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On types of blowing-ups of ideals in Buchsbaum rings
By KIKUMICHI YAMAGISHI

College of Liberal Arts, Himeji Dokkyo University,
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1. Introduction
Throughout this note (A, m, k) denotes a Noetherian local ring of
dimension d > 0 and g is a parameter ideal of A . Let us denote

R(gq) := ® qn , the Rees algebra of gq ;
2

n 0
Proj R(q) , the set of all homogeneous prime ideals of R(g) not

containing R(q), := & q"
>

n 0

Moreover H;(*) stands for the ith local cohomology functor with respect
to m

Recall that the local ring A is said to be a Buchsbaum ring if the
difference LA(AIQ) - eq(A) is an invariant of A not depending on the
choice of parameter ideal g of A

In 1982 S. Goto showed that A/Hg(A) is a Buchsbaum ring (resp. a
Gorenstein ring) iIf and only if Proj R(qg) is a locally Cohen-Macaulay
scheme (resp. a locally Gorenstein scheme) for every parameter ideal g
of A, and he also gave us similar characterizations of complete
intersections and regular local rings; see (1.1), (1.2), (4.4) and (4.6)
cof [3]. However, there was given no statement for the local ring
A/Hg(A) to be a Cohen~Macaulay ring in terms of blowing-up. So our

problem is stated as follows.

Problem. What is the condition concerning blowing-up for the local

ring A/Hg(A) to be a Cohen-Macaulay ring?
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To describe our results let us recall more notations. We denote by
r(A) the type of A, i.e., T(A) := L,(ExtGk, A)) , the d'" Bass
number of A , where d := dim A, cf. [1]. Moreover let KA denote the
canonical module of A if it exists, uA(*) the minimal number of

generators of an A-module and 2 the completion of A with respect to

the m-adic topology. Then our first result is:

Theorem (1.1). Let A be a Buchsbaum ring and al, cee ad a
system of parameters for A . Let R(gf) denote the Rees algebra of the
system of parameters gﬁ i = aln, N adn for A for an integer mn > 0

Then the following equality

d 1

n _ d 1
r(R@Dg) = p (KD + G o_

A A i

nMi

i
. ).LA(ﬂm(A))

holds for all %P € Proj R(QE) with dim R(gﬁ)/% =1 and all = > 3

Combining this theorem and Goto's one in [3] we can state our second

result, which is an answer to our problem described as above:

Theorem (1.2). The following two statements are equivalent.
(1) A/Hg(A) is a Cohen-Macaulay ring.
(2) For every parameter ideal gq of A, Proj R(g) is a locally

Cohen-Macaulay scheme and the equality r(R(q)B) = u, (K ) holds for all
A A

B € Proj R(q) with dim R(g)/B =1

2. Preliminalies

Let g = (a ad) be a parameter ideal of A . Then we begin

1’
with the following.

Lemma (2.1). (1) m.R(q) € Proj R(q)

(2) Every P € Proj R(q) such that dim R(q)/P = 1 contains m.R(q) .
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3 R(q)/m.R(q) is isomorphic to the polynomial ring over the residue

field k of A with d-indeterminates.

We know that

d
Proj R(q) = (_J Spec Al —%— | z € 91 .
i=1 i
Moreover we have
Lemma (2.2). Let P € Proj R(q) and put B := Al —%— | =z € q1
d

Assume that the given P corresponds to the prime ideal P of B
Then R(q)SB is isomorphic to the local ring B[T]P BIT1 @S A-algebras,

where T is an indeterminate over B . Thus r(n(q)ﬁ) = r(Bp) holds.

