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Abstract

The time-delayed feedback control is well-known as a practical method for con-

tinuous control of chaos, which was proposed by Pyragas in the field of nonlinear

dynamics. The first purpose of this thesis is clarification of the ability and char-

acteristics of the time-delayed feedback control of chaos particularly from the

viewpoint of the global dynamics of controlled systems, going beyond the tradi-

tional analyses based on linearization. The second is to present a novel application

of this control method to a chaotic oscillation in a nanoengineering system, called

the dynamic force microscope or dynamic-mode atomic force microscope. This

thesis contributes to the engineering application of nonlinear dynamics and chaos,

and its control especially to nanoengineering systems.

The time-delayed feedback control is one of the most famous chaos control

methods due to the diverse fields of application. Experimental demonstration of

its ability has been performed to electronic circuits, laser, mechanical oscillators,

gas charge systems, chemical systems, plasma, fluids, and so on. Stabilization

of unstable periodic orbits embedded in chaotic attractors has been achieved by

feedback of the error signal between the current output and the past one of a

chaotic system one wishes to control. Utilization of the delayed output allows

us to implement the control method to chaotic systems without the exact models,

identification of the parameters, nor complicated data processing for reconstruc-

tion of underlying dynamics. On the other hand, the time delay introduced to

the feedback loop causes difficulty in theoretical analysis of control performance.

Dynamics of a controlled system is described by a difference differential equa-
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tion and thereby the phase space of the system is a function space, even if the

uncontrolled system is finite dimensional. Linearization based approaches have

been effectively applied to this infinite dimensional system; however, the scope is

essentially limited to the stability of target orbits, or local dynamics in the neigh-

borhood of the orbits. There have been still very few studies referring to the global

dynamics of controlled systems and related problems.

Analyses from the viewpoint of the global dynamics are essential especially

for chaos control in engineering systems. Clarification of the stability of target

orbits cannot fully explain the ability and performance of the control method due

to the global nature of chaotic dynamics. Since there is no contradiction if chaotic

dynamics coexists with locally stabilized target orbits, the controlled systems can

show chaotic behavior in the transient state and have a complicated domain of

attraction for the target orbits. The controlled systems can restart to show chaotic

behavior even under control, because they are frequently exposed to disturbance

such as noise and transient change of system parameters. The chaotic nature of

controlled systems in the infinite dimensional function space is fully captured for

the first time by this study, which is chiefly performed numerically in the two-well

Duffing system under time-delayed feedback control. The thesis begins with a de-

tailed investigation of multiple steady states and their bifurcations. A wide variety

of stable orbits different from the target ones are found in the controlled systems,

and the mechanism of their stability loss and annihilation are clarified based on

the bifurcation theory. The origin of these orbits coexisting with the targets is also

discussed and it is then shown that they are derived from the non-target unstable

periodic orbits embedded in the chaotic attractor. Coexistence of different stable

orbits motivates us to examine the domain of attraction for the target orbits, i.e.,

regions in the phase space where the initial conditions achieve the convergence

of the resulting solutions to the target orbits. The domain of attraction in func-

tion space is examined by giving a perturbation to initial conditions toward target

orbits. Complicated boundary structures with self-similarity elucidated in this the-

sis suggest the existence of chaotic dynamics under control. Direct access to the
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global dynamics in function space is also carried out by employing a global unsta-

ble manifold as a probe for observing a phase structure governing the controlled

two-well Duffing systems. Possibility of the coexistence of the original chaotic

dynamics with stabilized target orbits is demonstrated by revealing a primary and

qualitative change of the global phase structure for increase of feedback gain. As

its intrinsic nature, persistence of the original chaotic dynamics has destructive

influences on the control performance. Transient behavior becomes chaotic and

too long, and domain of attraction is also made complicated, even if the control

parameters are optimized from the viewpoint of local stability of target orbits. On

the other hand, the global phase structure is simplified and then control perfor-

mances are much improved as feedback gain is increased. This simplification of

the global phase structure for increasing feedback gain is generalized to a periodic

system under control. A general scenario to the simplification is explained by a

theoretical approach associated with the harmonic balance method. The simplifi-

cation of global dynamics is a promising explanation to the ability of the control

method, which was experimentally proved in various systems. The general theo-

retical approach presented in this thesis can provide a fundamental framework to

classify controllable dynamical systems from the viewpoint of global dynamics.

As an application of the time-delayed feedback control, this thesis proposes

stabilization of chaotic oscillations of microcantilever sensors in the dynamic fore

microscopy. The dynamic force microscopy is a member of scanning probe mi-

croscopy and one of the most promising technologies to support the future devel-

opment of science and engineering in nanoscale. The science and engineering in

nanoscale are a new and little explored field of research for nonlinear dynamics

and chaos. Recent pioneering works on this field have shown the microcantilever

sensors possibly exhibit chaotic oscillations due to a nonlinear interaction between

the sensors and target material surfaces one tries to observe. Since the irregular

and unpredictable sensors’ oscillations significantly deteriorate measurement per-

formance, it is required to develop control techniques to stabilize microcantilever

oscillation. As a first step toward control, this thesis numerically demonstrates
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elimination of two different chaotic oscillations using the time-delayed feedback

control. An extended operating range of the dynamic force microscopes is esti-

mated by stability analysis of the target periodic oscillation. The estimation also

clarifies the possibility of improved transient responses of microcantilever oscilla-

tion, which allows us to accelerate the scanning rate of the dynamic force micro-

scopes without reducing their force sensitivity. These results show the possibility

of the application and provide important information on control performance to-

ward control of actual dynamic force microscopes.
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Chapter 1

Introduction

1.1 Chaos and its control

Chaos is nowadays widely recognized as a universal phenomenon arising in non-

linear dynamical systems [1–8]. Since the pioneer works on chaos by Ueda [1, 9]

and Lorenz in the early 1960s [10], irregular and unpredictable dynamics observed

in a wide variety of systems have been explained by simple deterministic math-

ematical models [11–19]. The explosive growth of research through the 1970s

and the 1980s had shed light on the dynamical system theory, which was long-

established field of mathematics since the end of the 19th century. Excellent theo-

retical explanation has been provided to the universal mechanism of diverse non-

linear phenomenon, including multiple steady states, bifurcations, fractal basin

boundaries, and chaotic dynamics [20, 21]. The early great success has boosted

the development of the dynamical system theory. Engineering applications of

nonlinear dynamics and chaos simultaneously have come into the view of us.

Most of the applications using chaotic dynamics well known in the present

day are based on the novel and sophisticated ideas appearing in the beginning

of the 1990s. The controlling chaos [22], chaos synchronization [23], and chaos

communication [24] have been the most prominent and kept motivating many re-

searchers to study nonlinear dynamics and chaos up to the present. The controlling

chaos, the idea by Ott, Grebogi, and Yorke, opened a new avenue of controlling
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’

chaotic trajectory

target unstable periodic orbit

manifold
unstable

control input

target

Poincare section’

stable manifold

linearized map near target orbit

Figure 1.1: The idea of controlling chaos by Ott, Grebogi, and Yorke [22]. A
chaotic trajectory approaches an arbitrary unstable periodic orbit along its stable
manifold on a Poincaré section. Control input is applied to the trajectory coming
close to a selected target orbit so that the trajectory moves on the stable manifold
of the target. The controlled trajectory then converges to the target along the stable
manifold and the control input simultaneously goes to zero. The linearized map
is employed for calculation of the control input.

dynamics especially in front of physicists [25–27]. They introduced a seemingly

paradoxical idea: chaotic motion of a system is converted to regular and periodic

motion by only a slight modification of the system. The seminal paper in 1990

suggested that small and carefully chosen perturbation to accessible parameters

or state variables of a chaotic system can stabilize unstable periodic orbits em-

bedded in the chaotic attractor of the system [22]. The stabilization of unstable

periodic orbits in itself was not a new idea at all especially in engineering fields;

there arose, however, a definitely different philosophy that intends to make use of

features of chaotic attractors. Since unstable periodic orbits is densely embedded

in the chaotic attractor, one can stabilize a target orbit arbitrarily chosen from an

infinite number of the unstable periodic motions intrinsic to a system. The stabi-

lization of the intrinsic periodic motions is significant, if the motions are needed

to keep or improve performance of the system. Any chaotic trajectory is, fur-

thermore, guaranteed to come close to the target orbit in the finite time without
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external input. The system visits arbitrarily close to a given point or an unstable

periodic orbit in the chaotic attractor arbitrarily many times. The target orbit is

stabilized by applying only small control input to a trajectory just coming close to

the target orbit.

The proposition of controlling chaos suggested that the existence of chaotic

dynamics can become a great advantage opposite to what one expected. Ott, Gre-

bogi, and Yorke simultaneously offered a mathematical implementation of the

controlling chaos, which is frequently called the OGY method consisting of their

initial letters [22]. The OGY method is based on the construction of Poincaré

map and its linearized one, which are fundamental tools of the dynamical system

theory. As shown in Fig. 1.1, behavior of a system evolving continuously in time

in the phase space is translated as behavior of a sequence of points on a cross

section of the phase space. The cross section is called Poincaré section. One can

then define a map, or discrete dynamical system, called Poincaré map, giving the

sequence of points and analyze the map instead of the original continuous dy-

namical system or vector field. Since a chaotic trajectory approaches an unstable

periodic orbit along its stable manifold on the Poincaré section, a small pertur-

bation to the system is able to make the trajectory move on the stable manifold.

The trajectory then converges to the periodic orbit along the stable manifold, if

the procedure is achieved before the trajectory turns away from the orbit along the

unstable manifold. The perturbation simultaneously goes to zero, since the target

orbit is intrinsic to the system. The appropriate perturbation is calculated with a

linearized map approximating the Poincaré map in the neighborhood of a target

orbit.

The OGY method was successfully applied to stabilization of a magnetoe-

lastic ribbon [28], thermal convection loop [29]. A modified method, called

the occasional proportional feedback (OPF) method, also stabilized a laser sys-

tem [30], chemical chaos [31], and even cardiac arrhythmias [32]. The field of

controlling chaos has tremendously developed through the 1990s [26]. Several

advanced methods have been designed to change chaotic motion of a system to
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periodic one by stabilizing unstable periodic orbits embedded in chaotic attrac-

tors [30, 31, 33–35]. It is interesting to note that the field of controlling chaos was

opened not by control engineers but by physicists. One cause may be that the un-

predictable nature of chaotic dynamics, termed as sensitive dependence on initial

conditions, was too emphasized in the early days of research. In the late 1980s,

the trend of research passed away especially in control engineering [36]. The

OGY method then brought the philosophy of control to physicists and was also

reimported to the engineering fields. It is now well known that the OGY method

is relevant to the pole assignment method in the modern control theory [36].

1.2 Time-delayed feedback control

The time-delayed feedback control was also proposed by a solid state physicist,

Pyragas [34] in 1992 and has attracted much interest of researchers up to the

present [37, 38]. The strategy of this control method is to employ the error signal

between the present output signals and the past ones measured in a chaotic system,

as shown in Fig. 1.2. It was surprising especially for control engineers that the

time delay in the feedback loop contributes to stabilization of unstable periodic

orbits. The time delay, called dead time in the control engineering, often make

the stability of control systems lost and therefore has been an anathema to control

engineers long before [39–44]. The time delay had been considered as a cause of

undesired oscillation and chaos also in other fields [13, 15, 18, 45–47].

Pyragas proposed two different control methods in his seminal paper [34]. His

motivation was to extend the OGY method as a continuous time control. This is

because the OGY method and its extension are based on the construction of the

Poincaré map and therefore involves discretization of continuous dynamical sys-

tems. Since the control signal is input intermittently on the specific cross section,

the controlled systems often diverge to occasional bursting motion again due to

external disturbances and noises [22]. The first method, therefore, employed a

time continuous external reference r(t), time series of a target unstable periodic
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(t−τg(x ))

x(t))g(

(t−τg(x ))x(t))g( ]−[K

delay

+
K −

Chaotic System

Figure 1.2: Control block of time-delayed feedback control [34]. A chaotic system
one wishes to control can be stabilized by feedback of the present output of the
system g(x(t)) and the past g(x(t − τ)) without any external reference. The time
delay τ for the past output is precisely adjusted to the period T of a target unstable
periodic orbit embedded in a chaotic attractor. The control input converges to zero
as the chaotic system is stabilized at the target period-T state. K is feedback gain,
which is an important control parameter to determine intensity of control.

orbit, to generate a feedback signal K[r(t)−g(x(t))]. He aimed to make the control

robust to external disturbances and noises by continuous control input. In the sec-

ond method, he replaced the external reference r(t) to the internal delayed output

g(x(t − τ)). The delay time are adjusted to the period of the target unstable peri-

odic orbits, so that the error signal converges to null when the controlled system

is stabilized to a target unstable periodic orbit. Since the strategy is only relying

on the time series of measurable output signals, the control method is a practical

way to achieve continuous control of chaotic systems. The control method does

not need external reference, the exact model of a chaotic system, identification of

its parameters, and complicated processing for reconstruction of the underlying

dynamics.

The feasibility of the second method, now called the time-delayed feedback

control, has experimentally verified mainly in the 1990s for a wide variety of

chaotic systems, including electronic circuits [48, 49], laser [50], a gas charge
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system [51], mechanical oscillator [52], and chemical systems [53, 54], plasma

[55, 56], Taylor-Couette flow [57]. It should be emphasized that the time-delayed

feedback control can work well in systems with fast time scale [48, 49]. The con-

trol method has been applied to a high frequency electric circuit of 10 MHz [49]

and a laser system of 365 kHz [50]. In the theoretical side, linearization based

approaches have been effectively applied to analyze the stability of target unsta-

ble periodic orbits under control input [58–65]. The stability analysis had many

applications. Among them, derivation of the odd number condition is well known

to give an inherent limitation concerning a class of unstable periodic orbits which

cannot be stabilized by the control method. The condition was first derived for

discrete time control [66] and subsequently extended to continuous time con-

trol [59–61]. Pyragas has recently improved the strategy to overcome this lim-

itation [64]. An extended version of the time-delayed feedback control was also

proposed to improve the control performance. Socolar et al. proposed a general-

ized version of the control method using many previous states of a system [49].

Nakajima presented a method for automatic adjustment of delay time and feed-

back gain [67]. Just reported influence of additional latency in the feedback loop

on control performance [62].

In spite of these excellent experimental and theoretical results, there still re-

main open problems on clarification of the control performance [63]. In particular,

there have been very few discussions on the global dynamics of controlled sys-

tems and related control characteristics [68,69]. Dynamics of a controlled system

is governed by the global phase structure in function space. The controlled sys-

tem is described by a difference differential equation due to time delay introduced

in the feedback loop [70, 71]. The controlled system is, therefore, treated as an

infinite dimensional dynamical system and this causes difficulty in the theoretical

treatment of the control performance. No systematic design of feedback gain has

been given so far due the the same reason. One important result related to the

global dynamics is the experimental study by Hikihara and Ueda on the stabiliza-

tion of chaos in a magnetoelastic beam [68]. They addressed that the transient
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dynamics was not so simple as explained by stability analysis. They attempted

to understand what occurred in the transient state by treating the dynamics of a

system with time delay as a kind of spatio-temporal dynamics.

One serious and motivating problem related to the global dynamics is the pos-

sibility of the coexistence of global chaotic dynamics and locally stable target

orbits in controlled systems. Since the stability is a only local property of a sys-

tem, it is natural to suspect that chaotic dynamics of the system persists against

control input due to its global nature. The behavior of the controlled system is

then kept chaotic, even if the control parameters are appropriately chosen from the

viewpoint of stability of target orbits. Of course, the coexistence does not cause

any contradiction in physics; however, it is never consistent with the purposes of

almost every engineering applications of the time-delayed feedback control, or

controlling chaos more generally. The chaotic dynamics persisting in a controlled

system makes the transient state irregular and too long, and complicates the do-

main of attraction for target orbits. The controlled system then easily reverts to

a chaotic state even under control, since engineering systems are often exposed

to noise, disturbance, and occasional or transient change of the parameters of the

system. Once the controlled system is driven out of the neighborhood of a locally

stable orbit, the system shows irregular and unpredictable motion because of the

coexisting chaotic dynamics governing the global behavior of the system. This

chaotic motion continues before the system comes sufficiently close to the stable

target orbit again.

The problem presented above is obviously beyond the scope of traditional lin-

earization based analyses and has not been suggested yet. The problem therefore

implies that a missing-link still exists between the previous theoretical explana-

tion based on linearization and the successful results in the past experiments. The

global dynamics of a controlled system is a candidate for it and of great impor-

tance related to the fundamentals and practice toward the engineering application

of the time-delayed feedback control.
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Figure 1.3: Schematic diagram of atomic force microscopy. A sample surface is
scanned by a microcantilever sensor with a sharp tip. The microcantilever is de-
flected by the interaction force between the tip and surface. When the surface is
scanned, the distance between apex of tip and surface is kept constant with a po-
sitioning device, which adjusts the vertical position of the surface, so that the mi-
crocantilever deflection is maintained constant. The time series of signal applied
to the positioning device provides a topography of the surface. The deflection is
measured by the optical lever method [72] in standard device configuration. In the
dynamic-mode, or the dynamic force microscopy, the microcantilever is vibrated
at the resonance frequency and the shift of resonance frequency is maintained
instead of the deflection.

1.3 Nonlinear dynamics and chaos in nanoengineer-
ing systems

The field of micro and nanotechnology, whose importance was early emphasized

by Feynman in 1959 [73], are one of the most constantly and greatly advancing

fields today and will be so over the 21st century [74]. Although the field is a

new and little explored by nonlinear theory, recent trailblazing works have shown

that nonlinear dynamics and chaos appear also in this new field [75–82]. The

strategy of controlling chaos are now waiting for being applied and thus the novel

8



application to a nanoengineering system called dynamic force microscopy (DFM)

is presented in this dissertation.

The atomic force microscopy (AFM) has to be mentioned before describing

the DFM, which is one of the major operating modes of the AFM. The AFM was

invented in 1985 by Binnig et al. [83] four years after the Nobel Prize invention of

the scanning tunneling microscopy (STM) in 1981 [84]. Both the AFM and STM

are members of the scanning probe microscopy (SPM) family, which enables us

to image surfaces with a probe that scans the samples. The image is obtained by a

raster scan of the sample surface and recording the interaction between the probe

and sample as a function of position of the probe. The fundamental difference

between the two methods is that the AFM is based on force sensing and thereby

able to image insulating samples as well as conducting and semiconducting spec-

imens. On the other hand, the STM cannot image insulating samples in principle,

since the STM detects the tunneling current flowing the probe and surface. A

schematic diagram of the AFM is illustrated in Fig. 1.3. The probe of AFM is

a microfabricated cantilever with a extremely sharpened tip at its free end. The

microcantilever is significantly deflected by a tiny intermolecular or interatomic

force acting between the apex of tip and surface. The interaction force is detected

by measuring the deflection of the microcantilever. The AFM has a wide variety

of applications due to its feasibility to the insulating samples including biological

and organic samples.

The DFM is one of the operating modes of the AFM and also called the

dynamic-mode AFM. The DFM has been highly developed for this nearly two

decades [74, 85, 86]. The microcantilever is mechanically vibrated at the reso-

nance frequency in the DFM [87, 88]. The topography of the sample surface is

imaged by raster scan of the surface with keeping the vibration or resonance fre-

quency of the microcantilever constant. One great advantage is that the damage

of sample surfaces is significantly reduced as compared to the conventional AFM,

now called contact-mode AFM. Adhesion of the tip to surfaces is also avoided

by vibrating the microcantilever. Another is that force sensitivity is much im-
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proved using microcantilever with high quality factor. A broad range of samples

have been observed so far in the resolution of atomic or molecular scale without

damaging samples including semiconducting [89–91], organic [92], and biolog-

ical samples even in liquids [93, 94]. In addition, versatile applications of the

vibrating microcantilever have been presented, such as profiling of surface prop-

erties [95–97], manipulation of single atoms and molecules [98], and control of

surface structures [99]. These excellent works allow us to expect that the DFM

becomes a key technology for nanoscience and nanoengineering.

