 \
2 0 1 W, W,
4 U4 4 Uz
Strain-displacement relationship 1 »—- - - 2‘ X
. a £ w2 K b— L —
2 ox A (A.1.2)
where Fig. A.l.1 Column Model.
du 1, ,dw.2 dwdw _ d%w
g == 4 ={—=) ¢ B ===
ox dx 2 dx dx dx x dx



Furthermore, Eq. (A.1.2) is written in terms of the shape function of Eq.
(A.1.1)

P 1 _BB + gB
1

- 1 B ..

on =B; u + 5 Bij wiwj i wle (A_[_3)
where B- and B?? denote difference operators easily derived from Eq.
(A.1.2). J
Constitutive eguation

6 =E € (A.1.4)

where ay and E refer to the Euler's stress in the axial x-direction and the con-
stant Young's modulus, respectively. This PART 1I treats with only the material
to behave elastically.

Total strain energy

o =

Ut =f | o, e,de,dV==] Ec? v (A.1.5)
v £ v

is stored in one element, and it can be clearly divided into two parts:
U® = Uy + Ug (A.1.6)

where
e _ 1 2 e _ 1 2 2
UM-Q‘]]EEOXGV, UB-2{?EZ A\

using Eq. (A.1.2). The symbol | means the integral on the total volume of the

element. v

Total membrane strain energy due to stretching deformation

The membrane part of the total stored in one element is expressed by

e _ 1 P PB - 1 PB
Uy 3 Kj_juj_uj + Kkijukwiwj + > Kkijukwiwj
1 BB _ _ 1 BB 1 BB
* 2 Kijkﬁwiijkwﬂ. + 2 Kijkﬁwiijkwﬁ. + -B- Kijki.wiijkwﬂ-
(A.1.7)
where
k2. = [ &8P Bt av (1,9=1,2)
1] v i73 1.,3=1,
PB  _ P BB ¢
iy = ) BB By v (1,3,%=1,2)
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BB _ BE _BB 2
i i £ E Bjy By av (i,3,kek=1,2)

Then, the total membrane strain energy due to stretching deformations throughout
the column model can be determined by

Uy = I US, (A.1.8)

e

where } denotes the summation over all discrete elements.
e

Total bending strain energy due to flexural spring

Consider a linear flexural spring with the constant k between two adjacent
elements as shown in Fig. A.1.2 and replace the bending strain energy stored in
the second part of Eq. (A.1.6) for an equivalent strain energy stored in one

flexural spring. The bending moment M, at the node 2 is

My =-kd8 (A.1.9)

where k and d© indicate the spring constant and the relative rotation be-
tween two adjacent elements.

dé =

[l | ]

BBw, (i=1,2,3) (A.1.10)

where
(BB} =(1-21)

On the other hand, the well-known differential equation for elastic beams Iis
expressed in the finite difference form.

dzw o Q@ MK
dx? L EI (A.1.11)

where EI denotes the flexural rigidity of the column model. Then, the spring
constant can be defined by

Wy W3

1

X

Fig. A.1.2 Flexural Spring between Two Adjacent Elements for Column Model,
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- B (A.1.12)
k=T
so that the moment of the flexural spring in Eq. (A.1.9) is completely equivalept
to the bending moment in Eg. (A.l.l11). Therefore, the flexural strain energy in
the second part U% of Eq. (A.1.6) stored in one element can be determined as

e _ 1 - % —
Ug = 5 k (d8) P e e (A.1.13)
where
B _ EI B B - gB B i,q=
9 = g8 iy ki =By By Whalmiatull]
1 -2 1
[xB 1= -2 4 -2
1 -2 1

This can be evaluated directly without integration process over one element, dif-
fering from other stiffness matrices in Eq. (A.1.7). Then, the total bending strain
energy throughout the column model can be determined by

Ug = 1 Ug (A.1.14)
S
where ) refers to the summation over all flexural springs.
s
Therefore, the total strain energy stored in the column model is obtained by
the sum of Uy, and Ug in Egs. (A.1.8) and (A.1.14).
A.2 Rectangular Plate Model

Element coordinates

Fig. A.2.1 shows the Cartesian coordinate system (x,y,z) defined locally in an
discrete element with twelve nodal generalized displacements; U (i=1,2,3,4) and
Vi (i=1,2,3,4) are in-plane nodal displacements in the x- and y-directions, respec-
tively, and w; (i=1,2,3,4) are out-of-plane nodal displacements. Each node has
three degrees of freedom of deformations.

Shape functions

The deformation of the rectangular plate element can be described by the
displacement vector (u,v,w,w), which denotes the in-plane displacements in the x-
and y-directions, the lateral deflection in the z-direction, and the initial lateral
deflection, respectively. This vector is defined on the neutral plane z=0 at any
coordinate (x,y). Then, the geometry of the plate element is expressed by

U( E.ﬂ:l == bklj 5i-1ﬂj‘]uk » v(E,ﬂ) = bkljﬁl‘lr] j-luk+4

W€, n) = by £l ni-ly, (k=1,2,3,4) (A.2.1)
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using twelve nodal displacements (ul,..,u4.v1,...,v4,w1,...,w4). In which,

X = aE ’ y - bn 3 Uk+4 = Vk (k=l,2,3,4)

and, a and b refer to the longitudinal length and the width of the rectangular
plate element. The components of coeffi-
cient bkij (k=1,2,3,4; i,j=1,2) are listed:

k=1 k=2 k=3 k=4
kll 1 0 0 0
k12 -1 0] Q 1
k21 =1 1 0 0
k22 1 -1 I !

Fig. A.2.1 Plate Model

Strain-displacement _relationship

i= A.2.2)
E:l = Eoi -z K i (l 1,2,3} (
where
du (w2 9w ow
€1 €ox 9x oy 9x 9x
oy 1) bu 2 ¥ u
Seml= an 1%y "y (ay} * dy dy
du , By Judy | [2Wdw  Duda
€03 ony dy " ax 9x dy xdy  9x dy
2%
®i “ x B a2
I<2 =4 K s ayz
3% w
K K -
L3 xy 9xdy
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Furthermore, Eq. (A.2.2) is rewritten in terms of the shape functions

a nE 1 gBB + BEB 3.
Eoi = Bij%5 * 7 Bijk¥s¥k * Bijk¥i%k (A.2.3)

where B°. and B??k denote difference operators easily derived from Eq. (A.2.1).
1]

Constitutive equations

0; = Djj & (A.2.4)
where
1 AY 0
[ Dij ] = o2 v 1 0
1-Vv
0 0 3

in the case of a plane stress parallel to the x-y plane of the isotropic plate
model. In which, V refers to the Poisson's ration, and the coordinates x, y and z
are redesignated as X, Xg and Xj. Hereafter, the quantities such as stresses and
strains are subscripted by 1, 2 and 3 in the x-, y- and z-directions, respectively.

Total strain energy

1
Ut = {;{é}oisid{a} v = 3 £ Dyj€ § £ dV (A.2.5)

is stored in one element, and it can be clearly divided into two parts:

U® = U§y + U (A.2.6)

where

e _ L1 e _ 1
U= 2 [ Dyjcoifo Vs Us - 2 | Dy

2 .k,
jz 1Jd‘\f

using Eq. (A.2.2). The symbol | denotes the integral on the total volume of
the element. v

Total membrane strain energy due to stretching deformations

The membrane part of the total strain energy stored in one element can be
redescribed by

ue = L P yu. + kPR u Wows 1 gPB
M 5 Kiquguy + Kegqupwiwy + 5 Ky qupwgw

J
1 BB - - 1 BB = 1 BB oo w.w,W
* 3 RSV Y D KKV * g KidkgMi¥itk g

where (A.2.7)
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P _ P _p .

S £ Do By Bhg 4V (i,3=1,...,8; m,n=1,2,3)

PB  _ P BB

Kye3 5 {, Pmn Brk Basy av (k=1,...,8; i,3=1,...,4; m,n=1,2,3)
BB _ BB BB .

Kigke i Prn Bniy Brgg 4V (i,3,k, & =1,...,4; mn=1,2,3)

Then, the total membrane strain energy due to stretching deformations throughout
the plate model can be determined by

Uy = L Uy (A.2.8)
e

where | denotes the summation over all discrete elements.
e

Total bending and twisting strain energies of springs

Under Egs. (A.2.2) and (A.2.4), the energy can be further divided into three
sub-parts:

e _ e 1=
Up = Uy + Uy + U'?33 (A.2.9)
where
D ab 5
ugl=5IJch+K§dedy
00
D a b 5
=3 =
g =35 I/ 2 €2 dxdy
00
R 2
U§3= Ejf[g ( ¥ Ky-i(xylldxdy
g0
5 - Et®
12(1-vH

in which, D, t, a and b indicate the flexural rigidity, the constant thickness, the
longitudinal length and the width of the isotropic rectangular plate element,
respectively, as shown in Fig. A.2.1. The energy can not be measured so far as
the shape functions of Egs. (A.2.1) are used herein. Hence, the following con-
cepts of two types of elastic linear spring will be introduced:

(a) Flexural spring

Consider a linear flexural spring between two adjacent elements, and assume
the spring to have both flexural and twisting rigidities. For instance, such a
spring at the center on the boundary between elements in the x-direction as
shown in Fig. A.2.2. Then, using the finite difference process, the bending mo-
ment m, about the y-direction per unit length acting perpendicular to the bound-
ary 25 'Is replaced as follows:

n

b %

» = (A.2.10)

=D ( Kk, + vK_)TD K

m x y

X
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Fig. A.2.2 Flexural/Torsional Spring between Two Adjacent Elements
in x-direction for Plate Model,
where the relative rotation d © between two adjacent elements in the x-
direction

X

(i=1,nn6}

{B';c} =(1 -2 1 1 -2 1)
The total bending moment M, about the y-axis on the boundary 25 is
M

=bmg =k, db, (A.2.11)

X X

where the flexural spring constant k, leads to

In a similar manner, the total bending moment MH about the x-axis between
two adjacent elements in the y-direction can be finally obtained as

My = ky d e}r (A.2.12)

where

and d by denotes the relative rotation in the y-direction

o -
do, = L By w, (i=1,..,6)
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where the torsional spring constant is

gy} =(1 -2

1)

(b) Torsional Spring

The twisting moment
Fig. A.2.2 is replaced by

mx},=D(1-\)}K

e
=

mxy per unit length acting on the boundary 25 in
where

xy ¥D K D doy, (A.2.13)
1
d¢xy=—ab (wl-w2+w5-w4)

is equivalently computed by the shape function of Eq. (A.2.1)
Then, the torsional strain energy stored is defined in one element and

e
UBZ=4X

in one element.
can be
determined as the sum of equal four torsional springs on four element boundaries

1 2
> keab(d 0,.)

(A.2.14)
ke = 3

The energy is equivalently proposed by the definition of a twisting moment
per unit length for one torsional spring on a boundary in one element

m*';‘:y
m%, = = dé¢ (A.2.15)
Xy 2 Xy
For convenience, the torsional spring is rewritten
= & i irecti A.2.16
ty = 2% d o, in the x-direction ( )
where
dé, = = B w, (i=1,...,4)
X xi i pERSY
{(B%} =(1 -1 1 -1)
and
D i y
= in the y-direction (A.2.17)
t)’ 2a 4 d}l’ y
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where
do, = T BYY W (i=1,...,4)
nt - - -l
{By} =(1 -1 1 -1)

(c) Total strain energy due to flexural and torsional springs

Fig. A.2.3 shows the
typical adjacent two ele-

ments and the flexural/ tor- 4 5 6
sional spring on their bound- - L R
ary in the x-direction
similarly to Fig. A.2.2. In b C)
which, the symbols "L" and
"R" denote the left and
right elements with respect Y 1 2 3
to the relevant spring. Then,
as discussed above, the bend- a _ | a
ing and the twisting mo- |
ments per unit length on the X
boundary 25 are rewritten in
terms of six nodal out-of- Fig. A.2.3 Two Adjacent Elements
plane displacements in x-direction,
= D L_ D L R_ D
me= 2 a¢,, ty= = dady, By ¥ o A
(A.2.18)

where

a0, = (B} ){w} (BL)=3 (1 -2 11 =2 1)

% x o x 2a
dog= (B ){w}) , {B}LL)=§'[1-’10—110)

aeR=caR){wl), ¢ BIF )

]

=

(o 1 -1 0 -1 1)
{w}T = Cwy wy, wa wy, w )
1 W2 W3 Wy Wg Wg

The total bending and twisting moments are

- b

Mg =bm = (= D)dab, = «';-D)(B,;){w}
- L 1 1

Ty=bty=(3D)dez=( 5 DB ){w]
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1 1
“pEE =L SUIAEET =k 5 ot B2R 0l w]
(A.2.19)

Therfafore, the bending strain energy of the flexural spring in the x-direction is
obtained from Egs. (A.2.10), (A.2.11) and (A.2.19)

P b 2
U, = = L= )
2(a )(d B)

Bx

b
(wlTr o2 paese)T o) 1(w)

r =

_ 1 _Bx

5 Kij wiwj
. . (A.2.20)
where the bending stiffness matrix is explicitly presented

Bip -t , B Bx i i
Klj 432 ( a D) kl] (1i731;00.s6)
- |
1 -2 Loy 1 -2 1
=2 4 -2 1 -2 4 =2
5 ] -2 1§ 1 -2 1
x = | msse s e e
[ k5% ) |
L -2 Lo 1 -2 1
-2 4 -2 1 -2 4 -2
I -2 L | & -2 1

It is apparently found that the energy is equivalent to the first term of the
first sub-part in Eq. (A.2.9). Furthermore, the twisting strain energy of the tor-
sional spring is defined in each element, that is, in the left element

tL_ L . B )
Ug' = 3 (3 )ddy)

1 D
w S{w}T 05 omBTeossy 1 (w)

1 _txL
= = KI < WiW.a
2 33 {A.2.21)
where
jor s I | D txL P L B
KJ.] aZ ( 5 ) klj (llj 1, [ )
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1 -1 o0 | -1 1 o0
-1 1 0o ! 1 -1 0
o o o | o 0 o0
Bl B e
) -1 1 o0 I 1 -1 0
1 <1 9 4§ =1 1 0
0 o o 1 0 o 0

Similarly, in the right element
tR . 1L (B Ry2
U = 3 ( > dey)

= %(W}T [ %)( ByRITC BER) 1 {w)

- L Kth W

= E W
4 R (A.2.22)
where
txk _ L D txR < i
Kij 2 ( > ) kij (1i,351,...,6)
"o o 0,0 0 0

o 1 -1,0 -1 1
o -1 110 1 -1

LR 1= oo s e
0 0 o ! o 0 0
0 -1 1'90 1 -1
o 1 -1 E o -1 1

The above two energies are eguivalent to the second sub-part in Eq. (A.2.9).
Using the spring constants of Eqs. (A.2.12) and (A.2.13), the flexural/torsional
spring between adjacent two elements in the y-direction can be defined in the
similar manner. Finally, the total strain energies of the spring in the y-direction
are provided by the equivalent forms to the sum of both the second term of
the first sub-part and the second sub-part in Eq. (A.2.9).

It is apparently found that the third sub-part UeB3 in Eq. (A.2.9) may vanish
throughout the rectangular plate model when its four edges simply supported or
clamped, and this part is neglected in the SEM analysis.

Therefore, the total bending and twisting strain energy can be obtained by
Ug = T (Ugy + USR +USE)+ | (uUgy » USR + ubl)

< Es y Y (A.2.23)
where L and E refer to the summations of the flexural/torsional springs in the
x- and yvdirectYon, respectively. Then, the overall bending/torsional stiffness
matrix is defined as

L B
Ug = 7 K5 wiw; (A.2.24)
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As a result, the total strain energy stored in the plate model is given in the
form of the sum of two parts (A.2.8) and (A.2.24).
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APPENDIX B for PART I
STANDARD FORM OF STRUCTURAL POTENTIAL FUNCTION

The canonical form of the structural potential function defined by the
Taylor's expansion near the distinct or compound critical point can be trans-
formed to the Thom's unfolding of the corresponding elementary catastrophe. The
diffeomorphic transformation is briefly discussed for the fold, cusp and umbilics
in this dissertation. Hereafter, the notations of A and F refer to the structural
potential function and the Thom's unfolding, respectively.