From now on, we assume that A is a Buchsbaum ring and we use the

following notations:

a a
B := Al— L=y e Al
d d d
a a
Q= (——, , —2l a8
d d
M :=mn.B + Q
Then we have
Lemma (2.3)(cf. [31, (3.4), (3.6)). (1) The local ring BM is

a Cohen-Macaulay ring of dimension d
(2) Q.BM is a parameter ideal of BH

(3 By/Q.By = Asta,_ : ayl + (a)) as A-algebras, where we put

9g-q1 = (al, ey ad—l)

Lemma (2.4). r(B”) = LA(HomA(k, A/[qd_1 Payl v o (a)))

For a system of parameters Ays oev 5 Ay for A we define the
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ideal E(al, ..oy ad) of A as follows:

. 4 )
Z(al. cees @) iE . g 1[(al, cees Gy wesay) Pal o+ (A, e, ay)
When we set a = al, cee ad or q = (al. , ad) , we also use the

notation 2(a) or 2(q)
Then as q c [q,_, : ayl + (@) < S(q) and m.2(q) € g , there is
an exact sequence of k-vector spaces:

XCH

N
0= [ag_, & a4l * (@) > Hom,

(k, BM/QBM) —> HomA(k, A/3(9))

Thus we get the following.

d -1
Lemma (2.5). (1) rBy) 2 >
Ti=1
d
(2) 1By ¢ L (Hom,(k, A/Z(q)) + .

O

d -1 i
L LA HICAY)

1

1n MM

d -1
;2 et

i
A(Hm(A))
1
To estimate the value LA(HomA(k, A/2(q))) , let us recall a

well-Known fact that the local cohomology modules H;(A) is isomorphic to

the direct limit liﬂn Ht(gf; A) defined by the Koszul (co-)homology

modules Hi(gz; A) of A with respect to the system gﬁ i = aln. e ey adn
(n > 0), for each {1 . In particular for the case { = d we have the
following direct system:
Ay —> A7) — ... —> 1in. AZ@ =%
—n mn
where the map A/(gﬁ) E— A/(Qﬁiﬁ) is multiplication by the element
all...adL . As we have the equality
E(a1L1+n1, cee adld+nd) : alLl...adld = Z(alnl, e adnd)

for any integers L , Ld 2 0 and nl, ee nd > 0, this direct

11
system induces the new one as follows:

d

AS(a) —> AS@® — ... —> HO A

114

o A2

lim
e

where all the induced maps A/3(a™) —> A/Z(an+t) are injective, cf.



148

[7], p. 456. On the other hand, we know

(K> = L,(Hom,(k, Hﬁ(A)))
A A

Therefore we get

d -1 ,
Proposition (2.6). r(B,)) < p (K + 2 (q _ 1).L (HL(A))
M = A A iz, °t 1 A 'm
Example (2.7). The equality of the formula in Proposition (2.6) is

not true in general.

Let A be a Buchsbaum ring with minimal multiplicity, namely the

equality

d
e(A) =1 +
i 1
holds, see [5]. Suppose that d > 2 and H;(A) # (0) for some i

1 .
d -1 i
(2 el CAY)

MM

(1 ¢ ic<d . Then we have
HomA(k, BM/QBM) = HomA(k, A/[qd_1 tagl v ap) = m/[qd_1 tayl o (ay)

namely the map HomA(k, BM/QBM) S d HomA(k, A/2(q)) is a zero map. This
implies
d 1 . d
d -1 i
( - LAHE (A < (K) +

l(d _
1 v A A i

- 1 i
(B, = G e LgCHE (A

"M
Mot

i

3. When does the equality occur in Proposition (2.6)7

Concerning the formula in Proposition (2.6) described as above, we
have a natural question as follows:

Question. When does the equaiity occur in Proposition (2.6)°%

In this section we shall try to give an answer to this question.
Throughout this section we still assume that A 1is a Buchsbaum ring and

q = (a , ad) is a parameter ideal of A . Let n g 2 be an

l’

integer and we put
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. 1 d-1 1
B = Al——— , , 1 in Al—/1 ;
by by by
b b
Q = (_?1—- ’ ’ g 1 s e)B’ ’
d d
M = mB” + Q°

Then we have the following as same as (2.3).

