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On special values of zeta functions

associated with a self-dual cone
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) §1 Introduction

To explain the main idea of this paper, and also to fix some notations,

we start with reviewing the classical case of Riemann zeta function. As

usual, we set

S (s) = ;‘2:_; n~° (Re s>1),
[7(s) = | fw xs_le_xd_x ( Re s>0),

[7(s) &(s)

il
[\/z
o]
o
e
b
wn
]
o
1
]
3

m=q :
o bo '
do ° s-1
S
A e -1
We put
= B(y) v
b(x, ¥) = —— = 5 BVl (x|<2n),
ex-l v=p V!
where

is the Bernoulli polynomial, in which the b/,, are the Bernoulli numbers:
!
bO = l, b, = - 7

(v even, >»>2),

(3134

v
b, ={(-1)?‘1 B
0 (v odd, 323).

Then the above integral can be transformed into a contour integrallof the
form
(1.1) [ (s)T(s) = (™18 _ 1)t f 71 b(x, 0) ax,

I(g,00)

where I(& ,%) denotes the contour consisting of the half-line [ &, o)

taken twice in opposite directions and of a (small) circle of radius §
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about the origin taken in the counterclockwise direction. The contour integral
is absolutely convergent for all s&C, so that the function [ (s) <(s) can
be analytically continued to a meromorphic function on €. Moreover, in virtue

of the functional eqﬁation of the gamma function:

(1.2) [(s)T(1-8) = —%—— = 2mi e T
. : s -8) = ——— =2N1l (=TT
o sin ®4d e21515 -1
one obtains A
(1.3) G(s) = ™8 (1. s) 2 f =L b(x, 0) ax.
2Ti
I(EH’")

This shows that & (s) is holomorphic for Re s < 1. In particular, for
+
s =1-m, me?Z (positive integers), the contour integral reduces to the

residue of x "b(x, 0) at x =0, i.e.,vﬁm/m!.Henceone obtains
(1.4) C(1L-m)= (-1)?“'1(m51)z —2m o () D
Thus &(1 - m) (me Z+) is rational. In particular,

S =- %, &) =-1,

S(cop) =0, S -2p)=(al B (xz1).
ag I ”» Nz

This result has been generalized by Hecke, Klingen and Siegel [{3] to
the case of Dedekind zeta functions of totally real number fields. Mére
recently, Shintani [i]] gave a proof based on a direct generaliztion of the
‘classical method explained above. Zeta functions attached to self-dual homo-
geneous conesvhave been studied by Siegel [}3] in a special case of quadratic
cones, and by Sato-Shintani [8] in a more genéral éontext of "prehomogeneous
spaces". (cf. also Shintani [9], [10].) On the othef hand, the gamma functions
attached to self-dual homogeneous cones were studied by Koecher [5], Gindikin
[3] and others (cf. e.g., Resnikoff [£]). In this paper, we try to extend

Shintani's method (i.e., the classical method) to examine the rationality of

the special values of zeta functions attached to self-dual homogeneous cones.



§24 The gamma function of a self-dual homogeneous cone

2.1. Let U be a real vector space of dimension n, endowed with a positive
definite inner product < > . By a "cone" in U we always mean a non-degene-
rate open convex cone in U with vertex at the origin, i.e., a non-empty

open set JZ in U such that

x,y€o>2, )3/!('6B+==> AX*'/LYGJL

and such that JL does not contain any straight line. A cone JZ_ in U is

called homogeneous if the group of linear automorphisms

o(d) = {gecrw) |a) =&}

is transitive on J| ; and J) is called self-dual if the "dual™ of

CQ_* = {er ] <X, y>>0 for all ybye J_Z- ‘{0}}

coincides with Jl . | '

Let dl be a self-dual homogeneous cone in U and G = G(;l_)o. Then
it is well-known (e.g., Satake [7]) that the Zariski closure of G (in  GL(U))
is a reduci';ive algebraic group, containing G(JL) as a subgroup of finite
index; and g ;——atg—l is a Cartan involution of G; the corresponding maxi-
mal compact subgroup K = GNO(U) coincides with the isotiropy subgroup of
G Va.tka "ba.se point" ec & (which is not unique, but will be fixed once and

for all). Let

Pk g
bek the corresponding Cartan decomposition of Y% = Lie G. Then f:= Lie K

and one has for T & °]»
(2.1) Tef <= 0=_7 ¢ Te-=o.

