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Exact WKB analysis and Jacobi polynomials

By

TAxkAsHI AOKIF TosHINORI TAKAHASHI*and MikA TANDA**

Abstract

An asymptotic formula for the Jacobi polynomials given by Kuijlaars and Martinez-
Finkelshtein [17] is reproduced and some generalizations are given from the viewpoint of exact
WKB analysis. Asymptotic series of all orders are obtained and their assumptions for param-
eters are understood by the classification of Stokes geometry of the hypergeometric differential
equation.

§1. Introduction

The aim of this article is to give a new proof and some generalizations of an asymp-
totic formula of the Jacobi polynomials given by Kuijlaars and Martinez-Finkelshtein
[17] from the viewpoint of exact WKB analysis. Original proof given in [17] of the
formula is based on the non-linear steepest descent analysis of Deift-Zhou [9]. In our
forthcoming paper [1], the relations between the hypergeometric function and WKB
solutions are established. We prove their formula as an application of some formulas to
be given in [1]. Some parts of the results of [1] have been announced in [2]. See [3], [5]
also.

In [17], asymptotic behavior of monic Jacobi polynomials pls )(.r) as n — 0o was
investigated with the varying parameters

a=nA, B=nB
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under the conditions —1 < A <0, -1 < B <0, =2 < A+ B < —1. On the other hand,
the hypergeometric function F'(cg+an, Bo+ 81, vo+7n; x) with a large parameter 7 can
be written down in terms of the Borel sums of WKB solutions to the hypergeometric
differential equation with the large parameter ([1], [2], [3]). The Jacobi polynomials
are obtained by taking special parameters in the hypergeometric function. Note that
our large parameter n stands for the parameter n in [17]. Thus we can write down
the polynomial as a linear combination of the Borel resummed WKB solutions. Using
Watson’s lemma, we have an asymptotic expansion formula of the Jacobi polynomials
by WKB solutions. We show that the leading terms of this obtained asymptotic series
coincide with the asymptotic formula given in [17].

There are many works on Jacobi polynomials (for example, see [10], [13], [18], [19],
[20], [22] and the references cited in these articles). Roughly speaking, main interests
of these articles are zeros of the polynomials and their asymptotic behvior and various
methods are used. In [17], Martinez-Finkelshtein et al. study the asymptotic behavior
of the polynomials and as an application, they find the accumulation point set of zeros
as n — oo. As is mentioned above, the Jacobi polynomials are the special case of the
hypergeometric function and our recent works yield asymptotic behavior of the hyper-
geometric function with respect to the parametes systematially. There are a number of
works on asymptotic behavior of the hypergeometric function with respect to the pa-
rametes [12], [24], however, these articles consider the case where the Stokes geometry
is degenerate in the sense that there exists a Stokes curve which flows into a turning
point [4], [15].

There are several advantages of our analysis. Firstly, as is written above, we have
obtained asymptotic formulas not only for Jacobi polynomials but for the hypergeo-
metric function with respect to the large parameter. These asymptotic formulas as
n — oo or n — oo contain asymptotics for all orders. By computing WKB solutions, we
have asymptotic series of the Jacobi polynomials (or the hypergeometric function) with
respect to the powers of n=! (or of n7!) as many as one likes both for dominant asymp-
totics and for exponentially small terms. Our method can be applied to any orthogonal
polynomial coming from the hypergeometric function and the confluent hypergeometric
functions. Secondly, the asymptotic formulas as n — oo or n — oo in each cases de-
scribed in Figure 1 in [17] can be obtained in a unified manner by using the exact WKB
analysis. Thirdly, a variety of asymptotic formulas given in [17] and in references cited
in [17] is understood by the types of Stokes geometry of the hypergeometric differential
equation which are classified in terms of the parameters of hypergeometric differential
equation (cf. [4]). The relation between pairs of asymptotic formulas corresponding
to adjacent regions of parameters discussed in [4] can be explained by the parametric
Stokes phenomena investigated in [5].
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8§ 2. Jacobi polynomials

The classical Jacobi polynomial is defined by the following equation [22]:

CO -+ ) g a1 )

PO ) = ;
T

where l,(za’ﬁ ) denotes the leading coefficient defined as follows:

" F'n+1I'(n+a+B+1)

The monic Jacobi polynomial is obtained by dividing P(a A )( ) by l;a’ﬁ ). We let
ples )( ) denote the monic Jacobi polynomial:

L+ D(n+a+B+1) L

2.1 PP () = 2n

().

