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On the volumes of integral convex polytopes satisfying
certain conditions
%ib %—Fﬂ;j(%?ﬁ ¥ "P i‘ﬁ?ﬁ:\}fg(Hiroyasu Tsuchihashi)
Let P be an integral convex polytope in R, i.e., P s
the convex hull of finite points of Zn. Assume that dim P =

n and that Int(P) n Z" = {0}. Then the dual polytope P* := ¢
vV € R" | <v,u> 2 -1 for all wue P} is the convex hull of

finite points of @Q". Let Xp be the union of Xp :=

Specw[(RzoF)* n Zn] for all faces F of P, where (RZOF)*‘
v e R" | <v,uw> 2z 0 for all u e RyF }. Then Xp isa
compact torie variety - whose anti-canonical divisor is ample
and (—KXP)n = n!vol(P*). On the other hand, Hensley[ 3] shpwed
that the volume of P has a upper-bound K(n). However, ’K(n)
is mueh greater than» the volume of the following example Py

first given by Zaks, Perles and Wills[4] and no examples are

known whose volumes are greater than vol(Pm).

Example. Assume that n 2 3. Let yi = 2, Y9 = 3 and Y =

Y1¥9 +ee ¥y-3 *+ 1 for k 2 3. Then yIl + oae. y;ll + Ay, -

-l o= 1. Let P be the convex hull of the n + 1 points

t(yl-l,—1, eee -1, t(—1,y2-1,-1, R L X C5 I

“1,y,_1-1,-1), Y-l ol -2y mD-1), Y(-1,-1, el -1
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Then  Int(P ) n Z" = {0}, Py is integral and vol(P ) =
1

ATY] cee Y12y

2 (y,m1)2.

In this note, we show that the above example has the maximal
volume among n-dimensional integral convex polytopes satisfying

certain additional conditions, if n 2 3.

Theorem. If n 23 and P 1is an n-dimensional integral
simplex in Rn such that Int(P) n y AL {0} and that p* is

also integral, then vol(P) £ vol(Pm).

Remark. (1) If P is a simplex, then Xp s isomorphie to
the quotient of p" under the action of a finite subgroup of
(@™, (2) Xp is (Q-factorial, i.e., Xp is a Q-Fano
variety, if and only if each (n-1)-dimensional face of P s
a simplex. In particular, if P is a simplex, then XP is a

Q-Fano variety.

Assume that n 2 3. Let P be an n-dimensional integral
simplex, i.e., P is the convex hull of n + 1 points u;, Ug,

.. and u of Z" such that uj; = up,;, Uy = Up,gs «o-

n+1

and u - u

n n+l are linearly independent. Assume that

Int(P) nZ" = {0}. Then the dual polytope P* is the convex

hull of the n + 1 points Vis Voy eee s Voo of Qn defined

*

by <Vj’uk> = -1 if j # K. Also assume that P is integral,
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i.e., vj € Zn. Hence aj t= <Vj’uj> + 1 are positive
integers. Let wu, = ailul + aglu2 + ... * agilun+1. Then

I _ a1 -1 _ R | -
<vj,u0> = -a; oo aj—l + aj (aj 1) aj+1 e any1 <
1 - {E:%agl for all j. Since 0 e P* = ViVg ++- Vpep» We
have:

Qi - -1 -1 -1 _
Proposition 1. uy = 0 and aps tagt t ... toapy 1.

Proposition 2. vol(P) & %Talaz cee p.

Proof. Let L be the sublattice of Z" generated by u; -
Upypgs Ug = Upyqs ves and Uy = Up,q- Then n!vol(P) = [Zn:L].

On the other hand, <Vj,aE1(uk—un+1)> = 5jk for 1 g j, k £ n.

Hence the Z-module M generated by aIl(ul - un+1),
agl(u2 - Up,q)s “oe and ar'll(un - Up,q) contains y ALS
Therefore, [Zn:L] £ [M:L] = 8189 +e. an. qg.e.d.

Hence the theorem follows from the following proposition.

Proposition 3. Let a;, aq, ... and an41 be positive
integers such that a; S a5 £ ... S a,,; and that aIl + 351 +
oo * 3511 = 1. Then ajag ... a, S ¥y1¥g -+ ¥Yy_12(y,-1).

For the proof we need the following two lemmas.
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Lemma 4. Let a1, ag, «s. and an+1 be those as in
Proposition 3. Then there exist positive integers bn—l and
bn satisfying the following three conditions.