It follows that, for each u€U, there exists a uniquely determined element
Tue ? such that Tue = u. It is well-known that the vector space U en-

dowed with a product
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ueu' = Tu u' (u, u' €l)

becomes a formally real Jordan algebra (cf. Braun-Koecher [2], or Satake [7]).

We define the (regular) trace on U by
(2.2) . . T(u) = tr(Tu).

For the given (d), e), one may assume (by Schur's lemma) that the inner

“product < > is so normalized that one has
(2.3) <u, u'> = T(uwou')  (u, u'el).

Next, let ue‘jl. Then, since G is transitive on JZ_ , there exists g,€ G

such that u = g e. We define the {regular) norm N(u) by

1

N(u) = det(g)),
which is clearly independent of the choice of 8- There exists a unique

1

element u, €U such that u = exp u, (which is defined to be (exp T, Ye)s
L ‘ v 1
then by definition one has

"'C(u,, ) .

(2.4) A N(u) = deﬁ(exp T, ) =e
. 1

In terms of the "quadratic multiplication" P(u) = 2 Tu:z - T . > one can also

write N(u) = det(P(u))"E . By the definition, it is clear that
(2.5) N(e) =1, N(gu) = det(g) N(u) (ge6(d), ue dLJ,

which characterizes the norm uniquely. Denoting the Euclidean measue on U

by du, we see that dJl, (u) = N(u)ildu is an inyariant measure on JL .

Example. Let U = Symr(R) (the space of real symmetric matrices of
degree r) and J}_ = '}Qr(ﬂ) (the cone of positive definite elements in U).

Then one has

Tu(u') = Jz—(uu' + u'u)

and so
_ rtl T
T (u) = 5 tr(u), N(u) = det(u) .
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2.2. We define the gamma function of the cone JL by

(2.6) [p(s) = f N(u)SL &= F(0) gy
Jl .

which converges absolutely for Re s sufficiently large (actually for Re s

>1 - {- as we will see later).

LEMMA 2.1. Suppose that the inner product < > is normalized by (2.3).

Then one has for any v e JZ,

(2.7) : LLN(u)H e W V= I’;L(‘s) N(v) 5.

Proof. Let v = g,& with g1eG and put u' ='tg'u. Then ore has
<u, v> =<u, S1e> = <u',e> = T(u').

Hence by (2.5) the left-hand side of (2.7) is equal to

v’j;LN(u)S e—<1f1’ V>d°p_(u)

fé, (aet(g,) W) & T 4 g (ur)

N(v)™® r‘;l(s) , g.e.d.

It is known that the function Wy 2 (s) can be expressed as a product
of ordinary gamma functions (cf. e.g., Resnikoff loc. eit.), For the sske of

completeness, we sketch a proof . First, it is clear that, if
Jz = &1 xX .- > ORM

is the decomposition of JL ir;to the direct product of irreducible (self-

dual homogeneous) cones, then one has
f:l(S) = f;z‘(S) EW(S).

