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ABSTRACT

Atmospheres of late-type supergiant component of Zeta Aurigae-type stars are
discussed, especially with respect to the state of ionization and to the condensed
structure. After deriving the ionization formulae for metallic elements in a locally
condensed atmosphere, the reciprocal of the packing fraction of condensation, e, is,
using Wilson and Abt’s model, shown to have very high values and to increase
towards upper layer of the atmosphere in order to suffice the observed values of
degree of metallic ionization, even though the ratio of number of atoms contained in
condensed region to that of smoothed case, B, is nearly equal to unity. To avoid
these difficulties, high electron temperature of the atmosphere is assumed, and we
extend the ionization formula by taking account of the effects of electron collision due
to the high electron temperature. Temperature distribution of the atmosphere that
can explain the observed degree of ionization is given with constant « as parameter
for Zeta Aurigae and 31 Cygni. As for calcium, calculations are done for bhoth cases,
namely that of =c,ir=0 and +cair>»1. Our discussion leads to results that in the
lower layer of the atmosphere 7:=4000°~8000°K for both stars and in the upper
layer Te=12000°~16000°K for Zeta Aurigae and 7Te=10000°~12000°K for 31 Cygni,
and that log ¢=2.5~5 for both stars. Treatment of »~"-distribution of density is
also discussed, but results are shown to be about the same with those of exponential
form. It is shown that at least for 31 Cygni those condensations cannot be directly
identified as prominence-like clouds detected in the outer layer of the primary.

1. Introduction

When an eclipsing binary system consists of a giant or supergiant star of
low surface temperature and a much smaller and hotter star, observations of
the eclipses of the small star by its primary star are quite interesting, because we
have opportunity to study the atmospheric structure of the large and cool star,
though we cannot apply directly to the atmosphere of a single late-type super-
giant star. Four systems with this eclipsing nature, namely, Zeta Aurigae, 31
Cygni, 32 Cygni and VV Cephei, were ascertained, and a number of observations
and analyses are carried out. Some figures about the eclipses and physical dimen-
sions of these four binaries are given in Table 1.

* Present address: 4th Division, Meguro Technical Research Laboratories, National Defence
Agency, Tokyo, Japan.
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Table 1.
Zeta Aurigae| 31 Cygni 32 Cygni VV Cephei
Period (day) 973 3802 1141 7400
Duration of total elipse (day) 38 61 12 450
Radius of primary star (10°km) 140 120 150 720
Height of chromosphere (10°km) 350 350 280 2100
Radius of secondary star (10°km) 35 7 2.1 35

In the discussions of the atmosphere of primary component of system, con-
densation structure is considered by several authors (1, 2, 3, 4). There are two
reasons to assume the presencé of condensations: The first reason is that the
state of metallic ionization in the atmosphere could not be explained with smooth
distribution of matter in the atmosphere, but locally condensed cloud would be
sufficient for the observational values, because higher electron density in the
clouds could reduce the degree of ionization. This hypothesis is proposed by
Wilson and Abt (1) for Zeta Aurigae, and later by Wright (2) for 31 Cygni.
Deutsch (5) also tried to apply this hypothesis to discuss the circumstellar en-
velope of Alpha Herculis.

The other reason is the prominence-like motions of calcium clouds at the pre-
and post-total eclipses which are confirmed from complex structure of Call lines.
Such motions of calcium clouds are detected by McKellar ef al. (3, 6) for 31 Cygni,
by McKellar and Petri (7) for Zeta Aurigae, and by McLaughlin (8) for VV
Cephei. In the case of Wilson and Abt’s model, however, the packing fraction
of condensations becomes very small, and the existence of condensation in the
atmosphere makes the treatment of the problem complicated. For Zeta Aurigae,
the present writer (9) proposed a model which has smoothed distribution of
matter and high electron temperature. But it is not sufficient to explain the
degree of ionization especially with regard to the supply of electrons.

In this paper we discuss atmospheric models which have increasing electron
temperature with height and constant or decreasing « which is defined as reci-
procal of packing fraction. But we do not refer to 32 Cygni because of the lack
of quantitative data.

In §2, geometry and the penetration of radiation from the hotter star into
the cool atmosphere during atmospheric eclipse are presented. In $3, atmosphere
of Zeta Aurigae is discussed. Considering the ionization formulae in the locally
condensed atmosphere, variation of « through the atmosphere in the case of Wilson
and Abt’s model is derived. In this case, @ seems to have very high values and

increases rapidly towards the upper atmosphere.
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To avoid these characters of «, we assume high electron temperature in
the atmosphere and derive the ionization formulae for these conditions and the
distribution of electron temperature with heights. In $4, similar treatment will
be applied to 31 Cygni. In §5, treatment of VV Cephei is discussed. In §6,
calculation is carried out under the assumption of » ™-distribution of matter
instead of exponential form. In the last section, discussions of our results are
given.

2. Treatment of atmospheric eclipse

2.1 Before we enter into the discussions of Zeta Aurigae-type stars, it is neces-
sary to prepare the geometry of atmospheric eclipse and the pass of radiation
from the secondary star to the extended atmosphere of the primary star. Although
it has been already formulated by several authors, we summarize and present in
a rather generalized way. Now the secondary star is assumed to be far distant
from the primary compared with the effective dimensions of the atmosphere of
primary. Spherical symmetry of the primary star is also assumed. These assump-
tions would be reasonable in our case. At first, we discuss the number of atoms
along the line of sight (Fig. 1). Let us consider a column of unit cross section
in the primary atmosphere along the line of sight. Here 7. is minimum distance
from the center of the primary star to the column, and 7 the radius of the
primary star. In Fig. 1 the dotted line represents a section plane whose inter-

to observer

C

section with the star presents the disc of this star to the observer. s is measured
from this plane along the directed line. Let # be the angle between the vertical

line from the center to the line of sight and a line joining the center and a
point P whose distance from C is s. % means the atmospheric height of point C.

o

o i

—

Fig. 1.