It is well known that the classical Jacobi polynomial is represented by the Gauss
hypergeometric function:

'n+a+1) 11—z
F(— 1 1;
Tt mntatftlatli—

—n T'Cn+a+p+1)
Fn+1)I'(n+a+8+1)

P (z) = )

xn+...

Here F'(a,b,c;z) is the Gauss hypergeometric function defined by the hypergeometric

series:
oo

F(a,b,c;2) Z Z

Here we set (s), = I'(s + n)/T'(s) for a complex number. For the special choices of
parameters a = —n, b=n+a+ 0+ 1, ¢ = a+1, F(a,b,c; z) satisfies the following
Gauss hypergeometric differential equation

2 dy

(2.2) (1—2)%4—(&4—1—(@4—64—2)2)%

+nn+a+pL+1)y=0.
Similarly, pld (z) can be represented as

F'n+a+1)I'n+a+p+1) 1—x
F(— 1 1;
TZntatBriat) LCmntatftlatli—

PR (z) = 2n ).

Asymptotic formulas for pls )(:B) are given in [17] when n — oo with a = nA, g =
nB (-1 < A<0,-1<B<0,-2< A+ B < —1), which are called nonstandard
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3 5 (TLA,TLB) s . .
parameters. The representation of Py, (z) in terms of the hypergeometric function
is as follows:

Fn(A+1)+1)I'(n(A+B+1)+1)
I'n(A+B+2)+1)I'(nA+1)
1—=z
2

p’r(LnA,nB) (x) — 9n
(2.3)
x F(—n,n(A+B+1)+1,nA+1;

).

§3. Exact WKB analysis for the hypergeometric differential equation

In this section, we define WKB solutions for the following hypergeometric differen-
tial equation:

d?y dy

(3.1)  z(1- z)@ +(nA+1- A+ B)+ 2)z)E +n(n(A+B+1)+1)y=0,
where 7 is a large parameter. The equation (3.1) is obtained by replacing « and f
by nA and nB respectively in (2.2). To analyze (3.1) by using the standard theory of

exact WKB analysis [15], we eliminate the first order term of (3.1) by the following

transformation:
y =z~ 244 (1 _ )=z (4nB)y,
and we get
d? o
(3.2) <—@+77 Q(Z,n)>¢=0,

where Q(z,1) = Qo(2) + n71Q1(2) + n72Q2(2) with

(A+B+2)%22+22(A+ B+1)+ A% + AB)z + A?

Qo(z) =

422(z — 1)? ’
B3 Q) =g
1
@2(2) = = 422(z — 1)2°

the function Qo(z) has two zeros z; (i =0,1):

_ (A+B+2)2+A?-B*—4i\/(A+1)(B+1)(-A—B—1)
0= 2(A+ B +2)2 ’

(A+B+2)2+A%-B?+4i\/(A+1)(B+1)(-A-B-1)
2(A+ B +2)2

zZ1 =
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Under the assumption in the next section (i.e. (A4,B) € D), zp # z1 and they are
simple zeros. The zeros zy and z; are usually called the simple turning points in the
exact WKB analysis. The equation (3.2) has the following formal solutions:

1 z
Yi(z,n) = exp (i/ Sodddz>
Sodd o

e (2] )
= €xp 5 oddaz |,
Sodd 2 Je,

where () is a path of integration starting from z, going around z, in a counterclockwise
manner and going back to the point of departure (cf. [15]). Also, Soqq = (S —5(7))/2,
where S(*) are the formal solutions S(*) = ij_l S;i)n_j to the Riccati equation

ds
(3.4) - T8 =n"Q(zn)

obtained from (3.2) by setting S = ¢/’ /1) and the sign “+” comes from the choice of the
branch of S_; = £4/Qo(z). Note that z; (i =0, 1) coincide with (4 in [17] respectively.
We call ¥+ the WKB solutions normalized at the turning points. In general, the WKB

solutions 14 are divergent series in n~!.