B.1 Fold Catastrophe

1 . 3 1 _oc 2 le
A - L i
Bvi,Ac€)) = 2 A10v) * AV H A TvE)
3
F(x,0) = x +0ax

Then,

Fix,a) = A(vl,A.sl) + G(I\,sll

under the diffeomorphic transformations: (vl,l.sl) + (x,a)

c 1 oc 2
A = A =
go= (Ll,3 . N 6 3,
6 1 6 ac
111
i o, 2 4
= (A ") =
lc B 3 11 6 3 42
a = £ -
Al (Ac ) 1 12 (Ac )T A
111 111
where
oc_ lc oc. 3
it o (a7 5
G(1;€1) ={(—)e, - ————
aS T A
111 111

B.2 Cusp or Dual Cusp Catastrophe
A 4 le
v_E

A(v.,A\E ) = = a 1 ,0c 2
1PELY T 24 BV YT R YA, 1

F(x,0,8) = £x*+ ax? + Bx
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Then,

Flx,@,B) = alv,,AE.)

under the diffeomorphic transformations: (vl,J\,sl) + (x,0,B)

aS 1 a0C 1 1
_ 1111 (3 e lc,_24 4
b=2a 17 vy o a—zl;c—[k, P11 ey
1111 Py
B.3 Umbilic Catastrophes
A(v_,v_,AE_,E ) = 1,0 . 3,.1.¢c 2 A oc2 oc 2 lc 2
12 ) T AV Y e Mapviva T ByL Y Av) + A Sve + A e,

Flx,v.9,B,Y) = x3 * axy2 + a(x2 + y2) + Bx + vy

Then,
F(x,y,a,B,Y) = A(Vl,vzn ktallez)

under the diffeomorphic transformations: (vl,vz,l,sl,gz) > (%,y,%,B8,Y)

e 1 cc 1 .c 1
. = (Alll)B . _ (A22}2(Alll)3 Y
& 1’ ¥ 20C 6 2
11
A0¢ 1 1 aoc 1 1
a = 11(6 j3k, B=A1C(6 )33 , Y_A2c(1l)2(6 )35
2 i!\r: 1 Ac 1 2 P.OC RC 2 5
111 111 22 111
where
oc.c
R R Sty
oc.c
AEZAlll
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PART II

CATASTROFPHE ANALYSIS OF ELASTO-PLASTIC STRUCTURES






CHAPTER 1

A NEW UNIFIED APPROACH TO PREDICT THE
STRENGTH OF STEEL STRUCTURES

l.1 General Remarks

The stability and the strength of steel slender members in the elasto-plastic
range have been among the most important research interests in the field of
civil engineering. A great number of investigations have been performed through
analytical and numerical procedures on their initial bucklings, the postbucklings
and the load-carrying capacities. Recently, the incremental materially and
geometrically nonlinear numerical calculations are being increasingly adopted
within the framework of discretization methods such as finite differences, finite
element methods and boundary element methods. Their main objective is to pre-
dict the elasto-plastic strength of slender structural members for certain set of

parameters such as the material properties, the geometrical dimensions and the
imperfections[1-4].

Niwa, Watanabe and I[sami have been concerned with a unified approach to
evaluate the load-carrying capacity of structural members in the elasto-plastic
range[5-10]. The effects of above parameters on the elasto-plastic strength can
be explicitly expressed in terms of the bifurcation set in a closed-form expres-
sion without resort to solving the mnonlinear simultaneous equilibrium equations.

This chapter unifies an evaluation of the elasto-plastic buckling load, the
postbuckling equilibrium path, the plastic failure mechanism curve and the imper-
fection sensitivity curve., Herein, the proposed approach is demonstrated in detail
to predict the elasto-plastic ultimate strength of axially compressed columns.
Furthermore, applications of the approach to other types of members such as
laterally unsupported beam-columns, compressed rectangular plates with or without
stiffeners, and compressed cylindrical shells will be discussed in the subsequent
chapters of this PART.

1.2. Basic Formulations
1.2.1 Elasto-plastic buckling strength

An appropriate presence of residual stress distribution is considered in the
cross section of the perfect structural model without any geometrical imper-
fections. The distribution of residual stress is assumed to be assigned in a proper
form satisfying the initial self-equilibrium. Then, the strength can be obtained
directly from the reduction ratio k of the elastic portion to the total cross
section[11,12].

For each prescribed form of residual stress distribution and its maximum
magnitude g, , the effective ratio k of the elastic portion to the total
cross section is defined by the tangent modulus E, and the secant modulus Eg9):

do

E=2%=kE and E;=7 (1.2.1)

where
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g = 0(k) and £ = e(k),

E : Young's modulus,
0 : generalized stress, & : generalized strain.

Two functions of O(k) and €(k) depend on the type and the magnitude of the
distribution of residual stress for each member.

The associated buckling mode and its corresponding initial imperfection mode
in the elasto-plastic range are assumed reasonably for given boundary conditions.
Their magnitudes are designated as the generalized displacements of w and W,
non-dimensionalized by the column-span length 2% or the thickness t. Then, on
the basis of the ordinary differential equations of equilibrium, a modified eigen-
value equation is obtained in a neighborhood of the critical buckling point[9]

Socw—ow=0 (1.2.2)

where or denotes the well-known elastic Euler buckling strength, which is a
deterministic function of the capital symbol "R", designating as the generalized
slenderness ratio for columns, the generalized width-thickness ratio for plated
structures or the generalized radius-thickness ratio of cylindrical shells. Also, f
represents the coefficient due to the elasto-plasticity. Since it is quite difficult
to estimate the coefficient f exactly, it is approximated by a simple function of
k using the elasto-plastic moment-curvature relation or the nonlinear equilibrium
equations for each member considered. Herein, f is assumed to be invariant to
prescribed geometrical initial imperfection —w,[5].

For columns and unstiffened plates, only the primary elasto-plastic buckling
mode corresponding to the least elasto-plastic buckling strength is taken into ac-
count as the generalized displacement w. In the case of stiffened plates, two
primary modes of their global and local bucklings are treated independently.
Moreover, for cylindrical shells, two types of interactive analyses are provided:
one-mode analysis with only an asymmetric buckling mode and two-mode analysis
with both an asymmetric and an axi-symmetric buckling modes.

Therefore, for given generalized slenderness R and several parameters, the
elasto-plastic buckling strength g., can be determined as[9]

Ucr=.fc0'£ (1.2.3)

where f€ Eiesignates the critical value of f when the perfect member buckles
elasto-plastically, and is expressed by an explicit function of the critical value

%, of the ratio k. When k. =1, i.e,, f°=1, Eq. (1.2.3) of course leads to the elas-
tic Euler strength og.

1.2.2 Postbuckling path

It is well known that the plated members generally have the stable post-
buckling strength in the elastic range[12,13], However, an exact prediction of
such significant post-bifurcation equilibrium path in the closed form is extremely
difficult in the elasto-plastic range as well as in the elastic range. Herein, a
modification of the von K&rmén's equations will result in the following path(7,10]
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0 = 0o~ Cgw + Cw (1.2.4)

where C, and C, designates coefficients depending on the generalized slenderness
R, the critical Slastic factor k. and the secant modulus defined by E;=0/€ in
Eq. (L.2.1). If C=0 and C_=0 as in the case of columns, Eq. (1.2.4) Becomes a
horizontal line 0 =0  in the 0-w space, with no postbuckling strength. If C_=0
and C_>0 for 1:olatedC members, the equation leads to a normal stable postbuckﬁng
in th@P parabolic form. Moreover, shell members have an unstable asymmetric
postbuckling when C_>0 and Cp=0, using the one-mode analysis. In the case of
the shells' two-mode analysis, the initial postbuckling path can be obtained

directly from solving two nonlinear equilibrium equations with no consideration of
the failure mechanism.

1.2.3 Failure mechanism

Load-carrying capacity of the actual slender members can not be determined
by evaluating only the elasto-plastic buckling strength due to the residual stress.
[t is not only affected by the elasto-plastic postbuckling behavior, but by the
initial geometrical imperfection and the plastic failure mechanism(14,15,16].

A pathological plastic failure mechanism curve corresponding to the ultimate
state of each member can be defined approximately by

G =0,(w) or w= wp(9) (1.2.5)

where O, and ¥p refer to explicit functions derived from the failure mechanism
and the interactlon criterion adopted; for example, a relationship between axial
stress and the corresponding bending moment.

1.2.4 Ultimate strength

Now, consider an equivalent bifurcation point as the intersection of the
elasto-plastic postbuckling path AC, Eq. (1.2.4), with the plastic failure
mechanism curve BCD, Eq. (1.2.5) in Fig. 1.2.1. The point is designated as the
point C(w*,5*). In a neighborhood of the point C, a pseudo-potential function,
V, is assumed to exist so that its equilibrium equation near the point C is[9]

g postbuckling
path
108
. imperfection
Of----2 sensitivity

g I failure
Cr [ D mechanism
: curve
0 v
w, W w

Fig. 1.2.1 Equivalent Bifurcation Point.
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VJ E%'chwd_ U(wd+ wo)= O (1.2.6)
where
glwy) = gc + %gécwd y Wy =W w, - ow¥

and when w0=0 and wd=0,

o* = gtog (1.2.7)

in which, the factors on g are analogous to those on f. However, as shown in
Fig. 1.2.1, g is evaluated at the equivalent bifurcation point Clw%¢g*), f is not
at the elasto-plastic buckling point A(0,0cr). The spatial drawings of the equi-
librium surface from Eq. (1.2.6) and its projections to three orthogonal planes
are shown in Fig. 1.2.2.

b, singular
. map } } v equilibrium

Fig. 1.2.2 Equilibrium Surface and Bifurcation Set.

Then, the ultimate strength ¢, of the general imperfect member can be
predicted by the imperfection sensitivity curve. The curve asc, is regarded as
one projecting vertically the set AC of singular points on the equilibrium surface
My. It takes the form[9]:

In_ *o0 * ( pEg
p 1+a™w, \/Qa Wo 1+2cr wo) o238}
where
rC
= Bt
a*=Z - —
2C
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A precise determination of g'© may be quite difficult, so the factor «* is ap-

pyoximgted by the slope of the plastic unloading curve at the equivalent bifurca-
tion point C:

__1do e
a* = - F?&e’gl or a#g_é‘. e \ (1.2.9)
(w*,0*) (w*,0*%)

This asserts that the general nonlinear equilibrium path of the i

may reach the local maximum of the stgength on pthve plastls lfr:i?::;eiﬁercnhea:iﬁ
curve BCD in Fig. 1.2.1 as if the curve is a set of singular points, AC, in
F.tg. 1.2.2. For column and plate structures, the ultimate strength can be fnre-
d:c_ted by_ Eq. (1.2.8). However, for cylindrical shells, the equivalent bifurcation
point C is taken to be the normal elasto-plastic bifurcation point A since the

point A is unstable itself. Then, the ultimate strength can b btai i
chapter 3 of this PART. , . @ be obrained in the

1.2.5 Modification of imperfection

Furthermore, the equivalent initial imperfection is introduced so as to
describe the actual strength behavior of the member concerned

wi= p(R)wn (1.2.10)
where
R a8
#(R)E}JC(E)

and R. refers to the slenderness value R at which the ordinary buckling point
changes from elasto-plastic to elastic. The value and the form of #c and §A can
be determined so that the effect of the imperfection w% may diminish for two
limits of R—0 and R —»o , i.e., for extremely stocky and extremely slender
members. Furthermore, this takes into account observations on many previous
strength curves in design practice(l1,12].

Finally, the imperfection sensitivity on the load-carrying capacity for column
and plate members can be determined by Eg. (1.2.8); however, with the slope o*
of Eg. (1.2.9) and the equivalent imperfection w* of Eq. (1.2.10).

1.3. Applicability

The proposed unified approach will be applied to the strength prediction for
such axially compressed members as columns, rectangular plates, rectangular
stiffened plates and cylindrical shells, and its flow chart is illustrated in Fig.
1.3.1. Table 1.3.1 summarizes applicability of the approach to such structures.

In this table, the generalized stress o0 s taken to be the average axial
stress, which is non-dimensionalized by the yielding stress of the material. Also,
the generalized displacement w is the magnitude of the assumed buckling mode,
non-dimensionalized by the column-span length & of column or the thickness £ of
plate/shell members.
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Table 1.3.1 Applications of the Present Approach to Structural Members.

COLUMN PLATE SHELL
(Weak Axis) PANEL & ST. PLATE 1-MODE 2-MODE
APPLIED LOAD axial compression
GENERALIZED =
STRENGTH g (T : average axial stress, O, yielding stress )
o] ;]
GENERALIZED
DTSPLACEMENT Wik L
. L: column length t : plate- t z shell-thickness
thickness
EULER BUCKLING
STRENGTH 1
51.:. R2
R: generalized R: generalized R: generalized radius-
slenderness ratio width-thickness thickness ratio
ratio
BlJECL:‘LSITP?(;P;-'I'AF?S.NIGCTH 3 asymmetric + axi-symmetric
] ‘,'k
g = fcg 4 fc £kc € .‘ﬁ:—c_,_.]; E_s "k _E_5
cr E 2 E cY E
POSTBUCKLING no postbuckling stable parabola asym. line solutions of
PATH _ _ 2 _ _ equilibrium in
L s ﬂcr+cpw g = mem 2-mode analysis
A
gON'DL;L%RIEON n=c, (1-0) {2-cj(1-0) m+ 02 =1 —_—
FAILURE - P a 1202 N
MECHANISM CURVE | *=*p g (27c3(1-0)] s o
SLOPE Alo* o * shell; direct
i+ —_r e evaluation from
“ 2-c3(1-0%) R avot™) :
2 P pseudo-potential
INITIAL DEFLECTION) Jsne: 2 /1000 JSHB: b/150 , a/1000 | ECCS: JLr/mu
Wi b: width, a: length !.r.‘ gauge length
MODIFICATION o 8 " 1 i 3
R.B c 2 c B c
p(R)=u (g~
R
B =2t1=7)
p
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Table 1.4.1 Buckling Parameters for Numerical Demonstrations of
Compreesed Steel Columns.

5;:_" Tyw Res.J[nitial Rp P?gggcgth Cu;:;s;“‘ »
Y, oy Stress Def.w./! Residual Stress  Residusl Stress
0.5 Fig. 1.4.3 | Fig. 1.4.4

Strong-Axis 10 1.0 0.2 1.118 Fig. 1.45 | Fig. 1.4.6
. 0.5 1300 Fig. 1.4.7 | Fig. 1.4.8
Weak-Axls 1.0 1.0~ 04 L9 e 149 | Fig. 1.4.10

Furthermore, two interaction criteria are adopted herein, and their cor-
responding plastic failure mechanism curves are obtained respectively in the
table. Herein, m designates the bending moment along the fold-line of the failure
mechanism considered. Given a coefficient for each member, the slopes g*
can be explicitly at the equivalent bifurcatidon point C(w*, g*) for column and
plate members. Whereas, for cylindrical shells, the slope can be determined
directly from evaluating the elasto-plastic postbuckling equilibrium near the
elasto-plastic bifurcation point being equal to the equivalent bifurcation peint.

Finally, the factor S is identically taken to be a linear form of the
generalized slenderness R without regard to a type of members. While, the form
e is explicitly provided in the table. It must be stated that proposed bifurca-
tion sets of Eq. (1.2.8) are found to have good correlation with several design
strength curves and those by many researchers.