Hence, for our purpose, we may assume that d?, is irreducible.
We need the root structure of ‘g- , which can be determined as follows.
Let

(2.8) e = Z e e.e, = é\ e,



209

be a decomposition of e (in the Jordan algebra U) into the sum of mutually
orthogonal primitive idempotents. ("Primitive" means that each e; can not

be decomi)osed into the sum of mutually orthogonal idempotents any more.) Then
we obtain the following decompqsition of U into the direct sum of subspaces

("Peirce decomposition").
(2.9) u= D u,,

where

]

- {ueU 'e.u
ii i

[
"

u}

com =1

Uij {ueU‘eiu e =3 } (1 #3).
Then one has eku =0 for ueUi,, k # i, j. Moreover

J
(2.10) dim U, =1, dim U, a (x#3),

ii

3

J
where 4 1is a positive int'eger depending on the irreducible cone oD_ (Por

instance, one has d =1 for J. = ’f;(ﬁﬂ),) Prom (2.9), (2,10). one bas the

relation
(2.1.1) n=1r-+ _.12_. r(_r - l)d, i'e', d = 2(:n - I‘), .
r(r - 1)

It follows that
(2.12) T(e) =tr(T J=1+ —(r-1Ja=2.

. i _ e.: - 2 - A r °®

# Put
(2.13) w={r, Qs DI

t

Then 01 is an abelian subalgebra 61’ "J— of dimension r contained in :f, .

We denote by (), ) the basis of @* (the dual space of OL ) dual to (z_ Y,

L
i.e., one has the relation

T
T= > (T T, (Te ).

-

We put o, =

y -'i( Aem )a' ) (i~3).



 PROPOSITION 1. The root system of (g, relative to (L is given by CI) _

= -{ o(fj (i # J)} . The root space °fL( o(g- ) corresponding to o is

7
given by '
gy ) = | e
(2.1h) Fly )= 17, + [T e ) | weu, ).
This can be verified by a straightforward computation; see e.g. ,i Ash et

al. [1] Ch. II, §3. Proposition 1 implies that the R-rank of °} is equal

to r and the root system (P is of type (Ar_l).

2.3. Next we determine the Haar measure ‘of G. Put
w = —Z‘. o 5
i< ”J,( ‘¢ )
and let A, N be the analytic subgroups of G corresponding to a , w«,
respectively. Then one has an Iwasawa decomposition G = NA-K(~ Nx<AxK),
which gives rise to the folldwing formula for (the volume element of) a

(biinveriant) Haar measure on G:

o—2f (log a)

1 dn da dk

(2.15) | ag = c

-for g =nak with neN, a€A, k€K, where dn, da, dk denote Haar measures

on N, A, K, respectively, c is a positive constant depending on the normal-

1

ization of the Haar measures, and f is a linear form on M defined by

P(T)=% tr(adTl—w} (Te n);

-by Proposition 1 one has

r -2i+1)),.

[\/IH

-

L

=4 = =4
(2.16) F =3 <27 e(;d =
The Haar measure of K is always normalized by - f;( dk = 1. We make an
identification A = (R-'.)r by the correspondence a <—-’->(t];") ‘defined by the

relation a = exp( > );Te; ), t; = e’ ; then one has da = ﬂ- (dti/ti).

Moreover one has

det(a)

a( cen = M —E—-
eL(2‘7‘°e')=er2) = (] ti)%,
D '

b=}

(2.17) a-e

1
M
o
(1]
L[}
. M‘H
ct
®
v
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e2 p(log a) "]" £ Et(r—21+l)
i=)

Since d(Z,= G/K, we can normalize the Haar measure of G by the relation

dg = dﬁ_(u)‘dk where wu = ge. Then by (2.15), (2.16), (2.17) one has

[2(s) = f N(ge)® e~ lge) g
Jo ‘
(2.18) - ¢, f dej:(a)s 2 p(log a) da j;/ ~-T(n-ae) an
oo o £ 2 (r-2i+1)-1
—c1f f —ﬂ— (tl“s gl

) f T ) o
A/ e

To compute the integral over N, we introduce some notations. Por u =

S u.,cU with u, eUiJ, we put

< 4 ij ‘
). dym s > . -
T = (,T + 2 [t _,T 1),
(2.19) K FU, NSy
)y s s | s '
g (u) %_ v% 7, %q ulk,uk,ka vees ukM 5

