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On an exterior problem for fully non-linear wave equation
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§1. Introduction. Klainerman [1], [2] proved that one and only
one C solution exists for Cauchy problem of a fully nonlinear wave
equation of the form: Q u + F(t,x,u',u") = 0, with sufficiently small

and smooth initial data under the following assumptions:

(.I) F=Ful = Full =0 for u' = u" 0 if n ;6’

(2) F=Fu'=Fu"=Fu'u'=Fu'u"=Fu"u" =0 foru' =u"=01if 3 <n <5.

Here n is the space dimension and [l denotes the d'Alembertian, u'
represents the vector of first derivatives, u" that of second deriva-
tives with respect to the x,=.(x],...,xn) and t. See also Klainerman-
Ponce [3] and Shatah [4]. The case n=3 is, of course, of special 1m5
portance for applications. Under the assumption (1) Klainerman's
theorem cannot be extended to n=3, which was showed by John [5].
According to John's result, for example we have that every non-tivial
Cz-so1ution of the equation: Qu = 2ututt for which u(O,x),ut(O,x) are
of compact support and [ 3 [ut(O,x)-ui(O,x)] dx > 0 blows up in finite
time. Thererfore, when ﬁ=3, the assumption (2) is needed to get a
global existence theorem. For example, a classical non-linear wave
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operator: uy,- Au(1+ 2J=] , satisfies the assumption (2).

(uxj
In this note, our purpose is to extend Klainerman's theorems to
an exterior problem. Our results stated here will be published else-

where (see Shibata and Tsutsumi [6] and [7]). Let @ be an unbounded



in Rn, its boundary 3@ being ¢” and compact. We denote a time variable
by t or x, and a space variable by x = (x1,...,xn), respectively.
We abbreviate 3/5t, 3/axj and (a/ax1) 1---(;)/axn)mn to 34 Or 3y, aj
and 32, respectively, where o is a multi-index with |a| = a7 +eoot a,
and j = 1,...,n. We consider the following problem:
Ou + F(t,x,u',u") = f(t,x) in [0,T)xq,
(M.P) u=20 on [O,T)xaQ,
u(0,6) = ug(x)s (2)(0,6) = uy(x) in'e.
Roughly speaking, under the assumptions (1) and (2) we can establish
unique existence theorem of time global C solutions for (M.P) (T
= w) if data Ugs Uy and f are sufficiently small and smooth. 1In §2,.
we consider the local existence theorem of C© solutions for (M.P).
In 83, we consider the global existence theorem of ¢” solutions for
(M.P) under the additional assumption: Q is non-trapping.
To conclude we 1ist notations. For p with 1 < p < » we denote

the standard LP space defined on © and its norm by Lp(Q) and

‘ p’
respectively. For a vector valued function h = (hl""’hs)’ we put
- P . =
llhlk = I thlk. For a positive integer N we putNHflk’N Zla|;ﬂ
s » g
lbxflk and thb,N = Zj=]zla|é:N Haihjlk. We set Hp(Q) = { felLP();
Ilpr N <=t By HN(Q) we denote the completion of C:(Q) in Hg(ﬂ).

H (9) denotes M7 (Q). For -» < a < b < =, a non-negative integer

JOp ,
k and a Banach space E, C ([a,b]:E) denotes the set of all E-valued
functions having all derivatives of order < k continuous in [a,b].

For u e (V5.9 ¢ ([a,bT3H:73 (), v (\L L0 O ([0,2)5H573(@)) s we put

lul) ra,p1,p = SUP 2

a<t<b j+|al<L t X



sup ('I+t)k z 1la%ai u(t,')lk, respectively.
20 J+alzL

§2. Local existence theorem. In this section, for finite T > 0
we consider the prdb]em (M.P) under the following assumption.

Assumption 2.1. (1) F(t,x,u',u") is a real-valued function
R(n+1) (n+2)

defined on [0,T]xex{(u',u") ¢ lu'] + [u"] < 3x5} such

that F = Ful = Fu" =0 for u' = u" = 0.

(2) Let us define functions F%, F%J,F% and Fo by the formula:

- J - _
)|e= 0 Zj=0 F2(t,x,u ,u )3t8jv

- n -i j ] n n j ] n ] (1]
Zij=1 For(t,x,u',u )aiajv + g F1(t,x,u ,U )ajv + Fo(t,x,u Ju")v.