Then we have
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ds = rosectfdf . 2.1

Let n(7) be particle density in the atmosphere at distance ». Then the total
number of atoms N(s) per unit cross section from the secondary star, which is
considered to be at infinity from the atmosphere of primary, to the observer, is

given by
s 0
N(s) = S n(r)ds = g n(r) r.sec’*0dl
—co —1/2
= Se n(r.secl) v, sectidd, 2.2)
—x/2
which may be rewritten as:
N() = 30 mn(rc sec @) . sec’0di -+ S:n(n sec ) r.sec’0d0 . (2.3)

Usually the hydrostatic distribution of density is assumed, but the Gaposchkins
(10), Linnel (11) and others considered the form proportional to » ™. We shall
consider these two cases.

Case A. Exponential distvibution of density
Let #n, be the density at atmospheric base, and 7 be the density gradient. Then

n(r) = nge Y7 | }
Ne = 1, 9"7(”0”’0) , (2 4)
and we have
n(y) = n.e” V"), (2.5)
Thus, we obtain from (2.2),
N(s) = N(0) = So y Hee YT esee 87 g sec? f df
—/2
= 17 59 Ve sec (2.6)
/2
Putting tan #=¢ and changing variables in (2.6), we have
L Q_.-“zﬁ
N(s) = N() = nmg eV I gy
_— {So e—?rc(v:l-i-t—z~1) dit Sf e_yrccx/l:ﬁﬁl) dt}
—o0 0
= ncrc{F<OO, 77'6>+F<t) ;‘7’0>} ’ (2'7>
where we have put
Ft k) = S;e”"‘c‘/;"z“”dt. (2.8)

The total number of particle in the column is easily obtained as:
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Niocar = Nis = 0) = N(0 = ) = Nz = o)

:md eI D gt = Oy F(o0, 77 2.9

Now, we assume

Tre» 1. (2.10)
Then, only the region #&1 is effective for integrations and the function F becomes
the error function E:

B, B) = S :e~<k/2>f2dt . k>0, 2.11)
and we have
N(S) = ny7e St oYt gy
= 1, n( SO eV gt - St e‘”’c“z/z)dt)
00 0
= ncv[E(eo, 7r) +EQ, 771, (2.12)
and
Niotar = 2n; 7’CE(DO’ r"c>
27,
= ng4 e 2.13)
noy/ 2 (
or equivalently
#e = Niotal 57?7’_5 . (2.14)

Expressions (2.12) and (2.13) are approximate formulae valid only in the case
77e»1, and exact values of N(s) and N can be obtained from (2.7) and (2.9)
respectively by performing numerical integrations. But the difference of appro-
ximate value of Ny from the corresponding exact value is roughly estimated
with the ratio F(eo, 7#.)/E(ce, 77.). Fig. 2 shows this estimation.

F(es, y7¢)
E(oo, 770)

3k J

Fig. 2.
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Case B. r™"-distribution

Recently, the ejection of the matter from the atmosphere of late-type super-
giant star has been confirmed (5). If we take these circumstances, together with
hydrostatic case, into account, it will be important to consider the case of »7-
distribution in the atmosphere of Zeta Aurigae-type stars.

We assume a distribution law of the form:

n(r) = %o<—t>~m,
7

4

and (2.15)

7 —m
e = My <~—'~> .
o

Then we have

n() = ne (;)' (2.16)

c

Using (2.16), Eq. (2.2) is written as:

N(s) =N = Siﬂ/gnc(&_s_e_cﬂ)"" 7. sec?fdh

¥e

= N, 7, Se co0s” 2 0dl = n.r. { go cos™ 2040 + 86 cos™ 2} dﬁ}
—1/2 /2 0

Encrc[G(%, m—-—2>+G(!7, 111——2)], 2.17
where

G0, m) = ] cosm 0. (2.18)
The total number is expressed by

Niota) = 272c7’cG(~75~, m~2)

- — L ([m=11/2)
He¥er T Fonjsy (2.19)
which gives
sy = Deotar  1'(m/2) (2.20)

vey ' w L' (Im—11/2)"

2.2 The problem of penetration of radiation from a high temperature star into
the cool extended atmosphere was treated by Stroémgren (12) for Epsilon Aurigae
system. Again we consider Fig. 1. Let n,, #, and #n. be the densities of neutral
atom, singly ionized ion and free electron. Then, the formula of ionization in
the column is given by

%’ine = 1088, T " We ™ = Ce™™1, (2.21)
1

where
C = 1083 % T, THW, éZ. 22)
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where 7% means the effective temperature of secondary star, 7. the local
electron temperature of the cool star, W the dilution factor, and % and & have
usual meanings. t, is the ultraviolet optical depth along the ray from the ionizing
star to the point considered. Let x and » denote the degree of ionization and
the total density of atom. Then, we have

Ny = XN,
= (1—x)n, (2.23)
He == XN .

Using (2.23), Eq. (2.21) can be written as:

xz

1—x

n=~Ce "1, (2.24)

vy can be expressed in terms of the absorption coefficient «; in the ultraviolet
per atom and the number of neutral atoms per unit volume (1—x)n as:

dry = (1—x)na,ds. (2.25)
From (2.24) and (2.25) we have
dey = _“waze-ﬂ ds, (2.26)

and then

"1
S _l’_e_'rx dTl = ﬁl_

il af” was. (2.27)

—6o

Discussing the nature of the integrations of (2.27), Stromgren shows that, along
a given ray from the companion, considering atom will be almost completely
ionized up to a certain point s, defined by the following formula (2.28), and
then the ionization will drop very rapidly to a value close to zero.

=

0 s, (2.28)

00

Consequently s, can be considered as the position of boundary between the ionized
and neutral zones. We apply this result to the two cases of density distribution
derived in §2.1.

Case A. Exponential distvibution
Here, the right-hand side of (2.28) is written as:

a, (%o a, (%o _ el

C

—co e €00

= %nﬁ [F(co, 27 7o) + Flto, 2r )] (2.29)
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From this formula we can find the boundary of ionization for a given n.. Of
course, when approximation (2.10) is valid, F-functions in (2.29) are replaced
by error function E. The ray for which the ionization just extends through the
atmosphere, i.e. the critical ray, is the one for which f,=+co. Hence, the central
density on the critical ray is expressed by

_ c %
e, erit = [m] . (2.30)

If F is approximated by E, then (2.30) becomes

eveese = (2) (L) (2.31)

a) \wre
This is derived by Wilson and Abt (1).