{Then one has The U, j—component of &% )(u) is denoted by gu) (u). )

LEMMA 2. The notation being as above, one has

(2.20) (exp T (+ ))( = tge) = Z (b + ¢ 2 t e? )(u) Jey

2= 1=( k>i

z (t, 254 )(u) + ; by a(+)(u) e( )( )
e

)
7,

This may be regarded as a generallzatlon of the so-called "Jacobi trans-
formation". The proof is again stralghtforward. It follows that, if n =
(+) =
exp T11 (ue EJ_ Ui,j)’ one has

< = = = ...’l_ = (+) 2
(2.21) Ca( T ege))= 4 ok g Z T e ).

We denote the Euclidean measure on Uij (i<j) (relative to the inner

product <> ) by du and define the Haar measure on N by -

iJ
T du for n = exp T(+).
5<J - u
+ : . . .
Since the map 8( ) is a bijection of Z U, onto itself with jacobian

STSNEE)
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equgl to one, one has

.T du —[T du

1<J l<d

’ {+) .. . .
where u' = ¢ )(_u)_. Hence by (2.21) one has

. . _ B 2
-t(n =t.e. 235 g e '
fe e A f e T Ty g,
N ’ i<, U‘;' .
. . m —-—
- Zt, -+ ,8m.2
= e ¥ ¢ .H (—t)
1<a' I

n=-r

‘L y
(em"' T(t (-1 -7,

[}

Inserting this in (2.18), one obtains

h

c (8’1:1—[17( f tdf (-1 e T at, )

lti(sf

c(8'tc —f()'s+2(r'3)!"( s-—(r—J))

n

ctsm ("“s+ TP(-—s-—(j-m
' 3=

The constant c, can be determined by the following observation. We

set
=<
Y%= & VT {el,’ SIUCS

and denote by du,y

n
> =";5¢“ >

y the bijection A —> U

since <ei, e

J 0

or equivalently by ae = exp u,, gives the relation

ol

= (%) da.

Hence, when

- (+) - )
n=expT, x€ ;Z{;Uij’ (=),
one has by Lemma 2
Ty
2(w) 2w, uy) oomy® T (tay(J-1)a
2 (t, x) > (%, xt) LT

defined by a = exp Tu

the Euclidesn megsure on U0 (relative to < > ). Then,

?
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i

oT-n (1 1,2 'll:—l‘ '(j—l)d.

t.
. 32‘ J
It follows that '

ay(u) = R e —T (t, (3-1)a-% *dt ) dx,

which, in view of (2.11) and (2.16), implies (2.15) and the relation

x
(2.22) ‘ ¢, =2 " (%)2 .
Thus we obtain the formula
r _ _ n;r (_ —S) __f___ — .0 d
(2.23) &(S) = (21) ( )" I {‘ | (;S "'"é-(J - 1))
=

Our computation also shows that the integral for B' (s) converges absolutely

for Res > 1l - %

From the relation (1.2) one obtains

T
2 )T I 7 (R - (3-1)) T (1-8) =& (-3
(2w) ;U. | <?S-- (371 & (1-8) -5 (r-3))

[o (8) [ (1-s)

(2 s (5-1))

(e)" T (ewi)® l 271(~$——(3 Y

-1

Since one has by (2.11)
n-r= d—r%—-i)- = 5' 0 ° (mod 2) for d even
‘U‘%] (mod 2) -~ for 4 odd,

one has

=1

t N
T(Y‘—I) .

T]- e (J—l) = (-1)¢ { i for 4 even

R 1)[2] for d odd.

Hence one obtains the following functional equation:

-

. N
29viTs
n n1c1s {e

-1) (d even)

(2.24) r&(s) r& 1-s) = (2’r1)

(2Tits _ )[R 2nits, -l ]

(d oda).



8 3. Zeta functions of a self-dual :.mogeneous cone.