1.4 Numerical Illustrations .-._-._y1'_...__.. = ¥ tf
This chapter provides numerical results of tw
axially compressed steel columns using the g (ot
proposed approach. Their detailed descriptions '
have been discussed in references[5-10]. For h x-—- -—x d
all computations, the maximum magnitude in
compression of each residual stress is '
restricted to be (.4 oy and 0.2 ov. Also, each }
initial deflection is the allowable value of !
tolerance in the JRA Highway Specifi- — tf
cations[13]. 9
Table 1.4.1 summarizes typical values of Fig. 1.4.1 I-Sectional
buckling parameters for numerical computa- Steel Column Model
tions of axi-symmetric I-sectional steel ’
compressed columns(See, Fig.l.4.1). When both
the material properties
E/o =875, cywloy =1 oy and oyw: yielding stress of

the flange plate and of the web (1.4.1)

remain constant, eight numerical demonstrations will be illustrated in two cases
of web-flanges area-ratios § and two forms of residual stress distributions for
two types of strong- and weak-axis bucklings.
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The present elasto-plastic load-carrying capacity curves are obtained from the
bifurcation sets in Eq. (1.2.8) using Eqs. (1.2.9), and (1.2.10). The results are
shown as the relationship between the non-dimensionalized strength on the or-
dinate and the generalized slenderness ratio on the abscissa. Herein, several
strength curves such as the beam-column interaction curvell,11,12,19,25-27], the
Perry-Robertson curve, the JRA Specification basic column strength curve[19] and
the ECCS column curves(1,11,12,28-31] are compared with the proposed numerical

results. These curves were provided in details as explicit forms in the
references|5,6].

. Consic}ering these analytical and experimental investigations, the equivalent
imperfection in Eg. (1.2.10) is taken to be

1
we=y . B=2(1- 3

)
R» (1.4.2)"

in which, the form of w(R) is also taken into account further test data[34]:
Fig. 1.4.2(a) shows the column test results reviewed by L.Tall in the CRC and
SSRC; Fig. 1.4.2(b) provides the envelopes of 112 experimental maximum strength

curves when the initial deflections at the center span is prescribed by
w,/ 1 =1/1000,

Figs. 1.4.3 to 1.4.10 shows the numerical demonstrations corresponding to
eight column types in Table 1.4.1. [t is found that the bifurcation sets with the
equivalent imperfection give appropriate strength predictions within the inter-
mediate elasto-plastic range of R. So far as the slenderness ratio R and the
area-ratio § are concerned in this dissertation, the present strength curves may
be insignificantly affected by the area-ratio & and the type of residual stress
distributions with respect to the strong- and weak-axis. For given slenderness
ratios, the proposed strength by Eq. (1.2.8) can be explicitly drawn as the imper-
fection sensitivity curves. Figs. 1.4.11 and 1.4.12 illustrate families of imperfec-
tion sensitivity curves corresponding to the case of Figs. 1.4.3 and 1.4.7,
respectively. It is apparently shown that the maximum load-carrying capacity is
remarkably sensitive to the initial imperfection within the slenderness ratio R
ranging 0.75 to 1.25, including the critical slenderness ratio Rp. Moreover, such
sensitivities can be clarified by the following reduction rate of the proposed
strength to the equivalent bifurcation O* as shown in Figs. 1.4.13 and l.4.14
for the strong and weak axis. The former is more imperfection-sensitive than the
latter, without regard to the invariant forms of the equivalent imperfection.

Through some numerical demonstrations of compressed columns, it was made
apparent that the proposed method of approach does not rely on the nonlinear
numerical analysis, but is based on the explicit representation of the imperfection
sensitivity formula in the light of the catastrophe theory. That is, the unified
expression of compressed strength of steel columns can be made in terms of Eg.
(1.2.8) using Eqs. (1.2.9) and {1.2.10). In other words, Eq. (1.2.8) presents an ex-
plicit representation of the imperfection sensitivity for specified generalized
slenderness ratio R.

* The generalized slenderness ratio R for columns is chosen as

g
B =i ) -2 W N e . _
T o £ about strong axis or = = about weak axis
o ¥
where r. and r, refers to the radius of gyration with respect to the strong and

weak axls, respgctively.

a
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Column Test Results summarized by L.Tall. [34]

0.5 1.0
Fig. 1.4.2(b)
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Fig. 1.4.3 Ultimate Strength Curves for the Strong-Axis Buckling of Columns
with Parabolic Distribution of Residual Stress.
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Fig. 1.4.4 Ultimate Strength Curves for the Stromg-Axis Buckling of Columns
with Triangular Distribution of Residual Stress.
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Fig. 1.4.6 Ultimate Strength Curves for the Strong-Axis Buckling of Columns

with Triangular Distribution of Residual Stress.
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with Parabolic Distribution of Residual Stress.

ag ———— Present Analysis
. B (Bifurcation Set)
arl  ee=ee- Elasto-Plastic Buckling Load

—-—— ECCS Curve "c"
— —— JRA Strength Curve

1.4 e e Beam-Column Formula
: —-—-— Perry-Robertson Formula
8=0.5
or = O.40Y
wof 2=1/1000
O, -Cr
el T

NON-DIMENSIONALIZED STRESS

YEAK (TRIANGLE)

s T T es 1.8 L T 2l
GENERALIZED SLENDERNESS RATIO OF COLUMNS
Fig. 1.4.8 Ultimate Strength Curves for the Weak-Axis Buckling of Columns
with Triangular Distribution of Residual Stress.
179



Present Analysis
(Bifurcation Set)
------ Elasto-Plastic Buckling Load
1 —-—— ECCS Curve "¢"
— —— JRA Strength Curve
—-—:— Beam-Column Formula
———-— Perry-Robertson Formula

§=1.0
or=0.4cY
w0/2=1/1000

9 |a

1

NON-DIMENSIONALIZED STRESS

YERK [(PARABOLR)

1

— .5 1.9 t.s 2.8
GENERALIZED SLENDERNESS RATIO OF COLUMNS

Fig. 1.4.9 Ultimate Strength Curves for the Weak-Axis Buckling of Columns
with Parabolic Distribution of Residual Stress.

g Present Analysis

g (Bifurcation Set)

arl  =m=sts Elasto-Plastic Buckling Load
T —-—— ECCS Curve "c"

i 8 —— —— JRA Strength Curve

————— Beam-Column Formula
—-—— Perry-Robertson Formula

§=1.0
cxr--O.doY
w0/£=1/1ooo

O’r ‘Ur

i

)

3 ——t a‘:-5 e ———+ 1.=E ot 1.:5 e 2.:5
GENERALIZED SLENDERNESS RATID OF COLUMNS
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1.5 Conclusions

This chapter unifies a new simplified approach for evaluation of the strength

of slender steel structural members such as columns, plates and shells. The main
conclusions are:

(1)

(2)

(3)

(5)

(10)

The residual stresses and the initial deflections may affect the evaluation
of the elasto-plastic buckling stress and the form of the explicit imperfec-
tion sensitivity formula, respectively,

The inelastic strength prediction of the members may be explicitly
evaluated in terms of the bifurcation sets or the imperfection sensitivity
curves,

The bifurcation set can be defined explicitly near the equivalent bifurca-
tion point being the intersection point of the elasto-plastic postbuckling
path with the plastic failure mechanism curve for typical members with
neutral and stable postbuckling equilibria.

In the case of members with unstable postbuckling equilibria like cylindri-
cal shells, their normal elasto-plastic bifurcation point is taken to be the
equivalent bifurcation point. Then, the bifurcation set can be determined
from evaluating stability characteristics at the point.

The actual initial geometrical imperfections are modified in the form of
the proposed equivalent imperfections. The equivalent imperfection can be
determined in a unified form on the basis of the previous strength curves
and practical design curves.

All the computations can be easily performed using a small microcomputer.

Several numerical illustrations for axially compressed columns are calcu-
lated using appropriate form of the equivalent initial deflections. The
results are compared with some design curves and analytical results.

The demonstrations are found to be in good correlation with those by such
various investigations and experimental results.

The form of distribution of residual stress assumed herein may insig-
nificantly affect the present results.

The proposed unified approach may be applicable to other types of steel
structures such as beams, rigid frames and trusses in civil engineering
field.
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CHAPTER 2
APPLICATIONS TO ELASTO-PLASTIC PLATE STRUCTURES

2.1 General Remarks

The stability and the strength of steel plates and stiffened plates in the
elasto-plastic range have been one of the subjects of the greatest concern of
civil engineers[l-4]. They are being used for such members as plate and box
girders, chords of trusses and arches, bridge piers and towers. Each member is
known to buckle locally and may fail prematurely before reaching the yielding
point. However, they do not generally fail by the elastic buckling strength but
have significant reservation of the postbuckling strength. This is known as one of
the major differences between plates and bars.

The early attempts of the elasto-plastic buckling analysis of plates have been
seemingly made by Bijlaard, Ilyushin, Stowell, Pearson and Bleich[5-8]. They have
derived the fundamental differential equations of the plates, and obtained ex-
plicitly the closed-form solutions under various edge conditions and various load-
ing conditions, These classical methods of approach are summarized by Okumura
et al.[9].

Recently, in both the elastic and inelastic ranges, the prime research inter-
ests are shifting to the evaluation of the elasto-plastic strengths of imperfect
plates with different width-thickness ratios by means of discretization methods
and the procedures of solving sets of nonlinear simultaneous equations[10-23].

This chapter especially concentrates on the problems of ultimate strength of
stiffened plates: Several theoretical and numerical procedures have been proposed
so far on problems of the initial buckling, the postbuckling and the ultimate
strength of stiffened plates[24]. They can be classified with respect to the
method of approach: firstly, the orthotropic plate approach; secondly, the beam-
column analysis using the concept of the "effective width™; thirdly, discretization
methods such as finite strip method, finite difference method, finite element
adopting the incremental energy-approach; and, finally, the nonlinear bifurcation
approach based on the hypoelasticity and the topological considerations.

The first or orthotropic approach for stiffened plates was initiated by Huf-
fington et al.[25]. They determined four orthogonal rigidities of equivalent elastic
homogeneous orthotropic plates. Improvements of the procedure for flat plates in
the inelastic region beyond elastic limit were made by Stowell[26] and Bleich [27]
using some reduction factors of orthogonal rigidities. Attempts have been made
to evaluate the elasto-plastic buckling stress of stiffened plates. Mikami et
al.[24] studied the inelastic buckling stress of continuous orthogonal stiffened
plates through the Bleich's factors.

The second beam-column approach have been developed by Faulkner[28], Little
129].. Carlsen[30], Horne et al.[31] and Rhodes[21]. They derived fundamental
relatlon_shlps between the average axial stress and the corresponding strain in the
theoretical and numerical form, and compared the results with available experi-

mental results. Also, Moolani et al.[32] discussed on the parametric study of the
behavior of eccentrically stiffened plates,
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The third approach of discretization is now being widely accepted as reason-
ably accurate. The early researches in Japanese civil engineering field on the
numeljlcal elasto-plastic buckling stress of stiffened plates were accomplished by
Usami[33], Hasegawa et al.[34] and Yoshida et al[35] using finite strip methods.
Furthermore, the large-deflection elasto-plastic analyses of compressed stiffened
plates have been developed by many researchers in the world such as Crisfield
[11], Komatsu et al.[36], Marchesi[37] and Webb et al.[38] through finite element

rr_lethods and finite difference methods in order to solve the relevant nonlinear
simultaneous equations.

The final group of approach is based on the concept of nonlinear bifurcation.
Tvergaard et al.[17,39] investigated the elasto-plastic bifurcation behavior, the
initial postbuckling behavior and the imperfection sensitivity of eccentrically
stiffened plates. They employed an incremental linearized Rayleigh-Ritz method
for the stiffened plates regarding as hypoelastic plates neglecting the effect of
elastic unloading. They also discussed the stability and the imperfection sen-
sitivity of the elastic simultaneous interaction among the global buckling of the
panels as a wide Euler column and the local buckling of the plates between the
stiffeners(40]. Some powerful contributions on such interaction problems of
stiffened plates have been also provided by Koiter[41] and van der Neut[42].

These theoretical and numerical analyses allow for the maximum ultimate
strength of stiffened plate models to be determined in an isolated form for a
selected set of geometrical and material parameters.

Niwa, Watanabe and Isami have proposed a new simplified approach to evalu-
ate the ultimate strength of slender steel structures such as columns, beam-
columns and unstiffened plates in the elasto-plastic range[43-49]. The approach
does not require a nonlinear process of simultaneous equations concerned, and
means a simplified prediction of the imperfection sensitivity of structures in view
of the singular bifurcation set through the catastrophe theory. This chapter form-
ulates the procedure for the elasto-plastic strength of compressed rectangular
plates with longitudinal stiffeners. Both their global and local bucklings are taken
into account herein.

Other applications of the approach to compressed plates are discussed and
demonstrated in detail[44,48,49]. Especially, this chapter also provides comparative
investigations of the present procedure in the case of both unstiffened and
stiffened plates.

2.2 Basic Formulations
2.2.1 Residual stress distributions

A rectangular stiffened plate with four edges simply supported_under uniaxial
compression as shown in Fig. 2.2.1 is analyzed as a typical basic model. The
stiffened plate has only several longitudinal stiffeners w1tb equal area‘and equal
flexural rigidity arranged in certain equal distance. The residual stress is assumed
to be distributed in an appropriate form in the local plate panel, with the mag-
nitude ¢ and ¢r in compression and tension, respectively, and to be uniform
in the stiffener cross section with the magnitude 0rs in tension,
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Fig. 2.2.1 Distributions of Residual Stresses of
Compressed Rectangular Stiffened Plates.
(a) Parabola (b) Triangle (c) Trapezoid

In view of the self-equilibrium of the residual stress distribution over the en-
tire stiffened plate, the equivalent tensile residual stress ¢, may be assumed
to be distributed uniformly in the global orthotropic plate in addition to the
residual stress distribution of the plate panel alone. Hence, the magnitudes of o,
and o can be replaced for the corresponding "prime" value, respectively:

a';_= UT—ETS &l’ld a;g=grt+ars' (2-2-1)

where

_ __No
Ur_q—l_*_NS Ors

and & refers to the ratio of a stiffener area A_ to the plate panel area bt,
and N denotes the number of stiffeners defined %elow. The relationship between
or and g7, can be determined from the initial self-equilibrium condition of each
distribution of residual stress.

The distribution of residual stress with the maximum compressive stress o
is assumed to be in either parabolic, triangular or trapezoidal form as shown in
Figs. 2.2.1(a)-(c)[43,44,47]. The relationships among the tangent modulus E,, the

secant modulus E;, the average axial strain ¢ and the average axial stress g can
be obtained as:

—do_ =7
*“de =kE and E,= € (2.2.2a)
and for parabolic distribution ( 0 < k < 1 ),
o=a—(3—-2k)k'o;
Y i P
e=% lor+3(1—kVor—07] (2.2.2b)
for triangle distribution ( 0 < k < 1 ),
c=ay—k’o}
_1 ;
E—f[d’y‘_(z k—1)a7] (2.2.2¢)
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and, for trapezoidal distribution ( 0 < k < 207 )

0';-+ Ty
SRS C Lo
4o;
1 (o + 0"
e=g [2 Ur_k_—z'?_] (2.2.2d)

where E and oy refers to the Young's modulus and the yielding stress of the
material, respectively. Furthermore, k denotes the ratio of the elastic portion of
the cross section to the total section of the plate, namely, it indicates the
global tangent modulus factor of the orthotropic plate section.

In the case of unstiffened plates, that is, when the cross-sectional ratio
_é‘l=o, Ors. =0, analogous equations to Eqg. (2.2.2) are obtained for appropriate
distribution of residual stress[44].

2.2.2 Elasto-plastic buckling strength

From the boundary condition, the buckling mode and the initial imperfection

mode of the equivalent global orthotropic plate are assumed in both elastic and
elasto-plastic ranges as follows:

mnx mmrXx

a 1

Y(yJ-—‘ sin E‘g‘y (2.2.3)

W=wY(y)sin

, Wo=w,Y(y)sin

for all edges simply supported.

in the coordinate system as shown in Figs. 2.2.1. In which, w, w, Y(y), m and
n designate the magnitude of the total out-of-plane deflection, that of initial
out-of-plane deflection, mode of deflection in y-direction, number of the half
waves in x- and y-direction, respectively.