To obtain analytic solution of the equation
(3.2), we use the Borel resummation method. The constructed true solution by using
the Borel resummation method is called the Borel sums of ¢4, which are designated
by W4 below. It is known that under suitable conditions, the WKB solutions 4 are
Borel summable [16], [23]. We give a criterion of the Borel summability which are called

Stokes curves emanating from the turning points.

Definition 3.1.  Stokes curves emanating from the turning points z; (i = 0,1)
are defined by

Im/ \/Qodz =0.

8§4. Jacobi polynomials and WKB solutions

We assume that (A, B) belongs to
D={(A,B)cC?-1<ReA<0, -1<ReB<0, -2<Re A+Re B < —1}.

Then the Stokes graph of the hypergeometric differential equation has the order sequence
(2,2,2) (cf. [4]). This means that there are two Stokes curves flowing into regular
singular points 0, 1 and oo, resppectively. An example of configuration of the Stokes
curves of (3.2) under our condition (A, B) € D is given in Figure 1.
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20

Figure 1. The Stokes curves of (3.2) for (A, B) = (-0.7,—0.7)

Here the wiggly line denotes the branch cut for \/QT(Z). Regions whose boundary
consists of Stokes curves or the branch cut are labeled respectively by I, II, III and IV
shown in Figure 1. Note that if the parameters satisfy (A, B) € D, then z; (i = 0,1)
are simple zeros of Qo(z) and the WKB solutions are Borel summable in each region
which by Stokes curves (i.e. a Stokes region).

Now we are ready to state our main results.

Theorem 4.1.  Assume that the parameters (A, B) € D, and let U} be the Borel
sums of ¥ in the region I1. Then the Gauss hypergeometric function F(—n,n(A+ B+
1) +1,nA + 1; 2) is represented by 'L as follows:

(4.1)
F(—n,n(A+B+1)+1,nA+1;2)
I(1—An'(=Bn)I'(1+ 1+ Anl(=(1+ B)n)
'1+nI'(—(A+ B+ 1)nI'(1+ An)I'(—Bn)

(-
(—
[ [—An >\1< r(1 +n (1+ A)r(1 — An)I'(—An) )é\I/II
2 F77+1 —(14+B+ A1+ (B+1)n) +
L ¢ [=Bn T - Ayt ( ) ( I'(1+n(1+B)r'1 - By'(-Bn) >%
i 2 T(—(1+A+Bn)\T(—n(1+A+B)I(—(1+ B+ AT+ (A+ 1y

sin (1 4+ A)m)I'(1 + (1 4+ A+ B)n) —sin (7n)['(—(1 + B)n) \IIH]
sin ((1+ A)m)T(—(1+ A)n)T'(1+ (1 + A+ B)n)
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where A\1 and Ao are defined as

M =(=n( + A)+ i,
(4.2) , )
)\2 = — (—’r](§ —+ B) + Z)ﬂ'l

As a corollary, we obtain the asymptotic formula for P{** )(1 — 2z) with the aid of
the relation (2.3).