Case B. y "-distribution
In this case, from (2.16) and (2.28), we have

1= —ac—lglnzds == %‘~ n2 Siﬁcos =2 4
:%n[c(% 2m~2)+cce(,, 2m~2)]. (2.32)

The central density on the critical ray is given by

~ C k4
e crit ™ [Zalc(n/z, 27’}1“‘2)]

e 1(m) e
a [aT VT ([2m—11/2) ] . (2.33)

3. The atmosphere of the K-type component of Zeta Aurigae

3.1 The system of Zeta Aurigae has been known longer and investigated more
extensively than the others, from both observational and theoretical aspects.
From the observation of 1934 eclipse, Christie and Wilson (18) obtained the
relative number of atoms of the various elements at various levels above the
photosphere of K star, and discussed the structure of the atmosphere. Roach and
Wood (14) discussed the photoelectric observations during the eclipses of 1939~
1940 and 1947~1948. Their conclusion is that the probable mechanism of light
extinction is due to the weakening of the radiation of B star by absorption lines
produced in the K star’s atmosphere, and the role of negative hydrogen ion is
ineffective. Wilson and Abt tried detailed discussions on the K star’s atmosphere
with the spectroscopic data of 1939~1940 and 1947~1948 eclipses. They derived
a number of important results for physical quantities; number of atoms along
the line of sight, density gradient and excitation temperature, and so on. One
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of the most important conclusions of their discussions is that the atmosphere of
K-type supergiant star should be consisted with discrete condensations of very
high particle density. Groth (4) also mentioned the condensed structure in the
atmosphere to explain metallic ionization in the discussion of 1950 and 1953

eclipses.

3.2 The condensation structure in atmosphere is convenient to interpret low
degree of ionization, and it is necessary to estimate the packing fraction, or in
other words, the degree of condensation, and to know its variation through the
atmosphere qualitatively. In this section we consider the ionization in locally
condensed atmosphere. As a first approximation we shall take rather simplified
case. Qur assumptions are as follows:

(i) Assuming a static atmosphere, we put the density distribution of matter as
an exponential form. Treatment of » "-distribution will be discussed in a later
section.

(i) For the degree of ionization we take that of mean values obtained by dividing
the total number of ionized atom in the column considered by that of neutral
atom. In our case this approximation seems to be sufficient.

(iii) Normal cosmic abundance ratio is assumed.

As observational quantities to which our discussions are extended we take
from data of 1939~1940 and 1947~1948 eclipses, which are shown in Figs. 3
and 4. Groth’s data during 1950 and 1953 eclipses are also plotted in Fig. 4.

Total number of various atoms and degree of ionization greatly depend on
the degree of ionization of Call to Calll. Following (2.31), the critical density
of Call in the atmosphere of Zeta Aurigae is estimated to be 1.06x10°, with
values of 7,=14%x10%cm, y=6x10"%cm™Y, W=3x10"% Tyx=Tp=15000°K, T.=
4000°K and ac.an=24x10". The central density of Call at 8% 10°km derived
from observation is found to be 10%2, which is smaller than #, ., and then
the ionization of Call to Calll proceeds by the radiation of B star. However, as
is shown by Wilson and Abt, the presence of Lyman Beta absorption which lies
19A shortward from the limit of Call may affect the Call ionization. The
absorption coefficient in the wing of a line is given by

k= 165%107%(A/42)* f. (3.1

With 1=1026 A, 44=19A and f=79%10"% and denoting the number of neutral
hydrogen as N(H), we find the optical depth for Call due to the wing of Lyman
Beta as:

Tearr = 3.84 %X 1073EN(H) . (3.2
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Fig. 4. Zeta Aurigae: JIonization of Ca and Fe as a function of height,
(By Wilson and Abt)
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Wilson and Abt estimate that the opacity due to Lyman Beta can suppress the
ionization of Call over about three-fourths of the light path at the height of
8 10°km. That is, the suppression due to Lyman Beta lies in critical region for
Zeta Aurigae. By this reason we divide our problem into two extreme cases,
namely, Case I in which Tc,r is nearly equal to zero and Case I7 in which Te,1r is

much larger than unity.

3.3 As we assume the exponential distribution of matter, the particle density
of any atom or ion at any height is expressed by (2.4) and the total number by
(2.13). To make our treatment easy, let us define the “uniformly smoothed
distance” s, as:

se=4f e, (3.3)

Here s; has the meaning of length of column in which the all of atoms of an
element on the line of sight are distributed with uniform density #..

Taking s, and 7. as standards, we discuss the condensed region and the other
region—we call it “ground region”—in the atmosphere. Of course, the condensa-
tion may have various values of density and dimension, but in our simplified case,
we assume density of condensed parts in the column along the ray to be constant.

Now we proceed to calculate the degree of ionization of calcium in the locally
condensed atmosphere. Let N, #®, 5., N®, n¥> and s, mean the total number
of atoms, density, and length of condensed and ground region in the column.
We assume further that electrons are supplied from metal.

(@) Case I. zcau==0.
In this case, the ionization formulae for calcium are described as follows. For
the condensed region

N&u  Fean

RN GE (3.4)
NG T

Né?II _ fCaI (3 5)
N&G  nd '
nt(eC) = ngxcxgtal = Dc, ng:;) s (3.6)

N
n@ =, (3.1
<
and
NE) = NEG+ N+ NEh - 3.8)

Here fcarr and fear are usual ionization constants for Call and Cal, namely:

Fearr = 10837%Ca1té Tp T %W, 3.9
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and
Scar = 1018387%Cal0 Tp T % W . (3.10)

D¢, is the normal cosmic abundance ratio of metal to calcium, log Dc,=1.8.
T., the local electron temperature, is taken as the effective temperature of K star,
namely 4000°K, Tp=15000°K and W=3x10"% Remaining notations in the ex-
pressions of ionization constants fc.ir and fc. are as usual.

For the ground region:

(&
NCa>HI fCaII

NEL TP e

N((fl)ll fCaI (3 12)

NG TP '
n® = 5@ = Deanl®, (3.13)

N(é’)
n® = =, (3.1
and
N = N&+ NG+ N . (3.15)

In Case I, in the exact sense, the number of electrons supplied by Calll is twice
the number of Calll. But, with respect to #., these deviations can be practically
neglected and we can put #e=#g.a. Further, as is seen from Fig. 4, Ncar is
much larger than Nc., hence we can neglect Ng,r compared with Neair+ Nearnr
in the expressions (3.8) and (3.15).