Consider the compressed rectangular stiffened plates with N longitudinal stiff-
eners with stiffener parameters[65]:

As d __EI;
W and y= bD, (2.2.4)

where b, t and D_ refer to the total width, the net thickness and the elastic
flexural rigidity (:-te the plate panel, respectively. Also, A, and [, denote the
cross-sectional area and the moment of inertia of a stiffener, respectively. The
torsional rigidity of stiffener itself is not considered in this dissertation. Through
the classical orthotropic approach using partial differential equations, the basic
equation of equilibrium of the stiffened plate can be written as[24,65]:

o=

% W _
DeVpW+at°__axz 0 (2.2.5)
where
Et?
=—70, L=t1+IN+1)6),
D=5 b H1+(N+1)8]
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- o'
Vp=k a +2[k;+2k} Za 2 ka .
in which, v, t,  and k: (j=1,2,3,4) refer to the Poisson's ratio, the equivalent
thickness and tRe consténts to designate flexural and torsional rigidities of the
orthotropic plate in the elasto-plastic range.

Upon substitution of W in Eq. (2.2.3) into Eq. (2.2.5) and through the
Galerkin's method, the critical stress o.r can be defined in the following form
[44,47]:

b
D. [ YYidy
Ucf=
mr
b (2E) yay (2.2.6)
where
Viw)= ki 2E) Yy -2k +2 ko (B2 (fi}:+k; e
The buckling coefficient K, can be given by
Ter
Ks:' P (2.2.7)
where
n’De
bt
thus, Ks can be obtained as
(%)
_ m m m
K=rrmrns [ Blag) takt2 k() +k] (2.2.8)
where
r,zSE% . aspect ratio
Let us define a factor f by
K
f-_—_
Kse (2.2.9)

(2.2.10)
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D,

0:=Kseao=Ksg ——

bt
K _2[1+v1+(N+1)y ]
T 1+(N +1)&
that is, O refers to the elastic Euler buckling stress for the global buckling of

the stiffened plate.

Then, the non-dimensionalized equation of equilibrium in the elasto-plastic
range can be written as[44,47]:

fagtv— G w=0 (2.2.11)
where

5=l L w oo o _b [V

£ Y ;E' t’ a-O'y' SE_t ]'[EK\;E E

in which, the symbol "_-_" designates the non-dimensionalization in terms of the
yielding strength oy and the thickness t for the stress and the displacement,
respectively. Rgp and Kgg refer to the generalized width-thickness ratio for the

buckling of the global stiffened plate and the corresponding elastic buckling
coefficient, respectively.

In this chapter, however, numerical examples are demonstrated using only the
Bleich's approach[27] to evaluate the elasto-plastic buckling stress. Therefore,
using the Bleich's factor 7, the coefficients kj in Eg. (2.2.5) are defined in the
elasto-plastic range as follows[24-28]:

Bl W), k=T, b1, k=150 VT

In order to take into account the effects of residual stress on the elasto-
plastic buckling stress, the factor T is set to be equal to the tangent modulus
k in Eq. (2.2.2). Upon substitution of Eq. (2.2.12) into Egs. (2.2.8) and (2.2.9), the
factor f can be obtained by

(2.2.12)

s (R () £)]
= TN+ () - (L)
f [1+(N+1)3]ﬂszs ‘ @ m
v / po Table 2.2.1 Comparison of
Haatdk 1+ I+(N+1}7]} (2.2.13) Buckling Coefficients of
Elasto-Plastic Plates.
where k, refers to the value of the factor - o~ Bualis TR K oo
k in Eq. (2.2.2) at the elasto-plastic buckling RS =y K = [ Kg
point. Table 2.2.1 provides several possible [Eissic | Hooke 4
classical expressions for the factor f, based Bleich T -
on the methods by Bleich, Chwalla, Stowell, s = to elastic
Bijlaard and Pearson for compressed plates. _ L1 -
In this dissertation, numerical examples are |Flastic | Stowel *'«(rz\/;-:-) Deforma-
demonstrated using only Bleich's method so ——— Ty (L
as to evaluate the elasto-plastic buckling

1
stress as stated above. Pearson 21+ IF T . FIoY

* :=:£/E: tangent modulus factor
** r,a@E/E: secant modulus factor
= ky=[14+3(1+e)r]/d, ka=[2—-{2—4<)/d, ka=4/d,
ky=1/d"; dms—dv—(1=q)3r+de, d'ST+iv+3e,
e=l/7—1, »; Poisson's ratio
sews - mdc/(14 7)3: reduced modulus factor
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Now, by evaluating the minimum value of K the value of f can be obtained
simply as

f=r=vke (2.2.14)

since, for the elasto-plastic buckling,

_2Vk N+VIFIN+1)7 ]
(Ks)mm: 1+(N+1)5

(2.2.15)

at

n=1 and ¢=m yYkJ1+(N+1)7]

Thus, using Egs. (2.2.7), (2.2.8), (2.2.11), (2.2.14) and (2.2.15), the elasto-plastic
buckling stress a.r can be given by

Gor=J 0 (2.2.16)
where

- _Tcr

Ter= —

It implies that the elasto-plastic buckling stress of the stiffened plates can be
expressed in the unified form similar to that of columns, beam-columns and
compressed plates. Of course, 5 =0, with f°=1 and k_=I.

2.2.3 Postbuckling path

The rigorous prediction of the significant postbuckling behavior of stiffened
plate in a closed form is entirely difficult even in the elastic range. Thus, for
simplicity, a modification on the von Karmén's equations is made in order to
evaluate such postbuckling reservation using the analogous orthotropic plate
approach. The modified von Karméan's equations for such orthotropic plates in the
elasto-plastic range lead to the following postbuckling path[47]:

G=0crt+ épﬁ)z B
at

n=1 and ¢=m Yk [1+(N+1)7]
where

&.=30=v) 1 Es 1+k{1+(N+1)7]
© 4Ks R E JRIFN+1)7]°

X K _b J121—vY) a
Re=Ry\/qr R=T\/ o  K=aN+1p

and R denotes the generalized width-thickness ratio for the local buckling of the

plate-panel. It is clear seen that Eq. (2.2.17) provides the elastic postbuckling
path if Es = E and ke = L
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2.2.4 Ultimate strength

Ultimate strength of the actual stiffened plates can not be determined by
evaluating only the elasto-plastic buckling strength. It is further affected by the
initial lateral deflection and the plastic unloading curve as well as by both the
residual stress and the elasto-plastic postbuckling path. The plastic unloading
curve is obtained from the failure mechanism corresponding the ultimate state of
the stiffened plate. Many investigations have been performed on the failure
mechanism curve in the last two decades. Their mechanism curves for com-
pressed square plates are compared in Fig, 2.2.2. Detailed discussions on the
plastic unloading curve have been made by Sherbourne, Murray, Fujita and
Davies(57-62], but here in this chapter, the following intersection formula is as-
sumed for simplicity between the in-plane axial compressive load and the bending
moment[47). The failure mechanism of the plate under uniaxial pure compression

is assumed to consist of fold lines for the global buckling mode as shown in Fig.
2.2.4.

(2.2.18)

i
.+_
=]
|

where

I

gl

m

in which M and Mp refers to the bending moment perpendicular to the cor-
responding fold line and the full plastic moment, respectively. Fig. 2.2.3 shows a
comparison of the interaction curves by many researchers for compressed square
plates.

&= -3
i 6’ ——e—e— @ w1 =8 (present mnalysis)
— Imrlng Tujtts (19651
g ——e— A =1 -3" [present analysis) — B-95743/16-158"
- mmsme Sherbourne et al. (1%840) 28+ ?"__m_“a-,
a. ~—-— Fujita et al. (1977}
Y —eemece Fujdta et al. (1978) o e ‘_"’3527“_‘;,“‘
L ———— Xorol st al.(1972) A 1]
- Walker et al. (1375) S ¥ £-15

W 77
t

Fig. 2.2.2 Comparison of Load-Deflection Curves Fig. 2.2.3 Comparison of Interaction

in Plastic Failure Mechanisms of Curves for C?mpr&ssed
Compressed Square Plates: Square Platesﬁ.o
$=1; § = 45. ¢ =1; § =45".

Then, for the global buckling mode of the stiffened plate, the plastic unloading
curve can be approximately predicted by:

_ =z
= ,= A &” (2.2.19)
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where, for ¢*=¢/m=col 4,

he
1 1+¢* cot 8+ N& 5

A:zj 1+N(N+2]é\ (N . even)
N+1
he
i 1+¢*cot8+Nr’)‘-;—
4=3 1+ (N+1)8 (2 odd)

for p*<cot d=1,

+ hs

1 1+¢* cot 9+N§%

. 2—¢*tan 6 +2 NG+ NulNut2)  cot 8 (N=N+ N
¢~ tan R ot

in which # denotes the angle of the yielding fold line as shown in Fig. 2.2.4.
In the second types in Fig. 2.2.4(b), Ny and Ny refers to the numbers of longi-
tudinal stiffeners on the fold lines of (I) ané (I1}, respectively. Moreover, by
designates the height of a stiffener from the surface of the plate panel, and the
factor hs/t can be given as a function of the stiffener parameters.

Now, let us consider the equivalent bifurcation point as the intersection of
the elasto-plastic postbuckling path, Eq. (2.2.17), with the plastic unloading curve,
Eg. (2.2.19). The point can be obtained by solving the following quartic polyno-
mial equation:

CoA26'— ' —(2 CpA = Ger)d*+ CpAT=0 (2.2.20)
Let ¢* and @* designates a proper real root of the equation and the cor-

responding deflection calculated by Eq. (2.2.17) or (2.2.19). Hence, the equivalent
bifurcation point can be given by the point C({* #*) in Fig. 2.2.5.

= |
o 3 o, ° thuckli
(o] posthuckling
. T AT 10 Path
\. /. b (I) ? b —s
7 (DA hod plastic
10 1004 6 _L a unloading
— a — —a = [ curve
- ‘?:VV N~ :
M= <—* 0 w, w W
(a) g@*=cotd (b) ¢*<cold
Fig. 2.2.4 Plastic Fold Lines of Fig. 2.2.5 Postbuckling Path and
Failure Mechanisms for Failure Mechanism Curve.

Global Buckling Mode.
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In order to evaluate the ultimate strength of the imperfect plate, a pseudo-
potential may also be defined near the equivalent bifurcation point C. Then, the
ultimate strength 5, of the imperfect stiffened plate can be predicted in terms
of the bifurcation set through the catastrophe theory. It can be defined by a set
of singular points[43-49]:

Om & - 1
'af,;'=l+u' wo—\/ZH wa(1+§a wo)
(2.2.21)
where
Om
Om=""
Ty

and a* can be approximated by the slope of the plastic unloading curve at the

equivalent bifurcation point C, that is,

Y SN S __ ga*
* d,/dd | suse A(1+6%) (2.2.22)

2.2.5 Modification of imperfection

Furthermore, the concept of the equivalent initial imperfection is adopted
herein in order to describe the actual strength behavior of the plates considered:

Wi = u(R) (2.2.23)
where

M(R)E#C(Rip)a

M 1is a constant specified below, and R_ refers to the value of the generalized
width-thickness ratio, R, for the local pldte buckling between stiffeners, at which
the buckling point changes from the elasto-plastic to purely elastic, and R is al-
ternatively used as the generalized width-thickness ratio Rgg for the global
stiffened plate buckling.

Explicit forms of U, and B will be presented below in the numerical
demonstrations with some design curves and the numerical results by many in-
vestigators. Their determination takes into reasonable account the unified expres-
sion for both unstiffened and stiffened plates. As a result, the form of Y(R) can
be presented to be

w=t, p=2(1 -7‘%) (2.2.24)

This form has been also applied to a unified formulation of strength prediction
for both local and global bucklings of stiffened plates. Finally, the imperfection
sensitivity or the load-carrying capacity can be determined by Eq. (2.2.21); how-
ever, with the slope o* of Eq. (2.2.22) and the equivalent imperfection of Eg.
(2.2.23) and (2.2.24)[43-49].
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On the other hand, the ultimate strength for the local buckling of plate
panel between stiffeners may be also evaluated as four edges simply supported
rectangular plate with the width spacing stiffeners[44,47].

It is apparently shown that discussions in this section are identically equal to
those for unstiffened plates when the stiffener's parameter N=0, ¢ =0 and Y =0,

i.e., t=t;, R=Rgg and K=Kgg[44] for n=1 and ¢=m V..

2.3 Compressed Plates

Now, as the first numerical illustrations, let us examine the simply supported
plates under uniaxial compression. The type of the distribution of the residual
stress considered herein is either of a parabola, a triangle or a trapezoid as
shown in Figs. 2.3.1(a)-(c), respectively. The magnitude of the maximum compres-
sive residual stress is restricted for practical reason to 0.4 Oy for all types.
Also, the magnitude of the initial deflections of the plates considered herein is
taken to be whether b/200 or b/150, with consideration of the tolerance of b/150
as allowed by the JRA Specification for Highway Bridges[50], where b represents
the width of the loaded edge of the plate.

In order to make a comparison with the present numerical illustrations, the
following four types of strength curves are used herein: Fig. 2.3.2 shows the
basic design strength curves adopted in Japan, USA and Europe[l,3,4,50] and
several "effective width formula” by von Karman, Winter, Lind, Yoshiki, Grave
Smith, Komatsu and Fukumoto[51,52]; Fig. 2.3.3 shows the numerical computations
by Crisfield, Little, Harding, Dawson and Horne[11-16,20]; Fig. 2.3.4 provides the
typical test data[53], including repetitive loading results by automated microcom-
puter testing at Kyoto University in 1981-84 with reference to [54-57]; and Fig.
2.3.5 also shows the design curves by Fokumoto-Itoh data-base approach[64], who
summarize a great number of experimental data for buckling steel plates in the
world,

The numerical results of plates are illustrated in Figs. 2.3.6(a)-(c) for the
residual stress distribution of the parabola, the triangle and the trapezoid,
respectively. The abscissa indicates the generalized width-thickness ratio ratio R
and the ordinate indicates the non-dimensionalized ultimate strength with respect
to the yield stress. It must be mentioned that all of the bifurcation sets for the
rectangular plates are obtained for such aspect ratio ¢ that the least buckling
coefficients are obtained both in the elastic and in the elasto-plastic range, that
is, for n=1 and g=m VE Then, all the calculations are made taking into ac-
count the basic ultimate strength formula, the theoretical/numerical results and
experimental curves. Therefore, the form of 4(R) is also given by Eq. (2.2.24),
similarly to the case of stiffened plates.

a lsﬂ;»a; a o o
(i =-— - ——1 Fig
Nz | HT
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Distributions of Residual Stresses of
Compressed Rectangular Plates.
(a) Parabola (b) Triangle (c) Trapezoid
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The proposed bifurcation sets are compared with six ultimate strength curves
herein: by von Karman, Crisfield's finite element large deflection elasto-plastic
buckling analysis[11], Little's energy minimization[16], Harding's finite difference
analysis with a dynamic relaxation[12], Dawson's simplified elastic large deflection
perturbation analysis[58] and by Horne's effective width approach [13,14,1_5]- These
strength curves were drawn for simply supported rectangular plates with ¢ =
0.7~1.0, wy/b = 1/200 and the rectangular band width at 3t of the residual
yield tensile stress(20].

The ultimate strength curves in the elastic range for the slender plates are
throughout the same regardless of the residual stress types. But, in the elasto-
plastic range for intermediate values of R, the ultimate strengths in the case of
the trapezoidal distribution are found to be the lowest, and those of the trian-
gular distribution are the highest, independently of the magnitude of the imper-
fections. However, the present ultimate strength curves are found to be affected
insignificantly by the difference of the types of residual stress distributions,
similarly to the case of compressed columns. Of course, the unified bifurcation
set with the equivalent imperfection gives the unified ultimate strength curve to
be excellent correlation with many strength curves as mentioned above.