Corollary 4.2.  Assume that the parameters (A, B) € D and z belongs to the
region I1. the monic Jacobi polynomial P,E”A’HB)(l — 2z) has the following asymptotic
behavior as n — o0 :

pénA,nB)(l . 22) -~

znzf%(lJrnA)(l . Z>f%(1+nB) F(n(l + A+ B) + 1>F<_(1 + A+ B)TL)F(TL + 1)
T+ n(2+ A+ B)T(—(1+B)n)I(l - An)

—An 1+ n(l+ A)(1 — An)T'(—An) 3
(43) ~ {\/ 7 ¢ <F(n+1)F(—(1+B+A)n)F(1+(B+1)n)> ¥+(2m)
1 [—=Bn ,, 'l +n(l+ B))I'(1 — Bn)I'(—Bn) 3
* i 2 ¢ <F(—n(1 + A+ Bn)(—-1+B+A)n)'(1+ (A+ 1)n)>
I'(1 — An)I'(Bn)
“ T+ A+ (14 Bym) -5

Morover, it turns out that the leading terms of ¥4 (z,n) are

— e Fpdai(l o o)t (A+B+2)s
" Py(z,n) 2 ( ) (AT DB A-B-D)
. 1 zZ— Z21 %_ Z— 2 % z
X;<(Z—Zo> (Z—Zl) ) p( /zOS_ld>
_mi 1.1 1 1 (A+B+2)2
w—(z,n):e in 22 222(1_2)2 ;
(4.5) (A+1)(B+1)(-~A—-B—-1))i

o\ 4 L\ 1 z
X <(Z ZO) + (z Zl) )exp (—n/ S_ldz)
z— Z1 Z— 20 20
and (4.3) yields (c¢) of Theorem 2.6 in [17].

Outline of Proof of Theorem 3.1.
We give an outline of the proof. For details, we refer the readers to [1] where
general cases of parameters will be discussed. As is shown in Figure 1, we take a
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segment connecting two turning points zp and z; as a branch cut (Figure 1), and take
the branch of \/Qo(2) near z = oo on the first sheet so that

A+ B+2

@o(2) 2z

holds. Then the behavior of \/Qo(z) near z =0 and z = 1 are

V@i ~ 2,

QO(Z) N—%7

respectively. We use the following convention throughout this paper:

—A=e A,
—B=¢™B,
—(A+1)=eT(A+1),

—(B+1)=e"(B+1),

1 (
—(A+B+1)=e"(A+B+1),
(

—(A+B+2) =e¢"(A+ B +2),

—Zz =€ z

and
z—1=e"(1-2).

We define the Voros coefficient and WKB solutions normalized at a singular point.

Definition 4.3. Let b denote one of 0, 1 or co. We set

Wy = / (Sodd — Sodd,<0)dz,
b

where Soqq,<o denotes nSod4d4,—1 + Sodd,0- The formal power series V} is said to be the

Voros coefficient at the singular point z = b.
We can obtain the explicit form of the Voros coefficient.

Proposition 4.4.  The Voros coefficients Vi, (b =0, 1) have the following forms:

1l 1 1
Yo==3 > 2m(2m — 1)327“(_ L I+ A+B)P 1 (A+ipen]

1 2 >
(B_|_1>2m—1 AZm—l ’
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1 o0 1-2m 1 1
vi—-S"_"1T g m( 1 _
(4.7) e mz::l 2m(2m —1) AT BT At
| P U
(B + 1)2m—1 B2m—1 '

Here B, is the Bernoulli numbers defined by
tet >\ B, .,
o1 2w

(see (1.7) in Section 1.3 in [6]). Note that we can obtain V;, (b= 0,1) as a special
case of the general case which will be discussed in [1] (see also [2] and [5, Theorem 2.3]).
Further, we find that the Voros coefficient is Borel summable if (A, B) € D and we can
obtain the explicit form of their Borel sums (see [5, Theorem 3.1] for similar results).