On the other hand, growing interests in the physical origin of high resolution

imaging have highlighted the nonlinear dynamics of microcantilever sensors vi-

brating near sample surface [100–105]. In particular, much attention has been

paid for microcantilevers in the DFM with amplitude modulation detection (AM-

DFM) or tapping mode AFM [87,106]. The tip of a microcantilever is exposed to

a highly nonlinear force in an operating range of AM-DFM [107,108]. As a result,

a bistable behavior occurs in the proximity of sample surfaces [109]. The involv-

ing jumping and hysteresis phenomena cause sudden and discontinuous transition

of imaging characteristics [107]. In addition, it was reported that the microcan-

tilever exhibits subharmonic oscillation, period-doubling bifurcation [110, 111],

and chaotic oscillations [78–82]. The resulting oscillation modes may reduce the

force sensitivity of AM-DFM due to undesirable subharmonics and wide spread

frequency spectrum, which are neglected in the standard device configuration of

the AM-DFM. As for the chaotic oscillation, the operating range of the AM-DFM

may be also limited by non-periodic and irregular motion of the microcantilever.

It is therefore significant to develop control techniques for microcantilever oscil-

lations for improving the performance of AM-DFM. In this context, some moti-

vated research groups have already proposed application of control techniques to

microcantilever oscillation [78, 79, 112].

The time-delayed feedback control described in the previous section is a promis-

ing control method to stabilize the chaotic oscillation of microcantilevers. The

features of the control method allow us to implement it without identification of

10



parameters of each microcantilever; the parameters such as spring constant are

only given as nominal values and often so different from the true value. No anal-

ysis on the nonlinear dynamics is needed and only the driving frequency of AM-

DFM has to be known to adjust the delay time. The feasibility to high frequency

oscillation is also an important advance, since the microcantilever is typically vi-

brated around 10 kHz to 300 kHz. From the viewpoint of measurement, it is

worth noting that no parameter of a microcantilever is modified after control is

achieved. In particular, the quality factor is not changed in the steady state and

thereby the force sensitivity of AM-DFM is maintained even under control input.

This is essentially different from a control method introducing the damping to the

oscillation proposed in Refs. [78,79]. The control method stabilizing the intrinsic

orbit of the system thus should be developed from the viewpoint of measurement.

1.4 Purpose and overview of thesis

The background of research described above now enables us to state the two pur-

poses of this dissertation organized by eight chapters. The rest of this section is

devoted to explaining the purposes and the structure of this thesis.

The first purpose is to understand the fundamental mechanism of controlling

chaos by time-delayed feedback control. In order to achieve this purpose, one

must clarify the global phase structure in function space, as emphasized in Sec-

tion 1.2. In this dissertation, the two-well Duffing system under control is inves-

tigated chiefly numerically. The two-well Duffing system is a two-dimensional

nonautonomous system, which was originally derived as a model of the first-

mode vibration in the magnetoelastic beam system [14]. The global dynamics

of the two-well Duffing system is described by a two-dimensional map and it was

well analyzed by Moon and Holmes [14], and also by Ueda et al. [113]. In addi-

tion, the time-delayed feedback control of chaos in the magnetoelastic beam was

experimentally achieved by Hikihara and Kawagoshi [52]. These excellent works

provide a basis for developing our discussion in this dissertation. Stabilization
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of the two-well Duffing system is also related to elimination of chaotic vibration

from mechanical systems. The results obtained in this dissertation thus can give

important knowledge toward engineering applications of the time-delayed feed-

back control. A part of the results are also generalized based on mathematically

tractable properties extracted from the two-well Duffing equation.

Chapters 2 to 6 are devoted to achieving the first purpose. Chapter 2 is a pre-

liminary for the following chapters. The chapter firstly gives a general description

of the time-delayed feedback control proposed by Pyragas. The two-well Duffing

system is then introduced and its dynamics is summarized based on the previous

literatures. The systems under control are described by the differential difference

equations, which are a special and important class of the retarded functional differ-

ential equations (RFDEs). Mathematical treatment of the systems with time delay

are reviewed based on the theory of RFDEs. The theory for periodic systems with

time delay is summarized for the purposes of this dissertation.

Chapter 3 numerically investigates the multiple steady states and their bifur-

cation in the controlled two-well Duffing system as a first step to clarifying the

global dynamics of the controlled system. Domains of control parameters causing

the multiple steady states are examined by using a parameter plane with respect

to feedback gain and onset time of control. The multiple steady states are caused

due to the presence of stable orbits coexisting with the target orbits. The investi-

gation on the bifurcation and origin of these coexisting orbits is the basis for the

investigation in the following chapters.

Chapter 4 discusses the domain of attraction for target orbits in function space

based on the results in Chapter 3. Boundary structures of the domain are nu-

merically examined by giving a perturbation to initial conditions located near the

boundary. The boundary structures in function space are displayed in a parameter

plane related to the perturbation. We reveal different boundary structures includ-

ing a self-similar structure. In particular, the persistence of the original chaotic

dynamics in the controlled system is suggested by a quite complicated boundary

structure arising when trying to stabilize one of the two target orbits selectively.
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Chapter 5 is concerned with the global phase structure of the controlled sys-

tem. The global phase structure in function space is directly probed with a global

unstable manifold of an unstable periodic orbit. We show that complicated dy-

namics in infinite dimension suggested in Chapter 4 is caused by the coexistence

of the original chaos producing structure and locally stable target orbits in the

controlled system. The coexistence fully explains the mechanism that causes long

and irregular transient dynamics and complicates domain of attraction for the tar-

get orbits. On the other hand, it is also shown that the global phase structure is

so simplified and then no chaotic dynamics is observed, as the feedback gain is

increased. We show the control performance is much improved due to the simpli-

fication of the global structure for large feedback gain.

In Chapter 6, the results in Chapter 3 and Chapter 5 are generalized as the

features of the global dynamics in a periodic system under control. Revisit to

the results in the previous chapters gives a clue to generalization. It is suggested

that the problem of the global change from the original chaos producing to the

simplified structure is reduced to that of the annihilation and degeneration of the

non-target unstable periodic orbits from the controlled systems. The annihilation

and degeneration of the non-target orbits are then generalized to a periodic system

under control incorporating the harmonic balance method. A typical scenario of

the change of global structure for increasing feedback gain is characterized and

then a promising explanation is given to the ability and performance of the time-

delayed feedback control from the viewpoint of global dynamics.

The second purpose of this dissertation is to present the novel application of

this control method to the chaotic oscillation of microcantilevers in the DFM.

Chapter 7 is devoted to this purpose. The possibility of the application is numer-

ically discussed based on the mathematical model of a microcantilever proposed

by Ashhab et al. [79] and numerical results by Basso et al. [80]. Control input is

additionally applied to the model and then stability analysis of a target orbit es-

timates the domain of control parameters that achieves stabilization of the target

unstable periodic orbit. Using the same approach, we also discuss improvement
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of transient response of oscillating microcantilever sensors. Since the quality fac-

tor is maintained in the steady state of the control system, the improved transient

response allows us to accelerate the scanning rate of the AM-DFM without re-

ducing their force sensitivity. We also discuss the suppression of another route to

chaos, called grazing bifurcation, recently experimentally suggested by Hu and

Raman [82].

Chapter 8 is the final chapter summarizing the conclusions and future direc-

tions of this dissertation.
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Chapter 2

Two-well Duffing system under
time-delayed feedback control

The two-well Duffing system under the time-delayed feedback control is investi-

gated numerically and analytically from Chapter 3 to Chapter 6. In this chapter,

the time-delayed feedback control and related general topics are introduced and

summarized as preliminaries to the following chapters. Roles of the time de-

lay inserted in the feedback loop are emphasized. The system under control is

described by a difference differential equation and their mathematical treatment

is summarized based on the theory of RFDEs. A discrete dynamical system on

function space is derived from the time periodic difference differential equations.

Supplemental remarks on the time-delayed feedback control are also given.

2.1 Fundamentals of control method

2.1.1 General description

This chapter begins by providing a general description of the time-delayed feed-

back control. We consider the application of the control method to n-dimensional

continuous dynamical systems. Although this setup is enough to achieve the pur-

pose of this and later chapters, it is noted that the control method has been ex-

tended to other class of the dynamical systems such as maps (discrete dynamical
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systems) and spatially extended systems.

A n-dimensional dynamical system is described by an ordinary differential

equation including the input and output relation as follows:



















dx

dt
= f (t, x, u)

y = g(x),
(2.1)

where t denotes the time, x the n-dimensional state of the system, u the m-

dimensional control input, and y the p-dimensional output of the system. The

original, or uncontrolled, dynamics of this system is modeled under u(t) = 0.

The uncontrolled system has its own dynamics, which is here assumed to yield

a chaotic attractor. The internal couplings between the input and the state, and

also between the state and the output are specified in the description of f (t, x, u)

and g(x), respectively. The full state x cannot be directly obtained in practical

situation. In addition, identification of f (t, x, u) and g(x) is not easy in reality.

As first suggested by Pyragas, unstable periodic orbits embedded in chaotic

attractors can be stabilized by using continuous feedback of the error between the

present system output and the past one [34]. The chaotic attractor is assumed to

include unstable period-T orbits to be stabilized. Control input is then given as

follows:

u = K[g(xτ) − g(x)], (2.2)

where g(x) = g(x(t)) denotes the current output and g(xτ) = g(x(t − τ)) the

past one. τ is the delay time adjusted to T , that is, the period of the target orbits.

u(t) converges to zero if a solution goes to a target orbit. Since u(t) = 0 implies

x(t−T ) = x(t), the stabilized orbit coincides with one of the target orbits inherent

to the original system. Another unstable periodic orbit can be chosen as a target

orbit by simply adjusting the time delay. K is m times p matrix denoting feedback

gain. The feedback gain governs the stability of target orbits under the precise

adjustment of time delay. However, its systematic design has not been formulated

at the present stage.
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One great advantage enabled by the time delay is that the control method

can be implemented to experimental systems without their exact models and re-

construction of underlying dynamics from experimental data. Identification of a

model is not an easy task in general. Moreover, the parameters of a system are

often varied by replacing components of the system and changing operating con-

ditions. Time series analysis, such as delay embedding, has to be alternatively

performed to reconstruct the dynamics, if the model is not fully identified. On the

other hand, only the period of the target unstable periodic orbits is required for

the time-delayed feedback control, since the control input u(t) in Eq. (2.6) just

relies on the instantaneous value of the measurable output. Without any priori or

real time processing, the control signal u(t) is simply obtained by the difference

of output signals. The control method has been, therefore, successfully applied to

many experimental systems [48–57].

On the other hand, theoretical treatment of the controlled systems becomes

much more complicated due to the time delay inserted in the feedback loop. Since

a controlled system is described by a difference differential equation, one has to

treat the dynamics in function space; the phase space of the system is infinite

dimensional. The detail of this topic is explained in Section 2.3.

2.1.2 Theoretical limitation

One thing that should be kept in mind is that the control method has an inherent

limitation, which is characterized by a theoretical condition called the odd number

condition. The odd number condition gives a class of unstable periodic orbits

which cannot be stabilized. This limitation is stated as follows [60]:

Any hyperbolic unstable periodic orbit cannot be stabilized by the time-delayed

feedback control, if the orbit satisfies the odd number condition, namely, the orbit

has an odd number of real characteristic multipliers greater than unity.

The odd number condition was firstly introduced by Ushio for discrete dynamical
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systems [66] and subsequently generalized for continuous systems by Nakajima

et al. [59, 60]. Just independently found essentially the same limitation [61]. The

odd number condition gives a severe limitation to the application of the control

method. Several modified methods have been thus proposed in order to overcome

this limitation [64, 114, 115].

2.2 Two-well Duffing system under control method

2.2.1 Mathematical model

The Duffing system is a two dimensional non-autonomous system originating in

a model of synchronous machines [116]. Among a variety of its applications, the

two-well Duffing system was derived by Moon and Holmes as a model of the first-

mode vibration in the magnetoelastic beam system shown in Fig. 2.1 [14]. The

two-well Duffing system under the control method is numerically and analytically

investigated through the Chapter 3 to the Chapter 6.

The two-well Duffing system controlled by a scalar signal u(t) is given as

follows:
d
dt

[

x
y

]

=

[

y
−δy + αx − γx3 + A cosωt

]

+ bu, (2.3)

where x and y denote the displacement and velocity of the system, respectively. b

denotes a two dimensional constant vector concerning coupling between control

input u(t) and the state variables. From Eq. (2.4), u(t) is determined by the differ-

ence between the current output and the past one of the system as follows [34]:

u = K[g(xτ, yτ) − g(x, y)], (2.4)

where τ is time delay, K feedback gain. g(x, y) and g(xτ, yτ) imply the present and

past scalar output, respectively. The onset time of control t0 is a substantial control

parameter, which determines the initial condition of the controlled system. The
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magnet
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Figure 2.1: The magnetoelastic beam system proposed by Moon and Holmes [14].
The system is composed of a frame, cantilevered ferromagnetic beam, and two
permanent magnets. The beam is buckled by the magnets symmetrically-placed
below the free end of the beam. The magnets are located so that the beam has three
equilibrium positions in the unforced state. The two of them are stable buckled
positions and the other is an unstable neutral position between the two magnets.
In the figure, the beam is buckled by the right magnet. Chaotic vibration of the
beam is observed, when external sinusoidal force is applied to the system. The
beam exhibits non-periodic and irregular transition between the three equilibrium
positions as shown in Fig. 2.2. The chaotic vibration of the beam is well repro-
duced by the two-well Duffing equation, which describes the first-mode vibration
of the beam. x denotes displacement of the beam.
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Figure 2.2: Chaotic oscillation in two-well Duffing system.

initial condition at t0 consists of the following initial values and initial function:



























x(t0) = xt0

y(t0) = yt0

ut0(θ) = u(t0 + θ) ; θ ∈ [−τ, 0).
(2.5)

In this paper, we identify the initial condition with a segment of the chaotic trajec-

tory [ x(t) y(t) ]T ; t ∈ [t0−τ, t0] generated by Eq. (2.3) under u(t) = 0. The reason

is a specific initial condition described as Eq. (2.5) is essentially transformed from

the segment of the chaotic trajectory through Eq. (2.4) without loss of generality.

The implementation of the control method is specifically described by the cou-

pling b and output signal g(x, y). Two simple types of implementation are here

introduced. One is velocity feedback control specially given by replacing b with

[ 0 1 ]T and g(x, y) with y in Eq. (2.3). The velocity feedback control employs

the velocity component for the control signal. The other is displacement feed-

back control represented by Eq. (2.3) under b = [ 1 0 ]T and g(x, y) = x. The

displacement feedback control uses the displacement component for the control

signal.
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Figure 2.3: Chaotic attractor in two-well Duffing system [113]. 1I′ and 1I are
inversely unstable periodic orbits of target, which are stabilized under sufficiently
large feedback gain. 1D is a directly unstable periodic orbit, which cannot be
stabilized due to the odd number condition. The notation of 1I′ and 1I are replaced
to 1S′ and 1S, respectively, for reflecting stability change of the target orbits.

2.2.2 Chaos and target unstable periodic orbits

The investigation is hereafter performed for the system parameters α = 1.0 and

γ = 1.0. The forcing frequency is fixed at the normalized resonance frequency

ω = 1.0 = 2π/T where T denotes the forcing period. The global dynamics of

the two-well Duffing system was investigated by Moon and Holmes [14]. The

results were subsequently reconfirmed and greatly extended by Ueda et al. [113].

A governing role in the global dynamics is played by the directly unstable periodic

orbit denoted by 1D in Fig. 2.3. Since the stable and unstable manifolds of the orbit

generate a homoclinic intersection in the cross section induced by stroboscopic

mapping with period-2π, a chaotic invariant set exists in the original system (See,

Fig. 2.4 obtained by a software package GAIO [117]). The global dynamics under

these parameters was summarized in Ref. [113] . The dynamics was classified

with respect to the damping coefficient δ and the forcing frequency A. δ and A
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Figure 2.4: Transversal intersection of stable (gray) and unstable manifold (black)
of 1D in two-well Duffing equation. The figure was obtained with GAIO, a soft-
ware package for dynamical systems [117].

are fixed, so that the two-well Duffing system generates a chaotic attractor under

the absence of the control signal. The chaotic attractor includes three unstable

periodic orbits with period-2π [113], as shown in Fig. 2.3. Two of them, denoted

by 1I and 1I′, are classified as inversely unstable and the remaining 1D is directly

unstable by the location of their characteristic multipliers in the complex plane 1.

The characteristic multipliers are obtained using the period-2π stroboscopic map.

As target orbits for control, 1I and 1I′ are selected in this paper. 1I and 1I′ are easily

stabilized under τ = T = 2π as shown in Fig. 2.5. It is noted that feedback of

velocity signal was employed for experimental stabilization of the magnetoelastic

beam by Hikihara and Kawagoshi [68]. In the following numerical study, we

adopt the three parameter setups listed in Table 2.1. The time-delayed feedback

1This classification is based on the Levinson’s classification of periodic solutions in a system
of class D, or a dissipative system for large displacement. A periodic orbit in the system is called
inversely unstable, if its two characteristic multipliers ρ1 and ρ2 satisfy the relation ρ2 < −1 <

ρ1 < 0. The periodic orbit is called directly unstable, when its two multipliers have relation
ρ1 > 1 > ρ2 > 0 [118].
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Figure 2.5: Stabilization of two-well Duffing system. τ is adjusted to T = 2π.

Table 2.1: Combination of the parameters and implementation of time-delayed
feedback control for two-well Duffing system

Notation Parameter (δ, A, ω) Implementation
TV1 (0.3, 0.34, 1.0) velocity
TV2 (0.16, 0.27, 1.0) velocity
TD1 (0.46, 0.4, 1.0) displacement

control is implemented with velocity feedback in the TV1 and TV2 cases, and

the TD1 case employs displacement feedback. The parameter setups are only the

difference between the TV1 and TV2. The initial conditions for the uncontrolled

systems are adjusted to [ x y ]T = [ 1 0 ]T at t = 0.
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2.3 Dynamics in function space

2.3.1 Difference differential equations

From the viewpoint of dynamical system theory, it is crucial that the phase space

of the controlled system has infinite dimension due to the time delay included in

the feedback loop. Substitution of Eq. (2.4) into Eq. (2.1) leads to a difference

differential equation describing the whole dynamics of the controlled system as

follows:

dx

dt
= f (t, x, K[g(xτ) − g(x)]). (2.6)

A rough description is here given to elucidate the essential difference from the

ordinary differential equations. We know well that only the initial value of x at

initial time t = t0 is specified to solve the initial value problem of the ordinary

differential equations; however, one must give the value of x on the interval [t0 −
τ, t0] for the initial value problem of Eq. (2.6), because the right hand derivative

f at each time depends on xτ as well as x. More precisely, the initial condition

for Eq. (2.6) must be given by φt0(Θ) = φ(t0 + Θ), −τ ≤ Θ ≤ 0. which belongs to

C = C([−τ, 0], Rn), the set of Rn-valued continuous functions.

Figure 2.6 illustrates how a solution arises from an initial condition φt0(Θ). Let

xt0+iτ(Θ) denote the solution on the interval [t0, t0+iτ] for i = 1, 2, · · · . xt0+τ(Θ) is

then uniquely determined from the initial data φt0(Θ). In the same way, xt0+2τ(Θ)

for the next interval is uniquely obtained from the previously determined xt0+τ(Θ).

The successive iteration of this process enable us to decide xt0+(i+1)τ(Θ) for each

i positive integer based on the information of xt0+iτ(Θ) on the previous interval.