Then there exists a positive number d such that

n ' 2 1 " ) 2 0 1 n
Z'ij=][6'ij + F_ij(t,x,u U )]E_igj _>__d|€| [y 1+ Fz(tgxau su ) ;d

(dF/de) (t,x,u'+6u"

for all (t,x) e [0,T]xQ, |u'|+ |u"] <3ryand € ¢ Rn. Here §;; = 1
ifi=jand=0if i #3.//
Before stating main results in this section, we define a certain

class of data and compatibility condition.

Definition 2.2. We shall say that a pair of functions (uo(x),

u](x), f(t,x)) with u, ¢ Bz(ﬁ), up e B](53 and f(0,x) € -Bo(ﬁ) belongs

0
to D if there exists a uy(x) e Bo(ﬁ) such thatlluolL’2+|lu]|L’] +
lugll, < 2g and uy(x) = dug(x) + F(0,x,D3uq(x), Dyuq (x),u,(x) = £(0,x)
in €, where D)Z(u0 = (a]uo,...,Bnuo,aiajuo;i,j=1,...,n) and Dlu] = (
a1u],...,anu]).//

Of course, it follows from Assumption 2.1 that Uy is unique if
exists. If Ugs Uy and f are sufficiently small, u, exists near O

by implicit function theorem. To discuss the compatibility condition,



we have to introduce some notations as follows. For a'smooth function
v(t.x), we put (agv)(o,x) = vp(x). We define functions Gp_2 as follows:

p'2 [T = 0 ) .
e F(t,va v FZ(O’X’DXVO’ Xv],vz)vp +

)| t=0
=1 =2 =P
+ Qp_z(x,vap_],vap_z,..,,vao) |
where ﬁiv = (azv, la] < §). If (uo,u],f) e D, it follows from assump-
tion 2.1 that 1+Fg(0,x,5§q751ui,u2) > d > 0. Therefore, we can define.
up,p > 3, successively as follows:
_ 0 =2 - =l =1 =1

up(x) = [14F5(0,x,D0uq,D uq 5u5) ] [Aup_2 - Gp_z(x,Dxu
+ (a072£) (0,x)1.

=p
p__1,..,Dxu0) +

Now, we define the compatibility condition in terms of u_.

p
Definition 2.3. We assume that the assumption 2.1 holds.
Let L be an integer > 2. We shall say that data (uo,u],f) eD

. [o]

satisfy the compatibility condition of order L if uj € H;(n), 0<3j
<L.// '

We state the local existence theorem.

Main Theorem I. We assume that Assumption 2.1 holds. Let

Q be a domain in R", its boundary 52 being ¢” and compact. If data
uo,u],f belong to class D and satisfy the compatibility condition |
of order infinity and uy, u; ¢ HZ(Q) and f ¢ Cm([O,T];HZ(Q)), then
there exists one and only one solution u ¢ Cw([O,T'];H;(Q)) of the
problem (M.P) for some positive T' < T. Here T' depends essentially
kon]y on n, 2, F and the bound for [[ugll, ,»» ”u1'&L+1’|f|2L,[O,T],2
and L = max(2[51+4, [31+7).// |
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§3. Global existence theorem. We consider the global existence
theorem of (M.P) with T = « under the assumptions (1) and (2) and
additional assumption: @ 1is non-trapping. More precisely, we intro-
duce the following assumption.

Assumption 3.1. (1) The spatial dimension n > 3.

(2) The nonlinear mapping F is a real-valued function belonging to

(n+1) (n+2

B°([0,e)x@x{(u’ ,u") € R o lu] o+ Jur] < ).

(3) Put A = (u',u").

O(|A|2) near A
F(t,X,}\) = 3
O(|x]7) near 2

1]

0 if n > 6,

0if3 <n<5.
(4) The exterior domain @ is "non-trapping" in the following sense:
Let G(t,x,y) be the Green function for the following problem:
=0 4 - : Ja-)0 if j=0,
where y is an arbitrary point in @ and [] is the d'Alembertian with

= 0.

respect to the x and t. Let a and b be arbitrary positive constants
such that b > a > rg with 3 C { x e R"; |x| < rgl. Forany ve
LZ(Q) with supp v € { x ¢ R"; |x| <a } we put |
@)(tx) = [ 6tV

Then there exists a T >QO such that (Gv)(t,x) ¢ Cm([TO,w)XEb) for
any v e LZ(Q) with supp v C { x e R"; |x| < a}, where Ty depends
only on n, a, b and 2 , and o, denotes the set @ = { x ¢ 25 |x| <b}.