Since the quantities to be compared with observations are mainly concerned
with Call and Cal, we obtain the two solutions of family of ionization formulae
(3.4)~(3.8) and (3.11)~(3.12).

For the condensed region:

NG D 1[_D D ) %
1= ey = Fourl( 2 Nt 5 [ - 20 N+ { (B i) + 22 feanivizul ™))
c c

and

2 Yo
ne? = DC" Nc(:cx)n'*‘%“[ Dea NE {(%99N0a11> A= 1fcmNc‘,n} ], 3.17)

and for the ground region:
N&n DC'! (o) 4 L[ _Dca areed Dca nreer V. Dea
[ = N& T Jear|( = chn 5 [ N&+ {(“g; N&n ) """" fCaIINCaH ] ,

Cal
(3.18)
and
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0 D g 2D iz { (2 i)+ B ] @19

These two regions are connected as follows:

Ny +N&y = Neann
N&: +N& = Nea 5

N&m+N& = Neamu, ]

(3.20)

and
Set Sg = Ss.

Let a be the ratio of the density in the condensed region to that of the
uniformly smoothed case, and also 8 be the ratio of the total number in the
condensed region to that of the uniformly smoothed case. Then we have

- n(")
@ = ol
and . N 3.21)
=5
Then we get
76 = N o a_l_\l = Ol , (3 22)
Se Ss
N® = N—N© = N(1-8), (3.23)
NB/s; = aN/ss, (3.24)
and
s = ssf/e. (3.25)
Consequently, we obtain
Sg = SgS¢ = Ss<1"’ﬁ/a) y (. 26)
and
po = N® _ NA-Pp _, al—p) (3.27)

sg  ss(I—B/a) " a—p
We must notice that following (3.22) and (3. 27), the solutions (3.16) and (3.18)
are functions of @« From the expressions (3.16)~(3.27), we get ‘“the mean
degree of ionization of calcium” Ical. total :

( C (
Icat, totar == {NE + N &) /AN + NEYD

= 1/{B/1H(a) + A-B) /TE) (a)} . (3.28)

Here, for convenience in further diécussions, we shall define “packing fraction”
as 1/«. Thus, the mean degree of ionization of calcium is calculated with (3. 28)
taking @« and f as parameters.
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(b) Case II. rcauipl

In this case, the expressions (3.4) and (3.11) can be dropped from the family
of equations of Case I, and the terms Nc.mr in the expressions (3.8) and (3.15)
are negligible. Then we have Ncaui=~Nc,. In Case II, I&, I and the mean

degree of ionization Icar, oia; are easily calculated with

I$ = NEW/NEY = feal/ne®, (8.29)
nee = -DQ‘NE;?H , (8.30)
[ =NER/NEL = fea/nl®, (3.31)
ne = Doy (3.32)
Sg
and
Ical, torar = 1/{B/TE (@) +(1—-B)/TE (@)}
« .
— , 3.33
nla T ad—F) @51 (3.33)
where

K= fCaI/DCa . (3. 34:)
If so/5.€1, e is much greater than 3, and then

_ K
Ical, tota1 = w[ai T A= (3.35)

(¢) Ionization of iron

We have also to discuss the degree of ionization of iron. In this case, too,
formal difference of ionization formulae between Case I and Case II appears in
the expression of electron density. Ionization formulae are;

for the condensed region
I = NEa/ Ny = fret/ne®, (3.36)

and for the ground region

I3 = N8 /N = fre/nl®, (3.37)
where
Frer = 101838 XFel8 TpT %W . (3.38)

For Case I, we use (3.17) and (3.19) for »¥® in (3.36) and »{¥’ in (3.37), and for
Case II, we use (3.30) and (3.32).
The mean degree of ionization is expressed by

— (€] (g) \ {ed (g)
[FCI» total = {Nl“eII +N Fellf / ;NFeI l"el}

= 1/{B/I§ () + L—R) /T (@)} . (3.39)
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Wilson and Abt showed that variations of the degree of ionization of calcium
and iron are not explained with the single model of smooth distribution, and
then assumed the model with condensation. But from their observations, an
important trend of metallic ionization was confirmed ; the degree of ionization is
nearly constant throughout the atmosphere except for calcium. Although the
calcium anomaly is not yet explained, we adopt the value of the degree of ioniza-
tion of calcium at the upper atmosphere, i.e., Ncani/Ncar~5000. With respect to
iron, Wilson and Abt estimate the abundance of Npemr from Nca., and Nge.r from
43720 of Fel. Consequently, Nperr and Ngerr/Nw.: depend on the estimation of
Nca. We get Nrerr/Nrer~2.2x10° for Case I and 500 for Case II.

In the expressions (3.28), (3.33) and (3.39), setting values of Icar, tota; and
Irel. tota; @S the constant values described above, we can find relation between «
and n.. The central density #. depends on the atmospheric height. Then we get
« as a function of atmospheric height. Results are presented in Fig. 5 with 8
as a parameter. We do not estimate « of iron for Case I, because the observed
degree of ionization exceeds the computed value and the assumption of condensa-
tion looses its validity. Further discussions are extended in §7.

loga
==== Ca, Case I
— Ca, Case Il
sl o Re, Case IT 4
B =01
7k £ =05 J
. B=1
B=1
A= 0.1
6r =05 7
[Pl
5t 4
4 j=
3 -
ol |
1k A
0 10 20 80 40 B0x10°km height

Fig. 5. Zeta Aurigae: log« versus height.
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In Fig. 5 we can find various characteristics; namely, (i) loga increases
rapidly from lower to upper atmosphere by a factor of about 3.5; (ii) Decreasing
of f makes a larger by an appreciable amount; (iii) The difference of log«
between Case I and Case IT is about 1.3.

3.4 As is seen in Fig. 5, « takes a very high value. To explain the higher value
of the degree of condensation, we need more force to make condensation. From
the view of dynamical equilibrium, large value of the packing fraction, i.e., small
value of « is desirable. Furthermore, rapid increase of « with height makes the
problem more complicated, because it is natural that the condensation should be
easily dissipated in the upper atmosphere than in the lower atmosphere. It should
be desirable for « to decrease to the upper layer, or even not to increase. Here
we try to get an atmospheric model in which electron temperature increases
with height and « is smaller and non-increasing with height. Increasing of
excitation temperature with height was already found by Wilson and Abt (1) and
super-excitation in the upper atmosphere was suggested by Groth (4). Although
there are ambiguities in the mechanism at the upper atmosphere, the increasing
of temperature seems not so absurd.