This iteration process also implies that it is reasonable to define a map or discrete

dynamical system F on C, which is infinite dimensional phase space, to analyze

the dynamics of time-delayed feedback controlled systems. This section summa-

rizes the more precise treatment of the difference differential equation, which is

especially devoted to the time-delayed feedback controlled systems.
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Figure 2.6: Schematic diagram of solution of difference differential equations.
Θ varies on [−τ, 0]. φ(Θ) denotes an initial condition defined on the interval
[t0− τ, t0] where t0 is initial time. An unique solution on each interval [t0+ iτ, t0+

(i + 1)τ] is successively determined from the solution on [t0 + (i − 1)τ, t0 + iτ] for
i = 1, 2, · · · . The initial condition φ(Θ) is used for i = 0. xt(Θ) = x(t + Θ) is the
state of the system at time t. Two distinct initial conditions φ′(Θ) and φ′(Θ) may
give the same solution in contrast to the ordinary differential equations.

2.3.2 Existence and uniqueness of solutions

The difference differential equation (2.6) constitutes a special class of the retarded

functional differential equations, which will be denoted by RFDEs. The theory of

the RFDEs has been well established [70, 71] and thus provides the fundamental

framework to analyze systems under the time-delayed feedback control.

Suppose Ω ⊆ R×C is an open set and C denotes C([−τ, 0], Rn), the set of Rn-

valued continuous functions defined on the interval [−τ, 0]. C is a Banach space

under the norm defined as |φ| = sup−τ≤Θ≤0 |φ(Θ)| for φ ∈ C. For a given function
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F : Ω→ Rn, the relation below is said to be a RFDE on Ω:

dx

dt
= F (t, xt), (2.7)

where xt = x(t+Θ) and belongs to C as a function of Θ ∈ [−τ, 0]. It is noted that

F gives the right-hand derivative at (t, xt) ∈ Ω. The RFDE (2.7) is reduced to the

difference differential equation (2.6) based on the following relation:

F (t, φ) = f (t, φ(0), K[g(φ(−τ) − g(φ(0))]), (2.8)

The following results for the RFDE thus hold for Eq. (2.6). The validity for

Eq. (2.3) follows under the same condition.

An assumption on F is here made that F is continuous and satisfies the Lips-

chitz condition for each compact set in Ω. This assumption is sufficient to prove

the basic theorem on the existence and uniqueness of solutions. Continuous de-

pendence of solutions on initial conditions and F is also proved under the same

assumption. The solution through an initial condition (t0, φt0) ∈ Ω is written as

xt(t0, φt0) = x(t + Θ, t0, φt0), Θ ∈ [−τ, 0]. xt(t0, φt0) then coincides with the

initial condition φt0 at t = t0, and satisfies Eq. (2.7) on the [t0, t0 + A), A > 0; that

is,


























xt0(t0, φt0)(Θ) = φt0(Θ), −τ ≤ Θ ≤ 0,

dxt(t0, φt0)(0)
dt

=
dx(t0, φt0)(t)

dt
= F (t, xt), 0 ≤ t < A.

(2.9)

The derivative in Eq. (2.9), of course, implies the right-hand derivative. One

should note that the uniqueness of solutions does not imply a solution of the RFDE

never collide with another solution in Ω, in contrast to solutions of ordinary dif-

ferential equations, which never intersect in the phase space. Two distinct initial

conditions φt0 and φ′
t0 may have the same solution under the present assumption

on F , as shown in Fig. 2.6. The two solutions identically develop after their colli-

sion. The backward extension of solutions is therefore not unique for the RFDEs

in general. The solution is continuable, particularly if the Lipschitz condition is

satisfied.
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2.3.3 Discrete dynamical systems on function space

If there is T > 0 such that F (t+T, φ) = F (t, φ) for all (t, φ) ∈ Ω, then a discrete

dynamical system on C is defined as a natural extension of stroboscopic maps

for periodic ordinary differential equations. The solution operator of the RFDE

T : C → C is defined as follows.

T (t, t0)φt0 = xt(t0, φt0), t ≥ t0. (2.10)

T (t0, t0) = I is obvious and the uniqueness of solutions implies thatT (t, s)T (s, t0)

= T (t, t0) for all t ≥ s ≥ t0. T is continuous as a consequence of the continu-

ous dependence described above. T may not be one-to-one, since the uniqueness

of a backward solution is not guaranteed. The periodic property of F implies

T (t + T, t0 + T ) = T (t, t0) for all t ≥ t0. Define Ft0 : C → C as F 0
t0 = I,

F 1
t0 = T (t0 + T, t0), and F k

t0 = F
k−1

t0 Ft0 for k ≥ 2, then F k
t0 is described by

F k
t0 = F

k−1
t0 Ft0

= T (t0 + (k − 1)T, t0)T (t0 + T, t0)

= T (t0 + kT, t0 + T )T (t0 + T, t0)

= T (t0 + kT, t0). (2.11)

Since F is periodic, one can limit the initial time t0 to the interval [0, T ). Ft0 :

C → C is referred to as a discrete dynamical system generated by the periodic

RFDE. It is obvious that a periodic solution satisfying xt+kT (t0, φt0) = xt(t0, φt0)

is translated as a fixed point on F k
t0 for k ≥ 1 or a period-k point on Ft0 .

2.3.4 Linearized systems near periodic orbits

The linearized discrete dynamical system is derived in the same way based on the

linear variational equation of the RFDE (2.7). Suppose that F has continuous

p-th derivative, p ≥ 1, with respect to φ ∈ Ω. One can then obtain the linear

variational equation along a solution xt(t0, φt0), t ≥ t0:

dξ

dt
= DφF (xt)ξt, (2.12)
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where Dφ denotes the derivative with respect to φ. DφF : C → Rn is a linear

operator, which corresponds to the Jacobi matrix in the finite dimensional case.

If xt is a period-T solution, then DφF (t) = DφF (t + T ) for all t as a function

of t. The same approach in the previous section therefore enables us to derive

the linearized discrete dynamical system DF : C → C generated by the linear

variational equation (2.12). In the same way, DF k are obtained for period-k

solutions or period-k points.

One important thing is that DF is a completely continuous operator for t ≥ r.

The elemental theory of functional analysis therefore teaches us that the spectrum

σ(DF ) of DF consists of only eigenvalues, or point spectra, σ(DF ) are at most

countable, and zero is the only accumulating point of them.

2.3.5 Stability of periodic orbits

The stability of a period-kT solution in the RFDE (2.7) is the same as that of fixed

point on the discrete dynamical system F k
t0 . The stability is characterized by the

moduli of the eigenvalues of the linearized system DF k
t0 in the neighborhood of

the orbit. The orbit is stable, if the moduli of all the multipliers are less than unity,

that is, located inside the unit circle. The orbit is unstable, if there is a multiplier

having a modulus greater than unity. The eigenvalues of DF n
σ0

are also called the

characteristic multipliers of the orbit.

2.4 Remarks on practical aspects

Output signals have to be delayed to realize the time-delayed feedback controller

experimentally. Analog delay lines and digital ones are available for making the

target delay time. The former utilizing propagation delays of signals were used for

systems with fast time-scale. Pyragas and Tamaševičius used a variable spiral line

[48] and Socolar et al. employed standard coaxial cables [49] in their electronic

circuits operated around the order of a few to ten MHz. Bielawski et al. delayed

the light with a optical fiber by 2.74 µs. The latter are constructed by A/D(Analog
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to Digital), D/A(Digital to Analog) converters, and digital memories. Hikihara

and Kawagoshi used a personal computer as memory for magnetoelastic beam

oscillating at 16 Hz. Pierre et al. used FIFO(First In First Out) memory for making

delay variable from 0.05 ms to 2 ms. Parmananda et al. obtained a computer with

data acquisition card having 25 Hz sampling rate for their chemical experiment.

The digital delay lines can have great flexibility for adjustment of parameters and

well fit to other digital equipments, while it is difficult to apply the fast time-scale

systems.

2.5 Supplemental remarks

In the theoretical side, linearization based approaches have been successfully ap-

plied to examine and improve the ability of the time-delayed feedback control.

Stability of target orbits are one of the most important problem and has been

studied in detail. The application extends from derivation of the odd number con-

dition [59–61,66], stability analysis of target orbits [61], calculation of domain of

control [58, 61], influence of additional latency in the feedback loop [62] and so

on. It is noted that several important results for discrete time control have been

generalized to continuous time control, whereas discrete time control is out of the

scope of this dissertation [119–121]. Many modifications of the original Pyragas

method have been proposed so far. Among them, an extended control method

proposed by Socolar et al. is well-known as extended time-delayed autosynchro-

nization (ETDAS) as follows [49]:

u(t) = K















g(x(t)) − (1 − R)
∞
∑

k=1

Rkg(x(t − kτ))















, (2.13)

where 0 ≤ R < 1. The ETDAS utilizes many previous states of a chaotic system

and is easily implemented by recursive input of the error signals. The ETDAS

is particularly effective for stabilization of unstable periodic orbits with higher

periods. Nakajima also presented a method for automatic adjustment of delay

time and feedback gain [67]. The same approach as the time-delayed feedback
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control was experimentally applied to control of a chaotic absorption in thin YIG

films by Ye and Wigen in 1995 [122]. A possibility of the very similar method

using time delay to control helicopter rotor blades was proposed by Krodkiewsk

and Faragher [123].
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Chapter 3

Multiple steady states and
bifurcations in controlled systems

As a first step to the global dynamics of controlled systems, this chapter investi-

gates periodic solutions arising in the controlled two-well Duffing systems. The

chapter begins with a motivating observation, which suggests the appearance of

multiple steady states in the controlled systems. The possibility of the multiple

steady states is then examined in a systematic way using a parameter plane with

respect to feedback gain and onset time of control. Classification of many dif-

ferent initial conditions by resulting steady states shows coexistence of various

stable orbits with the stabilized target orbits. The orbits coexisting with the tar-

gets are called coexisting orbits in this dissertation. The dynamical properties of

the coexisting orbits are discussed on the basis of bifurcation theory. Bifurcation

analysis elucidates the mechanism of stability loss and annihilation of the peri-

odic orbits. It is also shown that the coexisting orbits originate from the unstable

periodic orbits embedded in the chaotic attractor.

3.1 Motivation

Nonlinear dynamical systems, unlike linear systems, often have multiple steady

states and thus different initial conditions lead to different steady states in general.
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(b) t0 = 15.5T

Figure 3.1: An example of convergence to different periodic orbits in the TV1 case
at K = 0.935. Black and gray lines show displacement and control input, respec-
tively. (a) shows convergence to a target period-T orbit when t0 = 10T and (b) to
coexisting period-3T orbit for t0 = 15.5T . Control is activated at the time pointed
by an arrow in each figure. Displacement is irregular and non-periodic before
the activation. In (a), control input converging to zero implies the stabilized orbit
completely coincides with the target orbit in the chaotic attractor. In (b), control
input keeps period-3T in the steady state, showing failure of control in the sense
of controlling chaos.

An exception is not made for chaotic systems under the time-delayed feedback

control. One can, in fact, readily confirm that solutions of the controlled two-well

Duffing systems converge to different periodic orbits by numerical simulation.

Each of the solutions goes to a different periodic orbit depending on onset time of

control, which determines initial conditions for the controlled systems. For exam-

ple, Fig. 3.1 shows two solutions which converge to different steady states. The

solution in Fig. 3.1(a) converges to one of the two target period-T orbits, which

completely coincide with the unstable periodic orbit denoted by 1I in Fig. 2.3. The

control input simultaneously goes to a negligible level, after the control was acti-

vated at the time pointed by an arrow. On the other hand, the solution in Fig. 3.1(b)

converges to a period-3T orbit instead of the target orbits, when the onset timing

is changed to another. Since the control input also remains period-3T in the steady
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Figure 3.2: An example of transient behavior before convergence to target orbit.
Control is turned on at the time pointed by an arrow. Both displacement and
control input show transient behavior similar to the period-3T motion observed in
Fig. 3.1(b). The same parameters as Fig. 3.1 are used except K = 0.865.

state, the stabilized period-3T orbit does not coincide with any unstable periodic

orbit inherent to the original two-well Duffing system. The stabilized period-3T

orbit is a stable periodic orbit coexisting with the stabilized target orbits. One

important problem proposed here is that convergence to such coexisting orbits ob-

viously contradicts the purpose of controlling chaos. Control can fail due to the

presence of stable coexisting orbits, which may be even chaotic.

Another problem is that transient dynamics is also affected by the presence of

coexisting orbits and related phase structures. One example is shown in Fig. 3.2,

where a motion similar to the period-3T solution appears before the final conver-

gence to the target orbit 1I. The previously mentioned coexisting period-3T orbit

seems to be unstable in this case and therefore cannot emerge in the steady state;

however there seems to be a transient phase in which the solution comes close to

the unstable coexisting period-3T orbit once and then turns from it. The transient

dynamics is an important characteristic of controlled systems, but no explanation

has been given to various transient behaviors arising in the time-delayed feedback

controlled systems.

There exist few reports addressing multiple steady states [124–126] and tran-

sient dynamics [68]. These problems are directly connected to the global dy-
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namics of controlled systems and obviously beyond the scope of the conventional

linearization based approach. The coexisting orbits are solutions which make

structures in the infinite dimensional phase space, whereas the target orbits exist

in the original two dimensional space. The investigation of the coexisting orbits is

therefore adopted here as the first step to approach the global dynamics in function

space.

3.2 Orbits coexisting with targets

3.2.1 Onset timing, initial condition, and feedback gain

As shown in Fig. 3.3(a), an initial condition for a controlled system is determined

as a segment of a chaotic trajectory, or a history of the system states, for each

onset time of control. Since different initial conditions arise because of chaotic

motion before starting control, onset time of control should be regarded as a sub-

stantial control parameter to select the steady state of the controlled system. The

relationship between onset time and steady state must provide information on the

dependence of steady state on initial conditions. In addition, feedback gain is also

an important control parameter, which governs the stability of periodic solutions

and also the global phase structures. A parameter plane with respect to onset time

and feedback gain is thus defined to examine multiple steady states throughout

this chapter.

When the control starts at the onset time t0 under the feedback gain K, each

of the determined initial conditions can be mapped to a point (t0, K) on a co-

ordinated parameter surface illustrated in Fig. 3.3(b). The surface runs along the

chaotic trajectory developing from an initial condition (x0, y0) for the uncontrolled

system and is extended in the direction of K-axis. Classification of points on the

surface with resultant steady states enables systematic investigation of the depen-

dence on initial conditions. Figure 3.3(c) is a schematic diagram of a part of

the surface made flat for simplicity of visualization. A (σ0, K)-plane covers the

(t0, K)-surface over the θ0-th period, where θ0 is a non-negative integer measured
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Figure 3.3: A schematic diagram of convergence to coexisting orbits (a) and initial
conditions embedded in parameter surface (b) / plane (c) with respect to onset
time and feedback gain. As shown in (a), the target orbits exist in the original
two-dimensional phase space. In contrast, the coexisting orbits are stabilized in
function space with significant control input. A surface in (b) displays a chaotic
trajectory generated by the uncontrolled system; the surface is extended in the
direction of feedback gain axis. An initial condition at the onset time t0 under
the feedback gain K is related to a point (t0, K) in the surface. (c) shows (σ0, K)-
plane which covers (t0, K)-surface from t0 = θ0T to t0 = (θ0+1)T where θ0 is non-
negative integer and σ0 is included in [0, T ). A Gaussian-like curve in (c) shows
a schematic diagram of perturbation employed for modifying initial conditions in
Chapter 4.
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by the period of the sinusoidal external force. σ0 denotes the onset phase defined

for the sinusoidal forcing and thereby is included in [0, T ). It is noted that, if the

span of onset time of control is sufficiently large, one can expect that the corre-

sponding series of (σ0, K)-planes cover the whole of the original chaotic attractor

in the sense that any chaotic trajectory visits arbitrarily close to a given point on

the chaotic attractor in finite time. It is also mentioned that the (σ0, K)-plane can

be associated with the sensitivity of the dependence on initial conditions. An ini-

tial condition is slightly modified for each small shift of onset timing. All initial

conditions are different due to the non-periodic oscillation before turning on the

control.

Steady states obtained by control are classified by tones shown in Fig. 3.4. It

is noted that the same tone is used for the steady states with the same period for

simplicity of figures. In particular, convergence to the two target orbits 1I and 1I′

are here denoted by the same toned point, whereas they are distinguished in the

later chapter.

3.2.2 General features

The first thing to do is to grasp a general feature of the parameter planes with

neglecting fine structures discussed later. The feature is here described only for the

TV1 case, but one can observe the same feature in the other two cases. Figures 3.5

shows a series of (σ0, K)-planes in the TV1 case: the two-well Duffing system

with velocity feedback control at (δ, A) = (0.3, 0.34). The span of onset time

of control covers from θ0 = 12 to θ0 = 23, i.e. the 12-th period to 23-rd with

respect to the sinusoidal external forcing. The extraction for θ0 = 18 is expanded

as Fig. 3.6. There seems to be roughly two different areas. The largest dominant

region denotes the set of onset times and feedback gain values where the state of

the controlled system converges to one of the target period-T orbits. The target

orbits are, in fact, stable under feedback gain sufficiently large. The existence of

this large domain proves the ability of the time-delayed feedback control and its

robustness to onset times, or initial conditions. On the other hand, the solution
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Figure 3.4: Classification of tones with period of steady states in onset time and
feedback gain parameter space defined in Fig. 3.3. Each tone denotes convergence
to a period-nT orbit.

can never be expected to converge to a target orbit in the black area below the

dominant region. This implies the controlled system is chaotic under control. The

reason is simply that the feedback gain is too low to change the stability of the

target orbits. This domain is not useful from the view point of controlling chaos

and will not focused later of this section.

3.2.3 Convergence to coexisting orbits

The general feature described above confirmed that robustness of the stabilization

to the onset timing, or initial conditions, as was suggested by many experimental

results. There is, however, an important feature that has not been discussed in

detail previously. One can see convergence to other periodic orbits, not the target

orbits, often occurs in specific ranges of feedback gain. For example, one clearly

recognizes the convergence to period-3T orbits at K = 0.935, period-6T orbits

within the interval 0.9 . K . 0.93, period-5T orbits at K = 0.675 and so on.

The orbits with longer periods, or possessing subharmonic frequency components,

coexist with the target orbits in the controlled system. Figure. 3.7 displays various

coexisting orbits observed in the steady state of the TV1 case.

The same situation arises also in the TV2 case: the two-well Duffing sys-

tem with velocity feedback control at (δ, A) = (0.16, 0.27). The convergence

to period-6T orbits is observed for 1.015 . K . 1.035, period-12T orbits at

K = 1.01 and so on, as shown in Fig. 3.8 and Fig. 3.9. These coexisting orbits

become stable within ranges of feedback gain inherent to each orbit. Once a con-

trolled system converges to a stable coexisting orbit, an additional external force
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(c) period-12T at K = 0.892
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Figure 3.7: Coexisting orbits obtained in the TV1 case.
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or re-activation of control are requested to make the controlled system go toward

a target state. Convergence to coexisting orbits, therefore, implies the failure of

control from the viewpoint of controlling chaos.

Convergence to coexisting orbits is also recognized, even when the control

method is implemented in another way. Figure 3.10 shows (σ0, K)-planes in the

TD1 case i.e. the two-well Duffing system with displacement feedback control at

(δ, A) = (0.46, 0.4). Figure 3.11 is a part of the parameter plane extracted from

Fig. 3.10. There are many initial conditions toward coexisting period-6T orbits at

K = 0.28. The convergence to coexisting period-4T, 8T , and 16T orbits is ob-

served at K = 0.335, 0.32, and 0.315, respectively. Since both the velocity feed-

back control and displacement one are implemented without any dependence on

the specific information of the two-well Duffing system, one can at least conjec-

ture that convergence to coexisting orbits is not limited phenomena to a particular

implementation of the control method.

In this section, convergence to coexisting orbits has been investigated for the

controlled two-well Duffing systems. The multiple steady states emerge within

certain ranges of feedback gain due to the presence of stable coexisting orbits in

the controlled systems. In such ranges, control may fail, because the controlled

trajectories converge to coexisting orbits. The convergence to coexisting orbits is

commonly observed in the three different cases. This implies that the application

of control substantially effects the stability of the coexisting orbits.