3.1. We fix a Q-structure on U and assume that (the Zariski closure of)
G is defined over @ and eeUQ; then (the Zariski closure of) K is also
“defined over Q. We also fix a lattice L in U compatible with that @-

structure, i.e., such that U = L@Z ®, and an arithmeiic subgroup r’ fix-

Q
ing L, i.e., a subgroup of GL = {g,e G IgL = L} of finite index; for
simplicity we assume that r’ has no fixed point in JZ . We then define the

zeta function associated with JZ, » |75 L as follows:

(3.1) S (3 7, 1) = 2 nuw)’s,
‘KGF\JLOL

the summation being taken ofrer a complete set of representaﬁcives of JL NnNL
modula [ . It can be shown easily that this series is absolﬁtely ‘convergent
for Re s >1.

By the reduction theory, | has a fundamental domain in Jl  which is
a rational polyhedral cone; More preciéely, there exists a fini.te set of
simplicial cbnes

(€3]

() G)
C {v" s vees Yy
1

I,

n

£
= W .
{é% % vy | Wﬁ&} (1si<m),
where v‘m, ey v}“" are linearly independent elements in J—Z_ n L, such
1

that

It follows that

CissPhw) = 2 20 mw™.

w€Cal

For a set of linearly independent vectors EIREEE vf € L, we put

2
R((v), L) = {;5:_' )évd.!0<}d- < 1}nL,

. _”.
which is finite. Then u eC( NL can be written uniquely in the form

4,
= (¢
u=sv, + m. v
o °2=? [

) |
. V;GR((V;')), L), m€2, m =2 0.
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~For a set of linearly independent vectors Vis coes V) € JT_ nVQ and v, =
€

> o vav/\( o(d- € Q,), we define a "partial zeta function" by
]

(3.2) §(S,(V),V)‘ Z_N(V+2_mv)

My 20

which will also be written as C&(s; (v;), (D(J )). Then the zeta function

(3.1) can be written as a finite sum of partial zeta functions as follows:
(3.3) Salss 1) = Z 2 s (), vo).

- =)y ek(w ),L)
Hence the study of special values of C& (s; ", L) is reduced to that of

the partial zefa functions of the form (3.2).

3.2. Let (v‘j) and v, be as above. Then by (2. 7) one obtains

M) gglss (%), v) = 2 Tp(e(y, + z nv.)™®

lsasl
-2 | omwte T +m3-)<v3-, U gy
e
Isjsd

fJL I‘I(u)s ﬂ_ b( <ve, u>, 1 —‘«.) dJZ,(u)

fdet(s) T b(<va,ge>,l- ¢ )ag.
G » =l

In the notation of § 2, but this time using the decomposition G = KAK, one

has

(3.14) dg = ¢ A(a) dx-da-dk’

for g = kak', k, k'€ K, acA. Here ¢ is a positive constant and

‘ﬂ' (ed(log a) _ e-d(log a.))d
o(e§

(T ECD | g, 6]

A (a)

where A(t,, ..., t.) = ‘1 (t; - td.) (cf. Helgason[&], Ch. X, §1). Hence
<3
4

in view of (2.11) and (2.17) one has

=)

" Fs-0)
G5y Tale) Sales () () = o [ [ (T 2™ Tt %) Q
' 0 0

where
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1
F(t,, ...,tr)=f I b(<v., k >t.e >, 1 -"o.) dk.
i K 3=t »3 [} 3 ;

It is clear that F(t,, ..., tr) is héiombrphic for Re t,>0 (1si~r).