Lemma (3.1). 1 The local ring B’M, is a Cohen-Macaulay ring
of dimension d and Q'B'”, is a parameter ideal of B’M,

2) B’”,/Q’B'M, > A/[(bl' .. o b ) : el + (e) as A-algebras.

d-1

Proof. (1) As b bd forms a system of parameters for A

10 e
too, this comes from (2.3) at once.

(2) We may assume that depth A > 0 . Hence the parameter ad
(and hence ¢ too) is a non-zero-divisor on A . Let * be an element

of A such that

b T b T T
g = -1, ¢ _Td-1 L, d ,
bd b l bd b l b L
d d d
for some elements T, , zd € (Q)L and some integer 1 2n . As
L _ l -1 _ l
(b))~ = (bd ) + (bl’ e bd_l).(g) we have T, = bd U + v for some
l-1 l _
elements U € A and v € (bl’ e bd_l).(b) . As bd = bdc by
our definition of the element ¢ , we have
b L+1(m - ecu) = b,x, + + b T + b ,cv
d 171 tet d-1"d-1 d
. l+1, _ .
As [(blf- , bd—l) : bd 1 = [(bl, cee bd-l) : ¢l we get that
T € [(bl’ v by_) el x ey

Now recall the direct system

Mi@ — MSEh — Lo — sd — ot

and that all maps of this system are injective. Then consider the

following commutative diagram:
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a,...a
Ars @™l 1" d A3 @™
aj...ay_y ay
A/T(RSY el + (e) > A/2(b., )
where we put b’ := bl’ e bd~1 . Notice that the two vertical maps

on both sides of this diagram are injective too. By (2) of (3.1) this

diagram induces the next one.
tom, (k, A/S@"1yy — tom,ck, A/S@h) —> ... —> Hom,(k, Hﬁ(A))
ay..-ay_y ay
Hom,(k, B"/Q"B",.)) —> Hom,(k, A/Z(b", e))

Choosing the integer =mn large enough we can make all maps of the top row
of this diagram bijective. Then the vertical map on the right of this

diagram must be bijective too, i.e.,
Hom,(k, A/Z(b", ¢)) —z=> Hom,ck, A/Zwa’)

and hence the map on the bottom of this diagram is surjective, namely the

following sequence of k-vector spaces must be exact.

27, o
[(b”) : el + (e)

0o —> —> Hom, (k, B'/Q'B'M,) —> Hom,(k, A/2(", ¢)) —=> 0

A A

Therefore we get the following result, which is an answer to our

question described at the beginning of this section.

Proposition (3.2). Under the same notations described as above, one
has the equality

d 1

rB ) = p K)o+ 3 (% B i).LA(H;(A))
A A i =1
if the integer m 1is large enough. (More precisely, according to

Proposition (3.8) of [71, this equality holds for all =n 23 )
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4. Reduction step.
In this section, we shall discuss how we reduce our arguments to the
case that the residue field k of A is algebraically closed.
Let g be a parameter ideal of A, R(g) the Rees algebra of g
and P a homogeneous prime ideal of R(q) with dim R(g)/P =1 . Then
by (2.1) the ideal P contains the homogeneous prime ideal m.R(q) . We

recall the following resuit given by S. Goto [3].

Lemma (4.1)(cf. (3.5) of [31). Let A be a Buchsbaum ring and let
k denote the algebraic closure of the residue field &k of A . Then
there exists a Buchsbaum local A-algebra A with maximal ideal m  such

that (1) A is A-flat, (2) m = m.A , and (3) k = A/m as k-algebras.

Then it is clear that q.A 1is still a parameter ideal of A and the
ring R(q) ®A A coincides with the Rees algebra of the parameter ideal

q.A of A . We put R := R(q) and R := R ®, A . As dim R/B.R = 1

there is a homogeneous prime ideal, say P , of R sucht that § o B.R

and dim R/B =1 . Then we claim the following.

Lemma (4.2). The fibre R ®_ (R,/B.R,) is a Gorenstein ring of
SERBEBSB

dimension O
According to the theorem of [2], these lemmas imply the following.