3.3 Bifurcation analysis of coexisting orbits

As observed in the Section 3.2, each coexisting orbit seems to have its own stabil-

ity range for feedback gain. One thing that should be phenomenologically noticed

is that a coexisting orbit suddenly disappears at the upper limit of the range and

then no multiple steady state presents in the controlled systems. Another is that, at

the lower limit, a coexisting orbit loses stability and then another coexisting orbit

newly appears. Bifurcation theory is employed to clarify mechanisms for the sud-
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den disappearance and stability loss. The same bifurcation scenario is observed in

the different coexisting orbits mentioned in the previous section. The bifurcation

of the coexisting period-3T orbits in the TV1 case is therefore overviewed as a

typical case in this section.

3.3.1 Generation and annihilation by saddle-node bifurcation

Figure 3.12(a) shows a one parameter bifurcation diagram and related branches

of the coexisting period-3T solution in the TV1 case. The bifurcation diagram

is shown by light gray points, which are stroboscopic plots of displacement x by

the fundamental or excitation period-T . The diagram is obtained by monotonous

increase and decrease of feedback gain swept from K = 0.935, at which the coex-

isting orbit was obtained as a steady state from a particular onset time of control.

A geometry of the coexisting orbit at K = 0.935 is found as the orbit in the right

side of Fig. 3.7(a). The black and gray curves denote solution curves of the coex-

isting node and saddle later described.

When the feedback gain is increased monotonously from K = 0.935, the lo-

cation (and also the geometry) of the coexisting orbit is gradually changed and its

stability is maintained. The coexisting orbit, however, suddenly disappears, when

the feedback gain reaches the upper limit of its stability range. This is caused

by the saddle-node bifurcation. The bifurcation point is numerically estimated as

K = 0.9382 and denoted by SN in Fig. 3.12(a). The coexisting orbit loses its

stability at the bifurcation point and simultaneously coalesces with another peri-

odic orbit, which has the same period, but is unstable. The stable coexisting orbit

and related unstable one is called node and saddle, respectively, according to the

standard notation. As shown in Fig. 3.12(b), a pair of characteristic multipliers

of these two orbits visit to unity along the real axis, before their annihilation at

the bifurcation point. One of the two for the saddle approaches the unity from the

outside of the unit circle and the other for the node from the inside. The coexisting

node and saddle are, of course, generated at the same point if the feedback gain

is decreased from larger feedback gain. The coexisting node and saddle then no
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Figure 3.12: Bifurcation diagram for period-3T coexisting orbits in the TV1 case.
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longer exist in the controlled system and therefore only the target orbits remain

possible steady states after the bifurcation occurs. The saddle cannot emerge as

a steady state. The node is the stable coexisting orbit which has been seen as a

steady state previously.

3.3.2 Stability loss by period-doubling bifurcation

The second thing to do is to decrease the feedback gain from K = 0.935. One can

then see that the coexisting node lose its stability and bifurcate to period-6T orbit

in Fig. 3.12(a). Each of the three solution curves emanating from the saddle-node

bifurcation point newly generates a pair of branches at K = 0.9339. A geometry

of the generated period-6T orbit at K = 0.92 is shown by curves in the right side

of Fig. 3.7(b). The stability loss is caused by the period-doubling bifurcation. One

of the characteristic multipliers passes through −1 on the unit circle from inside to

outside in this process, as shown in Fig. 3.12(c). The period-doubling bifurcation

then successively occurs, as feedback gain continues to decrease. A period-12T

coexisting orbit and period-24T one are yielded, as shown in Figs. 3.7(c) and

3.7(d).

3.3.3 Period-doubling route to chaos and its sudden destruc-
tion

The coexisting chaotic attractor follows after accumulation of the period-doubling.

Once the coexisting chaotic attractor is generated, the chaotic attractor is kept if

the feedback gain is slightly decreased. The chaotic attractor is, however, sud-

denly destroyed as feedback gain continues to decrease. The multiple steady states

then no longer present in the controlled system unless other coexisting orbits ap-

pear again. Although the mechanism of the destruction cannot be clarified in this

dissertation, one suggestive observation is that the chaotic attractor is destroyed

when the bifurcation diagram collides with one of the branches of the saddle in-

side black circle in Fig. 3.12(a). The situation is consistent to a typical scenario
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observed that in low dimensional systems firstly illustrated by Ott, Grebogi and

Yorke [127, 128]. According to their paper, a chaotic attractor and its domain of

attraction is suddenly destroyed with boundary crisis; a chaotic attractor collides

with an unstable orbit which is on the boundary of the domain of attraction of the

chaotic attractor. The possibility of boundary crisis in function space is thereby

not excluded, but it is difficult to confirm the collision of the chaotic attractor

having finite volume in the infinite dimensional phase space.

3.4 Origin of coexisting orbits

A remaining question on the coexisting orbits is where the nodes and saddles come

from. The answer is that they originate from unstable periodic orbits embedded

in the original chaotic attractor.

This is concluded by Fig. 3.13(a), which traces the unstable coexisting period-

3T nodes and saddles analyzed so far. The solution curves are obtained by nu-

merically identifying the unstable periodic orbits with decreasing the feedback

gain from the saddle-node bifurcation point to zero. Black and gray curves denote

solution curves of the node and saddle, respectively. The solution curves of the

saddle collide with those of the node because of the saddle-node bifurcation at the

upper limit of stability range, as mentioned before. In the opposite side, all the

curves extend to K = 0 without vanishing from the phase space. Although the

extending curves can correspond to the orbit located outside the original chaotic

attractor, Figures 3.15 and 3.14 clearly prove the orbits of the traced nodes and

saddles are truly included in the original chaotic attractor. One can simultane-

ously check that the characteristic multipliers converge to zero except the two

multipliers, as the feedback gain is decreased. Since the controlled system be-

comes two dimensional, only the two multipliers are kept substantial and remain-

ing ones degenerate to redundant ones. The two multipliers of the node converge

to −84.16 + i0 and −0.000095 + i0. The nodes therefore coincide with inversely

unstable period-3T orbits embedded in the chaotic attractor. As for the saddles,
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the multipliers become 247.7 + i0 and −0.000007 + i0, showing that they arise

from directly unstable period-3T orbits.

3.5 Concluding remarks

In this chapter, we have discussed the multiple steady states arising in the con-

trolled two-well Duffing systems. The three different controlled systems were

examined and they are different in system parameters and implementation of the

control method. The possibility of multiple steady states is important in practice,

because controlling chaos may fail due to the presence of stable coexisting or-

bits. Stabilization of the target orbits is, in fact, not robust to initial conditions in

many ranges of feedback gain. Onset timing determining initial conditions there-

fore plays a governing role to make the control succeeded. Bifurcation analysis

of the coexisting orbits revealed a typical scenario of annihilation by the saddle-

node bifurcation and period-doubling route to chaos. Numerically confirmed their

persistence for feedback gain clarified the multiple steady states are caused by

the stabilization of non-target unstable periodic orbits embedded in the original

chaotic attractor. The non-target orbits persist against increasing control input

by changing their geometries and stability, but are finally annihilated by saddle-

node bifurcation under large feedback gain. Among the non-target orbits, only

the inversely unstable periodic orbits can be stabilized under particular range of

feedback gain. It should be emphasized that the multiple steady states arising

here are caused by control input. Although the multiple steady states are often

observed in the uncontrolled two-well Duffing system [113], the applied control

input was not too large to drive out the controlled trajectories to outer regions.

It is also noted that the bifurcation of the target orbits was not discussed in this

chapter. This topic is, however, important for understanding the global dynamics

of the controlled system. The appendix below is thus devoted to summarizing the

bifurcation of the target orbits in the controlled two-well Duffing system.
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Figure 3.16: Bifurcation diagram of target orbit 1I in the TV1 case.

Appendix to bifurcation of target orbits

As an example, a one-parameter bifurcation diagram of the target orbit 1I is shown

by gray points in Fig. 3.16 for the TV1 case. Stability of the target orbit is lost

by the period-doubling bifurcation at K = 0.6448 and then a period-doubling

sequence to chaos occurs, as feedback gain is decreased monotonously. Hikihara

et al. experimentally found the same fact in the controlled magnetoelastic beam

system [124]. As feedback gain is further reduced, the global phase structure

in function space seems to be changed and finally the original chaotic attractor

is recovered at K = 0. The detail of this topic is discussed in Chapter 5. A

black dotted line denotes the target orbit in Fig. 3.16. In contrast to the coexisting

orbits, the existence, location, and geometry of the target orbits are maintained for

any feedback gain. Only the stability is changed due to the control input. It is

noted that the target orbits can be made unstable by too large feedback gain. In

the TD1 case, stable quasi-periodic orbits are generated by the Neimark-Sacker

bifurcation of the target orbits (See, Fig. 6.2 in Chapter 6).
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Chapter 4

Domain of attraction for target
orbits and its boundary structures

The multiple steady states encountered in Chapter 3 limit the size of domain of

attraction for target orbits, which is characterized by the structures of the infinite

dimensional phase space. In this chapter, we discuss the domain of attraction

for target orbits especially focusing on its boundary structures in function space.

Sensitive dependence of steady states on onset timing motivates us to examine fea-

tures of the boundary structures. A series of external disturbances are given to ini-

tial conditions near the boundaries. The perturbation to initial conditions reveals

that the domain of attraction possibly has self-similar structures in its boundaries.

4.1 Sensitive dependence on initial conditions

The starting point of this chapter is placed at a more careful observation of the

parameter planes already defined and discussed in Chapter 3. The existence of

coexisting orbits was shown in the different controlled two-well Duffing systems.

One thing worth discussing here is a difference in the distribution of the points

which denote convergence to coexisting orbits. Since the parameter planes were

defined with respect to onset time, the distribution gives a clue to dependence on

initial conditions in function space. An initial condition is slightly modified for
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each small shift in the direction of t0-axis of the parameter plane.

The first example is found in the TV1 case, where one can see the points to the

coexisting orbits clustered within the interval of feedback gain 0.9 . K . 0.935

of Fig. 3.6. The same kind of distribution is also observed in Fig. 3.5 for θ0 =

14, 15, 18, 19, 20, 22 and 23. The clustered distribution suggests that the con-

trolled system has robustness to initial conditions in the sense that the solutions

go to the same coexisting orbit when the onset timing is slightly shifted. In con-

trast, the points to coexisting orbits are scattered within 1.015 . K . 1.035 as for

the TV2 case, as shown in Fig. 3.8 and Fig. 3.9. The steady state obtained by con-

trol alternates between the target orbits and coexisting ones, sensitively depending

on small modification of initial conditions.

The observation above implies a difference in the robustness, or sensitivity,

of the dependence on initial conditions. The scattered distribution, in particular,

seems to reflect sensitive dependence on initial conditions, which often suggests

the existence of chaotic dynamics in a dynamical system. The result of control

is then unpredictable against the purpose of the controlling chaos; however, no

discussion has been found so far [63]. The domain of attraction is a quite impor-

tant characteristic of controlled systems, because its size and structure govern the

robustness to noises and external disturbances.

4.2 Boundary structures

4.2.1 Perturbation to initial conditions

Since the dependence on initial conditions must reflect boundary structures of

the domain of attraction, it is reasonable to focus on initial conditions near the

boundaries. Figure 4.1 illustrates the idea to examine boundary structures near

an initial condition in function space. An initial condition near a boundary is

selected from a point in a parameter plane calculated in Chapter 3. A perturbation

is then given to the selected initial condition to generate many different initial

conditions near the boundary. Systematic estimation of the effect of perturbation
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Figure 4.1: A schematic diagram of the method employed to examine boundary
structures of domain of attraction. (a) shows a part of the parameter plane de-
fined in Chapter 3. An initial condition is selected from the parameter plane and
then perturbed by an external disturbance. A function for the perturbation has
Gaussian-like shape in the direction of time and is parameterized by maximum
variation of displacement ρ, its center µ, distribution s. Steady states for perturbed
initial conditions are classified in a parameter plane with respect to (µ, ρ).

on the convergence provides us substantial information of the domain of attraction

in function space.

An external vector disturbance ε(Θ) =
[

ε(Θ), ε̇(Θ)
]T

, −τ ≤ Θ ≤ 0 is here

considered to perturb a selected initial condition φt0(Θ) = φ(t0 + Θ), which is a

segment of a chaotic trajectory arising just before onset time t0 and coordinated

by Θ ∈ [−τ, 0] with reference to the onset time t0. Each component of the pertur-

bation is defined in the same coordinate as follows:
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The displacement component ε(Θ) has a Gaussian-like shape in the direction of

time axis. The perturbation ε(Θ) is physically interpreted as a small force is exter-

nally given to the mechanical oscillator in a period just before onset of control. ρ

is the amplitude of the perturbation and works as a good indicator of the variation

from the original initial condition. The time scale of the variation is given by s

and s is fixed at τ/2 = T/2 in the present paper to suppress too fast velocity vari-

ation. The perturbation is evaluated at every center of displacement variation µ

with introduction of the (µ, ρ)-space. Each point in the (µ, ρ)-space corresponds

to an initial condition perturbed by different amplitude and center. Classification

of points in the (µ, ε)-space with resulting steady states allows us to discuss the

structures of domain of attraction around the selected initial condition. It is noted

that the perturbed initial conditions φt0+ε cannot be generated by the uncontrolled

system without external disturbance. This is because ε does not have a uniform

approximation by the linear combination of exponential solutions in general. One

cannot expect that ε satisfies the variational equation of the original systems.

4.2.2 Structures far from boundary

There should be no perturbation to change a steady state if a selected initial condi-

tion is located away from the boundaries of the domain of attraction. This seems

to be trivial but has to be checked to validate the proposed method before proceed-

ing to examine boundary structures. We here choose an initial condition pointed

by an arrow in the left side of the Fig. 3.6. The pointed initial condition is ob-

tained when control is activated at t0 = 0.8T + 18T . The feedback gain is here

adjusted at K = 0.92, at which the coexisting period-6T orbits exist as mentioned

in Section 3.2.3. The initial condition seems to lie apart from the boundaries of

the domain of attraction, because no point to coexisting period-6T orbits is present

near the selected initial condition. The steady state corresponding to the selected

initial condition is therefore expected to have robustness to external disturbance

to the controlled system. Figure 4.2(a) shows the domain of attraction around this

initial condition in the (µ, ρ)-space. One can see that no boundary appears and
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Figure 4.2: Domain of attraction on (µ, ρ)-space in the TV1 case. Dark and light
gray points denote convergence to target period-T orbits and coexisting period-
3T ones, respectively. (a) and (b) are obtained around initial conditions pointed
by arrow in the left side and the right side in Fig. 3.6, respectively. (c) displays
enlargement of boundaries within a rectangular area in (b).
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the domain is completely governed by convergence to a target orbit, as shown by

black points. The external disturbance has no influence on results of control.

4.2.3 Smooth boundary structures

The next initial condition to be perturbed is pointed by an arrow in the right side of

Fig. 3.6. The point lies close to the one to a coexisting period-6T orbit in contrast

to the previous selection. The pointed initial condition is therefore expected to be

near the boundaries between the domain of attraction for the target orbit and for

the coexisting one. One can, in fact, confirm that the domain of attraction around

this initial condition is found to have clear boundaries as shown in Fig. 4.2(b). The

boundaries smoothly curve from right side to top. An important feature is that a

part of the boundaries is clearly enlarged as shown in Fig. 4.2(c). No additional

boundaries appear in the enlarged region. It is obvious that this simple structure

cannot yield the sensitive dependence on initial conditions opposite to the next

case.

One additional thing is that the observed boundaries are concentrated around

µ = 0 and no one is found around µ = −τ. The boundaries smoothly curving from

right side to top right suggests that the steady state is governed by the state of the

system at onset time. The past state is not dominant factor to determine the steady

state in the present setup, since the perturbation with µ near zero has little effects

on φt0(0) i.e. the current state.

4.2.4 Self-similar boundary structures

The boundaries in Fig. 4.3 have a self-similar structure quite contrast to the pre-

vious smooth boundaries. An initial condition is selected from Fig. 3.9. The se-

lected initial condition is indicated by an arrow in Fig. 3.9. Around the arrow, the

point to coexisting period-6T orbits are scattered. The boundaries exhibit rough

curves in distinction to the previous smooth case in Fig. 4.2(b) and Fig. 4.2(c).

More precisely, many fine striped structures run along each of the boundaries.
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Figure 4.3: Domain of attraction on (µ, ρ)-space in the TV2 case. Dark and light
gray points represent convergence to target period-T orbits and coexisting period-
6T ones, respectively. (b) and (c) are enlargement of rectangular areas in (a)
and (b), respectively. They show self-similar structures around initial condition
pointed by an arrow in Fig. 3.6(b).
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The self-similarity of the boundaries is confirmed by enlarging the fine stripes.

When one enlarges a part of the stripes, the same fine stripes appear again, as

shown in Fig. 4.3(b). A part of this enlarged domain also have the same structure,

which is found by enlarging again, as displayed in Fig. 4.3(c). Self-similar struc-

tures are yielded in the phase space of chaotic dynamical systems in general. The

difference is that the domain of attraction is here defined in function space apart

from the target orbits. More precisely, the (µ, ρ)-spaces represent the domain of

attraction around the selected initial condition along the temporal axis. The self-

similarity in the (µ, ρ)-spaces implies the sensitive dependence of steady states on

amplitude and timing of small external disturbance to the selected initial condi-

tion. The controlled system therefore loses the robustness for the initial condition.

The global structure governing the system cannot be simple in function space.

Figure 4.4 shows a self-similar structure in the TD1 case. We examine the

domain of attraction near the initial condition pointed by an arrow in Fig. 3.11.

Many fine stripes are found along the boundaries from lower left to right side in

Fig. 4.4(a). The enlargement of a part of the stripes displays fine striped structures

again, as shown in Fig. 4.4(b). On the other hand, there is a difference from

the previous case that smooth boundaries are partly observed in the upper left of

Fig. 4.4(a). The enlargement also shows smooth boundaries as compared with the

previous rough case of Fig. 4.3. It seems that the self-similarity is truncated or

localized in function space.

The above self-similar structures reveal the convergence to target orbits sensi-

tively depends on initial condition in function space. In other words, successful

prediction of controlling chaos is difficult before the control is achieved. It is

clearly understood that this unpredictability is a disadvantage for engineering use

of the control method, though no detailed discussion for the characteristics has

been obtained.
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Figure 4.4: Domain of attraction on (µ, ρ)-space in the TD1 case. Dark and light
gray represent convergence to target period-T orbits and coexisting period-6T
ones, respectively. (b) is enlargement of rectangular area in (a). They displays
self-similar structures around the initial condition pointed by an arrow in Fig. 3.11.

4.3 Boundary structures and selective stabilization
of two target orbits

The two-well Duffing system has the two target orbits denoted by 1I and 1I′ due

to its symmetry, and they have not been explicitly distinguished in the foregoing

discussion. The domain of attraction for each of the orbits is important, when one

has to specify one of the two as a unique target in advance of control. Both 1I and
1I′ are stable in the controlled system, since the control method itself has no ability

to make one stable and keep the other unstable without any additional strategy.

The problem is from where to choose an appropriate initial condition in function

space to achieve convergence to the prespecified orbit. The more fundamental

is whether such a choice is possible or not. This section seeks a clue to these

problems by applying the same approach to the TV1 and TV2 cases.

Figure 4.5(a) shows the classification of stabilized orbits for θ0 = 15 in the

TV1 case. An additional dark tone classifies convergence to 1I (dark gray) and that

to 1I′ (light gray). One can clearly see a boundary of the two areas. The steady

state is dominant by 1I in the left dark gray area. On the other hand, the steady
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Figure 4.5: Classification of stabilized orbits ((a)) and domain of attraction ((b))
in the TV1 case. In (a), classification distinguishes two symmetric target orbits
with additional dark tone. (b) is obtained around the initial condition pointed by
the arrow in (a).

state is changed to 1I′ in the right light gray region. The boundary is smooth and

no qualitative difference is shown between high and low amplitude of feedback

gain. The smoothness reflects the structure of the domain of attraction shown

in Fig. 4.5(b). The domain is obtained around the initial condition pointed by

an arrow in Fig. 4.5(a). No qualitative difference is shown, corresponding to the

(σ0, K)-plane. The structure in the boundary region keeps its smoothness, as

feedback gain is varied.