When the electron temperature increases, the electron collision becomes more
effective for ionization. In that case, new ionization rormula should be used
by taking account of collisional ionization.

Let Qu, @, Si. and S,; be the coefficients of photo-ionization, photo-recombi-
nation, collisional ionization and recombination by triple collision of atom or ion,
respectively. Denoting the densities of atom and singly ionized ion by ., and
g+, We have
Tyt Qo Te) +Qu(Te) (3. 40)

Mx, Qu(T:) +neSu(Te)”

Since it is a sufficient approximation that Q. »#.S,(7:), (3.40) becomes

mxv o 1o (T T 44 (T, (3.41)
‘)Zxo Ne
where
FaolTe, Te) = Quu(Te)/Qu(Te), (8.42)
and
‘/’x( Ts) = Slz( Ts)/Qm( Te) . (3. 43)

Suffix x of f and ¢ means the respective element.
f is the ratio of photo-recombination to photo-ionization and is given exactly
by our previous ionization formulae as:

Fu = 1058 50T TATY (3. 44)
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Using Unsold’s expression (15), we have

=33 & (am)e™
b 1667 eno(xx> Uy

"(1408), (3. 45)

Un

where

_ v,
Uy = BT (3. 46)

and ¢, is the number of outermost electron, ¢ the reciprocal of Sommerfeld’s fine

structure constant, d=2r¢*/hc=1/137, and e the correction factor for the recombi-
nation in excited state due to Elwert (16).

(&) Case I. tcari=0
For calcium, ionization formulae are described, for the condensed regions, by

N&u/N&n = h%‘f_’f cat1 + $catr, (3.47)
NEL/NEL = h%&ijaI +¢car, (3. 48)
N’ = NG+ NEu+ N Aca (3.49)
R (Dca NE+NED, (3.50)
N§/NE) = (c)fH+¢H , (3.51)

while, for the ground region, we have

N& /Ny = ;z%ﬁfCau+ $carr, (3.52)
NEW/NE; = ;l‘(}g’;fCaI +Bcat , (3.53)
Nif = (NE+NE+NEWD , (3.54)
ne® = n{B Fnf = = (DCa NE+NE) Aca, (3.55)
HL/NE = —@—)fHer)H (3.56)

Ac, is the normal abundance ratio of hydrogen to calcium, namely log Ac.=5.6.
Nu, means the total number of neutral hydrogen atom. As done before, Ncar can A
be neglected compared with Ncari+ Ncamz. Since the critical density of hydrogen
derived from Stréomgren’s criterion is log#c ;t=8 and is smaller than the
density derived from the observation of calcium, the first terms on the right-hand
sides of (3.51) and (3.56) are both nearly equal to zero.

Taking account of these approximations, the family of equations for collisional
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ionization can be solved. Thus, we have, for the condensed region,

(e = N c(:can J N J 7 ,
I8 == = fcar [ N&n+t+ { NCaII (fcann—1) + [{ NCaII (feari— 1)}

%_ —1
-+ 4*;‘[—(:— NE:Ca)II {fCaII + “:SZ; NE:ca)Izl ¢Call}] }] -+ ¢CaI ’ (3- 57)
2

néC) - _:5[; Néca)n Ty 2 { L N&‘)H (bear—1) + I:{—.—S‘]: Ng:ca)n ($cari— 1)}

+ 4—3{— N&Ey '{fCan + —Sj: N&y, ¢c311}]%} . (3.58)
where
J = Dca+¢u'Aca, (3.59)
with
by = 1—% R (3.60)

and for the ground region we have

N(&;) .
Ié&a)l = NZg)iI = fCaI [i?]; ]\7251)11—+ _-'{ ] NCaII (¢CaII“ 1) -+ [{;E: Ng’;)n (¢CaII_ 1)}

]/4“' -1
4 4{; N&{ fourr+ {; N&ytca} | }] +dcar, (3.61)
2
n® = ] N(gn + = 5 { J N&, (Peau—1) + [{{: N& (ear— 1)}
LGt Lygf]}. G
g

(B) Case II. tcaupl

B star’s radiation is not effective to ionize Call to Calll, and the correspond-
ing terms can be neglected. The family of equations is simplified and is then
solved using approximations as applied to Case I. Thus, we have, for the con-
densed region,

N&/N&y = $ear, (3.63)
NE/NE, = J; Caly et (3.64)
N = NE+HNER+NE Aca s (3.65)
ne? = ;1; (Dca N + ¢ Nu) (3.66)

while, for the ground region, we get
N& /N = bear, (3.67)
N(Ci)II/N%g;;)I = f?;)l + ¢C aly (3. 68)
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Nif = (NE;‘(";)I-}—NE;?H (C'L;)IH) Aca, (3.69)
nSE = —é:l- (Dca N+ ¢’ Ny . (3.70)
g

Consequently, the final solutions become as follows. Namely, for the condensed
region, we have
N&) NE
1€ = v = fear|[Tor Deat Aca(L+ dearddad) |+ doar,  B.7D)
Cal
@ NEn
”ec = Se {DCan"ACa(l'}‘beaH)ng/} 3 (3' 72)

while, for the ground region, we have

(&)

N(s;) N,
Ig’;)l = F?E)I‘I = Cal/[ C 2 {DCa T ACa(l“}“ ¢CaII)¢H :]'TI‘ ¢Cal 3 <3. 73>
Cal
Néi)u
#& = == {Dca+ Aca(1+ boarr) b’} - (3.74)

(¢) Ionization of iron
For iron we consider Case I only. We can use # and % as derived from
calcium, and simplified formulae are obtained. Thus,

N$Ou/N$x = L2+ boar, (3.75)
NEG/NES = ’;’Iﬁi +Bper . (3.76)

We take (3.72) and (38.74) for #5 in (3.75) and #»& in (3.76).

3.5 Throughout subsections (@), (&) and (¢) in $3.4, the connecting relations
between both regions and the mean degree of ionization are the same as those
already expressed by (3.21)~(3.27), (3.28), (3.33) and (3.39). Degree of ioniza-
tion for each case (a), (&) and (¢) are calculated and shown in Fig. 6 as functions
of Nca/ss or Nre/s; with T: as a parameter.