Since K contains an element which induces any given permutation of

e <y €., the function F 1is symmetric. Hencé, denoting by B, an open

1"'. r,

simplicial cone in’ R" defined by t,> ... >t >0, one has

(350 Ig(e)Sales () () =ext [ (Tt A0 ) Tas,.
\ By

3.3. Still following Shintani [11], we make a change of variables (ti) —

(tq, Ty vens "L‘I) with T = ‘E,»/t;__, (éﬁiSr). Then B, cén be expressed

as

. v
B, = ".(t)lt =t'-'.ﬂ_"ta ,0<t,<m,o<'r¢<1}.
=2

Putting T, = t,, one has

Db,y cves ty) - R
49 9 T = WT; ,,
'B(t!,'ry_ ""’TI) v=1i

| —\‘- t, ’Wﬁ'_;‘-i-u’ h
A(t) —HTéJi(r'iﬂ)(r'i) M a-=... ).

2SSy

It follows that the exponent of ’l,‘; in the integrand in (3.5') is equal to

(r-i+1)% (s-1) + & (r-i#1)(r-i) + r - i
= (r-141) { % s -$(1-1) |
Hence one has K‘
(3.6)  [q(s) %_(S; (vi)s (%)) = e x! fo tns'? at
1
[+ T = (=) 3o~ 46D} 2§ T ar,
[/

{4
t=2
where

~ — d
(3.7) Ft,,T)= || (1= eeeT ) Fleg, 6T, oy £, % Tp).
2€0<j ¢
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3.4. We now assume that all va."s are in CQ (not on the boundary of JZ ).
(In the situation explained in 3.1, this means that the §-rank of G is

equal to 1.) Then for any ve J - {0} , one has <x5. , ¥ > >0; in particular,
(3.8) <y, ke, > >0 for all k&K, Lsisr.
Put

(3.9) g.

<v., k'}:t“.e‘. >

T .
t, <V k(e, + ig_z T, -e- T €;) >

n

<vVv., ke.
t, <7V, ke i/ I R N

1 1

| X
>(1+ 2 T...T
=2

<vé, ke, >

For the fixed e, v; , choose P . /’1 > 0 in such a way that

X s < Ve ke, >

i
(3.10) 2 <1 for all k€K, 1<js /t,
=2 <vVv:., ke, >
) 3 1
P < ‘T for all 1x<Jj<{ .
e <y, ke >
"
. The/for
(3.11) o<lt [<p [l < P (2<i<r),

one has 0 < l?a- | < 2  and so bl 3 » 1 - a(é ) is holomorphic. Hence the
function F(t) = F(t,, t,Tes -++» £, T -.. Ty ) has a Laurent expansion in
ty» T «++5 Ty in the domain defined by (3.11). The coefficients in
this expansion is a Q-linear combination of the integrals of the form

. 'V;'.
(3.12) I((vy)) = I <vw, ke, >" a

Iy <t

where V5F20 for 2<ig<r and Vye Z for all i, Jj.
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3.5. Let I(¢, 1) denote the contour consisting of the line segment [ € ,1]
taken twice in opposite directions and of a (small) circle of radius £
about the origin taken in the counterclockwise direction. When the T, (2 =i

<r) areon I(€, 1), one has by (2.12)

‘ = X s
‘<vj’ k(e, + 1‘2=_2—[_-,_...1-£e§)>} < Iyl ZTle"F VIF 'VB_I
and
< X
Re <V, k(e, + izﬂ’r,, ce T ) > = <vys ke1>+£_zRe('r,_ ..1£)<va., ke, >
; ’ I
2 <v,ke,>-¢elv.| 2 Je |
2 1 & 3
= _ Y T e
= <V, key > .i(rl)\fvlv?y_
We choose ¢ ' so that one has
(3.13) E VA |v, | < Min jem, <v;, ke, > (keK)} for all 1sjisd,

X
N p—
The/the above inequalifies show that <va~ ,» kle, + 2 T... 7T, e;) > belongs
v=2
to the domain