On the other hand, a completely different situation arises in Fig. 4.6(a) show-

ing the classification for θ0 = 18 in the TV2 case. The classification in the area of

large feedback gain has a smooth boundary between convergence to 1I′ and that

to 1I. The boundary, however, loses its smoothness as the feedback gain is de-

creased. One can see that the points to 1I′ and 1I are finely mixed in the low area.

The situation is made more clear in the domain of attraction on the (σ, µ) space.

Figure 4.6(b) shows a smooth boundary of the domain near the initial condition

selected at (t0, K) = (0.94T + 18T, 1.1). No complicated structure is observed
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Figure 4.6: Classification of stabilized orbits ((a)) and domain of attraction ((b),
(c), and (d)) in the TV2 case. In (a), classification distinguishes two symmetric
target orbits 1I and 1I′ with additional dark tone. (b) is obtained at K = 1.1 around
initial condition at t0 = 0.94T + 18T pointed by an arrow in (a). A boundary is
smooth and no additional structure is seen. (c) is domain of attraction for K = 0.75
and t0 = 0.8T + 18T . (d) displays enlargement of rectangular area in (c). (c) and
(d) show stabilized states almost randomly alternate between 1I and 1I′ by external
disturbance or noise.
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in this case. In contrast, Fig. 4.6(c) reveals a completely different structure in the

boundary. The points to 1I′ and 1I are mixed and the same structure holds even

in an enlargement shown in Fig. 4.6(d). This mixed structure is obtained near the

particular initial condition corresponding to (t0, K) = (0.8T+18T, 0.75) indicated

in Fig. 4.6(a); however, one can easily understand that Fig 4.6(a) has the mixed

structure covering over the whole onset time of control in the area of low feed-

back gain. It is therefore inevitable that the steady state of the controlled system

almost randomly alternate between 1I and 1I′ depending on onset timing of control

and influence of external disturbances. This also suggests that the global dynam-

ics in function space is much more complicated than expected in many previous

literatures.

In this section, we have discussed the domain of attraction for the target or-

bits with additional classification of 1I and 1I′. The results show the domain of

attraction possibly has a very complicated structure causing super high sensitive

dependence on initial conditions. It is therefore so difficult to select one of the

target orbits as the steady state before starting control.

4.4 Concluding remarks

In this chapter, domain of attraction in function space has been investigated by

perturbation to the initial conditions near the boundaries. The numerical results

suggested that the existence of chaotic dynamics in function space, going beyond

the scope of the conventional approach using linearization techniques. The initial

conditions, of course, have infinite degrees of freedom to be changed; nevertheless

the Gaussian-like perturbation gave a clue to discuss how the convergence to the

target orbits depends on the past state of the system. The domain of attraction in

the parameter plane showed that steady states depend on initial conditions in dif-

ferent ways. In particular, the self-similar structures in the boundaries explained

the sensitive dependence on initial conditions related to the scattered distribution

of points to coexisting orbits. The self-similar structures also imply that conver-
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gence to the targets, or success of control, sensitively depends on onset time of

control and external disturbance to controlled systems from the practical view-

point. Another quite complicated structure was clarified in Section 4.3 related

to the selective stabilization of the two target orbits. The boundary between the

two domains reveals that the targeting scheme based on linearization does not

work well. It should be emphasized that one has to take global dynamics of the

controlled systems into account. The exact model of a chaotic system is often un-

known in practical situation and thereby one possibly activates control apart from

the neighborhood of the target orbits. The controlled dynamics is then governed

by the global phase structure instead of the stability given to the target orbits. In

the next chapter, we continue to investigate the global dynamics of the controlled

systems.
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Chapter 5

Global structures and related
control characteristics

This chapter presents a detailed investigation on the global phase structure of the

controlled two-well Duffing system. We discuss a qualitative change of the global

phase structure and clarify controllability of the target orbits from the viewpoint

of the global dynamics. A global unstable manifold of a periodic orbit focused on

throughout this chapter provides a clue to the global phase structure in function

space. In particular, we reveal the mechanism behind the difficulty in the selective

stabilization of the two target orbits found in Chapter 4. Persistence of the original

chaotic dynamics complicates boundary structures of the domain of attraction and

transient dynamics. An improved control performance is also discussed based on

the global phase structure greatly simplified under large feedback gain.

5.1 Unstable manifold and global dynamics

One can easily imagine that the full nonlinear dynamics in function space is ex-

tremely difficult to investigate in general due to its high dimensional nature. Clar-

ification of finite dimensional unstable manifolds and infinite dimensional stable

ones are required to achieve the complete description of the global phase struc-

ture. One possible way to understanding the controlled dynamics is therefore to
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Figure 5.1: Unstable manifold of 1D (projection on two dimensional stroboscopic
plane) in the TV1 case. In (a) and (b), target orbits are unstable and chaotic attrac-
tor is generated, as shown by gray stroboscopic points.

concentrate on dynamical structures which play a governing role in the global dy-

namics in function space. A one-dimensional global unstable manifold is here

focused on, because this unstable manifold is expected to provide substantial in-

formation on the global phase structure in function space. One should keep in

mind that the unstable manifold maintains its existence and dimension even under

control input due to the odd number condition. Conventional numerical tech-

niques can apply to calculation of the unstable manifold in function space. The

same approach has been used recently in analysis of a laser system modeled by a

difference differential equation [129].

The original two-well Duffing system is a good starting point of the investiga-

tion, because control input can be treated as a perturbation to the original system.

The original dynamics was fully captured numerically and analytically in the pre-

vious literatures. The global dynamics of the two-well Duffing system was firstly

investigated by Moon and Holmes [14], and subsequently reconfirmed and ex-

tended greatly by Ueda et al. [113]. A governing role in the global dynamics is

played by the directly unstable periodic orbit denoted by 1D in Fig. 2.3. Since

the stable and unstable manifolds of the orbit generate a homoclinic intersection
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Figure 5.1(Continued): In (c) and (d), targets are stable and stroboscopic points
show transient behavior before convergence to a target orbit. Notation of target
orbits are changed to 1S and 1S′ for their stability change. Arrows in (c) and (d)
indicate the same stroboscopic point at which the control is activated.

in the cross section induced by stroboscopic mapping with period-T , a chaotic

invariant set exists in the original system. The closure of the unstable manifold

coincides with the chaotic attractor, in which the target orbits and 1D are embed-

ded. One can, in fact, check this in Fig 5.1(a), where the unstable manifold and

the chaotic attractor are shown in the TV1 case at K = 0. The system examined is

formally identical to the controlled system at zero feedback gain. One can easily

confirm that the closure of the unstable manifold coincides with the chaotic at-

tractor shown by gray stroboscopic points. The chaotic invariant set exists at this

stage, since the unstable manifold of 1D transversely intersects the stable manifold

of 1D [14,113], as mentioned above. The regions of phase space are stretched and

folded along the unstable manifold with its temporal evolution.

Once control is activated under K > 0, the original dynamics is perturbed by

control input. The dimension of the system is then increased from the original

two to infinite due to the presence of delayed input. On the other hand, the global

phase structure itself is still governed by the unstable manifold of 1D because

of the odd number condition. The dynamical property of 1D does not change

under control input, that is, 1D keeps a unique real characteristic multiplier greater
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than unity without any additional unstable multipliers for K > 0. As a result,
1D keeps the global unstable manifold tangent to the one-dimensional unstable

subspace of 1D under control input. Figure 5.1(b) shows the unstable manifold at

K = 0.3, where the target orbits are still unstable and then the chaotic attractor

is generated under control input. One can clearly see that the unstable manifold

inherits the global stretch and fold structure from the original unstable manifold at

K = 0. The two branches of the unstable manifold initially develop in the opposite

direction each other. Both branches are, however, folded and then come close to
1D again parallel to themselves. The regions of the phase space are stretched

around 1D and folded around the left and right sides in Fig. 5.1(b) with temporal

evolution, as was observed in Fig. 5.1(a) at K = 0. The difference is that the

unstable manifold is here projected from the function space to the original two

dimensional stroboscopic plane. This is the reason that the unstable manifold

appears to intersect itself.

The two target orbits 1I and 1I′ are made stable by further increasing feedback

gain. The unstable manifold at K = 0.7 is shown in Fig. 5.1(c). The stabilized

target orbits are here denoted by the 1S and 1S′, respectively. It seems that the

global chaotic dynamics no longer exists in the controlled system, since neither

global stretch and fold are observed nor return of the unstable manifold parallel

to itself is found. The homoclinic intersection is broken, and stretch and fold

are localized near the target orbits. The two branches developing from 1D stay

around the different target orbits under the effects of the localized stretch and fold.

The localization implies that the controlled trajectories driven along the unstable

manifold has no possibility to approach the target orbit in the opposite side from

their initial region.

The global phase structures is finally changed completely from the previous

three cases. A clear picture of this situation is exemplified by the unstable mani-

fold at K = 1.0 shown in Fig. 5.1(d). A quite simple structure is obtained as com-

pared with structures in Fig. 5.1(a), Fig. 5.1(b), and Fig. 5.1(c). Neither global

nor local stretch and fold are observed. The two branches converge to the differ-
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ent target orbits, twisting around them, under no influence of stretch and fold. It

is therefore evident that some global bifurcations break up the homoclinic inter-

section and subsequently destroy the localized stretching and folding structures.

This section has overviewed the qualitative changes of the unstable manifold

of 1D. The first clear image was given as to how the control input works on the

global phase structure in function space. The original structure causing chaotic

dynamics is destroyed and then simplified, as feedback gain is increased. The

scenario is here illustrated as a typical one using the TV1 setup with varying the

feedback gain. The same scenario is observed in other parameter setups and also

in the Duffing system [130]. This suggests the scenario is generalized to a certain

class of dynamical systems. The detail of this topic is discussed in Chapter 6.

5.2 Persistence of chaos with stable targets

The previous section has shown that control input changes the global phase struc-

ture as well as the stability of the target orbits. It is then expected that a controlled

trajectory quickly converges to one of the target orbits, if the feedback gain is suf-

ficiently large to give stability to the targets and also vanish the original chaotic

dynamics. One interesting question arising here is that how the controlled system

behaves if the target orbits are locally stabilized but the original chaotic dynam-

ics persists against control input. In this section, this question is discussed by

applying the same approach to the TV2 case.

Figure 5.2 displays the unstable manifold of 1D. One can easily check the co-

incidence of the unstable manifold with the original chaotic attractor at K = 0.0

in Fig. 5.2(a) and the chaotic attractor is then inherited by the perturbed dynam-

ics at K = 0.3 in Fig. 5.2(b). The target orbits are unstable in both cases. As

the feedback gain is further increased, the two target orbits become stable. There

is, however, a crucial difference from the previous TV1 case in that the unstable

manifold still keeps the stretch and fold structure. Figure 5.2(c) shows the un-

stable manifold for K = 0.75 slightly over the threshold value for the stability
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Figure 5.2: Unstable manifold of 1D (projection on two dimensional stroboscopic
plane) in the TV2 case. In (a) and (b), target orbits are unstable and chaotic at-
tractor is generated, as shown by gray stroboscopic points. In (c) and (d), targets
are stable and stroboscopic points show transient behavior before convergence to
a target orbit.

change. The two branches of the unstable manifold start from 1D in the opposite

direction from each other. They are, however, folded and then come close to 1D

again parallel to the branches themselves. The branches further grow in the oppo-

site direction from each other. The regions of phase space are stretched near 1D

and then folded around the left and right hand sides in Fig. 5.2(c) with the tem-

poral evolution. This implies that the phase space inherits the characteristics that

produce the chaotic dynamics for K = 0 and K = 0.3, while the original chaotic

attractor is destroyed because of the stability change of the target orbits. By the

same approach, we can confirm the same scenario as in the previous section. The

homoclinic intersection is destroyed and the completely simplified unstable man-

ifold connects the target orbits and 1D, as shown in Fig. 5.2(d).

This section presented a quite interesting case where the original chaotic dy-

namics can coexist with target orbits are stable. These results indicate that the con-

trolled dynamics exhibit completely different behavior depending on the global

phase structure. In the next section, influences on control performance are dis-

cussed.
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Figure 5.2(Continued): In (c) and (d), targets are stable and stroboscopic points
show transient behavior before convergence to a target orbit. Notation of target
orbits are changed to 1S and 1S′ for their stability change. Arrows in (c) and (d)
indicate the same stroboscopic point at which the control is activated.

5.3 Influence on control performance

From the viewpoint of control, it is expected that controlled trajectories quickly

converge to a target orbit selected preliminarily. However, when the chaotic dy-

namics persists against the control input, the trajectories wander irregularly be-

tween 1S and 1S′ along the unstable manifold even when the target orbits become

stable. In Fig. 5.2(c), we can confirm this by the fact that a trajectory after onset

of control is driven along the unstable manifold, as shown by stroboscopic points.

Figure 5.3 shows the resulting temporal change of displacement x and control in-

put u. One can see that the controlled trajectory irregularly goes back and forth

between 1S and 1S′ many times, before it eventually converges to 1S.

The steady states obtained by the control are not predictable due to this long

and irregular transient behavior. Figure 5.4 shows classification of stroboscopic

points by the steady states. Each of the classified stroboscopic point here de-

notes the state of the system at the onset time of control, which was taken every

period-T so that each of the chosen state is on the stroboscopic plane. The stro-

boscopic points correspond to different initial conditions including the state at the

73



onset time. Different initial conditions for controlled dynamics were determined

at every onset time, depending on a segment of a chaotic trajectory generated just

before the onset. The controlled trajectories for the chosen initial conditions con-

verged to either 1S or 1S′ after transient response. In Fig. 5.4, the stroboscopic

points are classified with black and gray tones, which imply convergence to 1S

and 1S′, respectively. The black and gray points are finely mixed one another all

over the original chaotic attractor. The steady states therefore almost randomly

alternate between 1S and 1S′ with onset timing of control and influence of exter-

nal disturbance. In addition, since the two types of points are mixed even in the

neighborhood of the target orbits, the controlled system is possibly stabilized to

the target orbit in the opposite side from the other target, near which the control

is activated. The targeting scheme based on linearization has therefore no possi-

bility of effective convergence in the practical situation. These characteristics are

obviously disadvantages for engineering use of the control method. However, no

detailed discussion for these characteristics has been obtained.

Corresponding to the simple global phase structure in Fig. 5.2(d), the domain

of attraction becomes quite simple for K = 1.1, as shown in Fig. 5.5. The clas-

sification implies that the targeting scheme is effective. Most of the trajectories

converge to the target orbit located in their initial sides in the xy-plane, though

there are some onset points leading the convergence to the opposite side. The tra-

jectories go into two different sides in the process of approaching to 1D. Transient

behavior is also much simpler than at K = 0.75. Figure 5.6 shows the rapid con-

vergence to a target orbit is achieved under the large amplitude of the feedback

gain.

We note that the classification adopted here has tested only initial conditions

derived from a chaotic trajectory. In fact, the steady state for a chosen initial con-

dition can be different, if the state of the uncontrolled system is partly modified in

the time interval [t0 − τ, t0], where t0 is onset time of control. Nevertheless, the

classification has provided us substantial information on the structure of domain

of attraction. Since the uncontrolled system is chaotic, we can classify strobo-
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Figure 5.7: Fraction of controlled trajectories before convergence to target orbits
in the TV2 case.

scopic points densely plotted over the original chaotic attractor. This implies that

the classification in this dissertation was performed for the system under no re-

markable external disturbances which can modify the chosen initial conditions

within the time interval.

Here transient time is numerically compared with that for K = 1.1. Figure 5.7

shows fraction of the controlled trajectories before convergence. We determined

the fraction for 1010 different initial conditions uniformly selected from the origi-

nal chaotic attractor. The criterion of the convergence was that modulus of control

signal keeps under 10−2 for one period of external forcing. In Fig. 5.7, the decrease

of the fraction for K = 0.75 is very slow as compared with that for K = 1.1. 77

% of the solutions does not converge, when all the solutions for K = 1.1 achieve

the convergence. 34% of the solutions still keep transient states after 500 period

from the onset time of control. The possibility of these long and irregular transient

states is obviously disadvantage for the purpose of control.

In this section, we have shown that the transient behavior and domain of attrac-

tion accurately reflect the difference in the two global phase structures obtained in
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Section 5.1 and Section 5.2. In particular, we have clarified these control charac-

teristics are significantly deteriorated when the original chaotic dynamics persists

in the controlled system with the stable target orbits. It should be emphasized that

one inevitably takes the global dynamics into account to estimate control perfor-

mance. This is because the exact model of a chaotic system is often unknown

and then control is possibly activated in the region where the linearizion around

a target orbit is not justified. The system after activation may exhibit long-term

irregular behavior due to the persisting chaotic dynamics, even when the feedback

gain is appropriately designed or optimized from the point of stability of target

orbits. In other words, one should pay attention to the global dynamics besides

stability in understanding the behavior of controlled systems and designing con-

trol parameters.

5.4 Concluding remarks

In this chapter, we have numerically discussed the global phase structure of the

controlled two-well Duffing system. The one-dimensional unstable manifold gave

us substantial information on the global dynamics in function space. A typical sce-

nario was described; the global phase structure changes from the original chaos

producing to the simplified structure, as feedback gain is increased. This simpli-

fied structure implies that no chaotic behavior occurs even in the transient state.

On the other hand, we found a quite interesting case where the original chaotic

dynamics persists in the controlled system even when the target orbits are stable.

As was pointed out in Section 1.2, the persistence of chaos highly complicates the

domain of attraction for the target orbits and causes long chaotic transient behav-

ior. These destructive influences on control performance clearly show the global

dynamics in infinite dimensional space should be considered for further extension

of the control method. Persistence of chaos, or coexistence of global chaotic dy-

namics with locally stable target orbits, seems to occur, especially when feedback

gain is adjusted near the threshold value of the stability change of the target orbits.
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A low pass filter inserted to feedback loop may therefore deteriorate the control

performance, while the reduction of high frequency components improves steady

state characteristics of the controlled system.

Note that controlling chaos involves the destruction of chaotic attractors as

its intrinsic nature. In principle, stability change of target orbits can be achieved

without any global bifurcations that ravel the complicated phase structure origi-

nally producing a chaotic attractor. As a result, a long chaotic transient occurs

as in the case of boundary crisis [127, 128], while the different mechanism works

behind the destruction. It implies, if chaotic dynamics persists, the success of con-

trolling chaos is governed by a probabilistic law unless control is activated based

on the exact knowledge of the local dynamics around target orbits. It seems that

the probabilistic law appears as waiting time for the approach of the trajectory to

a target orbit.

We lastly recall that chaotic transient [127, 128, 131] and changes in the basin

boundaries [132–134] have been connected to the collision and intersection of sta-

ble and unstable manifolds emanating from unstable periodic orbits especially in

low dimensional systems. However, it is difficult, at least numerically, to identify

the collision and intersection of manifolds in the systems with time delay, because

the stable manifolds have infinite dimension although the unstable manifolds keep

finite dimension in general. This is a reason that made us consider only the un-

stable manifold of 1D, nevertheless it has provided essential features of the global

dynamics and related control characteristics.
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Chapter 6

Annihilation of periodic orbits and
general features of global dynamics

This chapter aims to clarify a general feature of the global dynamics in systems

under the time-delayed feedback control. The review through the previous chap-

ters suggests a close connection between the annihilation of coexisting orbits in

Chapter 3 and the change of the global phase structure in Chapter 5. The global

dynamics of the controlled systems is analytically discussed through the effects

of control input on the non-target orbits. The harmonic balance analysis of a con-

trolled periodic system demonstrates that the non-target orbits are annihilated or

degenerated to the target orbits as feedback gain is increased. Annihilation and de-

generation are numerically confirmed in the controlled two-well Duffing system

with velocity feedback control.