For given width-thickness ratios, the present strength can be explicitly drawn
as the imperfection sensitivity curve. Fig. 2.3.7 illustrates a family of imperfec-
tion sensitivity curves in the case of compressed plates with the parabolic resi-
dual stress distribution. The ultimate strength may be shown to be remarkably
sensitive to the initial imperfection especially at the intermediate width-thickness
ratios.

Bradfield reviewed the numerical evaluation of strength curves of compressed
plates by Crisfield, Little, Harding, Dawson and Horne[20]. In order to compare
the present curves with his results, the imperfection sensitivity curve is replaced
for the change in the non-dimensionalized strength &m between smaller and
larger magnitudes of the initial deflections, i.e., w /b = 1/1000 and 1/200 { b is
the plate-edge width). Fig. 2.3.8 shows the relationship between the change in
the ultimate strength and the generalized width-thickness ratio. It is seemed that
the present reductions provide relatively middle strength among other investiga-
tions except for the case of elastic buckling region. Within large width-thickness
R corresponding to the purely elastic buckling, the proposed results may over-
estimate the imperfection sensitivity greater than the others. This is caused by

the form of the equivalent imperfection w(R) using peculiar limit condition of
R—m.

2.4 Compressed Stiffened Plates

Several numerical illustrations are provided on the strength of the simply
supported stiffened plates under in-plane uniaxial compression. A single lon-
gitudinal stiffener is assumed to be spliced with equal interval and can be
characterized by the geometrical and material parameters such as N, § and 7y,
E/oy . Moreover, torsional rigidities of the stiffener are assumed to be
neglected: The type of residual stress distribution of the local plate panel is as-
sumed to be either of a parabola, a triangle or a trapezoid as shown in Figs.
2.2.1(a)-(c), and that of the stiffener to be tensile uniformly distributed in its
cross section. For all the distribution types, the magnitude of the maximum com-
pressive residual stress or in the local plate panel and that of the uniform ten-
sile residual stress ors in the stiffener are restricted to 0.4 oy and 0.2 oy,
respectively. Moreover, the magnitude of initial deflection of the stiffened plates
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are assumed to be a/l000 and b/300 with its global and local modes, respec-
tively. The values are prescribed on the basis of the tolerances allowed by the
JRA Specifications for Highway Bridges(50], which "a" denotes the half-wave
length of the stiffened plate for the global buckling and "b/2" indicates the
width of the loaded edge of the plate panel for the local buckling.

For given parameters such asN, &, 7 and E/gy,all of the bifurcation sets
or the ultimate strength curves can be calculated under the following condition:
the equivalent orthotropic plates have such aspect ratio ¢ to take the least
buckling strengths in the elasto-plastic ranges. That is,

n=1and ¢=m YEJI + (N +1)7] (2.4.1)

Herein, for a comparison with the difference of residual stress types, the
numerical results are presented for three types of distributions of residual
stresses: parabola, triangle and trapezoid for the buckling. Figs. 2.4.1(a), (b), (c)
illustrate the proposed bifurcation sets of compressed stiffened plates with para-
bolic, triangular and trapezoidal distributions of residual stresses for the global
buckling. In these figures, the generalized width-thickness ratio R of the local
plate panel is chosen as the abscissa without regard to the types of bucklings;
whereas the ordinate designates the non-dimensionalized ultimate strength with
respect to the yielding stress oy. The ultimate strength curves of stiffened
plates are found to be affected only insignificantly by the difference of the
types of distribution of the residual stress, similarly to the cases of compressed
columns and plates as discussed previously. Hereafter, the numerical results are
provided for only the parabolic residual stress distribution, On the other hand,
for the local buckling of the plate panel, Fig. 2.4.2 typically shows the present
results of the compressed stiffened plate.

For a comparison with the proposed strength prediction, the following ul-
timate strength curves and some test results are presented herein: von Karmadn,
Fukumoto's data-base approach[64], Komatsu's large-deflection elasto-plastic finite
element analysis(11,36], and practical design formulations such as JRA, DASt and
ONORMI[63]. Fig. 2.4.3 shows several Japanese experimental results of stiffened
plates[63,64], including the test data by automated microcomputer testing at
Kyoto University in 1981-84[54-57].

The present ultimate strength curves in the elastic range for the slender
stiffened plates are throughout the same without regard of the residual stress
types. However, in the intermediate width-thickness ratio of R, the ultimate
strength curve for the trapezoidal distribution of residual stress is found to be
the lowest, and that in the case of the triangular is the highest, not related
with the magnitudes of initial deflections.

Especially, in the case of the local buckling corresponding to Fig. 2.4.2, Fig.
2.4.4 compares the same results with the numerical calculations by Crisfield,
Little, Harding, Dawson, Horne and the JRA Specifications for compressed unstif-
fened plate panels[44,47].

For both the global buckling of the stiffened plate as a wide Euler column
and the local buckling of the local plate, it may be found that the present im-
perfection sensitivity curve in Eq. (2.2.21) using Egs. (2.2.22), (2.2.23) and [2.?..24)
gives a unified strength prediction of the stiffened plate. Moreover, this unified
equation has been applicable to the cases of columns, beams and compressed
unstiffened plates as well[43-49].
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In this chapter, all the calculations on the ultimate strength of stiffened
plates are made for only typical values of parameters; N, &, Y and E/GY as
shown in these figures. For various values of such parameters, the similar
strength prediction may be explicitly determined by Eq. (2.2.21) chrough Egs.
(2.2.22), (2.2.23) and (2.2.24). For example, Fig. 2.4.5 shows the results of the
stiffened plates with the parabolic residual stress and the area-parameter

§ =0.05. Then, the effect of such area-parameter ¢ on the ultimate strength
may be shown to be insignificant, so far as the values are considered herein,
similarly to the effect of the types of residual stress distributions.

2.5 Application to Statistical Simulations
2.5.1 General remarks

The present approach allows us to predict the unified ultimate strength for-
mula of steel structures in elasto-plastic range. Especially, the effects of the
residual stresses and the initial displacements on the strength are explicitly
expressed in Eq. (2.2.21). This formula is so effective that it can be used in or-
der to evaluate the statistical strengths of steel rectangular plate members with
or without stiffeners. Through a great number of statistical surveys on the initial
imperfections of the actual structural members and typical tested specimens, a
Monte Carlo simulation is performed herein. In this section, the imperfections are
taken to be the initial displacements and the residual stresses, and are generated
from their proper statistical form of probability density functions. The distribu-
tions of the initial displacements and of the residual stresses are normalized into
two-way normal distributions, and their three-dimensional view is visually drawn
with the contour lines representing constant strength levels. Hence, the most
frequent ‘combinations of such imperfections are determined with respect to the
5%-fractile strengths for a prescribed generalized slenderness.

2.5.2 Statistical distributions of initial imperfections

Initial deflections The statistical distribution of initial deflections is well
known to follow the Weibull or the Erlang(Gamma) distribution from many ex-
perimental data for compressed plates with the plate-bending mode(I)[63]. Then,
herein, the magnitude of initial deflections non-dimensionalized by the total width
"b" of plate member is assumed to be the Erlang disléribution with the mean
value of 5.97x10™” and the standard deviation of 8.76x107°.

Residual stresses The statistical distribution of the magnitude of the maxi-
mum compressive residual stress is assumed to be the normal distribution with
the mean value of 0.23 Oy and the standard deviation of 0.145 0 y([66].

2.5.3 Monte Carlo simulations

For each specified generalized width-thickness ratio R for 0.6 to 1.4 with in-
terval 0.2, a Monte Carlo simulation is made:

[il Generate random numbers following the normal and the Erlang distributions
for the residual stresses and the initial deflections, respectively. Their
methods of generations are briefly discussed in the papers[49,67].

(ii] Substitute the pair of these values of imperfections into the imperfection
sensitivity formula in Eq. (2.2.21). Then, the ultimate strengths are scat-
tered in an unknown form of distribution.

liii] Repeat steps [i] to [ii] as many times if necessary.
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[ivl] Normalize the variables in order to take two-way normal distribution with
both the residual stresses and the initial deflections[49,67].

[v] Plot the contour lines representing the constant strength levels.

[vi] Find the most frequent combinations of the imperfections with respect to
the 5%-fractile ultimate strengths in Eg. (2.2.21).

Herein, the _simulatlon tests are made for compressed plates with typical three
types of residual stress distributions[44,47). Also, in the case of stiffened plates
with only the parabolic distribution of residual stress, the tests are performed

for three prototypes of flexural rigiditiesy/y*=0.5, 0.75 and 1.0 in the global buc-
kling modes.

ey

0./0y

Frequeney

L

[FTR 1]

“Les
N

Fig. 2.5.1 Joint Probability Density Function of Residual Stresses
and Initial Deflections.

2.5.4 Numerical illustrations

Assume two variables of the residual stresses and the Initial deflections to
be independent one another, their joint distribution can be obtained easily. Figs.
2.5.1 show a 3-dimensional drawing of the joint probability density function and
the contour lines in the imperfection space.

In order to search for the most frequent combination of the residual stresses
and the initial deflections for prescribed generalized width-thickness ratio R,
their variables are transformed to take the two-way normal distribution. The
transformation procedure is confirmed in the papers[49,67].

Compressed plates The generalized width-thickness ratio R is chosen as

_b [12(1—-vieor ‘ 1 -
R=— o E Kg : Euler buckling coefficient (2.5.1)
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The discrete value of R varies from 0.6 to 1.4 with interval 0.2. For instance,
Fig. 2.5.2 presents the 2-dimensional contour lines of the joint probability density
function, together with each constant level of ultimate strengths. The broken line
and the thick solid line denotes the mean and the 5%-fractile values of streng-
ths, respectively. A foot of the perpendicular from the origin of the joint func-

tion to the 5%-fractile strength

level specifies the pair of the most frequent
combination of the residual stresses and the initial deflections, denoted as an in-
dex @ . Also, Fig. 2.5.3 shows the results for R=1.4, and the similar figures are
obtained for each generalized width-thickness ratio R and for each type of dis-
tribution of residual stress.
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Compressed stiffened plates The generalized width-thickness ratio R is
selected for the local-plate panel of stiffened plate, similarly to Egq. (2.5.1). Figs.
2.5.4 and 2.5.5 show the results of models with the rigidities v/v* =0.5 at R=0.6
and R=1.4, respectively, in the global buckling mode. The residual stress distribu-
tion is restricted to be parabola for all the computations.

Fig. 2.5.6 provides the numerical results of compressed plates with parabolic
distribution of residual stress. For discrete values of R from 0.6 to 1.4, this
figure shows the changes of the most frequent combinations of the residual
stresses, the initial deflections and the index S8 of the corresponding probability
of appearance. They are designated as the chain line, the thin broken line and
the solid line, respectively. Also, an another broken line indicates the 5%-fractile
value of initial deflections. The effect of the residual stresses decreases as R
increases upto 1.2, since the allowance of the residual stresses increases. While
the opposite tendency appears for R>1.2. Furthermore, the effect of the initial
deflections slightly increases for R<1.2, since the allowance of the initial deflec-
tions decreases. For R>1.2, however, the effect decreases. In other words, it may
be found that the ultimate strength is relatively sensitive to the initial deflec-
tions for R<1.2, and is more sensitive to the residual stresses for R>1.2. In the
other hand, the index S is not scattered throughout the whole ranges of R, so
that the probability of the most frequent combination of the residual stresses
and the initial deflections is approximately constant with slight tendency to
decrease as R increases.

Fig. 2.5.7 shows the similar results of stiffened plates with v/y* =0.5 for their
global bucklings. The effect of the residual stresses slightly decrease with in-
crease of R; While that of the initial deflections slightly increases as R in-
creases. Also, the index 4 becomes the minimum for R=1.2, representing the
maximum value of the joint probability.

2.6 Conclusions

A simple unified approach to the ultimate strength of compressed steel
plates with and without stiffeners is presented on the basis of the concept of
the catastrophe theory. The main conclusions are:

(1) The residual stresses and the initial deflections may affect the evaluation
of the elasto-plastic buckling stress and the form of the explicit imperfec-
tion sensitivity formula, respectively.

(2) The inelastic strength prediction of the plate members may be explicitly
determined in the form of the bifurcation sets or the imperfection sen-
sitivity curves for both global and local bucklings.

(3) The bifurcation sets can be defined explicitly near the equivalent bifur-
cation point being the intersection point of the elasto-plastic postbuckling
path with the plastic mechanism curve.

(4) The initial imperfections are modified and replaced by the equivalent im-
perfections proposed herein.
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(5)

(6)

7

(8)

(9)

The proposed approach can be applied to the strength prediction of un-
stiffened and stiffened plates in in-plane compression, and these numerical
results are demonstrated for typical plate models.

Using the proposed strength formula expressed as the imperfection
sensitivity, a Monte Carlo simulation is performed on appropriate statistical
distributions of the residual stresses and the initial deflections for
compressed plates and stiffened plates. Then, the most frequent combina-
tions of such imperfections can be explicitly determined from both their
joint probability density function and the 5%-fractile ultimate strengths.

All the calculations herein can be made using mainly a microcomputer
with small memory storage.

The form of distribution of residual stress assumed herein may insignifi-
cantly affect the present results.

The general philosophy adopted in this chapter may also be applicable to
other type of engineering structures such as rigid frames, arches, trusses
and shells as well as columns, beam-columns and compressed plate panels.
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CHAPTER 3

APPLICATIONS TO COMPRESSED CYLINDRICAL SHELLS

3.1 General Remarks

Nowadays, cylindrical shells have been used in many civil engineering struc-
tures such as offshore constructions, nuclear power supplies, pipe lines and stor-
age oil tanks. These cylindrical shell members are often subjected to uniaxial
compression as independent or combined loadings together with hydraulic pressure
or torsion. Then, the load-carrying capacity of the compressed shell is known to
be very sensitive to even a few initial imperfections, and they may vyield the
global collapse of the cylinder. Therefore, problems on the stability and the
strength of cylindrical shells are significantly important for our civil engineers to
analyze and evaluate them.

Studies on the strength of cylindrical shells were initiated in the later nine-
teenth century[l]. Lorenz, von Karman and Fliige obtained the buckling loads of
cylinders, subjected to axially compression, uniform external pressure and their
combinations, respectively[2]. Especially, Donnell derived the fundamental equations
of equilibrium for shell structures under torsion[3]. However, the analytical or
theoretical investigations had been remarkably inconsistent with the corresponding
experimental results by Flige, Donnell and et al.[4] These inconsistency between
theory and experiments was tried to clearly interpret using the so-called imper-
fection sensitivity by von Karman and Tsien, who solved the nonlinear equilibrium
equations[5]. Moreover, Donnell and Wan clarified the post-bifurcation and the
general equilibrium paths of compressed cylindrical shells[6].

Koiter discussed the stability and the imperfection sensitivity of cylinders on
the basis of the potential energy function using his general theory of elastic
stability[7]. He also analyzed the imperfection sensitivity curves of compressed
cylindrical shells with axi-symmetric modes of initial deflections[8]. Arbocz and
Babcock reported on relationships between initial deflection modes and the buc-
kling configuration modes from many test data[9]. Similarly, Hutchinson, Hansen
and Croll focused on the imperfection sensitivity of axially loaded cylindrical
shells[10-12].

The shell members are being designed so that they may fail commonly in the
elasto-plastic range. Then, in order to examine their inelastic strengths, the in-
cremental materially and geometrically nonlinear numerical procedures are per-
formed in recent trends. These time-consuming analyses of compressed cylindrical
shells may provide us the ultimate strength, which is determined in an isolated
form for a specified set of material and geometrical several parameters. On the
other hand, advanced studies on the inelastic strength of cylinders have been
vigorously performed by Batterman, Hutchinson and Croll[13-15].