- ow ‘ pv
{zecl |z|<—~E~,Rez>s\/?r—_lvjl}.
It follows that, if t, 1is on the contour I( £,%), one has
l%;!<21t or Re¥, >0,

so that the funcfion b Ej , 1 —o((; ) is holomorphic.
From this observation, it is clear that the integral on the r.h.s. of (3.6)

is equal to the contour integral

=2

, L R Sy
(e21t1ns _ l)—l ' . ” (e2’ﬂ:1 - ns _ l)—l f
tieI(s,00) T € ICe1)
which is independent of the choice of & satisfying (3.13). As is easily
seen, the contour integral converges for all s¢€C. Hence the/\im%egral
B ry,, vieved as a function in s, can be continued to a

meromorphic function on the whole plane; the possible poles are of the form

v  (veaz).
(r-i+1l)n
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§ 4. The special values of dhe zeta functionms.

4.1. As a preliminary, we check the rationality of the constant ¢ in (3.4).

For that purpose, we compute r&(s) by using the decomposition G = KAK.

il

(1) [y (s) fJL Nw® e T a ) (w)

J, N(ge)s e-’L‘(ge) dg
G

(]
(o]

det(a)® e~ T(ae) A (a) da ‘
A .
e [ (T )TN ) aw)t e TES Ta,

0

We make another change of variables:
=
t= = t, , t.!=t£/t.

Then

D(tys eees ty)

- (_l)r—l tr—l.
)

and the exponent of t in the integrand in the last member of (4.1) is equal

2(t, B seeent),

to
d

n(s-l)+-2~r(r—l)+r-l=ns—l.
Hence one has
(4.2) [a.(2) = ey(s)-pls),

where
00

f t_‘ns--l e-—%t at = ({_)ns r. (ns),
0 : .
f {or e, (-3 yr(s-1)
t/>0
=t'<t A, oo, vl - 2e )| YTt/ .

¥ (s)

F(S)

(4.3)

For s = 1, one has

i

[ @) = e p)-p(1) = e ()7 (a-1)1 B(1),
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| f (1) = fJA(t; soeees B, 1-08! ’)'d‘(Tdti' € Q.
_ ' t{>0 -
=t< |
By (2.23) one has
nyr o om X
(h.4) [e) = m)® (1F ]I 7@+ £0-1)
3=

n-¥
aT (d even)
'y FAkl
e ) H-l5mD 0y oaa),
where a.rb/b mea.ns‘that a/b € §. Thus one has
‘ m—y¥ n x
3 z
em)® () [T ra+ a1
Ag

(k.5) o = , ~ ().
| (r-1)t (1) o &

Since [, (1) = [La+Iv) for vez, one obtains

' 1) 2 o=r (g )
(L.6) c{;(l +7;V)"@" FYe: ~ j T even

lqtnf[[z:"] (4 odd).

L.2. We first consider the case where d is even. Then by (2.24) one has

To(8) [(2-8) = (2i)® ¢ TIRS(2TITS | 3yT

Hence _ v
. _ e lp(1-s)
(L.7) CC?’(S’ (va*)s (“a‘ )) = ms x R(s),
where |
e2‘1‘ci%s -1 - _
R(s) = ("“—“2_'“' 1 ) r! fB.(Tf t,) = (-1) A (6) % (e) T at,
. )
x 2miys _ ,
=_ﬂ_ r‘ 1 AX—I——t (tns—ldt
3= e21\:if:3":i' ns (i) ! , !
JTEN-Y) @
r b :
. Ay ~
T f VT 3, G-t -4y -1, Y T
=2 i=2 '

T ellen)
' We are interested in 4he values of §& at s = -%v (vy =0,1, ...). The
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firsy factor in the right hand side of (L4.7) is holomorphic for Re s < ,—ﬁ—
and by (4.6) the value at s = -,{-\/ is rational:
9 oo 2T drv LR
P -V 2 + =V
o) c p+wv) () c g1+ 5V) g
) (27ci)n—r. e—rVﬂT,l (Q‘E)n—r

On the other hand, it is clear that

« N
e2—mlTs_l v ’ 1

N
>

2'Tti"'—-‘;$~‘ns‘ when s——>~—-§‘—v.