6.1 Effects of control on non-target orbits

One obvious feature of the control method is that the controlled system has the

same number of the target period-T orbits as the uncontrolled system. Nothing

other than their stability is changed by control input, as long as the time delay τ is

precisely adjusted to T . In particular, the location and the existence are maintained

for any feedback gain due to the control input converging to zero under the period-
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T states. On the other hand, a question is raised as to how the control input effects

on an infinite number of non-target orbits. The control input does not converge

to zero for the non-target orbits, and thereby the location and existence cannot be

kept in the controlled system. The question must be closely associated with the

global dynamics of the controlled system, because the non-target orbits are also

embedded in the chaotic attractor together with the targets.

The previous chapters left us the two keys to answer this question. The first

is that the coexisting orbits are derived from the non-target unstable periodic or-

bits embedded in the chaotic attractor and then annihilated by the saddle-node

bifurcation in high feedback gain. This was shown by the bifurcation analysis in

Chapter 3. The second is that the high feedback gain simultaneously breaks the

original chaotic dynamics, as shown in Chapter 5. The greatly simplified unsta-

ble manifold of 1D suggests that no periodic orbit persists except the period-T

orbits 1I, 1I′, and 1D. The existence of the coexisting orbits therefore seems to

be a good indicator to determine whether the original chaotic dynamics persists

in the controlled system or not. In particular, no chaotic dynamics arises in the

greatly simplified global structure, after all the coexisting orbits are annihilated.

One can, in fact, confirm that the unstable manifold in the TV1 case becomes a

completely simple curve shown in Fig. 5.1(d) at K = 1.0, which is slightly greater

than K = 0.9382, the saddle-node bifurcation point of the coexisting period-3T

orbits. The scenario is summarized in Fig. 6.1. The same scenario is checked

in the other cases and this fact motivates us to expect that annihilation of the co-

existing orbits and associated simplified global dynamics is a general feature of

time-delayed feedback controlled systems. In the next section, we show that the

above scenario is generally observed in controlled periodic systems under some

assumptions. More precisely, the following of this chapter demonstrates the or-

bits whose periods are integer multiples of the fundamental period are expected to

annihilate or degenerate to the target orbits in the controlled systems.
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6.2 Harmonic balance analysis of periodic system
under control

6.2.1 Harmonic balance method

The harmonic balance method is here applied to discuss the existence of periodic

orbits in a controlled periodic system. The harmonic balance method has been a

well known approach to analyze nonlinear oscillations in physical systems [135].

A periodic solution of a nonlinear system is represented as a truncated Fourier

series expansion with unknown Fourier coefficients. The approximated solution

is obtained by determining the coefficients as a solution of nonlinear algebraic

equations which are derived by substituting the Fourier series to the differential

equation. Although the harmonic balance method is not mathematically rigorous,

we here assume that the existence of approximation implies that of true solution

without concerning about the rigor. A perspective to mathematical justification is

mentioned in the last of this chapter.

6.2.2 Derivation of determining equation

Consider a n-dimensional periodic system under time-delayed feedback control:



















dx

dt
= f (t, x) + u,

u = K[xτ − x],
(6.1)

where T > 0 is the least period satisfying f (t + T, x) = f (t, x) for all t, and

ω = 2π/T . The frequency component of ω is hereafter called the fundamental

frequency component. We assume that f : R × Rn → Rn is a Rn-valued vector

polynomial function with respect to x ∈ Rn and the maximum degree of poly-

nomials is p ≥ 1. f (t, x) is also continuous and sufficiently smooth in t. The

time delay τ is here adjusted to the fundamental period T of the system. K de-

notes n-dimensional diagonal feedback gain matrix, K = diag(K1, K2, · · · , Kn),

Kmax ≥ K j ≥ 0．The above equation is obtained as a special form of Eq. (2.6)
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and also includes the Duffing systems under control. One can assume that all

state variables are measurable without loss of generality. The restriction related

to a limited number of measurable outputs can be relaxed by setting the corre-

sponding components of the matrix to zero. One may also rescale the matrix

components, when the output g(x) is proportional to the current state x. For the

further discussion, Eq. (6.1) is rewritten as follows:

dx

dt
− f (t, x) = K[xτ − x]. (6.2)

A solution x(t) of the system (6.1) is said to be a period-mT solution, if x(t)

satisfies x(t) = x(t + mT ),m ≥ 1, m integer, for all t. For m ≥ 2, x(t) has 1/m-

order subharmonic component and its higher harmonics. x(t) represents the target

solution for m = 1. x(t) is periodic and continuously differentiable in t. x(t) can

be then represented by the following Fourier series expansion:

x(t) = a0 +

∞
∑

k=1

(

a2k−1 cos
k
m
ωt + a2k sin

k
m
ωt

)

, (6.3)

where ai = (ai1, ai2, · · · , ain)T ∈ Rn, i = 0, 1, 2, · · · , denotes the Fourier coeffi-

cient vector satisfying

‖a‖2 =

∞
∑

i=0

‖ai‖2 =

∞
∑

i=0

n
∑

j=1

|ai j|2 < ∞. (6.4)

The true solution x(t) is approximated by the following truncated Fourier series

expansion x̂(t) according to the harmonic balance method [135]:

x̂(t) = a0 +

N
∑

k=1

(

a2k−1 cos
k
m
ωt + a2k sin

k
m
ωt

)

, (6.5)

where N is the maximum order of frequency component which should be taken

into account to obtain approximate solutions. An arbitrary small error between

x(t) and x̂(t) can be achieved by taking sufficient large N. From Eq. (6.5), the
dx̂

dt
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and x̂(t − τ) − x̂(t) are obtained as follows:

dx̂

dt
=
ω

m

N
∑

k=1

(

ka2k cos
k
m
ωt − ka2k−1 sin

k
m
ωt

)

, (6.6)

x̂(t − τ) − x̂(t)

=

N
∑

k=1

[

{

a2k−1

(

cos
k
m
ωτ − 1

)

− a2k sin
k
m
ωτ

}

× cos
k
m
ωt +

{

a2k−1 sin
k
m
ωτ + a2k

(

cos
k
m
ωτ − 1

)}

× sin
k
m
ωt

]

. (6.7)

Substituting Eqs. (6.5) (6.6) and (6.7) into Eq. (6.2) and equating each frequency

component, one can derive the following 2N+1 equations determining the Fourier

coefficient vectors:

F̂
m
i (a) = KÛ

m
i (a), (6.8)

where a = (aT
0 , aT

1 , · · · , aT
2N)T ∈ Rn×(2N+1) and i = 0, 1, · · · , 2N. The j-th com-

ponent of F̂
m
i (a) and Û

m
i (a) are here denoted by F̂ m

i j (a) and Ûm
i j(a), respectively.

F̂
m
i (a) is defined for the direct current component as follows:

F̂
m
0 (a) = − 1

mT

∫ mT

0
f (t, x̂(t))dt. (6.9)

For the k-th frequency component, we obtain































F̂
m
2k−1(a) =

ω

m
ka2k −

2
mT

∫ mT

0
f (t, x̂(t)) cos

k
m
ωtdt,

F̂
m
2k(a) = −ω

m
ka2k−1 −

2
mT

∫ mT

0
f (t, x̂(t)) sin

k
m
ωtdt,

(6.10)

for k = 1, 2, · · · , N. As for the control input, the direct current component is

given by

Û
m
0 (a) = 0, (6.11)
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and the k-th order component is


































Û
m
2k−1(a2k−1, a2k) =

{

a2k−1

(

cos
k
m
ωτ − 1

)

− a2k sin
k
m
ωτ

}

,

Û
m
2k(a2k−1, a2k) =

{

a2k−1 sin
k
m
ωτ + a2k

(

cos
k
m
ωτ − 1

)}

.

(6.12)

The assumption on f (t, x) implies that F̂
m
i (a) is a finite dimensional polynomial

of degree at most p with respect to a. This shows that there exist positive constants

M0 and Mp such that

|F̂ m
i j (a)| < M0 + Mp‖a‖p (6.13)

for any a ∈ Rn×(2N+1), i, j (See, Appendix of this chapter). For simplicity of

notation, define the sets of suffix Λm
f and Λm

s as














Λm
f = {i | i = 0, i = 2qm − 1, i = 2qm, q = 1, 2, · · · , qmax},
Λm

s = Λ
m
f ∩ {i | 0 ≤ i ≤ 2N + 1},

(6.14)

where qmax is the maximum integer satisfying N = qmaxm + r, 0 ≤ r < m, and r

integer. Λm
f denotes the suffix corresponding to the direct current, the fundamental,

and its higher harmonic components. Λm
s is for the subharmonics. Since

cos
i
m
ωτ − 1 = sin

i
m
ωτ = 0 (6.15)

for i ∈ Λm
f , we have the relation

F̂
m
i (a) = Û

m
i (a) = 0 for all i ∈ Λm

f . (6.16)

This relation is a consequence of the control input, which does not include, the

direct current component, the fundamental component and its higher harmonics

in the steady state. The relation (6.16) constitute a constraint condition for solving

the remaining equations for subharmonic components for i ∈ Λm
s . The condition

determines a hyper surface Sm in Rn×(2N+1) below.

Sm =
{

a ∈ Rn×(2N+1) | F̂ i(a) = 0, i ∈ Λm
f

}

. (6.17)
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The remaining equation for subharmonics is here called the determining equation

on Sm. We say a(K) ∈ Sm is a solution of Eq. (6.8), if a satisfies the determining

equation














F̂
m
2k−1(a) = KÛ

m
i (a2k−1, a2k),

F̂
m
2k(a) = KÛ

m
i (a2k−1, a2k).

(6.18)

Since a hyperplane is defined by Û
m
i (a2k−1, a2k) linear with respect to a2k−1 and

a2k, the solution a(K) is found in the intersection of the hyperplane by Û
m
i (a)

and the hypersurfaces by F̂
m
i (a) and Sm. One has to notice that the determining

equation is assumed to have solutions corresponding to those in the uncontrolled

system, when Kmax = 0. The original solutions are denoted by a(0) = a∗ ∈
Sm. One should keep in mind that Û

m
2k−1(a2k−1, a2k) = Û

m
2k(a2k−1, a2k) = 0 for

k , 0 and k , qm, if and only if a2k−1 = a2k = 0. This is easy to prove using

Eq. (6.12). Since K is diagonal, the same fact also holds in each component, that

is, Ûm
2k−1, j(a2k−1, j, a2k, j) = Ûm

2k, j(a2k−1, j, a2k, j) = 0 for k , 0 and k , qm, if and

only if a2k−1, j = a2k, j = 0.

6.2.3 Invariance of target orbits

We first confirm that the existence and location of target orbits are maintained for

any feedback gain. For the target orbits, i.e., m = 1, the determining equation

(6.8) has zero right-hand side in each component; that is,

F̂
m
i (a) = 0 (6.19)

for all i. The solutions a(K) are obviously identical to the original solutions a∗

for any K and thereby keep their existence and original location, as feedback gain

is increased. This is an immediate consequence of the control input (2.4), which

does not include the direct, the fundamental, and its higher harmonics in the steady

state; the control input works as a notch filter for these frequency components [49].
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6.2.4 Annihilation of coexisting orbits

As for periodic solutions with m ≥ 2, one can show that they do not exist for large

feedback gain under assumptions on the structure of the dynamical system (6.1)

below:

(A1) The solutions of Eq. (6.1) is uniformly ultimately bounded under Kmax = 0

and this also holds for any feedback gain K satisfying Kmax < κ; that is,

there is a constant β(Kmax) > 0, Kmax < κ, such that for any α > 0, there is a

constant t1(α) > 0 such that ‖x(σ, φ)(t)‖ ≤ β(Kmax) for t ≥ σ + t1(α) for all

σ ∈ R, φ ∈ C, |φ| ≤ α. κ is a threshold feedback gain κ > 0 sufficiently large

for the following discussion.

(A2) There exist constants γ, 0 ≤ γ < 1 and µ > 0 such that the β(Kmax) ≤ β(0) +

µKγ/p
max for Kmax < κ where p is the maximum degree of the polynomials in

f (t, x).

The assumptions imply the solutions of the original system enter into the sphere

of radius β(0) centered at the origin and the situation is little changed under con-

trol within the threshold feedback gain κ. Although κ depends on a system to

be controlled, it is ideally assumed that κ takes a sufficiently large value to dis-

cuss a general feature of the global dynamics. Since the periodic solutions satisfy

‖x(t)‖ ≤ β(Kmax) from the assumption (A1), the Bessel’s inequality and the as-

sumption (A2) define bounds for the solutions of the determining equation as

‖a‖ =

√

√

2N+1
∑

i=0

‖ai‖2 ≤

√

2
mT

∫ mT

0
‖x(t)‖2dt ≤

√

2
mT

∫ mT

0
β(Kmax)2dt

≤
√

2β(Kmax)

≤
√

2(β(0) + µKγ/p
max) (6.20)

for Kmax < κ. The solutions can thus exist in Bm(Kmax) given by

Bm(Kmax) = Sm ∩
{

a ∈ Rn×(2N+1) | ‖a‖ ≤
√

2(β(0) + µKγ/p
max)

}

, (6.21)
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the set of a ∈ Rn×(2N+1) satisfying the bounds (6.20) and the constraint condi-

tion (6.16). The assumption (A2) determines the rate of increase of β(Kmax) for

feedback gain, which depends on the dissipative nature of the original system and

feedback signal.

The above assumptions enable us to show the nonexistence of solutions includ-

ing subharmonic components. For a given δ > 0, we here try to find a solution in

Bm(Kmax) ∩ Bm
δ

where

Bm
δ =



















a ∈ Rn×(2N+1)
∣

∣

∣

N
∑

i∈Λm
s

‖ai‖2 > δ, δ > 0



















(6.22)

for Kmax sufficiently large. For any a ∈ Bm(Kmax)∩Bm
δ

, one can find i ∈ Λm
s , j, and

constant λ > 0 which satisfies |Ûm
i j(a2k−1, j, a2k, j)| > λ = λ(δ), where i = 2k − 1 or

i = 2k, since there is i ∈ Λm
s such that ai has at least one non-zero component due

to δ > 0. Then, there exists K j = Kmax(λ) > 0 such that

|F̂ m
i j (a) − KmaxÛm

i j(a2k−1, j, a2k, j)| ≥
∣

∣

∣|F̂ m
i j (a)| − |KmaxÛm

i j(a2k−1, j, a2k, j)|
∣

∣

∣

=
∣

∣

∣|F̂ m
i j (a)| − Kmax|Ûm

i j(a2k−1, j, a2k, j)|
∣

∣

∣

> 0 (6.23)

for any a ∈ Bm(Kmax) ∩ Bm
δ

, where K j is replaced with Kmax without loss of

generality. This immediately follows from the inequality below. Since λ > 0 is

independent of Kmax, (γ − 1)/p < 0, and |F̂ m
i j (a)| is estimated by Eq. (6.13) and

the assumption (A2), a sufficient large Kmax implies

|F̂ m
i j (a)| − Kmax|Ûm

i j(a2k−1, j, a2k, j)| < |F̂ m
i j (a)| − λKmax

< M0 + Mp‖a‖p − λKmax

≤ M0 +
√

2Mp(β(0) + µKγ/p
max)p − λKmax

= Kmax

[

−λ + M0

Kmax
+
√

2Mp

(

β(0)

K1/p
max

+ µ
1

K(1−γ)/p
max

)p]

< 0 (6.24)
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for any a ∈ Bm(Kmax)∩Bm
δ

. It is thus concluded that no solution of the determining

equation (6.8) including subharmonic components is found in a ∈ Bm(Kmax) ∩
Bm
δ

for sufficiently large Kmax. The above discussion applies to any m ≥ 2 and

therefore the period-mT solutions in the uncontrolled system must be annihilated,

as feedback gain is increased. Note that the above discussion implicitly assumes

that appropriate components of x are measured so that we can choose K j as Kmax

to annihilate the solutions with subharmonics components.

6.2.5 Degeneration to target orbits

There seems to be another possibility that the periodic solutions with subharmonic

components coincides with the target orbits for large feedback gain. The situation

occurs if all subharmonic components vanish, as the feedback gain is increased.

Since no existence of the solutions was proved by supposing the persistence of

subharmonics with arbitrarily given δ > 0, the remaining possibility is that the

solutions converge to those in Bm ∩ Bm
0 . The solutions in Bm

0 , however, satisfy

x̂(t) = a0 +

qmax
∑

q=1

(

a2qm−1 cos qωt + a2qm sin qωt
)

,

= x̂(t + T ). (6.25)

x̂(t) thus coincides with the target period-T orbits; that is, the period-mT solutions

with vanishing subharmonics must be degenerated to the target orbits as feedback

gain is increased. Although the rate of the convergence to targets is difficult to

estimate, it is natural to expect that x̂(t) converges to the targets in finite Kmax, if

the degree of the polynomials in f (t, x) is p ≥ 2. The behavior of the solution a

for Kmax in the neighborhood of the the targets can be reduced to the solutions of

a quadratic equation.

6.2.6 General features of the global dynamics

The previous sections have given a general explanation to the effects of the control

input on the unstable periodic orbits embedded in the chaotic attractor. The con-
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trol input maintains the existence, location, and number of the target orbits and

simultaneously annihilates or degenerates the non-target orbits with 1/m-order

subharmonics and its higher harmonics from the controlled system. The original

chaotic dynamics then does not exist in the controlled system under sufficiently

large feedback gain, since all of the non-target orbits derived from the chaotic at-

tractor are annihilated or degenerated to the target orbits. This allows us to expect

the realization of a simple global phase structure and resulting improved control

performance, which were observed in Chapter 5. The annihilation and degener-

ation are thus a promising explanation for why the experiments have succeeded

so far from viewpoint of the global dynamics. It is noted that the assumptions

(A1) and (A2) give structures of systems tractable for the control method from the

viewpoint of the global dynamics; however, (A2) should be more sophisticated for

the theoretical application. It is noted that the generation of new periodic orbits

and their bifurcation are not forbidden in the previous discussion. In particular,

the discussion excluded the periodic solutions with an irrational frequency and

quasi-periodic solutions. These solutions can be an alternative steady state for the

target orbits, which should be unstable for too large feedback gain. In fact, we

can find a stable quasi-periodic solution in the TD1 case as shown in Fig. 6.2. The

quasi-periodic solution is generated by the Neimark-Sacker bifurcation of a target

orbit after the annihilation and degeneration of all non-target orbits.

6.3 Numerical example

We here apply the harmonic balance method to approximate period-3T orbits and

period-2T ones in a two-well Duffing system under velocity feedback control as

follows:






































dx
dt
= y(t),

dy
dt
= −δy(t) + x(t) − x(t)3 + A cosωt + u(t),

u(t) = K[y(t − τ) − y(t)].

(6.26)
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Figure 6.2: Quasi-periodic orbit in the TD1 case at K = 0.9 on stroboscopic map.
The orbit is generated by the Neimark-Sacker bifurcation of the target orbit after
annihilation and degeneration of all non-target orbits.

The solutions of the two-well Duffing system is uniformly ultimately bounded and

there is κ > 0 such that the controlled system holds this property for K < κ (See,

the appendix of this chapter). The parameters of the TV1 case are used to find the

roots of the determining equations.

Consider a truncated Fourier series with 1/3 subharmonics as follows:

x(t) = A0 + A1 cos
1
3

t + B1 sin
1
3

t + A2 cos t + B2 sin t. (6.27)

Substituting Eq.(6.27) into Eq.(6.26) and equating each component, one can de-

rive the following equations:

A0

(

A2
0 +

3
2

A2
1 +

3
2

B2
1 +

3
2

A2
2 +

3
2

B2
2

)

− A0 = 0, (6.28)

3A1

(

A2
0 +

1
4

A2
1 +

1
4

B2
1 +

1
2

A2
2 +

1
2

B2
2

)

− 10
9

A1 +
δ

3
B1

+
3
4

A2(A2
1 − B2

1) +
3
2

A1B1B2 =
K
2

(

A1√
3
− B1

)

, (6.29)
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Figure 6.3: Amplitude characteristic of approximated non-target period-3T orbits
(solid) and target period-T orbits (dashed). The approximated non-target solu-
tions are extinct in high feedback gain, whereas the target solution persists for any
feedback gain.