(Cl) ap_q» by S by
(Cc2) b;ll + bgl Y 3511 + a;1 + agil < b;ll + (bn—l)_l.
(C3) 2bn—1bn 2 a,_q8,.
Proof. Since n 2 3 and 8,9 & a,_1, Wwe have an-1 2 3.
1 -1

There exists a integer q greater than 1 such that q * g an

+ 3511 < (q—l)_l. Then 2q 2 a because a_ £ a Hence if

€ “n? n = “n+l1°

q 2 85,1 then b = a

n-1 and b, = q satisfy Cl, C2 and C3.

n-1 n
-1

-1 -1 -1
Now assume that g < 8n_1°* Then an-1 * a * ani1 > 2an_1.

n
(1) First, we consider the case that a -1 is even, i.e.,

n
2r for a positive integer r. Then r~1 ¢ 3511 + agl +

< 1. Hence there exists a positive integer b such that

n
b,y = r and b, satisfy C2. Since rml s aﬁl = 2a;_1 ;1

;11 M agl + 3511’ we have b, 2 a,. Hence b

1\
o

n-1 n

satisfy Cl and C3.

(Il) Next, we consider the case that an_1 is odd, i.e.,

a = 2r + 1 for a positive integer r. Then q g 2r.

(i) Assume that q < 2r. Then 1 > agll + a;1 + aail 2 (21'+1)_1
-1 1

+ q 2 (2r+1)"1 +  (2r-1)" U Hence there exists a

positive integer bn such that bn—l = r and bn satisfy C2.
1

Since (r-! + (a - ((2r+1)" 1 -

-1
n+1)

+DThH -l sent ¢ anlp
1

+ (x’_1(2r+1)_l - a; (a

n

+ l)_l} > 0, we have b_ 2 a_ +

a n n

n
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2. Hence bn—l and bn satisfy C3, because 2rbn - ap_13, 2
2r(an + 2) - (2r+1)an = 4r - ap 2 4r - 2q > 0.
(ii) Assume that gq = 2r. Suppose that r = 1. Then q_1 £1 -
arly -2l g1 - 2c2rv)™! = 371 Hence r = § > 1. (ii-D)
Assume that rmlo¢ agll + aal + agll. Then there exists a
positive integer bn such that bn—l = r and bn satisfy C2.
since ajl, + arl +all < (2r+n7l v (2r-1)70 = arcar?-nl -
rl oy r_1(4r2—1)—1, we have b, > r(4rs-1) > 2(2r+1). Hence
2rbn > (2r+1)4r 2 a,_184" Therefore, bn—l and bn satisfy Cl1
and C3. (ii-ii) Assume that 3511 + aﬁl + agll < p- L, Since
(r + 7V <« (2r + 17l s (2r)7t = 3511 + q'l, there exists a
positive integer bn such that bn—l = r + 1 and bn satisfy
C2. Then b, 2 r(r+l), because r 1 = (r+1)71 + r7l¢r+1)l,
2

Hence b and b satisfy Cl. Moreover, 2b b 2 2r(r+1l)

n-1 n n-1"n

> (2r+1)4r 2 a,_ 184 if rp 2 3. Finally, we consider the case
that r = 2. Then a, s 2q = 8. If a, S 7, then 2bn_1bn 2
_ -1 -1 -1 -1

2.3.6 > 35 2 an-18p-. If a, = 8, then ap_y *tap taj;; S 5
+ 871 + 871 - 9/20. Hence b, 2 (9/20 - 1/3)"1 > 8.  Therefore,
2bn-1bn 2 2:3.9 > a,_18n- qg.e.d.
Lemma 5. Let 81, 8g, e and an be positive integers
such that a; < ag £ ... g a,. If aIl + 351 + el 4 agl < |«
resp. £ ) 1 g ( resp. <) aIl +oae. # 3511 + (a, - 1)"1, then

8189 «e. 8 S Y{Vg «o. ¥, ( resp. y; .. yo_q(y, - 1) ).
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Proof. In the case that n = 3, it is easy to verify the

lemma. So assume that n 2 4.

Sublemma. Let & be a positive real number not greater

than 1/2, 1let a, b, ¢ and d be positive integers with c¢ g

d. Assume that a'l + b_1 < ( resp. £) € & (a - 1)_1 and

that el 4 g7l ¢ ( resp. £ ) € £ ( resp. < ) el 4 (da - 1)1,

Then ab 2 cd.

1

Proof. Since a~l + p7!

< (a - 1)"!, we have b 2 a(a - 1).

Clearly, a £ c. If a = c¢, then b 2 d and hence ab 2 c¢d. So

assume that e¢ - a 2 1. Since a” b+ p7l ¢ e71 4 (d - 1)'1, we
have b > ae(d - 1)(a(e+d-1) - e(d—l))_l. Hence ab - e¢d >
e{(d{((c-a)(d-a) - e¢) + a(d-a))(a(e+d-1) - c(d—l))_l. Here we
note that a(e +d - 1) - e(d - 1) > 0, because :’:1_1 < c_1 + (d
- 1)"!. Hence if E := (¢ - a)(d - a) - ¢ > 0, then ab > ecd.
Since ¢ - a 21, if d 2z a + ¢, then ab > cd. So we assume

1y o7l 4 g7l s o1 (20)_1,

that d < a + e¢. Since (a - 1)

- c-—
we have ¢ a > T 1.