Following the discussion in §3.4, let us discuss the atmosphere with constant
packing fraction. With the formulae derived, the mean degree of ionization is
expressed for both calcium and iron as follows:

Low = 0( 72, Yoall, o, ) 3.77)

Since heights for given Nc./ss or Nre/ss are derived from observational data

shown in Fig. 3, (3.77) has a form:
Liova1 = ¥ (Te, Iy a, 8) . (3.78)
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—~— Ca, Case I
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c: 12000°
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Pig. 6. Zeta Aurigae: Degree of ionization as a function of
central density.

By the discussion in $3.3, taking fixed values of I, namely, 5000 for
calcium and 500 for iron, the sufficient conditions for electron temperature are

required as

TE = ?l/./<h1 a’ B) .

¥’ is given in Figs. 7a and 7b as a function of height with @ and f as parameters.
Electron densities in both regions are determined by (3.58), (3.62), (3.72) and
(3.74). They are directly affected by « and 5. In Fig. 8 we plotted electron
density versus atmospheric height for the case of uniformly smoothed distri-

bution.
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Fig. 8. Zeta Aurigae: Smoothed electron density
versus height,

4. The atmosphere of the K-type component of 31 Cygni

4.1 Because of quite recent discovery of the nature of atmospheric eclipse of
31 Cygni by McLaughlin in 1950 (17), discussions on this star are not so much
as that for Zeta Aurigae. Recently, detailed analysis was done by Wright (2) for
1951 eclipse, and he suggested the condensed structure of the atmosphere.

Let us estimate the reciprocal of packing fraction which may agree with the
observed degree of metallic ionization with normal temperature of the K-type
atmosphere. Simplifying assumptions used for Zeta Aurigae, i.e. (i)~(ii) in $3.2,
are also adopted for 31 Cygni. We use the observed data for 1951 eclipse by
Wright. His data are rather more detailed than those for Zeta Aurigae; the total
number along the ray and the degree of ionization are given for neutral and
ionized iron, calcium, titanium and scandium and so on. Although there are some
scatters from each other in the estimations, it will be convenient to know the
whole feature of the star. The total number for each element along the line of
sight and their degree of ionization observed by Wright are shown in Figs. 9
and 10. As in the case of Zeta Aurigae, it is necessary to examine whether the
ionization of Call to Calll proceeds or not. Applying (2.31) with T=18600°K,
T:=3900°K, W=74+<10"" ac,ii=2.4x10"" and y=1x10"2cm™, we see that
108 7e, ori¢=8.96, which is much larger than the observed central density of Call
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Fig. 9. 31 Cygni: Central density versus height for singly ionized elements.
(Calculated from Wright's data)

«Ca
o Ti
log Nx- 4 Fe
Nx, x Sc
6F 4
0
4r ° o © 4
L ° ]
° x o
2r Xy o 2 4
. o o X A
0] 4 4 4 J
0 5 i0 i5 20 25 30% 106 km
height
Fig. 10, 31 Cygni: Metallic ionization as a function

of height observed by Wright,

227



228 S. KAWABATA

at any height. Hence we consider that K-atmosphere is transparent for radiation
to ionize Call. Here we examine the suppression effect due to Lyman Beta
absorption. The optical depth for Lyman Beta at the wavelength corresponding
to the absorption edge of Call is already given in (3.2). For the total number
of neutral hydrogen we take tentatively the mean of values estimated from the
abundance of each element obtained by Wright. Then we find that rc.u is of
the order of unity at the height of 27x10°km and several ten times larger at the
lower atmosphere. Then if we also take account of the scatter of observed value
of N(H), the suppression of radiation by Lyman Beta absorption is large and
the central density lies in critical value. Consequently, in this section too, we
consider two extreme cases, tc,ir==0 and e,y 1.

By a similar method to that in §3, let us derive the reciprocal of packing
fraction with normal K star’s temperature. Solutions for the two cases of calcium
are obtained with the use of Egs. (3.4)~(3.15) and (3.29)~(3.32) directly. For
other element x, denoting the quantities with suffix x, for neutral atom and x*
for singly ionized atom, we have the family of equations as follows. Thus, for

the condensed region:

NE/NE = fo/ns, “4.D

P = 2 = Dt @«

2 = Ny/se, (4.3)

N® = NO+N&, 4.4
and for the ground region:

NE/NE = fe/n®, (4.5)

n® = n& | = Danl®, (4.6)

nE = N¥/sg, 4.7

N® = N;AO’) +NE, (4.8)
where

Frg = 1058 %00 T TR W (4.9)

Here, the notations are the same as those in §3. We take log D.=3.3 for Tj,
4.9 for Sc, and 1.1 for Fe. Relations between the condensed region and ground
region are given by (8.21)~(3.27).

Wright confirmed that the degrees of iomization for the metal are nearly
constant throughout the atmosphere as in Zeta Aurigae. We estimate the con-
stant values of the degree of ionization from Fig. 10 as follows:
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log Nrjr/Nrag == 3.5,
log Neert/Nrer == 1.5,
log Nsc11/Nser == 2.2,
log Necatt/Near == 2.2 .

(4.10)

Using (3.4)~(3.15), (3.29)~(3.32) and (4. 1)~(4.10), we get the relation between
a and i by the same method as used in §3.3. Results are presented in Fig. 11.
They are plotted for f==1. In the case of 31 Cygni, the increase of a« with
height is not so abrupt as in the case of Zeta Aurigae.

logx
r y T 5
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- Fe, 8 =1 -
B = 0.1
8 = 05pCa,Case II
6 ¥ .

B =1 Ca, Case I
4k .
Ti, B =1

0 10 2030 40 B0x106km
height

Fig. 11. Cygni: log @ versus height.