3B1

(

A2
0 +

1
4

A2
1 +

1
4

B2
1 +

1
2

A2
2 +

1
2

B2
2

)

− δ

3
A1 −

10
9

B1

+
3
4

B2(A2
1 − B2

1) − 3
2

A1A2B1 =
K
2

(

A1 +
B1√

3

)

, (6.30)

3A2

(

A2
0 +

1
4

A2
1 +

1
4

B2
1 +

1
2

A2
2 +

1
2

B2
2

)

+
1
4

B1(3B2
1 − A2

1) − 2A2 + δB2 − B = 0, (6.31)

3B2

(

A2
0 +

1
2

A2
1 +

1
2

B2
1 +

1
4

A2
2 +

1
4

B2
2

)

+
1
4

B1(B2
1 − 3A2

1) − δA2 − 2B2 = 0, (6.32)

Figure 6.3 shows amplitude characteristics of approximated target period-T orbits

and non-target period-3T orbits obtained by numerically solving the determining

94



 0

 0.5

 1

 1.5

 0  0.2  0.4  0.6  0.8  1

||a
||2

K

period-2T
period-T

Figure 6.4: Amplitude characteristic of approximated non-target period-2T orbits
(solid) and target period-T orbits (dashed). One of the non-target orbits converges
to a target orbit. The other two are annihilated as feedback gain is increased.

equations (6.28) to (6.32). Each solid curve shows an amplitude characteristic

of a period-3T orbit. We observe six period-3T curves having roots in K = 0

and then confirm that each curve is annihilated with colliding with another one, as

feedback gain is increased. On the other hand, the orbits with period-T denoted

by the dashed line do not change their location for any feedback gain.

The approximated period-2T solutions exhibit the degeneration to the target

orbits. The truncated Fourier expansion and the determining equations are listed

below:

x(t) = A0 + A1 cos t + B1 sin t + A2 cos
1
2

t + B2 sin
1
2

t. (6.33)
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4A3
0 + A0(−4 + 6A2

2 + 6A2
1 + 6B2

2 + 6B2
1) + 6A1B1B2 + 3A2(A2

1 − B2
1) = 0, (6.34)

3A3
1 + A1(−5 + 12A2

0 + 12A0A2 + 6A2
2 + 3B2

1 + 6B2
2)

+ 12A0B1B2 + 2δB1 = −4KB1, (6.35)

3B3
1 + B1(−5 + 12A2

0 − 12A0A2 + 6A2
2 + 3A2

1 + 6B2
2)

+ 12A0A1B2 − 2δA1 = 4KA1, (6.36)

3A3
2 + A2(−8 + 12A2

0 + 6A2
1 + 6B2

1 + 3B2
2)

+ 6A0(A2
1 − B2

1) + 4B2δ − 4B = 0, (6.37)

3B3
2 + B2(−8 + 12A2

0 + 6A2
1 + 6B2

1 + 3A2
2) + 12A0A1B1 − 4A2δ = 0. (6.38)

In Fig. 6.4, we can see one of the period-2T curves coincides with a period-T

curve, while the other two curves are annihilated. The results are consistent with

that of the harmonic balance analysis and also qualitatively agrees with the previ-

ous results in Chapter 3.

6.4 Concluding remarks

In this chapter, we have discussed the effect of control input on the non-target

unstable periodic orbits embedded in the original chaotic attractor. The frequency

domain approach clarified general features of the global dynamics observed in

the previous chapters. It is noted that a standard frequency domain approach was

also employed for analysis on the time-delayed feedback controlled system [136].

The crucial difference is that the effects on the non-target orbits were discussed in

this chapter and then elucidated the general features of the global dynamics. The

increase of feedback gain makes the non-target orbits annihilated or degenerated

to the target orbits. The annihilation and degeneration suggests that the global

phase structure under control become simple as feedback gain is increased. It is

also noted that the harmonic balance method can be mathematically rigorous. Al-

though the existence of approximated solutions was discussed in this chapter, the

harmonic balance method, or more generally the describing function method, can
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rigorously prove the existence of periodic solutions under appropriate assumptions

on the nonlinear part of the system [137, 138]. The framework proposed here can

therefore provide a useful tool to analyze the global dynamics of time-delayed

feedback controlled systems.

Appendix to derivation of bounds for polynomials

The bounds (6.13) for the polynomials of degree p is obtained as follows. The

polynomials are written by

h(x) = h(x1, x2, · · · , xn) =
p

∑

k=0

















∑

p1+···+pn=k

ap1···pn xp1
1 xp2

2 · · · xpn
n

















,

where xi ∈ R, i = 1, 2, · · · , n. pi ≥ 0 is an integer, and ap1···pn denotes coeffi-

cients of each term. For the estimation below, we introduce the maximum norm

‖x‖∞ = max |xi|, which is equivalent to the Euclid norm ‖x‖ =
√

∑n
i=1 |xi|2, since

‖x‖/
√

n ≤ ‖x‖∞ ≤ ‖x‖ and ‖x‖∞ ≤ ‖x‖ ≤
√

n‖x‖∞. For any x ∈ Rn, the triangle

inequality is applied and then we have

|h(x)|

≤
∣

∣

∣

∣

∣

∣

∣

∑

p1+···+pn=p

ap1···pn xp1
1 xp2

2 · · · xpn
n +

p−1
∑

k=0

















∑

p1+···+pn=k

ap1···pn xp1
1 xp2

2 · · · xpn
n

















∣

∣

∣

∣

∣

∣

∣

≤
∑

p1+···+pn=p

|ap1···pn ||x1|p1 |x2|p2 · · · |xn|pn

+

p−1
∑

k=0

















∑

p1+···+pn=k

|ap1···pn ||x1|p1 |x2|p2 · · · |xn|pn

















.
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Since |xi| ≤ ‖x‖∞, we continue the estimation by introducing the relation |xi|pi ≤
‖x‖pi

∞, which implies |x1|p1 · · · |xn|pn ≤ ‖x‖p1+···+pn
∞ = ‖x‖k

∞, as follows:

|h(x)| ≤
















∑

p1+···+pn=p

|ap1···pn |
















‖x‖p
∞ +

p−1
∑

k=0

















∑

p1+···+pn=k

|ap1···pn |
















‖x‖k
∞

= Np‖x‖p
∞ +

p−1
∑

k=0

Nk‖x‖k
∞,

where Nk =
∑

p1+···+pn=k |ap1···pn |. If we assume ‖x‖∞ > 1, ‖x‖p
∞ > ‖x‖k

∞ for p > k.

Then,

|h(x)| < Np‖x‖p
∞ +

















p−1
∑

k=0

Nk

















‖x‖p
∞ =















p
∑

k=0

Nk















‖x‖p
∞

=















p
∑

k=0

Nk















‖x‖p.

Note that, for ‖x‖∞ ≤ 1, |h(x)| has the maximum M0 ≥ 0 since |h(x)| is continuous

in every bounded closed domain in Rn. It is thus concluded that, for any x ∈ Rn,

the bounds for the polynomial of degree p is given by

|h(x)| ≤ M0 + Mp‖x‖p,

where Mp =
∑p

k=0 Nk.

Appendix to uniform ultimate boundedness of con-
trolled systems

The existence of κ is proved based on the Lyapunov-Razumikhin theory, which

is an extension of the Lyapunov theory of ordinary differential equations to the

RFDEs [70, 71]. The following theorem gives a sufficient condition for the uni-

form ultimate boundedness of the solutions of the RFDEs.
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Theorem [70, 71] Suppose f : R × C → Rn takes R×(bounded sets of C) into

bounded sets of Rn and consider the RFDE ẋ = f (t, xt). Suppose u, v, w : R+ →
R+ are continuous nondecreasing functions, u(s) → ∞ as s → ∞. If there is

a continuous function V : R × Rn → R, a continuous nondecreasing function

p : R+ → R+, p(s) > s for s > 0, and a constant H ≥ 0 such that

u(|x|) ≤ V(t, x) ≤ v(|x|), t ∈ R, x ∈ Rn (6.39)

and

V̇(t, φ) ≤ −w(|φ(0)|) (6.40)

if

|φ(θ)| ≥ H, V(t + θ, φ(θ)) < p(V(t, φ(0))), θ ∈ [−r, 0] (6.41)

then the solutions of the RFDE are uniformly ultimately bounded.

The theorem is generalized so that one can ensure the uniform ultimate bound-

edness of a specific coordinate xi ∈ R by verifying the following condition.

V̇(t, φ) ≤ −w(|φi(0)|)

if |φi(θ)| ≥ H, V(t + θ, x1, · · · , φi(θ), · · · , xn)) < p(V(t, x1, · · · , φi(0), · · · , xn)))

for θ ∈ [−r, 0] [70, 71]. An example is described on pp.134-135 in Ref. [70] and

pp.159-160 in Ref. [71] and the proof below is its direct application.

Consider a second order system under velocity feedback control














ẋ(t) = y(t),
ẏ(t) = −Φ(t, y(t)) − f (x(t)) + e(t) + K[y(t − τ) − y(t)],

where K ≥ 0 is feedback gain. It is shown that there is κ > 0 such that the

solutions of the above equation are uniformly ultimately bounded for K < κ under

the assumptions below.

(A0) The solutions satisfy a uniqueness.
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(A1) Φ : R2 → R is continuous and Φ maps bounded sets of R into bounded sets

with respect to the second argument of Φ. In addition, there are positive

constants a > 0 and H > 0 such that

Φ(t, y)
y

> a > 0 for |y| ≥ H

(A2) f : R → R is continuous and f (x)sgnx → ∞ as x → ∞, where sgnx is the

signum function.

(A3) p : R → R is continuous and |e(t)| ≤ k for all t ∈ R.

The two-well Duffing equation (2.3) with velocity feedback satisfy these assump-

tions, since Φ(t, y) = δy, δ > 0, f (x) = x3 − x, and e(t) = A cosωt.

We first take a function as V(x, y) = F(x) + y2/2, F(x) =
∫ x

0
f (s)ds to prove

the uniform ultimate boundedness of the y coordinate. If q > 1 and a + K > Kq,

the time derivative of V(x, y) is estimated as follows:

V̇(x(t), y(t)) = f (x(t))ẋ(t) + yẏ(t)

= −yΦ(t, y(t)) + y(t)e(t) + Ky(t)[y(t − τ) − y(t)]

< −[(a + K) − Kq]|y(t)|2 + k|y(t)|,

if |y(t)| ≥ H and |y(t − τ)| ≤ q|y(t)|. The latter condition corresponds the existence

of the continuous nondecreasing function p of the theorem above. We define

p(s) = q2s > s, s > 0. If a + K > Kq, one can choose a positive constant µ and

H1 ≥ H such that

V̇(x(t), y(t)) < −µ|y(t)|2 < 0 (6.42)

for |y(t)| ≥ H1 ≥ H. This implies the y coordinate of the solutions is uniformly

ultimately bounded and therefore there is c > 0 such that |y(t)| ≤ c for sufficiently

large t.

If |y(t)| ≤ c, one can show the uniformly ultimately boundedness of the x

coordinate with V1(x, y) = V(x, y) + y and V2(x, y) = V(x, y) − y. There is a
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constant k1 > 0 such that

V̇1(x(t), y(t)) = V̇(x(t), y(t)) + ẏ(t)

= V̇(x(t), y(t)) − Φ(t, y(t)) − f (x(t)) + e(t)

≤ − f (x(t)) + k1.

The assumption (A2) implies one can choose b1 > 0 such that V̇1(x(t), y(t)) < −1

if x(t) ≥ b1. The x coordinate of the solutions is therefore x(t) ≤ α in |y(t)| ≤ c

for a positive constant α. V2(x, y) also shows x(t) ≥ −α in |y(t)| ≤ c in the same

way. This immediately implies the solutions are uniformly ultimately bounded if

a + K > Kq. κ is chosen as κ =
a

q − 1
> 0.
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Chapter 7

Application to control of
microcantilever oscillation in
dynamic force microscopy

This chapter presents a novel application of the time-delayed feedback control to

a nanoengineering system, called the dynamic force microscopy (DFM). The sta-

bilization of unstable periodic oscillation intrinsic to the microcantilever sensors

enables us to extend operating range of the DFM. The controlled DFM is allowed

to operate even in a parameter range, where chaotic microcantilever oscillations

possibly occur without control. In addition, the control method is shown to have

an ability to improve the transient response of microcantilever oscillation without

reducing force sensitivity. The control input converging to null in steady state

provides one way to overcome a trade-off between the scanning rate and force

sensitivity of the DFM.

7.1 Dynamic force microscope

A brief introduction of the principle of DFM, or dynamic mode AFM, has to

be placed in the beginning of this chapter. A schematic diagram of the DFM

in Fig. 7.1 is employed for this purpose. One of the most important device of

the DFM is a microcantilever with a sharp tip manufactured at its free-end. The
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Figure 7.1: Schematic diagram of dynamic force microscopy. Sample surface is
scanned by microcantilever probe vibrating at its resonance frequency. During
surface scan, mean distance between apex of tip and surface of sample is kept
constant with a positioning device, which adjusts vertical position of surface, so
that constant shift of resonance frequency is maintained. Time series of signal
applied to positioning device provides topography of sample surface. Vibration
of microcantilever is measured by optical lever method [72] in standard device
configuration.

tip is extremely sharpen to have a typical radius around 10 nm using the micro-

fabrication technique recently. The microcantilever is placed over a sample sur-

face one wish to observe, so that the tip can feel a force between the tip and the

atoms or molecules on the sample surface. The force, called tip-sample interac-

tion, is so tiny as pico or nano Newton, but it is sufficient to modify the deflection

of the microcantilever due to its small dimension.

Since the tip-sample interaction depends on the tip-sample distance, one can

maintain the tip-sample distance by adjusting the height of the sample surface

with keeping a constant deflection, which is called set-point or reference. The to-

pography measurement of the sample surface one wish to observe is then achieved

by the raster-scan over the sample surface. The topography is determined as the
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time series of signal controlling the positioning device for realizing the constant

tip-sample distance. This is the principle of the atomic force microscopy invented

by Binnig [83] and now called the contact mode AFM. The microcantilever works

as a force sensor to detect the tiny tip-sample interaction force.

The DFM, or the dynamic mode AFM, is one of the major and improved op-

erating modes of AFM, in which the microcantilever is vibrated at its resonance

frequency. Instead of the deflection detection, the shift of resonance frequency is

detected in this mode, since the amount of the shift depend on the mean tip-sample

distance. The DFM has two major operating modes called AM-DFM (DFM with

Amplitude Modulation detection) [87] and FM-DFM (DFM with Frequency Mod-

ulation detection) [88], in which the variation of amplitude and frequency are de-

tected respectively to estimate the shift of resonance frequency. The AM-DFM

is mainly used in air and liquid and FM-DFM is operated in vacuum. The force

sensitivity of the microcantilever as a sensor is much improved by increasing its

quality factor. The adhesion to surface and resulting destruction of samples are

also avoided by using the vibrating microcantilever. In both operating modes,

variation of oscillation due to the shifted resonance frequency is measured using

the optical lever method [72] in the standard device configuration. The height of

the sample surface can be precisely adjusted by a positioning device, such as tube

scanners.

7.2 Model of vibrating microcantilever under time-
delayed feedback control

When the tip-sample interaction force is approximated by the Lennard-Jones po-

tential, the first mode vibration of a microcantilever controlled by a scalar signal

u(t) is described by the following equation [79]:

d
dt

[

x
y

]

=



















y

−x − d
(α + x)2 +

Σ6d
30(α + x)8 + ε(Γ cosΩt − ∆y)



















+ bu, (7.1)
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where x and y denote the displacement and the velocity of tip, respectively. b

denotes a two dimensional constant vector concerning coupling between the con-

trol input and the state variables. α is the equilibrium position of tip when the

gravity only acts on it. Γ and Ω correspond to the amplitude and frequency of

the sinusoidal external force, which is provided to the microcantilever with the

damping coefficient ∆, respectively. Σ denotes a constant related to the diameter

of each molecule organizing the tip and the sample. It is noticed that Eq. (7.1) is

dimensionless and d = 4/27 is a constant derived in the course of eliminating the

dimension. A small parameter ε was prepared in Refs. [78, 79] to prove the exis-

tence of a chaotic invariant set through the Melnikov method on Eq. (7.1) under

u(t) = 0. A chaotic oscillation of microcantilevers was subsequently presented nu-

merically by Basso et al. based the same model. They showed a chaotic attractor

arises following the cascade of period-doubling bifurcation [80]. It is noted that

the magneto-elastic beam [14] and microcantilever under tip-sample interaction

have a similar dynamical structure characterized by an elastic beam sinusoidally

forced under two-well potential, although the dimension of the latter system is so

much smaller.

We hereafter investigate controlled dynamics of a microcantilever in the AM-

DFM. The microcantilever has the damping coefficient ∆ = 0.4 and is driven at

fixed frequency Ω = 1.0, namely, its dimensionless mechanical resonance fre-

quency. The remaining parameters are set as Σ = 0.3 and ε = 0.1 based on the

numerical result in Ref. [80]. Assuming that the velocity of oscillation is mea-

sured as an output of the nonlinear system (7.1), the control signal u(t) is given as

follows:

u(t) = K[y(t − τ) − y(t)]. (7.2)

This implementation of the control method is also obtained by putting b = [0 1]T ,

g(x, y) = y into Eqs. (7.1) and (2.4). The time delay τ is adjusted to 2π/Ω =

2π to stabilize an orbit with the same frequency as the external force oscillating

the microcantilever. We note that the stabilization of this orbit is essential for

the measurement by AM-DFM. This is because only this particular frequency

106



-6

-4

-2

 0

 2

 4

 6

-2 -1  0  1  2  3  4  5

y

x

target unstable periodic orbit

chaotic attractor

Figure 7.2: Chaotic attractor reported by Basso et al. [80] and target unstable
periodic orbit embedded in it. The period of target orbit is 2π, which equals to the
period of external force driving microcantilever sensor. The tip of microcantilever
hits sample surface located x = −α = −1.2 and then undergoes large repulsive
force.

component is detected in the standard device configuration using such as lock-in

amplifiers and RMS-DC (Root-Mean-Square to Direct Current) converters with

band-pass filters. A wide spread frequency spectrum due to the subharmonic and

chaotic oscillation modes possibly decreases the force sensitivity of AM-DFM,

as long as the frequency component corresponding to the driving frequency is

detected [139, 140]. Besides, non-periodic and irregular oscillation caused by

chaos may also limit the resolution and operating range of the AM-DFM.

7.3 Extension of operating range

Recently, experimental studies by Jamitzky et al. have demonstrated a chaotic

oscillation of microcantilever in an actual AM-DFM [81, 141], following the pre-

diction by Ashhab et al. [78, 79] and Basso et al. [80]. In this section, we numer-

ically show that the time-delayed feedback control has a possibility to eliminate
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the chaotic oscillation from microcantilever sensors based on Eq. (7.1).

Figure 7.2 shows a chaotic attractor reported by Basso et al. for α = 1.2

and Γ = 20 [80] and an unstable periodic orbit embedded in it. The chaotic

attractor and embedded unstable periodic orbit are shown by gray and black line,

respectively. This unstable periodic orbit has the same period as the driving signal

and therefore should be stabilized for operation of the AM-DFM detecting the

harmonic component of microcantilever for measurement, as mentioned Sec. 7.2.

The orbit is hereafter called target orbit. The target orbit is stabilized by adjusting

the time delay τ to 2π as shown in Fig. 7.3. The chaotic oscillation of tip is

converted to the target periodic one after the activation of control. The feedback

gain is here adjusted to K = 0.2 and time of activation is pointed by an arrow in

Fig. 7.3(b). One can confirm that the displacement of tip shown in Fig. 7.3(a) is

changed from chaotic to a periodic motion, as control input shown in Fig. 7.3(b)

converges to null signal after the activation. Note that the null control signal after

the activation implies the chaotic oscillation is eliminated by stabilizing the target

unstable period-2π orbit embedded in the chaotic attractor. The control inputs,

therefore, change nothing but the stability with respect to the target orbit. No

system parameters are modified in contrast to the feedback control proposed in

Refs. [78, 79].