. - 4
e -1 i+l

Hence We see that R(-—,—:—V) is equal to the coefficient of

) . Ay
JC:E'wl E ',’I}(r—l-’.l) { v +5(1~1)}'

in the Laurent expansion of F(t,7T),

which is a Q-linear combination of 1 ((V:J' ) ).

4.3. From now on we assume that 4d is. odd. By the classification theory,

it is known that this assumption implies that r=2 (n=4 +2) or d=1

(n = -é—r(r+1)). By (2.2k) éne haé ) |

s ;M
n natis , 2wiss
e - (e -

[ () [p(1-s) = (2mi)
Hence

‘¢ r&(l-s‘)\

n-[3] Jnis

(1.11)  C (55 (), (wy)) = x & (s) B (s),

(2mci)

Y44

where . m Ahl) . X

' r
RO (s) = (21ti)[_2_] r! X
I (eeqci(r-kﬂ){"—% s—%(k—l)}‘_
f=1

rR¥(s) = (2wi)™" f 1;1n$—1c1t,1 {“"[Tﬁt}"—lﬂ){ ¥ s- 7(1-1)}—11:"-’(45‘ ~1at, .
Tle,e0) Ity

1)
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The first factor in the right hand side of (4.11) is holomorphic for Re s

<}M-' and by (4.6) the value at s = - %v (v =20) is rational:
(11 [
@.12) c |&(l+«n\/) -__(_-l.‘(n[2 ])+rv clgg/(l+% V) ca
(2m1)n 7] T (2m)* ]

Note that one has

[r+l (mod 2),
since
n=a=1-= [53_] (mod 2) if r =2, and
n= —r(r+l) = [r+l (mod 2) if 4 = 1.

4.4, To compute Rw(s),' we first note

STia(k-1) (r-k+1) _ {’l if k=r=0 (mod 2),
1 otherwise.
We put
2wil
(H =z, g=e&""F°

The case r is odd. One has

(g -1)"* g+ 1)n

R (s) = (2mwi)™ ! v "
‘ W (3" ~-1)
A=)
r! ( T+ 1 )r
= o2qmi - t.
T

=1

Hence, when s —> -}f-tv , one has

(413) (s + v )R (s) —> (2 5)7.

Thus R(‘)(s) has a pole of order r, at s = —f—lv.

The case r 1is even. One has
(3-17(%+ -

T feoreraay

R (s).= (2mwi)™ r!
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= (c2mi)™ r:
ToATe p— k-t -1
(&7 ) T (85705 41)
ISksy |< ks C
- 4 even k cdd
Hence R~ is holomorphic at s = —%v and
A \
(b.1%) RV(-Lv) = (coma)™ —Z_ o (cmy)h EL
(21‘ " 1°
1
=1l,n= r(r+l)), R*(s) for s = —-,}E-V

is odd (hence 4

4.5, When r
= 2 is given by the coefficient of
(r—1+l)(v + —)

Y
' rv T

in the Laurent expansion of F(t, , T ) Hence %Z(s, (v ), (oz )) has
2V and one has

at most a pole of order ry = l;—’—— at s = - T

(h35)  dim (s + T g 005 (), () (- 2,
To treat the case r is even, we use the formula

¥ (m o0dd),

m
tZ ,1dt=-—-—

m
() for

I(e1)
which can be verified easily. When r is even, the value of R

is given by

(4.16) e 2 2oy
'Wl“'""W\ e m - (r—2j+l){v+%(2j“l)} )

_ .t
S——W\/

=—_L~

where a(“ ) is the coefficient of
(r-2j+2)(v +a(j-1)) ” m,

rv
—T %" $=1 2&
in F(t1,“c ). Hence for the value of Cé)_ , one has
@A) T -3V (), () (2T 1)1 RV (-2 V).
& ¥
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