Remark 3.2. (1) It is well known that if the complement of @
is convex, then Assumption 3.1 (4) is satisfied. (see e.g. Melrose

[8]). (2) It is well known that under the Assumption 3.1. (4) the

lTocal energy of solutions of wave equations of the form:Ju =0
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decays exponentially if n > 3 and n is odd (see e.g. Lax-Phillips [9]).
Melrose [8] proved that if n > 4 and n is even, the order of local
energy of solutions of wave equations is -n. But, as byproduct of
our proof in Shibata and Tsutsumi [6] we proved that its order is
-2n+2. This is a sharper result than Me1rosé [8].‘ Furthermore,
comparing with the order of local enery in the whole space R", our
result is best.//

Now, we shall state our g]oba1 existence theorem.

Main Theorem II. Let m be én arbitrary 1ntéger m>0. Let

Assumption 1.1 be all satisfied. (1) Put m® = 2max(4[%]+7,m+1)+4[%]
+8. If n > 6, then there exist positive constants a and 8, having

: 2me+[2]+3 2m9+[9-]+2
the following properties: If ¢, ¢ B 2-7°(Q), 4 € B 27 (%)
2m°+[%]+1(

and f ¢ B [0,=)xQ) Satisfy for some & with 0 < ¢ < 8

leolly/3,2me * 1o1le/3,2000 + 1¥las3,(n-1)/8,2m0-2 < 285

190l 2mov2 * 011l 2mesy * 1F14 g, 2n0 < 285

ool 2mes * 1og1l omosy * 1fla g oo < 28
and the compatibility condition of order m°, then Problem (M.P) has
a solution u ¢ Cm+2([0,w)XE) satisfying

I(u',u”)|2,0’m ¥ |(ul’u")|4,(n—1)/4,m £ 6.

(2)  Put m® = 2max(3[51+6,m-1) + 3[31+7. 1f 4 <n <5, then there
exist positive constants a and 8 having the following properties:
If 99 € 32m°+2(5)’ ¢1€ 82m°+1(§D and f ¢ Bzmé([o,w)XE) satisfy for
some § with 0 < § < 8 |

*

loglh ame * lleqlh ameq * 1F11,(n-1)/2,2m0-2 < 26

ool amesz * ol omesr * 1Fl2, (no1)/2,2me < 285



1401k, 2mes2 * 011l 2mosr * 1Fla 0, 2me = 28
and the compatibility condition of order m°, then Problem (M.P) has

a solution u ¢ Cm+2([0,w)x§),satisfying

[usu") g 0,m * 100" e (01 /2,m < &
(3) Let ¢ be a positive constant with 0 < ¢ < 1/(7m+18), and m® an
integer with m° ;=%{%=+ (3m+7)0] + 3[%J + 6. If n=3, then there
exist positive constants a and 8o having the following properties:
If ¢g ¢ Bzm°+2(5), ¢ € Bzm°+1(50 and f ¢ Bzmo([O,w)xﬁ) satisfy for

some & with 0 < 6 < &

”4’0“1 me Flloylh ameot * 11y 14g, 2me < 26
Foolk,2mosz * logllz 2mosr + 1F12, 145, 2me < 265

ol 2mos2 * ||¢1“m,2m°+1 + 1fla,0,2m < 28
and the compatibility condition of order m°, the Problem (M.P) has

a solution u ¢ Cm+2([0,w)x§) satisfying

|(U',U")|2’0’m+ |(UI,U"‘)I S.

Y
m’;_ +o,3m - .
Furthermore, there exists a small constant 8 > 0 such that if
U, V € 03([0,w)XED are two solutions of Problem (M.P) for the same
data with |(u',u" )Iw,O,O < & and I(V'=V")|w,o,o <1, then u = v.//
Combining Main Theorems I and II, we have

Main Theorem III. The same assumption and conditions as in

Main Theorem II are satisfied by data 90> 97 and f, nonlinea term F
and the domain Q. Furthermore, assume that og> 47 € H;(ED and f ¢
Cw([O,w);Hz(ﬁ)) and that ¢, ¢; and f satisfy the compatibility con-
dition of infinite order. Then there exists one and only one solution

of Problem (M.P) belonging to Cm([O,w);H;(ED).

— /7..
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Concluding Remarks. (1) The local existence theorem can be

extended to more general fully nonlinear 2nd order hyperbo]ic operators
(see Shibata and Tﬁutsumi [7]).. | o
(2) We can also obtain the ana]ogous results for the mixed problems
of the nonlinear Klein-Gordon equation and the nonlinear Schrodinger
equation.//
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