The time-delayed feedback control is thus able to extend the operating range

of AM-DFM. This is confirmed by Fig. 7.4 showing two different toned parameter

ranges, which are numerically characterized based on the stability of the target or-

bit. The black area displays a parameter range, where the target period-2π orbit is

unstable if control is not applied. It has been reported that this black area is not ap-

propriate for operation of the AM-DFM due to the possibility of period-doubling

route to chaos [80]. On the other hand, in the gray area, the control method can

keep the target period-2π orbit stable. Note that this gray area completely includes

the black one, although a part of the gray area is hidden behind the superimposed

black area. We therefore conclude that the possibility of period-doubling bifur-

cation and subsequent chaotic oscillation is eliminated by stabilizing the target
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Figure 7.3: Stabilization of target unstable periodic orbit embedded in chaotic at-
tractor using time-delayed feedback control. (a) and (b) show temporal change
of displacement of microcantilever and control signal, respectively. Control is
activated at the time pointed by arrow in (b). The motion of microcantilever is
irregular and non-periodic before the activation. The control input finally con-
verges to null after transient state, indicating that the activated control achieves
convergence of motion to target periodic oscillation.
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unstable periodic orbit. In other words, the operating range of AM-DFM is ex-

tended by applying the control method to microcantilever. It should be mentioned

that this extended operating range is limited by white areas outside the gray one.

The boundary between two regions shows the saddle-node bifurcation curve of

the target orbit. However, another period-2π orbit can be kept stable in the white

region, although the target orbit to which we have referred does not exist due to its

annihilation by the saddle-node bifurcation. It is also noted that the stability of the

target orbit is here numerically determined by spectral radius of the target orbit.

The spectral radius is the modulus of the characteristic multiplier that has maxi-

mal modulus among all characteristic multipliers. The spectral radius is estimated

using the Newton-Picard method [142] and subspace shooting method [143] for

difference differential equations. The target orbit is stable, if the spectral radius is

less than unity.

In this section, we have numerically shown that time-delayed feedback control

can stabilize the unstable oscillation of microcantilevers. The stability analysis of

target orbit has suggested the control method allows us to extend the operating

range of AM-DFM. We should stress that control input changes only the charac-

teristics multipliers of the target orbit and thereby oscillation in steady state are

not modified regardless of control if the target orbit is stable in the uncontrolled

system. This implies that time-delayed feedback control has no influence on the

force sensitivity and measured quantities of the AM-DFM. Based on this property,

the next section discusses improvement of transient response of microcantilever

oscillation using the control method.

7.4 Improvement of transient response

Slow scanning rate is a significant weakness of the DFM and thus various efforts

have been made to overcome this weakness [144–147]. As for the AM-DFM, the

scanning rate is primarily limited by temporal length of the transient response of

microcantilever and bandwidth of positioning device [146]. In this section, we

110



 0

 0.5

 1

 1.5

 2

 2.5

 0  5  10  15  20  25  30  35

α

Γ

Figure 7.4: Operating range of DFM under time-delayed feedback control. Gray
region shows parameter range where target orbit is kept stable under control. The
region completely includes black area, in which operation of AM-DFM is not ap-
propriate due to period-doubling route to chaotic oscillation reported in Ref. [80].
Notice that a part of the gray area is hidden by superimposed black region. The
boundary between gray and white regions for small α (short tip-sample separa-
tion) or tiny Γ (small driving amplitude) shows saddle-node bifurcation curve of
target orbit. Another stable periodic orbit can exist outside the gray region, but is
not considered in this dissertation.
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show the time-delayed feedback control has an ability to improve the transient

response of microcantilever. The improved transient response allows us to accel-

erate the scanning rate of AM-DFM without reducing its force sensitivity.

The control input described by Eq. (7.2) explains the reason why the force

sensitivity does not decrease under the time-delayed feedback control. The reason

is that the control input can effectively reduce the quality factor of microcantilever

just in transient state toward the target periodic oscillation. Since the control input

(7.2) includes a term −Ky(t) proportional to the velocity of tip, the control input

serves as an apparent damping force applied to the microcantilever. On the other

hand, the control input converges to null due to the effect of the term Ky(t − τ)

denoting the past velocity, as the oscillation converges to the target periodic os-

cillation. The control input has, therefore, no influence on the steady oscillation

governing the force sensitivity of the microcantilever at all, while the apparent

damping force improves the transient response, depending on the feedback gain.

In other words, the time-delayed feedback control allows us to overcome the trade-

off between the transient response and force sensitivity. This is the essential dif-

ference from the active Q-controlled DFM, in which steady oscillation is changed

by a feedback control [144, 146, 148].

Figure 7.5 compares the spectral radius of target orbit in a parameter plane

related to amplitude of excitation and displacement of sample surface. The spec-

tral radius without control and under the control with K = 0.1 is shown by a gray

and black surface, respectively. The gray surface located below the black one il-

lustrates that the transient response is improved under the time-delayed feedback

control. The spectral radius under control is smaller than that without control in

the whole parameter region we here investigate. Since smaller spectral radius im-

plies faster convergence to the target orbit, Fig. 7.5 evidently shows the transient

response is improved by applying the time-delayed feedback control.

We here estimate how much control contributes to the acceleration of scanning

rate. The temporal length of transient response depends on the spectral radius and

the initial variation of tip from the target orbit, if we assume the initial variation
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Figure 7.5: Comparison between spectral radius of controlled (gray surface) and
uncontrolled (black surface) target orbit. Spectral radius under control with K =
0.1 is smaller than that under absence of control. Smaller spectral radius under
control suggests that the time-delayed feedback control reduces temporal length
of transient response of microcantilever oscillation and then allows us to increase
scanning rate of AM-DFM.

is sufficiently small such that the dynamics of microcantilever is approximated by

the linearized equation of Eq. (7.1). The motion of microcantilever close to the

target oscillation is then described by the sum of dynamics in the direction of each

invariant subspace [20, 21]. We additionally assume that the initial variation has

only a component in the direction of the invariant subspace with respect to the

characteristic multiplier that gives the spectral radius. The amplitude of variation

decreasing in transient state is thereby estimated by the temporal change of a

scalar variable:

|ξ(t)| = |ρ| t
T |ξ(0)|, (7.3)

where ξ(t) denotes the amplitude of variation and ξ(0) is the initial variation from

the target orbit. The |ρ| is the spectral radius of the target orbit and T = 2π/Ω

denotes the period of sinusoidal external force. Note that ξ(t) shows attenuation

in the direction of the particular invariant subspace. Although the temporal length

of transient response is also related to the remaining invariant subspaces and even
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global structures of phase space [128], the estimation by Eq. (7.3) insures the

upper limit of the acceleration. The characteristic multiplier giving the spectral

radius primarily determines the length of transient response. It is also noted that

the variation itself is oscillatory if the ρ has nonzero imaginary part. Nevertheless,

the decay of its envelope is estimated by ξ(t).

We define the settling time Ts(K) as the elapsed time before the amplitude of

variation reaches at εth|ξ(0)|, where εth > 0 is small threshold and K the feedback

gain. The settling time is then obtained from Eq. (7.3) as follows:

Ts(K) = T
log εth

log |ρ(K)| . (7.4)

We can thus estimate the ratio of the settling time without control to that with

control. The ratio of the settling time is important because it gives the upper limit

for acceleration of scanning rate under control input. Equation (7.4) implies that

the ratio is given by
Ts(0)
Ts(K)

=
log |ρ(K)|
log |ρ(0)| , (7.5)

depending on neither the initial variation nor the threshold. Figure 7.6 shows the

ratio of settling time numerically estimated for K = 0.1. The parameter region

here examined is the same as in Fig. 7.5. It is recognized that the ratio, continu-

ously toned in Fig. 7.6, ranges from a few to twenty. This implies the scanning

rate can be a few to twenty times faster in the controlled case than in the uncon-

trolled one. The ratio, or upper limit, is significantly increased due to settling time

Ts(K) reduced by control input. It is noted that the ratio is here defined as posi-

tive infinity, because Ts(0) = ∞ if the uncontrolled target orbit is unstable. The

trajectory without control does not converge to the unstable target orbit forever.

In this section, we have discussed improved transient response of the micro-

cantilever under the time-delayed feedback control. The resulting improved tran-

sient response enables us to accelerate scanning rate of the AM-DFM without re-

ducing force sensitivity. The analysis on the spectral radius shows a few to twenty

times faster scanning rate can be achieved using the time-delayed feedback con-

trol.
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Figure 7.6: Ratio of temporal length of transient response without control to that
with control. The ratio (continuously toned in the figure) is numerically deter-
mined for K = 0.1 based on Eq. (7.5) in the same parameter region as Fig. 7.5. The
ratio estimates upper limit for acceleration of scanning rate under time-delayed
feedback control. A few to twenty times faster scanning rate can be achieved
compared to uncontrolled case. This is due to reduced temporal length of tran-
sient response under control. Each axis has the same direction as that in Fig. 7.5.

7.5 Stabilization in grazing region

Another route to chaos in the AM-DFM has been recently demonstrated by Hu

and Raman [82]. They suggested the chaotic oscillation is caused by grazing

bifurcation, which occurs when the cantilever tip just begins to hit a surface. The

grazing bifurcation in the AM-DFM was predicted by van de Water and Molenaar

[149]. This section is devoted to show that the time-delayed feedback control

works also in a grazing region. The parameter setup for numerical simulation

is listed in Table 7.1, from which the dimensionless parameters in Eq. (7.1) are

obtained as Ω = 0.98, Γ = 10.0, and Σ = 0.3.

When the cantilever approaches the surface, a chaotic oscillation is generated.

A corresponding bifurcation diagram is shown in Fig. 7.7, which is obtained by

monotonously decreasing the tip-sample distance from α = 27 nm to α = 7 nm.
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The vertical axis shows displacement sampled at the same phase for each period

of driving force. One can see that the periodic oscillation is bifurcated to chaotic

oscillation and periodic oscillations including subharmonic components. The sta-

bility of the target orbit and obtained various steady states is given in Fig. 7.8.

Figure 7.9 shows a chaotic attractor for α = 20 nm and an unstable periodic orbit

embedded in it. The chaotic attractor and embedded unstable periodic orbit are

shown by gray and black lines, respectively. We should stabilize the orbit for the

operation of AM-DFM. The target orbit is stabilized when we adjust the time de-

lay τ to 1/ f and feedback gain to K = 0.075 as shown in Fig. 7.10. The chaotic

oscillation of tip is changed to the target periodic one after the activation of con-

trol. The time of activation is pointed by an arrow in Fig. 7.10(b). We confirm

that the displacement of tip in Fig. 7.10(a) is changed from chaotic to a periodic

oscillation. Corresponding to this change, control input in Fig. 7.10(b) converges

to null signal after the activation. This null signal implies that the chaotic oscil-

lation is eliminated by stabilizing the target unstable periodic orbit embedded in

the chaotic attractor. Figure 7.11 shows the bifurcation diagram for K = 0.1. We

can see the control input only allows the target periodic oscillation in the whole

range we investigate. This implies that the AM-DFM can be stably operated in

the grazing regime using the time delayed feedback control. We close this section

by summarizing the parameter region where the control is possible in Fig. 7.12.
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Table 7.1: Parameter setup of numerical simulation for grazing route. Dimension-
less parameters of cantilever model are obtained as Ω = 0.98, Γ = 10.0, Σ = 0.3
from this table.

name of parameter notation value
resonance frequency f0 50 kHz

stiffness k 1.1 N/m
quality factor Q 100

tip radius R 20 nm
diameter of molecule σ 0.3 nm

Hamaker constant(att.) A2 1.0× 10−19 J
driving frequency f 49 kHz

amplitude of free oscillation b0 25 nm
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Figure 7.7: Bifurcation diagram of uncontrolled cantilever oscillation in grazing
region. Horizontal axis corresponds to tip-sample distance monotonous decreased
from 27 nm to 7 nm. Vertical axis denotes displacement sampled at the same
phase for each period of driving force. We can see periodic oscillations including
subharmonic components and chaotic oscillation.
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7.6 Concluding remarks

In this chapter, we numerically discussed the stabilization of microcantilever sen-

sors in the AM-DFM using time-delayed feedback control. The operating range

of AM-DFM is extended by stabilizing the unstable periodic orbit embedded in

the chaotic attractor. It implies that the intrinsic dynamics behind the instable mo-

tion including chaos can be utilized for the AM-DFM measurement by applying

the time-delayed feedback control. Transient response in AM-DFM is also im-

proved by the control method. We can therefore overcome the trade-off relation-

ship between scanning rate and force sensitivity in the AM-DFM. It is pointed out

that control eliminating the irregular oscillation can help manipulation of surface,

since the manipulation seems to need strong tip-sample interaction that is obtained

in the operation near sample surfaces [81]. In addition, we treated grazing bifur-

cation of tip oscillation. Generation of subharmonics and chaos in transition from

non-contact to contact regime was predicted numerically by van de Water and

Molenaar [149] and then suggested experimentally by Hu and Raman [82]. We

showed the time-delayed feedback control also stabilize a microcantilever graz-

ing against the sample surface. The subharmonic and chaos are successfully sup-

pressed in the whole range we investigated.
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Chapter 8

Conclusion and future directions

The dissertation began with posing the fundamental questions lying on the con-

trolling chaos using time-delayed feedback. The essential importance of the global

dynamics in controlling chaos is due to the possibility of the coexistence of global

chaotic dynamics and locally stabilized target orbits in controlled systems. The

problem simultaneously shed light on the existence of the missing-link between

the preceding successful experimental results and theoretical explanation based

on the stability analysis of target orbits. The global dynamics of the two-well

Duffing system under the time-delayed feedback control was then numerically in-

vestigated in this study and the results were generalized to periodic systems under

control. The scope and method going beyond those of the conventional stability

analysis now enable us to answer the questions and thus provide the new and gen-

eral insights on the ability and characteristics of the time-delayed feedback control

of chaos especially in engineering systems. In addition, the novel application of

the control method to DFM was proposed. The possibility of the application nu-

merically confirmed in this study becomes a milestone toward the application of

nonlinear dynamics and chaos to nanoengineering systems. The accomplishment

and future direction of this study are summarized below.

In Chapter 3, different steady states emerging in the controlled two-well Duff-

ing system were found out and analyzed by applying the bifurcation theory to

the difference differential equations describing the controlled systems. It was em-
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phasized that the onset timing of control is an important control parameter de-

termining the success of control. The influence of unstable coexisting orbits on

the transient dynamics was also pointed out. The mechanism yielding the multi-

ple steady states was given as the stabilization of the non-target unstable periodic

orbits originally embedded in the chaotic attractor. Period-doubling bifurcation

and saddle-node bifurcation explained their stability loss and annihilation, respec-

tively.

The multiple steady states found out in the controlled systems motivated us to

investigate the domain of attraction for target orbits in function space. In Chap-

ter 4, the dependence of steady states on initial conditions was discussed in detail

based on the results in Chapter 3. The boundary structures of the domain of at-

traction in function space were especially elucidated. The self-similar boundary

structure generated by control explained the sensitive dependence on initial con-

ditions and suggested the existence of the chaotic dynamics behind the stabilized

target orbits. It was shown that one may encounter the highly complicated bound-

ary structure when attempting the selective stabilization of the two target orbits

with the same period. This immediately implied that the stability of the target

orbits in the sense of local or linearized dynamics never gives the full explanation

of the ability of the time-delayed feedback control experimentally demonstrated

so far.

Chapter 5 directly probed the global phase structures in the infinite dimen-

sional phase space by revealing the one-dimensional unstable manifold persis-

tently existing in the controlled system. The unstable manifold and associated

global phase structure were shown in various amplitudes of feedback gain. The

original chaotic dynamics is destroyed and then completely simple global struc-

ture is realized together with stable target orbits, as the feedback gain is increased.

The rapid convergence to target orbits is achieved under this simplified global

phase structure. On the other hand, persistence of the original chaotic dynamics

under control arose as was expected in Chapter 1. The persistence of chaotic dy-

namics was proved to be a fundamental problem in controlling chaos and provided
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the full explanation of mechanism that causes transient chaos and highly compli-

cated boundary structures observed in Chapter 4. It is noted that the explanation

is never given by the linearizion based approaches.

In Chapter 6, the results in Chapter 3 and Chapter 5 were generalized as the

features of the global dynamics in a periodic system under control. The revisit

to the results in the previous chapters gave a clue to generalization. It was sug-

gested that the problem of the global change from the original chaos producing

to the simplified structure was reduced to that of the annihilation and degenera-

tion of the non-target unstable periodic orbits from the controlled systems. The

annihilation and degeneration of the non-target orbits were then generalized to

a periodic system under control incorporating the harmonic balance method. A

typical scenario of the change of global structure for increase of feedback gain

was characterized and then a promising explanation was given to ability and per-

formance of the time-delayed feedback control experimentally demonstrated so

far.

Chapter 7 presented a novel and important application of the control method

to chaos in the AM-DFM. We numerically demonstrated the ability of the control

method as the first step toward the real implementation. It was shown that the two

different chaotic oscillations of microcantilever recently reported can be stabilized

by the time-delayed feedback control. The control method is able to extend the

operating range of the AM-DFMs. The trade-off relationship between the force

sensitivity and scanning speed can be overcome under the control method. The

control method enables us to improve transient response of the microcantilever

without modifying its parameters.

This study is devoted to the global aspects of time-delayed feedback control

and its application to the nanoengineering systems. The future directions are

mentioned as follows. One direction is classification of dynamical systems by

controllability with time-delayed feedback control. In Chapter 6, we provided a

theoretical framework to discuss the performance of control from the viewpoint

of the global dynamics of controlled systems. The presented result covers only
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the periodic systems and several assumptions were made to prove the annihilation

and degeneration of the target orbits. The further generalization has to be given,

because important targets of the time-delayed feedback control are excluded in the

present setup. Autonomous systems are one of the most important classes, but the

present framework does not work since the period of non-target orbits is varied

as the feedback gain is increased. The model of microcantilever in the DFM is

also out of the scope now. The uniform ultimate boundedness is the most impor-

tant assumption; however, the model does not seem to satisfy this assumption and

therefore we have to investigate what enabled us to stabilize a target orbit without

care to global dynamics in Chapter 7. Justification of the framework is also not

completed in this dissertation. The justification of the describing function method

given from the 1970s to the 1980s [137,138] will give us a clue to the justification

of the present framework. It is also interesting to clarify the mechanism caus-

ing the global chaotic dynamics and its simplification in infinite dimension more

precisely. The proof of the existence of the homoclinic intersection and how the

intersection is simplified in function space are proposed as a challenging problem

for the dynamical system theory.

Another direction is experimental demonstration of control of microcantilever

oscillations. In this dissertation, the possibility of the application to the DFM was

numerically proved under the ideal conditions on the actuators and sensors for mi-

crocantilevers. The next step is implementation of controller to an actual device.

The circuit implement of the control method is not a problem if we attempt to sta-

bilize a microcantilever with resonance around 10 to 100 kHz. In this range, the

digital facility can be effectively used for making a flexible controller to examine

the control performance and resulting improved measurement performance exper-

imentally. On the other hand, there are many factors seriously limiting the control

performance in reality and this is emphasized especially in micro and nanosys-

tems. Characteristics of actuator for microcantilever is the most critical in the

current standard device configuration of the DFM. One can observe many spu-

rious peaks if one actuates the microcantilever with a standard piezoelectric ac-
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tuator. This implies that the presence of large phase delay in the feedback loop

and therefore one has to at least apply the control method in a limited frequency

bandwidth in practice. However, the problem of the bandwidth required for the

control method has not been studied so far. We have to investigate the control

performance under serious restriction to implementation. This is a practical prob-

lem related to the experimental setup, but also opens a new future of theoretical

studies on the control method.
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