(I) First, we consider the case that c - a 2 3. Then
(¢ - a)2 2 3(c - a) >c - 3. Hence E > (¢ - a)(d - a) - (¢ -
a)2 -3 =(e -a)(d -e) ~3 2 (e -a)d -~e¢ - 1), Therefore,
if d > ¢, then ab > cd. (i) Assume that ¢ = d is even,
i.e., ¢ = d = 2r for a positive integer &r. Since r_l = e b 4

a-! £ ¢ £ el v a-1n"1 < r- 1)_1, a =r or r + 1. When
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a = r + 1, ab 2 az(a - 1) = r(r + 1)2 2 (2r)2 = c¢d. When a

r, bl se - ! ¢ aey v o(2r - )Y - 1o (2e)7Yor

1)_1. Hence ab 2 2r2(2r - 1) > (2r)2 = ed, because r = % 2

ar3 > 2. (ii) Assume that c =d is odd, i.e., ¢ = d = 2r + 1
for a positive integer r. Since (r + 1)—1 < e 1 4+ g1 S £ s
el (d - 1)'1 < r'l, a =r + 1. Hence b1 S g - a~1 < el
(@ - 1l - a"l = (3r + 1)¢2r(2r + 1)(r + 1))"!. Therefore, ab
2 2r(r + D2(2r + 1)(3r + 1H™1 > (2r + 1)2 = ed, because r 2
3.

(I1) Next, we consider the case that ¢ - a = 2. Since a 2

3 and % -1 <e -a =2, we have 5 £ ¢ £ 8. (i) When ¢c = 8
( resp. 7 ), d < a + ¢ =14 ( resp. 12 ) and b 2 a(a - 1) = 30
( resp. 20 ). Hence ab 2 6.30 > 8.14 > c¢d ( resp. ab 2 5.20 >
7-12 > ed ). (ii) When ¢ = 6, ab 2 az(a~1) = 48, If a < 8,
then ecd < ab. If d 2 8, then E 2 2(8 - 4) - 6 > 0 and hence
ab > ed. (iii) When ¢ = 5, a = 3. If d 2 6, then E 2 2(6 -
3) -5>0. If d=5, then bl gel +(a-1"1-a"l=17/60

< 1/8 and hence ab 2 3.9 > 5.5 = cd.

(Il Finally, we consider the case that ¢ - a = 1. Since
a 23 and § -1 <1, we have 4 s ¢ s 5. (i) When ¢ =5, b 2
a(a - 1) = 12 and d < a + ¢ = 9. Hence ab 2z 4.12 > 5.9 >
cd. (ii) When ¢ = 4, b2 6 and 4 £d < 7. If d = 4, then
ed = 4.4 < 3.6 s ab. If d =25, then bl <el + (a-1"1 -
a~l - 1/6 and hence ab 2 3.7 > 4.5 = e¢d. If d = 6, then b1

< 7/60 < 1/8 and hence ab 2 3:9 > 4.6 = cd. qg.e.d.
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Proof of Lemma 5 continued. Suppose that aIl + agl + e

+ a;I < ( resp. £ )1 g ( resp. <) aIl + ee.  * 3511 +(a, -
-1

1) and that 2189 «.. ap > Y1Y9 «++ ¥p ( resp.
Yy ¢-- yn—l(yn - 1) ). Let g =1 - aIl - eee - a;£2. Then
3511 + agl < ( resp. £ ) € £ ( resp. <) a;ll + (an—l)-l
and g g %, because n 2 4. Hence we may assume that aIl + agl
+ ae. * agfl <1 g aIl + el F a;l2 + (a1 - 1)'1, by using the
above sublemma repeatedly. On the other hand, (a, - 1)'1 -
resp. > ) 1 = aIl - agl - ie. - agl 21 - yIl - y51 - ee. -

-1
Ynii = (yp - D7, by [1,2]. Hence a s y, ( resp. s y, -
1 ). Therefore, 8189 ee. ap 4 > Y1¥9 =+ Yp-1- By the’

induetion for n, we have djaqag > YYo¥Vg, & contradiction.

g.e.d.

Proof of Proposition 3. By Lemma 4,\there exist positive
integers bn—l and bn such that bn = max{ bj l' 1 £j £ n},
that b7l + b3l o+ .o e bl g byl oo v bDE o+ (b -7
and that 2b,_;b, 2 a;_ja,, where by = aj for j = 1 through
n-2. Hence 8189 +.. 8, £ 2b1b2 .o bn s 2y1 o yn_l(yn-l), by

Lemma 5. q.e.d.
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