This chapter formulates the unified approach of the elasto-plastic ultimate
strength for compressed cylindrical shell members. Then, the effects of initial
imperfections such as residual stresses and initial deflections are explicitly
defined by a unified strength formula[16-20]. The cylindrical shells are known to
have unstable postbuckling characteristics with asymmetries, which yield the sen-
sitivity of initial imperfections on the ultimate strength. This is generally dif-
ferent from the cases of columns, beams and plates with neutral or stable sym-
metric postbuckling reservations. Therefore, from the instability of the elastic
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and the similar elasto-plastic buckling points, a strength prediction of the
compressed cylinders is proposed by the direct evaluation of an elastic pseudo-
potential energy, considering the elasto-plastic behaviors near the elasto-plastic
buckling point. Then, the equivalent bifurcation point introduced in the previous
chapter of this PART is the ordinal elasto-plastic buckling point itself, what is
summarized in the chapter IlI-1.

3.2 Basic Formulations
3.2.1 Residual stress distributions

A eylindrical shell model under uniaxial compression as shown in Figs. 3.2.1
is analyzed herein. The cylinder behavior is commonly affected by the end condi-
tions in Fig. 3.2.1 since the out-of-plane deflections in the radius direction are
constrained on both edges. However, neglecting the effects of the end con-
straints, the center part of the cylinder model with the length "L" is treated
hereafter.

As shown in Figs. 3.2.2, the cylinder is welded on a longitudinal line and
possesses an appropriate form of residual stress distribution uniformly in the lon-
gitudinal direction. The form of residual stress distribution with the maximum
compressive stress O _ is assumed to be either a parabola, a triangle or a trape-
zoid in the circumferential direction as shown in Figs. 3.2.2(a)-(c), respectively.
These figures develop the distributions of residual stresses in the half-circum-
ferential direction. Then, the relationships among the tangent modulus E;, the
Secant modulus E,, the average axial stress O and the average axial stress €
can be obtained as[21]:

do g
E =—=kE and E ==
t  de s E (3.2.1a)
and, for parabolic distribution,
- 2
g=0_ + (2k-3) k"¢
Y r
-1 - -2
E—E[GY cr+3{1 k) Gr]
(0<k<1) (3.2.1b)

for triangular distribution,

1
=0 - = r .2
¥ 20[ + |

1
€== o)
E[ZY (GY+0rH
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and for trapezoidal distribution,
2
s _(0Y+or} 2
Ty 40
2
1 {0Y+Or)2
g==120, - ——— k] 20
E b4 Z dr (0<k < — T )
=" =g, we (3.2.1d)

where E and 0y refer to the elastic Young's modulus and the yielding stress of
the material considered, respectively. Also, the factor k indicates the ratio of
the elastic portion of the cross section to the total section of the compressed
cylindrical shell, that is, it clearly denotes the so-called tangent modulus factor
of the global axial behavior of the cylinder.

3.2.2 Elasto-plastic buckling strength

As mentioned above, the effects of supporting conditions of compressed cylin-
ders are not taken into account in this dissertation. Then, two types of analyti-
cal procedures are performed with respect to the numbers of associated buckling
modes. The buckling modes are assumed in the elastic and the elasto-plastic
ranges as follows(8,9]:

l-mode analysis: only an asymmetric buckling mode

. mlx n
W=w s:m—‘cos—y'

1 L r (3.2.2a)

2-mode analysis: both an asymmetric and an axi-symmetric buckling modes

. mlx n Lmx
W=w s:l.ra—-—c:{:n's—-I + w_ cos ——

1 L r 2 L (3.2.2b)

in the coordinate system as shown in Fig. 3.2.1. Herein, W, L and r refer to
the magnitude of the total out-of-plane deflection, the longitudinal length and
the radius of the cylinder considered, respectively. Also, w; means the magnitude
of the asymmetric buckling mode with m- and n-half wave numbers in the lon-
gitudinal and the circumferential directions, respectively, in both analyses. In the
latter analysis, an axi-symmetric buckling mode is further considered, and the
magnitude 1s designated as wo with 2 -half wave number uniformly in the longi-
tudinal axial direction. Moreover, the magnitudes of the corresponding initial out-

of-plane deflections to W, w; and wy are denoted as W, w,; and w

respectively. ol
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!‘"rom the c[ass'%c.al Donnell's equations of equilibrium and the classical ortho-
tropic theory, modified fundamental equations of equilibrium in the elasto-plastic
range can be written as

2 2 2 2
V“F+Est[%a_ﬂ+§_wﬁ__w_ %:gi)z
3x2 axz ay2 KXoy
2
- 08 B, O Ho Bl ( 2w )(azw" )1 =0
ox? By? 3x? 9y? Ixdy 9x Jy N
(3.2.3a)
and
L 2 2p 32(W+W,)
-2 v‘*w = .]; [ l 3_!! + ,a,_,_F o
t P t r 32 B2 ayz
2 32(W+ W) 2. 3% (WHW
_2gxg 3x30+a_F O)1=O
Y Y 3y2 ax 2
(3.2.3b)
where
plpe BE g o BF PP b - Bt
3t axZ3y? Byt oTe a1 -vY)

3w 34w 34w
VW = k. — +2 (ko+2k ) +hk, —-
p 13x 2 4 szayz 3 ayq

4

and F, v, t and k; (j=1,2,3,4) refer to a proper stress function, the Poisson's
ratio, the thickness énd the constants to designate flexural and torsional rigidities
of the cylinder in the elasto-plastic range. For examples, using the Bleich's theo-
ry[22], the factors kj follow

kj = 1, kg =v/T, kg =1 and Ky =1—;—"-1/'—T (3.2.4)
where T refer to the tangent modulus of the cylinder.

Upon substitution of W in Eq. (8.2.2a) or (3.2.2b) into Egs. (3.2.3) and
through the Galerkin's method, the elasto-plastic buckling stress 0, can be ob-

tained in each analysis:

l-mode analysis: The elasto-plastic buckling stress is

A cv
S~ F %% (3.2.52)
where
’(\j - Gcrl 3“’ = -UE = 41— O’ = .-—-—E .t_
ert - 0, B Oy r2 1 E /3(1-VHF




and

N "
a =a
cr erl

with the square asymmetric buckling mode:

AT,2 02 Y31 -vd 1 Eg
I N - T NS E
r r kc-f-l

(3.2.5b)

in which, 0Op and R refer to the fundamental Euler buckling stress and the
generalized radius-thickness ratio for the compressed cylindrical shell, respectively.

In order to consider the effect of residual stress on the elasto-plastic buc-
kling stress 0 ., the Bleich's factor T in Eq. (3.2.4) is herein taken to be
equal to the tangent modulus k in Eq. (3.2.1). Then, in Eq. (3.2.5a), X. means
the critical value of the factor k, evaluated at the elasto-plastic buckling point,
Moreover, fC refer to the factor being the ratio of the elasto-plastic buckling
stress to the elastic Euler buckling stress, so as to provide the unified expression
of 2 similarly to the cases of columns, beams and plates.

2-mode analysis: The elasto-plastic buckling stress '3 r1 for the asymmetric
mode of buckling can be previously obtained by Eq. {3.2.5?. Furthermore, for the
axi-symmetric mode of buckling, the elasto-plastic buckling stress o cr2 Is inde-
pendently determined by

g . =£%
cr2 2 E (3.2.6a)
where
E g
c _.Jk J___S_ i & —ord
f2 CYE ' CIc:r2 g,

with the axi-symmetric buckling mode:

A2 _ 2/30-v) [Eg ae AT, om,
L chtr E L L

(3.2.6b)
However, taking into account the interactive behaviors of both asymmetric

f;mdb axi-symmetric modes, the form of the elasto-plastic buckling mode is taken
to be

em2 _ 2/301-v*) [Es - B

(—) E e— and _Z( ).—2( )

L fk = E L L E
c

(3.2.6c)
This buckling mode means the interaction of both the square asymmetric mode

wy and the axi-symmetric mode Wo with twice as half-wave lengths as Wi
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Therefore, the elasto-plastic buckling stresses, T .. and G oppy for the asym-
metric and the axi-symmetric bucklings of compressm]‘l cylindriceﬁ shells, can be

rewritten as

" _ N N c v
9, =f0g amd O = £, O (3.2.7)
where

’c!j- _ Ocrl ’g = Ucr2 fc =B £€

crl o] ' cr2 o ' 1 2 !

Y ¥
A,
e o yfk. of =2 _WVRes1 P 1 %
fz - c E . B - C + E =0
8 k Jer2

Then, since 0 < k. < 1, B > 1. In this chapter, the least elasto-plastic buckling
stress O . is taken to be C for the axi-symmetric mode wo of buckling,
considering the compound characteristics together with the asymmetric mode wy.
It is needless to say that in Eq. (3.2.7) avcr2 is equal to O, when B = i,
i.e., X. = 1 in the purely elastic range. Then, the complete compound bifurca-
tions for two modes may occur at the elastic buckling point.

3.2.3 Postbuckling path
Furthermore, substituting the elasto-plastic buckling modes in Eq. (3.2.2) into
the fundamental equations in Eq. (3.2.3), the elasto-plastic postbuckling equili-

brium paths can be also obtained:

I-mode analysis: The elasto-plastic postbuckling equilibrium equation is

Qs 2 o -
ol i +(1-Xx)x-}ig =0 (3.2.8)
where
10 4 W v Emece T - . N O
QSE'—zv_k—:‘" T¢1=w") T ! )t:;“-‘ ” g = -~
3m s 1 Ocr h4
N ¥ . _ Yol
Ocr_ocrl ' - t i 1 t

Herein, an elastic pseudo-potential emergy A near the elasto-plastic buckling point
can be defined so that its equilibrium is determined by Eq. (3.2.8):

(IL-)\)x2

]
]
|
ol R
E]
=
t |-

- hegx (3.2.9)

It is clearly found that the potential is topologically equivalent to the universal
unfolding of the fold catastrophe by Thom, and Eq. (3.2.8) or (3.2.9) presents the
imperfection sensitivity curve characterized by the well-known 1/2-power rule[23].

2-mode analysis: An elastic pseudo-potential energy A, defining two fundar_nen-
tal equilibrium equations with respect to two modes from Eq. (3.2.3), is written
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as

. _ 2_1 i 2
A—IG(B A)x akxe +2(l-)\)y—}\y€2+a'5x2y

1
(3.2.10a)
and equilibrium equations
Lg-ayx-Lre +2auxy=o0 (3.2.10b)
B 8 1 S vda
- 1 =
(1 y )\5:2 + a 0 (3.2.10¢)
where
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n,
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32 Wk, t 2t

and the corresponding buckling mode is given by Eg. (3.2.6c). The potential is
trancated up to the 3rd-order terms of the modes, and yields the incomplete
parabolic umbilic catastrophe with the paraclinal bifurcation between the hyper-
bolic umbilic catastrophe with the homeoclinal bifurcation and the elliptic umbilic
catastrophe with the anticlinal bifurcation. The elasto- plastic and the elastic
bucklings correspond to the near-coincident and completely simultaneous bifurca-
tions concerened, respectively.

3.2.4 Ultimate strength

The elasto-plastic ultimate strength of compressed cylindrical shells is ob-
tained directly from the singularity of the "Hessian" matrix of the elastic
pseudo-potential energy with considerations of the elasto-plastic characteristics.

I-mode analysis: Both Egq. (3.2.8) and its derivative with respect to x leads
to the singular condition of equilibrium surface, and then the load-carrying capa-
city lm in the elasto-plastic range can be explicitly expressed by

A =1+0d_g. - 20_¢€ &
n s®1 \/ s€1(1+5058) (3.2.11)
where
A
A = Om AT C[rn
Bl vl g = —
Ccr rn 9y

The significant factor o is specified in Eq. (3.2.8), and corresponds to the slope

factor a* of the similar expression of ultimate strength previously in Eq. (1.2.8)
or (2.2.21) of this PART IIL
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2-mode analysis: Solving simultaneously the nonlinear process of Egs. (3.2.10

b,c) and t'he Hessian (their derivatives with respect to the x and y), the elasto-
plastic ultimate strength formula A = can be obtained as:
16 1 -2
UDY = u - 2 = -
3\/3{1-5[20:5 mE2+8(1 )\m)(B Am)] Am(l Am)gl 4.5125)
.2.12a
where A
0 o
A =2 g ==
m 4 a
GCI " ¥
As special cases,
1 (B-AY(1-A(B-X)
E = =
1 e/_arxé A (e,=0) (3.2.12b)
=3 LL-A_JCB-X_)
g, = — I m (g, =0)
2 160y A :
(3.2.12¢)

In the purely elastic range, apparently, Eq. (3.2.12c) is identically equal to the
Koiter's imperfection sensitivity formula with finite axi-symmetric mode of initial
deflections for compressed cylinders(8](See, Fig. 3.2.3).

Hence, for a prescribed generalized radius-thickness ratio R, the elasto-plastic
ultimate strength can be obtained by Eq. (3.2.11) with the asymmetric mode of
buckling, or by Eq. (3.2.12) with both the asymmetric and axi-symmetric modes.

3.2.5 Modification of imperfection

The concept of the equivalent imitial imperfection is also adopted herein,
similarly to the cases of columns, beams, plate panels and stiffened plates[16-20].
The form is the unified expression as

£*x = R) E. (i=1 or i=1,2)
I = WR)Ey (3.2.13)

where Ei and €; denote the equivalent and the original initial deflections, non-
dimensionalized by the shell-thickness. Taking into account many experimental
results and the ECCS strength design curves, the form of W (R) may be ex-
pressed by

wry = (2P (3.2.14)

o]

where

225



.
Oy ( ELASTIC 1
g_
Present 2-Mode Analysis
= mm——— Koiter lst Formula
oo
=
=1
[:=
&
ng
e
Bd
E -t
s |
S
53
e
=
£
Bﬁ— GEMERALIZED AARDIUS-THICKNESS RATIO - |
En RESIOUAL STRESS (PARABCLA) = 0.4
=l
a PO1SSON ARTIO = 0.3
o
ﬂﬂ oo ' 0.20 0.&‘0 D.d’O ' IJ.BIU ' 1.60 ' ].2’0 ! 1.4‘0 ' I.dlﬂ I I.éD ' 2.60 ! 2.2:0 J 2.1‘0
NONDIMENSIONALIZED IMPERFECTION By
Fig. 3.2.3 Typical Imperfection Sensitivity Curves in Elastic Range.

Compared with the Koiter's Curve. 2-Mode Analysis.
R = 1.50 €,=0

226

50



and R_ refers to the slenderness value R at which the ordinary buckling point
changeg from the elasto-plastic to purely elastic.

Finally, the imperfection sensitivity or the load-carrying capacity can be
determined by Eq. (3.2,11) or Eqgs. (3.2.12) with the equivalent imperfections of
Eqg. (3.2.13) and (3.2.14)[16-20].

3.3 Numerical Illustrations

3.3.1 General remarks

Several numerical demonstrations are provided on the elasto-plastic strength
of the compressed cylindrical shells, The type of residual stress distribution in
the circumferential direction of the cylinder is assumed to be in either parabolic,
triangle or trapezoidal form as shown in Figs. 3.2.2(a)-(c}. The magnitude of ini-
tial out-of-plane deflection is also assumed to be & /100 with both asymmetric
and axi-symmetric modes. The value is prescribed on the basis of the maximum
limitation allowed by the ECCS Recommendations, where & _ refers to the gauge
length specified as . = 4 /rt[24]. Therefore, the magnituées of the non-dimen-

sionalized initial deflections can be obtained by a constant E'max as follows:
w wo: %

£, = —= = -—201 ~£ - L =g ( i=1 or i=1,2)

i t o k& max t (3.3.1)
where

Wc>j. 1;
' = —_— = — = =
Emax 0.04 and 7 100 (i=1 or 1=1,2 )

3.3.2 One-mode analysis

Figs. 3.3.1(a), (b) and (c) show the present ultimate strength curves in Eag.
(3.2.11) with the maximum compressive residual stress 0. = 0.4 U¥ with the
parabolic, triangle and trapezoidal distributions, respectiyely. In these_: igures,.the
abscissa is the generalized radius-thickness ratio R; while the non_—dlmensionallzed
ultimate strength by the yielding stress Oy is chosen as the ordmate.' As shown
herein, the results of the strength predictions by the present analysis is compar-
ed with the well-known ECCS Recommendation curves: the upper curve at the
factor o =1, and the lower at @ =0, for purely compressed cylmders! whqre the
factor a is specified by the ECCS in terms of the generaliz_ed radius-thickness
ratio R[24]. These notations are adopted in the 2-mode analysis as below. E:sp_)e-
cially, in the 1-mode analysis, the initial deflection half of the ECCS limiting
value is also demonstrated in these figures.