4.2 As discussed in $3.4, we again consider the atmospheric model to get
observed values of the degree of ionization, taking « as constant throughout the
atrhosphere. Formulations are performed as done in §3.4. For both Case I and
Case II of calcium, (3.47)~(3.56) and (3.63)~(3. 70) can be applied. For another
element x, we get, for the condensed region,

one _ Loz
NQING = ot Frut b (4.11)
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Nif’ = (N&+NE Ax, (4.12)

e = %;(DXN;”’+¢}1’N§{C)) , (4.13)
and, for the ground region,

NN = o fsyt o, (4.14)

N = (WP +NE)Ax, (4.15)

nE = (DN /N (4. 16)

where A, is the abundance ratio of hydrogen to element x, and we take log Ay
=71 for Ti, 86 for Sc and 4.9 for Fe.
Then, for the condensed region, we have

Nearr
Ncal

log

0 ) 5 3 4 5 6 7 log chszan

Fig. 12a. 31 Cygni: Degree of ionization for Ca as a function of
central density.
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Jx

Ced o) ] -

NEINS = @75y Dat Attt P50 1D
ne® = Af‘> {Dx+Axor} (4.1

and for the ground region, we get

s
(g & *g
NEING = oy Dt duse) 0% (4.19)
ne® = N;—) {Dx+ Ax s}, (4. 20)
g

where we have also assumed that N, < Ny+. In Figs. 12a~12c the computed
degree of ionization is shown as a function of particle density N/s for each
element with 7. as a parameter.

log -5

1

1 2 3 4 5 6 7 8 log }_\fg;u

g. 12b. 31 Cygni: Degree of ionization for iron as a function of
central density.
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Fig. 12c. 31 Cygni: Degrees of ionization for Ti and Sc as
functions of central density.

Now, we construct an atmosphere with constant « throughout the layers
which may give the observed values of the degree of ionization as given in
(4.10). The curves of electron temperature plotted against height, namely the
curves of the function ¥ defined by (3.79), are presented in Fig. 13 with a and
B as parameters. The uniformly smoothed values of electron density calculated
from each element are given in Figs. 14a and 14b. In Fig. 14c¢ geometrical mean
of those values are given. It will be seen that local density varies with «.
Looking at Figs. 13 and 14a~14c, it is found that numerical values for each
element are somewhat scattered, especially in the case of titanium.
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versus height, deduced from Ca and Ti.

versus height, deduced from Fe and Sc.



234 S. KAWABATA

log e

12} i
a: 4000°

1ok ~ Ts={5: 100000_
d

T © 12000
\d : 15000°
[

010 20 30 40 50 % 106 ko
2 height

Fig. 14c. 31 Cygni: Mean value of smoothed
electron density, deduced from Fe,
Ti, Sc and Case II of Ca.

5. The atmosphere of the M-type component of VV Cephei

Owing to its large dimension of VV Cephei, the scale of atmospheric eclipse
is much larger than the other three stars, and the last observed data are obtained
at the eclipse in 1936. Although a number of observations are reported, dis-
cussions on the atmospheric structure of M-type component are still difficult,
especially because of its intrinsic variable character. In this section we use the
data obtained by Goedicke (18) at 1936 eclipse, and try to discuss the state of
ionization in the atmosphere in connection with the results in the preceding
sections.

From the analysis of absorption lines observed in partial phase, Goedicke
derived the ratio of total number of atoms of neutral and ionized elements in
the column of unit cross section from the B star to the observer, to that in the
photosphere of the M star. Denoting the former by N and the latter by Nu, his
results are reproduced in Fig. 15a for calcium and for titanium. Although the
observed value of degree of ionization cannot be determined directly without
knowing the total abundance of ionized and neutral atoms in the column from
the B star, we can know the order of degree of ionization from Goedicke’s data.

The ratio of N/Nyr of x* to that of x, is expressed by
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Nx'}‘/NM, x* e Z_vx':” 1 (5 1)

NXO/NM)XO Nxo NM»x*’/NM,xo.

The denominator in the second factor on the right-hand side in (5.1) is the
degree of ionization of element x in the atmosphere of M star along a ray from
B star. Ionization due to M star’s radiation can be obtained from

N, x"‘ne = 1(15.38~%x0 8 732 (5.2
M %,

where Tyr is the effective temperature of M star., We adopt Tar=2700°K. The
left-hand side of (5.1) is estimated with the use of Fig. 15a and is given in
Fig. 15b. Hence Ny+/Nx, can be deduced with #. as a parameter. Next, we

N
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Fig. 15a. VV Cephei: N/Njy versus height.
(By Goedicke)
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consider the ionization in the M star’s atmosphere due to radiation from B star.
The ionization formula can be expressed by

Ny+

He = 1058 50 TR TAW (5.3)
N,

and we can estimate N.+/Ny, with s, as a parameter, taking values of T3=12000°K
and W=2x10"°%. If we assume that the electron density along the ray from the
B star is equal to that above the photosphere of M star, (5.2) is much larger
than (5.3), and the radiation from B star has dominant role in the ionization of
metal. The degree of ionization in the column along the ray derived from (5.1)
is obviously much lower than that derived from B star’s radiation. From these
differences we can deduce the packing fraction or its reciprocal « in the atmos-
phere as derived in §3. Theresults are shown in Fig. 16. But we do not want
to proceed to further discussions, because of the lack of quantitatively accurate
data.

log @
T 1 i T
41 .
3k R Ca, B=x1 -
/ Ti, B=1
2H -
1 4

L 1, 1 1
0.02 0.04 0.06 0.08 4
Fig. 16. VV Cephei: log e versus height.

6. Treatment of r "”-distribution of the matter in the atmosphere

In §83, 4 and 5, our considerations are based on the assumption of the
hydrostatic distribution of matter. As described in §2, recent observations show
evidences of prominence-like motion of cloud which expands to the outer atmos-
phere or slow ejection of matter of late supergiant stars.

These circumstances suggest that we should treat the density distribution
as of expanding form. As the simplest treatment for this problem we consider
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7~ density distribution and develop similar discussions as done in §33 and 4
with respect to Case IT of calcium at the upper atmosphere of Zeta Aurigae and
31 Cygni. For the case of this distribution we have already prepared the ex-
pressions for the number of atoms in the column from the secondary star during
the atmospheric eclipse, (2.19), and critical central density, (2.33) in §2. To
discuss the observational data we must start again from the discussion of the
variation of total number in the column with height, i.e., Fig. 3 for Z:eta Aurigae
and Fig. 9 for 31 Cygni. Instead of y for the case of exponential forﬁn, we must
find the exponent m from those curves. For the case m=2, the continuity of
matter holds. When m is greater than 2, the physical interpretation of flow will
become complicated. However, in this section we shall determine m formally,
and proceed our discussions.