Proposition 4.5.  Let V;” (b= 0,1) denote the Borel sums of Voros coefficients
Vi (b=0,1). If (A,B) € D, V;P (b= 0,1) have the following forms:

Y L jog PO+ (A+ D)L (- ApI(1 — An)
48) O 27T+ 1)I(-1+ A+ BnI'(1+ (B +1)n)
. . (_(1 + A4 B))—%—(A+B+1)n(B + 1)%+(B+1)77
(—A)=241(A 4 1)z +H(A+Dn
v =L g '+ B+ OnI'(=Bn)I'(1 — Bn)
(4.9) 2 "T(n+1)I'(-1+A+B)nl'(1+(A+1)n)

(B +1)"2=BFn(4 4 1)3+(A+n
(—B)"2B1(—(1+ A + B))z+(1+A+Em

Before stating another proposition, we let
wo =F(—n, 14+ (A+ B+ 1)n,1+ An; 2),
wy = 2" MF(—(A+ 10,14 (B + 1)n,1 — An; 2).
and let
up=F(-n,1+(A+B+1)n,1+ Bn;1— z2),
up = (1—2)"P"F1+ (A+ 1)y, —(B+1)n,1 — Bn; 1 — 2).

These pairs of functions (wg,w;) and (ug,u1) are bases of the solution space of (3.1)

near z = 0 and z = 1, respectively.

Proposition 4.6.  Let W be the Borel sums of the WKB solutions in region 11,

then the relation between wy and \IIIJE s given by

A us’
(4.10) wy = 4 /_77767(1—An)e—hoevop o,
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where
ho = =35+ (1+ A+ BJu)log (~(1 + A+ B)
— 5(% (A+1)n)log(—(A+1)) + %(% + (14 B)n)log (1 + B) + Anlog (—A).

Similarly, let WLV be the Borel sums of the WKB normalized at z = 2y in region IV,
then the relation between uy, and \I’ij s given by

B s}
(4.11) wp = 1/_7776—7(1—Bn)e—hleVlD\pI_:/7

where
hy = —%(% +(1+A+B)n)log(—(1+ A+ B))
+ %(% +(A+1)n)log(—(A+1)) — %(% + (14 B)n)log (—(1 + B)) + Bnlog (—B).

The proofs of Proposition 3.1 and Proposition 3.2 will also be given in [1] (see also
[2], [3] for the idea of the proof.). There is an invertible matrix

(4.12) (Z; 3)

which relates (wo,wr) to (1, ¥!):

di1d
(4.13) (wo,w1> - (@E,@Ij) ey
do1 0
where
AN =i(1_Ag) —ho VP
d= -5 e Me~Moelo

This tells us that what we have to do to prove Theorem 3.1 is to determine dy1 and do;.
We consider an analytic continuation of the right-hand side of (4.13) from the region
IT to the region IV encircling z = zp in a clockwise manner. By using the connection
formula for the Borel sums of WKB solutions (cf. [15], Theorem 2.23), the analytic
continuation of the right-hand side becomes

1 —i\ (di1d
NIAY lI,IV) _
o) (47) ()
Therefore we get

)= () ()
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On the other hand, u; (j = 0,1) are related to ULV via the following invertible matrix:

(4.15) d:” d
d5; 0

as

/ d/
(416) <u07 U1> = (\I}L_V’ \III_V> }1 )

21 0
where
(4.17) d = —?e_gi(l_Bn)e_hleVlD.

Here we use the relation between w; and u; (j =0,1) (Cf. [11], [14]):

(4.18) (wo,w1> = <u0,u1) (ull u12> ;
U21 U22

where
I'(1 + An)I'(=Bn) I'(1 — An)[(—Bn)
(uH u> T+ A+ DnD(=(B+1)n) T(1+nI(—(A+B+1)n)
ugiuza ) (1 + An)L(Bn) T'(1 — An)T(Bn)

H(—nI'A+(A+B+1)n) T'(—-(1+A)n)T'1+ 1+ B)n)

Combining (4.14), (4.16) and (4.18), we obtain

(4 19) 1 —2 di1 d _ dlll d U1 U2
' —2 0 do1 0 d/21 0 U21 U22 .