Proposition (4.3). Under the same notations described as above, one

has the equality r(Rp) = P(R_)
Y

5. Proof of Theorem (1.1).
We use the same notations as in Section 3. Let P be a homogeneous

prime ideal of the Rees algebra R(b) , where we put b := bl’ e bd ,
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such that dim RBY/P =1 . Recall that
d T
Proj R(h) = LJ Spec Al —— | 2 € )1
i =1 1

1t has no loss of generality to assume that the given homogeneous prime

ideal B corresponds with the prime ideal N of, Spec B , where B’ :=
AL —%— | z € (Y1 . Then we have the following from (2.3) and (3.1) at
d
once.
Lemma (5.1). (1 N is a maximal ideal of B and N N A= m
(2) B'N is a Cohen-Macaulay local ring of dimension d

(3) B’/m.B° is isomorphic to the polynomial ring over the residue field
k of A with d - 1 indetermonates, as A-algebras.

4) r(R(Q)ﬂ) = r(B N)

Now we are ready to prove Theorem (1.1).

By the reduction described in the preceding section, we may assume
that the residue field k of A is algebraically closed. Then applying
Hilbert's Nullstellensatz to the extension field B°/P of k , we can
find elements cl, ce e cd_1 in A not contained in maximal ideal m

of A such that

1 d-1
N=(—w5—-¢,, ... , ———— -cC,_, ) + nbB’
b, 1 b, d-1
Put bl’ HU b1 - clbd v oeee b&_l 1= bd_1 - cd—lbd . Then we have
by, R bd—l' bd) = (bl’, , b&-l’ bd) )
b b’
B = A, ..., —ELg
d d
b’ b’
N = ( —Bl~ , , Z"I Y + m.B’
d d
by ba-1
We set Q77 := «( R R ).B” . Thus we have
d d
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Lemma (5.2). (1) B N/Q B N e A/[(bl' cee bd—l) ¢ el + (e) as
A-algebras.

2> [(bi, N b&—l) el v (e) = [(bl, cee bd—l) el + (e)

By Lemma (5.2) we get that .

r(H(b)m) r(B'N) = LA( HomA(k, B'N/Q"B'N) )

Lac HomA(k. A/[(bl' cees by_) r el (e )

LA( HomA(k. A/[(bl’ e e ey bd—l) el o+ (e)) )

LA( HomA(k. B'M./Q'B'”,) ) = T(B'”,)

d -1
m (K ) +

A A i

d -1 i
(i 1).LA(Hm(A))

nMmMa

1

6. Proof of Theorem (1.2).
We shall here prove Theorem (1.2). By Theorem (1.1) and Goto's
blowing-up characterization of Buchsbaum rings, cf. (1.1) of [3]1, we get

the implication (2) = (1) at once.

(1) == (2) Let q = (@, ... , a;) be a parameter ideal of A

It is enough to show that r(R(9),) = u_(K ) holds for P € Proj R(qg)
B A A

with dim R(g)/P =1

Passing the redusction described in Section 4, we may assume that the
residue field k of A 1is algebraically closed. Recall that

d
Proj R(g) = _J Spec AL —%— | £ € q 1
i =1 i

We may further assume that the given ideal P corresponds with a maximal
ideal N of B , where B := AL —%— | z € g1 . As k is algebraically
d

closed, we can find elements in A, say 61’ cee ed , such that

a a
1 d-1
N ( - e,, , - e ) + m.B ,
a, 1 a, d-1
by Hilbert's Nullstellensatz. Put ai’ t=a; - e;a, for 1 ¢ i< d
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Then (al’ ey ad—l’ ad) = q , namely al. ey ad—l’ ad is a system of
parameters for A too. Moreover we have the followings:
a; a’
B"A[alv ’ 21]9
d d
a’ a’
W= —, , Zl)+m.8
d d

Therefore we get that

r(BN) = LA(HomA(k. A/(ai, ceey a&_l. ad))) = n, (K

This finishes the proof of Theorem (1.2).
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