Herein, at about R=0.66 in Figs. 3.3.1, the present results may suddenly dis-
appear since the corresponding elasto-plastic _bpckling stress G«i:r reache§ the
yielding stress 0 v For smaller R of the minimum value, ti]e easto-p[astlg ul-
timate strength fails to be predicted in the l—mode.anatylsw. However, it is
needless to say that the results are in good corre!atlon with the _lower ECCS
curve for the larger values of R in the elastq—plasnc and the glastlc bucklings.
The effect of types of residual stress distributions assumed herein may be fo_und
to be insignificant quantitatively throughout the ranges of the generalized radius-
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thickness ratio R, similarly to the cases of columns, beams, plate panels and
stiffened plates.

Also, Fig. 3.3.2 shows the similar results with the parabolic residual stress

. 0, = 0.20 y» and the results become unreasonable in the smaller values of R
than 0.7.

3.3.3 Two-mode analysis

Figs. 3.3.3 show the present ultimate strength curves in Eq. (3.3.12), with the
maximum compressive residual stress © = 0.4 0y of parabolic distribution. Fig.
3.3.3(a), (b) and (c) illustrate the results for three types of initial deflection
modes; (a) £.= € » E9=0 (only asymmetric mode), (b) €;=0, €,= €
(only axi-symmetric mode) and (c) €1= €9= € nay (both modes), respectively. A
which, E'ma_x=0.04 in Eq. (3.3.1).

In the cases of other distributions of residual stresses, the similar results can
be obtained. For examples, Fig. 3.3.4 shows the results for the triangle residual
stress O, = 0.4 Oy and the axi-symmetric initial deflection: E4=0 and E o=

= . Of course, the difference of types of residual stress distributions may
affect Insignificantly the ultimate strength so far as they are assumed herein.

From these results, it seems that, for intermediate values of the generalized
radius-thickness ratio R in the elasto-plastic range, the ultimate strength is sig-
nificantly more sensitive to the axi-symmetric mode € , of initial deflections
than to the asymmetric mode €;. Then, this sensitivity is visually confirmed by
three-dimensional drawings of imperfection sensitivity surfaces, In the load-carry-
ing capacity A initial deflections ( €y, € 9) space, the ultimate strength can
be easily represented in terms of the bifurcation sets of the trancated parabolic
umbilic catastrophe in Eq. (3.2.12) from Eq. (3.2.10)(See, Figs. 3.3.5). Further-
more, Fig. 3.3.6 shows the similar results with the parabolic residual stress O

T
= 0.2 0+ and the axi-symmetric initial deflections: € =0, €,= €

max"*

3.4 Conclusions

A simplified unified approach to the ultimate strength of compressed cylindri-
cal shells is proposed in the light of the catastrophe theory. The main conclu-
sions are:

(1) The residual stresses and the initial deflections may affect the evaluation
of the elasto-plastic buckling stress and the form of the explicit imperfec-
tion sensitivity formula, respectively.

(2) The inelastic ultimate strength of the cylinders may be explicitly deter-
mined in the form of the bifurcation sets, i.e., the imperfection sensitivity
curves for the initial deflections considered.

(3) The imperfection sensitivity of compressed cylindrical shell can be directly
derived from the singularity condition on the equilibrium surfaces through
the elastic pseudo-potential energy with considerations of elasto-plasticity
of the material, which is defined near the elasto-plastic buckling point.
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(4)

(5)

(6)

(7)

(8)

(9)

(10)

The initial deflections are modified and replaced by the equivalent imper-
fections proposed herein.

The present approach involves two types of analyses; the one-mode analysis
(only asymmetric mode) and the two-mode analysis (asymmetric and axi-
symmetric modes).

The 2-mode analysis considers the interaction of both modes, and is more
sufficiently practice than the l-mode analysis.

The elasto-plastic buckling may occur for the axi-symmetric buckling mode
with the square asymmetric mode, and provides the near-coincident bifur-
cation for the trancated parabolic umbilic catastrophe. In the elastic range,
the present formula identically gives the complete simultaneous bucklings,
and the imperfection sensitivity for the axi-symmetric mode is just equal
to the Koiter's formula.

The reduction of the strength is more greatly affected by the axi-sym-
metric mode of initial deflections than the asymmetric initial mode, so far
as the buckling modes are concerned herein.

The form of distribution of residual stress assumed herein may insignifi-
cantly affect the present results.

The general philosophy adopted herein may also be applicable to other
types of engineering structures such as rigid frames, arches and trusses as
well as columns, beams, plate panels and stiffened plates.
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APPENDIX for PART I

AUTOMATED TESTING OF THIN-WALLED STEEL STRUCTURES
UNDER REPETITIVE LOADING BY MICROCOMPUTER SYSTEM

A.1 Geperal Remarks

Structural engineers have been facing many intricate problems like geometri-
cally and materially nonlinear structural behaviors. For instance, the strength,
stability and the ductility of structures under repetitive loadings have great
attentions, especially from the aseismic view point. The ultimate strength of
slender members, in particular, depends on the geometrical and material para-
meters of the members, and may be thought to be predicted in a unified manner
if the magnitudes of initial imperfections are known[1,2,3]. The measurement of
the initial imperfections is thus very important, and several studies on their dis-
tributions have been reported on the prototype members during the temporary as-
sembly of bridge superstructures at workshops and experimental structural models.
Moreover, these imperfections may grow progressively through elasto-plastic large
deflections, and gradual adverse deterioration may result in during the stochastic
loading process in the lifetime of structures. This is partly a reason why the ex-
perimental investigations are called for attention on the strength of structures
under repeated loadings.

This APPENDIX presents a servo-controlled testing system using a single or
plural microcomputer(s) as its core, and a technique is reported on the precise
detection of the load-carrying capacity and the deteriorating properties of thin-
walled steel structures under repetitive loading causing large elasto-plastic
deformations. The system will be named as CATS: Computer Aided Testing
System(4,5].

The testing system provided herein can be illustrated in Fig. A.1.1 and can
be characterized by the following capabilities:

(a) easy and efficient measurement of initial and residual deflections on the sur-
faces of the test specimen using movable displacement transducers,

(b) quick real-time acquisition and processing of large quantities of test data for
the swift decision making on the continuously varying state of the test
specimens,

(c) digital feedback control of the servo-controlled testing machine,

(d) real-time display of the performance of the specimen,

(e) efficient storage of the acquired data,

(f) transmission of data to a large computer center for further large-scale com-
putation via intelligent TSS terminal,

(g) cooperative task carried by multi-computer system, namely, plural number of
microcomputers connected by the GP-IB(General Purpose Interface Bus), and

(h) applications of independent loadings in bi-axial conditions.
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From this figure, the system is seen to consist of three groups of SERVO
TESTING MACHINE GROUP, DATA ACQUISITION GROUP and MICROCOMPUTER
GROUP. Several interfaces on microcomputers are controlled independently in the
BASIC language. The software includes the method for detecting the ultimate
strength of the specimen, generation of pulse signals to the function generator of

the servo testing machine for its digital feedback control, and the data acqui-
sition.

A.2 Hardware of Testing System
A.2.1 Servo testing machine group

This group is a servo-controlled electrohydraulic closed-loop system applicable
to bi-axial test of repetitive bending and uniaxial compression (See, Fig. A.2.1).
It mainly consists of the power pack, hydraulic actuator and servo controllers.
The actuator is operated through the servo controller according to the prescribed
voltage from the function generator: [t accepts two inputs, one being the com-
mand signal from the function generator, and the other being a system analog
feedback signal of either load or stroke; while it generates one principle output,
the control signal to the servovalve.

The function generator on the servo testing machine is an 8-bit microcom-
puter independently programmable up to 16 steps. In each step, either of the
sine, triangle, ramp, or hold wave form can be selected. On the other hand, the
function generator can be controlled externally by the microcomputer named as
the master controller through the digital input-output interface.

A.2.2 Data acquisition group

The response of the specimen subjected to the servo-controlled load or stroke
displacement is detected by the devices of this group. These data are processed
in real time so that they can be used as the digital feedback data, recorded on
the floppy disks, and displayed by each microcomputer. The group mainly consists
of the following: displacement transducers, digital strain amplifiers, dynamic
strain amplifiers, normal switch box, hold-type switch box, pen strip chart
recorder, and oscilloscope.

The readings of strains and displacements of the specimen under loading are
sensored and amplified by some dynamic strain amplifiers and a digital strain
amplifier. For a successful digital feedback control, the real time and continuous
data acquisition is necessary, and thus the dynamic strain amplifiers are suited
for this purpose. Whereas the digital strain amplifier is used to obtain the spa-
tial distribution of the displacements and the stain readings of the test
specimen. The amplifier is connected by two microcomputers through the GP-IB
[4-7].

A.2.3 Microcomputer group

This group has two microcomputers as its core, and plays the ke}r role as
the master and the slave system controllers of the testing system. Fig. A.2.2
shows the control relationship of two microcomputers and their main flow charts.
Both microcomputers are independently executed by appropriate softwares as dis-
cussed in the next section.
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One microcomputer is used as the master system controller so as to make a
real-time, on-line control of servo-controlled testing system and is equipped with
several interfaces: the Analog Input /Output (AIO) interface for the analog to
digital cransform, or vice versa; the Digital Input /Output (DIO) interface for the
real-time control of the programmable function generator of the servo-controlled
testing machine, and finally, the GP-IB for the digital data, its transmission and
the control command to a slave microcomputer,

Another microcomputer is controlled as the slave system by the master con-
troller through the GP-IB, and can be interrupted just before the execution of
the subroutines: START, DISP, KLOAD and END, depending on each command
signal as shown Fig. A.2.2. Then, the slave will execute the corresponding sub-
routine according to each command signal. At the same time, the master system
controller independently controls the whole testing system. Also, the slave micro-
computer stores a large amount of significant test data transmitted from the
master controller through the GP-IB. Moreover, it also transmits a large amount
of data to a large computer center via intelligent TSS terminal.

A.3 Software of Testing System
A.3.1 Testing procedures

Test specimens include stub columns with the cross sections of cruciforms,
channels, cylindrical shells, and boxes with or without longitudinal stiffeners,
which are subjected to uniform axial compression and tension. Furthermore, the
box beam-columns are tested in repetitive bending under combined uniform axial
compression as shown in Fig. A.3.1. Herein, details of the main softwares of
these microcomputers are discussed on such box beam-columns for demonstrative
purposes. Fig. A.3.2 gives the setup of the software of the present testing
system.

For a series of buckling tests of the box beam-columns under repetitive
loadings, a single loading cycle corresponds to a sequence of a positive and a
negative bending after measuring the initial deflections. The proposed testing pro-
cedures consists of (a) arrangement of the specimen, (b) adjustment and initializa-
tion of testing equipments, (c) application of uniaxial compression if necessary,
(d) independent executions of both the master and the slave microcomputers in
each BASIC language, (e) input several testing parameters to the master micro-
computer, and (f) start of loading and a halt of loading after a half-loading
cycle to get ready for (g) measuring the residual deflections.

A.3.2 Details of software

BASIC programs

Five BASIC programs: MAIN, START, DISP, PLOT and KLOAD are con-
tinuously executed on the master microcomputer, making use of the "CHAIN"
command in Extended BASIC language, as its flow charts illustrated in Fig.
A.2.2. Also, on the slave microcomputer, another testing program: BOX is inde-
pendently executed and interrupted by the master system controller.

MAIN

This program is to form the trunk flow chart of the test and is chained
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with the others: START, DISP, PLOT and KLOAD. The right hand side of Fig.
A.2.2 or Fig. A.3.3 shows the flow chart of the program.

START

This program is to input and initialize parameters after some confirmation to
be ready for the test performance. The flow chart of the program Is shown in
Fig. A.3.4. In this figure, the "predicted maximum load" refers to the ideal load-
carrying capacity of the specimen. The "control mode" refers to the type .of
control either by the load or the stroke displacement of the servo testing
machine. Moreover, parameters for analog or digital data refer to those of AlQ,
or DIO, GP-IB interfaces, respectively.

The master system microcomputer interrupts the slave computer by the com-
mand "START" through the GP-IB. Then, these input data in the master micro-
computer are transmitted to the slave computer through the GP-IB, and are
stored in the floppy disks on the slave.

DISP

This program is to measure the displacements of the surfaces of the
specimen, and the flow chart is illustrated in Fig. A.3.5. Several displacement
transducers on the horizontally movable rig especially manufactured are connected
with two microcomputers through the GP-IB of the digital strain amplifier and
the hold-type switch box.

The master system microcomputer interrupts the slave computer by the com-
mand "DISP" through the GP-IB. Then, the measured digital data are transmitted
from the master to the slave, and are stored in the floppy disks on the slave.

PLOT

This program is to draw two-dimensional distributions of the normalized dis-
placements on the X-Y plotter. The flow chart is omitted.

KLOAD

This program is to select either loading or unloading, and to get both the
analog and digital data through the AIO and GP-IB. The flow chart is il-
lustrated in Fig. A.3.6.

In order to detect experimentally and automatically the ultimate strength of
stub columns under compression and/or tension, two criteria of recognizing un-
loading is established: one being for sudden decrease of reaction load except for
a causal erroneous reduction due to the action of the servo testing machine and
the A/D converter on the AIO interface on the master system microcomputer in
the lower range of the load; while another being for rapid and gradual change of
the slope of the load-displacement curve considered[4]. If either of these criteria
is satisfied during a test, then the servo testing machine is controlled and un-

loaded by the function generator through the DIO interface on the master system
microcomputer,

On the other hand, in the case of the earthquake simulating tests of steel

box beam-columns in repetitive bendings under uniform axial compression, the fol-
lowing unloading criterion is proposed[5]: The stroke displacement is controlled to

242



MICROCOMPUTER

control of test in BASIC

PROGRAMMABLE
= 3 FUNCTION
GENERATOR

data aralysis
in BASIC or FORTRAN

3-Dim Plot of Displacement

Load-Displacement Curves

= * L C
SiGEes Digital| [Analog oad-5train Curves
GIsKS Dat.
OISKS F:l: ?:t: Modal Analysis of Displacement
Load-Displacement Curves
T-BASIC

for each Mode
Load-Carrying Capacity vs
Imperfestion Curves

STRELT| Ploc of Strain Distribucion

OATA PROCESSING CENTER
large-seale computation in FORTRAN

Catastrophe Analysis for
BIESEE, Bifurcacion Set
Elasce-Plastic Largs
Deflection Analysis

Dara Analysis by SPSS

Fig. A.3.2 Software of the Testing System.

START

I START PROGRAM
[NPUT DATASET NANES
FOR FLOPPY DISK

Loadiag scep N=0

1€A00UT DIS? !

YES

DT5P PROGRAM

PLOT D1SFP ?
l PLOT PROGRAN

YES
IGRUT
OATE, SPECIHEN NAHE

IHPUT THE-
PAEDLCTED MAXTMUM LOAD

INPUT
CORTROL HODE

IHPUT
MATERIAL PROPERTIES

LHEUT
CEOMETRICAL PROPERATIES

ENPUT PARAMETERS
FOR ANALOG DATA

QICITAL INPOT
(CP=L13)

[HPUT PARAMETERS
FOR DICITAL DATA

H_i: ¥o. of cross
seccions

OLSPLAY THESZ
PARAMETERS oM CAT

CADFAY TN
2ICITAL DATY

RETURH TO MALY

REENTER

CONFTRN
ZARAMETERS

COHTLINUE

RETUAN TO

Fig. A.3.3 Fig. A.3.4 Fig. A.3.5
l]-gl-ow Chart of MAIN. Flow Chart of START. Flow Chart of DISP.