By solving (4.19), we have

1
(4.20) wo = (4wl + ~d'(uzz —

U12u21)
U12

\:[IH)‘
U1l B

Thus we have Theorem 3.1. O

Remark. In the case where n = n, the element us; in the right-hand side of
(4.19) will vanish. This imply that the equation (4.20) can be reduced to the following

equation:

1
(4.21) wo = L (AU 4 = d'ugy UM
U112 1
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Since Corollary 3.1 can be easily shown by using the relation (2.3) and Watson’s
lemma [25], in the rest of this paper, we show that (4.3) coincides with the corresponding
equation in [17]. The right hand side of (4.3) can be rewritten as follows:

(4.22)
—14np) (L +n(l + A+ B))
T(1+n(2+A+B))
T(1+n)2:T(1 —nB)T'(nB)[(1 4+ n(A+1))2T(-n(1 + A + B))?
I'(1—n(24 A+ B)I'(n(2+ A+ B))I'(-n(1 4+ B))I'(1 + n(1 4+ B))2
WL —n(2+ A+ B)T(n(2+ A+ B))
X[e T(nB)T(1 — nB) Ve
N le’\z 'l—n2+A+B)I'n(2+ A+ B))
i T(1+n(l+A)D(—n(1+ A))

2nzfé(1+nA) (1 . Z)

W
By using Stirling’s formula [21]:
T(2) ~ vV2me *2°7 % (|2| = oo, |arg 2| < 7 — 6)
and the well-known formula
I'(1—2)I'(z) = n/sin(7wz2),

we have

2n_%n%e_ nzi Z_%(1+nA) (1 . Z)—%(l—i—nB)

(A4 1)z(A+Dn+1(B 4 1)2(B+nti(_ 4 — B — 1)2(A+B+n+;
(4.23) * (A+ B + 2)@+Br2n+t}

T Apmi SN (Bn) 1 (sionymitBnri SID (AnT)
XF sin (A + Bynm) T3¢ sin (A + Bynm) ¥

Since the WKB solution ¥+ can be rewritten as

Yy = L exp ( ’ Sodddz)

1 z > O 1.1

= exp (n /ZO S_ldz) exp ( 35, dz) (1+ ﬁf(ﬁ))
i (A+ B+2)2

((A4+1)(B+1)(—A—B—1))1

) - (E2) ) L)
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1 z
Yo = exp (-/ Sodddz>
Sodd %

-l 5 o (- [
(A+B+2)3
(A+1)(B+1)(—A—B—1))1

B 1 B 1 z 1 1
<z zo) n (Z 21) ) exp (—n/ S_ldz> (I1+ —g(—)),
zZ—2 zZ — 20 20 n n

where f(1) and g(+) denote formal power series in 1. Then (4.23) becomes

*%n*%2*%z%(1 — z)%

¢}

X

VN

(4.24)

2y (1= 2)” T

(A4 1)3(A+Dn(B 4 1)3(B+Dn(_ 4 _ g _ 1)3(A+B+1n
(A+ B+ 2)(A+B+2)n

e (22 (22) )5

1 1
Bnmi sin (Anﬂ—) 1 2=z * Z =20 * (*n fz S_1dz) 1 1
= : 1+ —g(=))|.
e sin ((A+ B)nm) 2 \ \ z — 20 * z—2 ¢ ’ (1+ ng(n))
Here the constant e~"¢ which appears in [17] has the following form:
(4.25)

An
2

X

(AtBE2n A1, (A+ 1)z (B 4 1)s(B+n(_ A — B — 1)z(A+B+1)n
¢ (A+ B 1 2)(A+B+2n '

e—nc — 2

Using the above e™"¢ to rewrite (4.24) and going back to x variable, we have

An Bn
2 2

e "(x—1)""2 (z+1)"

—Anmi sin(er) 1 -T_C— % x_C-l- % ne(x) l l
1 sin((A+B)n7T)2<(x—C+) +(x—(_) )e (1+nf(n))

Bnmi sin (ATLT(') 1 xr — C* % T — CJr % —n¢(x) 1 1
— B (i 1+ =g(=)].
e sin ((A+ B)nm) 2i \ \z — (4 x— (- © (1+ ng(n))
The expression (4.26) coincides with the right-hand side of the corresponding asymptotic
expansion (c) in [17].
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