243

HALN




OFEN GP=1B

DISPLAY LOADING
PAHAHETERS O CRT

b =T 57 FY BT

LNPUT THE HAXTNOM

' 3
LOAD P I THIS STEF ANALOG, DATAS
21X
(i dawtonm -m““mmm__““““—
TNPUT SLOPE 2ARAHETZAS B

ROUTINE TG QJECIDE
LOAD ae UNLAAD

FUNCTION
GCENERATON

FLGFPT 70K}
n

vES 2ALOS, 2AT24

[ rrorres |
HoLO(DIA) Imﬁmﬂ
RETURH TO MALN

Suoacep HeM+l

80X, CRUCTIFORM

CALCULATE THE LoAD

ON THE VON=DESTRUCTIVE PART
DETERMINATE THE LOAD
ON THE OESTRUCTIVE PART

TIHE FOR
DATA LATCH ?

Fig. A.3.6 Flow Chart of KLOAD.

5 e
a — o e
= =
m dg fogm =g _
3
ey
=
a
=
(S Time
—_
W <‘
~dy|-— _
4 =~L__

Fig. A.3.7 Sequential Ramp Wave for Vertical Deflection.

244



ALl FLANGE | All  FLANGE 1
INITIAL DEFLECTION 3 CYCLE AESIDUAL

ALl wEd | ALl ves |

INITIAL DEFLECTION 3 EreeE Aedtoun

All FULANGE 2 All  FLANGE 2
INITIAL NEFLECTTON 3 CYCLE AESLQUAL

Fig. A.4.1 [nitial and Residual Out-Of-Plane Deflections
of Box Beam-Column Specimen.

245



(%]

seecinen C 2

U )

\

.8 ; La : l.‘l X I.‘l
CURYATURE (%/dy)

Fig. A.4.2 Relationship between Bending Moment and Curvature of Box Beam-
Column Specimen. Based on Load-Cell and Curvature Gauge.

Total Moment, MT
Flange Homent. MF
..... Feb Moment. MR

specinen C12

ROHENT-CURYATURE CURYE

Fig. A.4.3 Relationship between Bending Moments and Curvature of Box Beam-
Column Specimen. Based on Strain Gauges and Curvature Gauge,
Load Distribution of Webs and Flanges.

246



conform the ramp wave form so that its peak value increases gradually in a
linear form as shown in Fig. A.3.7. That is, the unloading criterion is repre-
sented as the limiting condition of the maximum deflection of the beam-column
specimen:

dy = (1 +(n 1)2)d,

where dn and d, refer to the maximum vertical deflections in the n-th loading
cycle and the prescribed first loading cycle, respectively. Also, A& is specified
from preliminary tests. The vertical deflection of the test specimen is con-
tinuously obtained as the analog data through the AIO interface on the master
system microcomputer under loading (positive or negative bending). Then, the
measured deflection is immediately compared with the specified deflection d_ in
the above equation. If the unloading criterion for the maximum vertical detlec-
tion is satisfied, then the servo testing machine is controlled by the function
generator through the DIO Interface on the master system microcomputer.
Herein, another actuator is maintained to yield the constant horizontal thrust
load during a test for uniaxial compression of the beam-colummn.

A.4 Experimental Displays

Fig. A.4.1 shows an example of the displays of the initial and residual out-
of-plane deflections of the beam-column specimens.

Fig. A.4.2 shows another example of the moment curvature relationship of
the beam-column specimens obtained by the reading of the load cell of the servo
machine and the curvature gauge. Whereas Fig. A.4.3 illustrates the similar
relationship of strain gauges and the curvatures gauge. The load distribution by
the structural components, namely, the bending moments carried by the webs and
the flanges are also indicated herein.

A5 Conclusions

In this APPENDIX, a new automated structural testing system is presented.
This system is especially named as the CATS, Computer Aided Testing System.
The main conclusions are:

(1) The system is found to work precisely and quickly. The plural microcom-
puters connected by the GP-IB as the controllers of the testing system is
also found to be very efficient.

(2) The testing system is mainly composed of three groups: Servo testing
machine group, Data acquisition group, and Microcomputer group.

(3) Several series of buckling tests have been conducted on the specimens:
steel stub columns and box beam-columns under repetitive loading.

(4) The testing system has the following advantages: (a) easy and efficient
measurement of initial and residual deflections of the surfaces of the
specimen, (b) quick real-time acquisition and computation of large quantity
of data for the swift decision making on the continuously varying state of
the specimen, (c) quick digital feedback control of the servo testing
machine, (d) real-time display of the performance of the specimen, (e)

247



storage of a large quantity of acquired data, (f) cooperative task carried
by especially two microcomputers connected by GP-IB, and (g) swift trans-
mission of data to large computer center via the TSS terminal.
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CONCLUDING REMARKS

This dissertation is concerned with applications of the catastrophe theory to
evaluation procedures of the ultimate strength of typical structural members in
both elastic and elasto-plastic ranges. Firstly, a numerical method of elastic
catastrophe analysis is proposed for discrete structural systems, and its flow
chart is illustrated in Fig. 1.2.1 of the PART II. Secondly, a new method of ap-
proach to predict the elasto-plastic strength of steel members is unified in
details, and its flow chart is illustrated in Fig. 1.3.1 of the PART IIL The
present formulations do not involve the so-called nonlinear process to trace the
relevant equilibrium paths up to the ultimate strength of the members in the
elastic or elasto-plastic range.

The main conclusions in the PART [ are summarized as follows:

The chapter 1 reviews on the general theory of elastic stability in a topo-
logical sense using the catastrophe theory. The potential function of structural
system can be defined by a function of the generalized internal state variables
and several external control parameters. Then, an explicit form of the potential
function of the imperfect system can be determined by the Taylor's expansion at
the critical point of the potential function of the associated perfect system.
Herein, the generalized state variables correspond to the essential instability
modes, while the control parameters correspond to a single loading parameter and
the associated initial modes, Moreover, an effect of the initial displacements on
the load-carrying capacity of the system is obtained from the bifurcation set in
the catastrophe theory.

The chapter 2 presents an introduction to the catastrophe theory in the light
of the singularity theory of mappings in pure mathematics. Then, broad, but con-
cise, historical reviews on the catastrophe theory and its applications in engineer-
ing sciences are provided. There exists a family of potential functions charac-
terized by the control parameters as they vary smoothly. This family is thought
as the common potential function in the engineering sciences. Also, the stable
state of the system corresponds to that at which the potential function has its
local minimum for prescribed control parameters under the Perfect-delay conven-
tion. Thus, the catastrophe may take place at a peculiar point where the number
of such minima changes suddenly. The Thom's Theorem asserts that a family of
potential functions can be described locally in either typical form of the seven
elementary catastrophes or universal unfoldings under the state variables < 2 and
the control parameters < 4. The bifurcation set in the control-parameter space
through the catastrophe map of elementary catastrophe unfolding plays a signifi-
cant role in order to evaluate the imperfection sensitivity in structural mecha-
nics.

The main conclusions in the PART II are:

The chapter 1 proposes a numerical formulation of catastrophe analysis for
static instabilities of multi-degree-of-freedom structural systems in civil engineer-
ing field. The present procedure makes use of discretization methods such as a
finite element method(FEM) and a simplified element method(SEM: See, APPEN-
DIX A), and also of several modal transformations in the light of the Thom and
Thompson's theories, Thus, the instability phenomena for the original potential
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function with the multiple state variables can be numerically realized as those
for either of the Thom's seven elementary catastrophes with one or two state
variables through some diffeomorphisms in the APPENDIX B. The present formula
will be applicable to the common instability problems with no, linear or nonlinear
prebuckling equilibrium paths for engineering structures.

The chapter 2 presents a direct computational approach to determine the im-
perfection sensitivity of structures in terms of the bifurcation set through the
catastrophe theory. The singularity condition on the equilibrium surface is
definitely consistent with the zero-determinant condition of the associated map.
The bifurcation set for a typical fold catastrophe can be explicitly realized by
the 1/2-power rule. Also, the bifurcation set for a typical dual cusp catastrophe
can be realized by the 2/3-power rule. Furthermore, the bifurcation sets for typi-
cal hyperbolic umbilic catastrophes can be consequently composed of three ex-
plicit imperfection sensitivity surfaces and their combinations. Then, each bifurca-
tion set may be visually drawn in the three-dimensional load-imperfections space,
and may confirm Thompson's results.

The chapter 3 provides a comparative study on the numerical results among
three catastrophe analyses for the two-degree-of-freedom, continuous and discrete
inextensible column models neglecting the axial deformations. The results of the
discrete analysis are shown to converge to those of the continuous analysis, as
the number of discrete finite elements increases. For a legitimate evaluation of
the cusp and dual cusp catastrophe, the 4th order terms of the buckling mode in
the total potential function must be considered rigorously in expressions for both
the strain energy and the external work of the potential function. Thus, the
catastrophes of fold, cusp, dual cusp and umbilics can be shown to be realized
numerically for each column model. Herein, the value of each stability coeffi-
cient calculated herein may converge to that by the continuous analyses; also the
results by the FEM may tend to overestimate slightly in comparison with the
SEM, as the number of discrete finite elements increases.

The chapter 4 presents several applications of the discrete catastrophe analy-
sis in order to predict the nonlinear behavior of structural models such as
columns and compressed plates with or without stiffeners. In this chapter, the
catastrophe analysis accompanies with the static condensation procedure under the
certain control types of loads and displacements in the initial postbuckling range.

The first application is made to extensible column models considering the
axial deformations. So far as the first-order approximations of the axial strain
and the curvature are considered, the 4th order terms of the buckling mode in
the potential function always disappear, and the potential function leads to only
an eigenvalue problem for the ideal buckling load in an analytical sense. Then,
the column model has no postbuckling strength. The present numerical results
analyzed by the SEM confirm the first-order approximate extensible column. How-
ever, the results by the FEM may tend to slightly overestimate the nonlinear
characteristics. This quantitative difference depends on the kind of the shape
function adopted in each discrete method. Herein, an extensibility of the neutral
axis of column will not affect the cubic terms of the potential function, and the
terms equal to those in the case of the inextensible column as the number of
the discrete elements increases.

Secondly, the nonlinear solutions of elastic large deflection for compressed

rectangular plates are predicted by the proposed numerical formulation without re-
course to solving the nonlinear simultaneous equilibrium equations. In the case of
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square unstiffened plates, the numerical results are found to be in excellent
agreement with those by Timoshenko, Coan, Yamaki, Williams and Rhodes under
various supporting conditions and the two control types. Herein, from the results,
the difference between two control types of load and displacement may become
little significant quantitatively and qualitatively within the accessible range of
elastic large deflection.

Moreover, the present analysis is applied to the compressed rectangular stiff-
ened plates with the symmetric and eccentric stiffeners for the global and local
bucklings. The compressed stiffened plate with the symmetric stiffener has the
stable symmetric bifurcation point, cusp, for both the global and the local buc-
kling modes at smaller and larger flexural rigidities, respectively. Further applica-
tions to the compressed stiffened plates with the eccentric stiffener are made
herein. For the distinct global buckling with the asymmetric bifurcation point,
the load-carrying capacity can be determined from the fold in terms of the
downward mode of the global initial deflection. Whereas, the distinct local buckl-
ing has the stable symmetric point of bifurcation, cusp, and the load-carrying
capacity can never be predicted in the stability and the catastrophe theories of
elastic structures. At their coincident bifurcation, the imperfection sensitivity sur-
faces are expressed in the form of the hyperbolic umbilic catastrophe with the
homeoclinal bifurcation. The load-carrying capacity is commonly more sensitive to

the global initial mode than to the local initial mode for their magnitudes being
the same.

The PART IIl is summarized as follows:

The chapter 1 unifies a new simplified approach for evaluation of the streng-
th of slender steel structural members such as columns, plates and shells, The
residual stresses and the initial displacements may affect the evaluation of the
elasto-plastic buckling strength and the form of the explicit imperfection sensi-
tivity formula, respectively. Therefore, the inelastic strength prediction of the
members may be explicitly evaluated in terms of the bifurcation sets or the im-
perfection sensitivity curves. Herein, the bifurcation set can be defined explicitly
near the equivalent bifurcation point being the intersection point of the elasto-
plastic postbuckling path with the plastic failure mechanism curve for typical
members with neutral and stable postbuckling equilibria. While, in the case of
members with unstable postbuckling equilibria like cylindrical shells, their normal
elasto-plastic bifurcation point is taken to be the equivalent bifurcation point.
Then, the bifurcation set can be directly determined from evaluating stability
characteristics at the point. However, in the proposed approach, the actual initial
geometrical imperfections are modified in the form of the proposed equivalent
imperfections. The equivalent imperfection can be determined in a unified form
on the basis of the previous strength curves and practical design curves.

In this chapter, several numerical illustrations for axially compressed columns
are calculated using appropriate form of the equivalent initial deflections. The
results are compared with some design curves and analytical results. The demon-
strations are found to be in good correlation with those by such various inves-
tigations and experimental results, and the form of distribution of residual stress
assumed herein may insignificantly affect the present results.

The chapter 2 formulates the simple unified approach of the elasto-plastic ul-

timate strength for the compressed steel plates with and without stiffeners. The
inelastic strength prediction of the plate members may be explicitly determined
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from the bifurcation sets for both global and local bucklings. Herein, the bifurca-
tion sets can be defined explicitly near the equivalent bifurcation point being the
intersection point of the elasto-plastic parabolic postbuckling path with the plas-
tic mechanism curve. Also, the initial imperfections are modified and replaced by
the equivalent imperfections proposed herein. The present ultimate strength curves
are numerically shown to be in good correlation with some design specification
curves and several test data.

Furthermore, using the proposed strength formula expressed as the imperfec-
tion sensitivity, a Monte Carlo simulation is performed on appropriate statistical
distributions of the residual stresses and the initial deflections for compressed
plates and stiffened plates. Then, the most frequent combinations of such imper-
fections can be explicitly determined from both their joint probability density
function and the 5%-fractile ultimate strengths.

The final chapter 3 formulates the simplified unified approach of the elasto-
plastic ultimate strength for the compressed cylindrical shells. The inelastic ult-
imate strength of the cylinders may be explicitly determined in the form of the
bifurcation sets. Herein, the imperfection sensitivity of compressed cylindrical
shell can be directly derived from the singularity condition on the equilibrium
surfaces through the elastic pseudo-potential energy with considerations of elasto-
plasticity of the material, which is defined near the elasto-plastic buckling point.
Also, the initial deflections are modified and replaced by the equivalent imper-
fections proposed herein. The present approach involves two types of analyses;
the one-mode analysis (only asymmetric mode) and the two-mode analysis (asym-
metric and axi-symmetric modes). The two-mode analysis treats with the interac-
tion of both modes, and is more sufficiently practice than the one-mode analysis.
Then, the imperfection sensitivity can be predicted by the incomplete parabolic
umbilic catastrophe with the paraclinal bifurcation, and the potential is trancated
up to the 3rd-order terms. The elasto-plastic buckling provides the near-coinci-
dent bifurcation; whereas, in the elastic range, the present result identically
gives the complete simultaneous bucklings. Particularly, the elastic imperfection
sensitivity for the axi-symmetric mode is just equal to the Koiter's formula.
Also, the formula is in good correlation with the ECCS strength curve for the
compressed cylinder. The reduction of the strength is more greatly affected by
thelaxi-symmetric initial mode than the asymmetric initial mode in the two-mode
analysis.

In this PART IIl, all the calculations can be made using mainly a microcom-
puter with small memory storage. The general philosophy adopted herein may also
be applicable to other types of engineering structures such as rigid frames,
arches and trusses as well as columns, beams, plate panels, stiffened plates and
cylindrical shells.
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