We consider a column whose minimum distance from the center of the K star
is 7. (see Fig.1.) The total number of atoms along the ray from the secondary
is given by

m—1 m )
NG =mrey/ 7 (M52 [ (1), 6.1
and the total number at the atmospheric height » is given by
_ r m—1 m
N(r)~no(r) 'zl ( 5 )/F(-z—) (6.2)

Consequently we obtain

dlog N(») _ —(m~—1)
dr 7 ! (6.3)
and
d?log N(#») _ m—1
e =" (6. 4)

As long as m_>1, (6.4) is always positive. Hence, curves of log N versus h are
concave upward, while curves for the case of exponential distribution are straight
line with single gradient. As the observed curve has upward concave nature,
the assumption of »~”-distribution law seems favorite to the case. But, in general
observed curve cannot be expressed with single value of m-exponent. Now, if we
assume that single value of m-exponent can be applied to fit the curve between
#, and 7, then from (6.1) and (6.2) we obtain

-

log N(#,) —log N(»)
Tog (7/73) +1. (6.5)

and therefore

W =
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With the observed values of N(#,) and N(7), we can determine m which
describes the decrease of density. We apply this interpretation to upper at-
mosphere of 1.2~1.357,. They correspond to the atmospheric heights of 28X
105 km~48 % 10° km for Zeta Aurigae, and 24 X 10°km~41x10°km for 31 Cygni.

Using the data in Figs. 3 and 9, and the expression (6.5), we find m=13 for
Zeta Aurigae and m=3 for 31 Cygni. With these values of m, we repeat dis-
cussions as done in $33 and 4. In this case, s, and #. defined as uniformly
smoothed distance and density in §3 should be replaced by

so=rew 0 (253) [ (1), (6.6)
and

o= ol o (253 (),
respectively.

We divide, as done in $3, the atmosphere into two parts, namely condensed
and ground regions and derive the reciprocal of packing fraction a with normal
K star’s temperature for Case II with (8.29)~(3.33). Results are presented in
Fig. 17. In this case also « increases towards the upper atmosphere. As done
in §3.5, in this section again we calculate the electron temperature which can
explain the observed degree of ionization with constant «, by (3.63)~(3.74).
For the expression of distance s, and density #n., (6.6) and (6.7) are applied
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71 Case. 11
B=1

Case 11
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i

0.1 0.2 03 03B 5
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Fig. 17. loga versusheight for the case of r~"~distribution.
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instead of (3.3) and (2.14). Finally, we get the expression of T. versus h, namely
¥, which should be compared with (3.79). Results are shown in Fig. 18 with
7 instead of £
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Fig. 18. T versus height for the case of »~"-distribution,

7. Summary and discussions

In the previous sections, we obtained the reciprocal of packing fraction, «,
with the assumption of Wilson and Abt’s condensation structure that divides the
atmosphere into condensed and ground regions. From our results, for example
in the Case II of calcium for f==1, we find that for Zeta Aurigae log « ranges
from 3 to 5 in the lower atmosphere and from 5 to 6.5 in the upper, and for 31
Cygni, log @ ranges from 4.5 to 5.5 throughout the atmosphere. For VV Cephei
log & for calcium and titanium is of the order of 3~4 and shows slight increase
in the upper atmosphere. In the case of Zeta Aurigae we used the degree of
ionization at the upper atmosphere as constant value throughout the atmosphere,
and when we take account of the anomalous depression of calcium ionization in
the lower atmosphere, the increment of log @ from the lower to upper atmosphere
is reduced by the order of 2. But taking account of Groth’s data the drop of
degree of ionization in the lower part is not so conspicuous, and hence our in-
crement of log &« seems to have sound value. Next, we derived electron tempera-
ture distribution with height that agreed with observed degree of ionization by
the geneneral ionization formula with local condensations and high electron
temperature, under the several assumptions described in §3. The results depend



240 S. KAWABATA

on the assumed values of « and 8 and the trend of temperature increase of
curves differs appreciably from one another. Hence, we cannot say definite
solution, but a crude estimation of our curves shows that electron temperature
may change from 4000°K~8000°K in the lower level to 12000°K~16000°K in the
upper in the case of Zeta Aurigae, and frcm 4000°K~E&CC0°K in the lower level
to 10000°K~12000°K in the upper in the case of 31 Cygni. The results of 31 Cygni
show larger scatter than those of Zeta Aurigae owing to the variety of considering
element.

It goes without saying that the curves corresponding to the smaller values
of a lie above those corresponding to greater values of «. Consequently, we can
imagine a family of solutions as a family of trajectories on which the value of
a decreases as the value of % increases.

We prefer these trajectories as the solution to those which are given by
constant values of «, since the former seems more persuasive from the dynamical
point of view. But, choice of practical solution for the given conditions implies
further results of observations.

The value of a cannot be smaller than that in Figs. 7a, 7b or 13, unless the
value of fixed degree of ionization applied to Eq. (3.78) is altered. In other
words, calculation gives necessarily greater values to the degree of ionization
than observation does, so far as the value of « is smaller than that given in the
figure. Owing to the scatter of observed data the values of observed degree of
ionization have some range of error. However, for the smaller « higher value
of electron temperature is required. For higher electron temperature than that
of maximum value we obtained, spectral lines of higher order ions could be
observed. The upper limit of electron temperature should be determined. There-
fore, suitable value of log« for Zeta Aurigae is 2.5~4 for calcium and 3.5~5 for
iron. For 31 Cygni, loga is 2~5 if we take account of the scatter of obser-
vational data. Comparing those values of « with those for T.= T%, higher electron
temperature hypothesis can reduce « by a order of 10°~10% With respect to the
ionization of Call to Calll, we have treated two cases. For Zeta Aurigae, Wilson
and Abt showed that if the atmosphere was transparent for Call ionizing radiation,
namely in Case I, the abundance of each element increased remarkably, so that
they preferred Case IT in which the ionization was suppressed by Lyman Beta
absorption. For 31 Cygni Wright considered only Case II. If the Lyman Beta
absorption suppresses the Call ionization, then N(H) satisfying rcar=1 is about
102, N(H) should not be affected largely by our high electron temperature
hypothesis. Owing to the scatter of N(H) we cannot derive any decisive con-
clusion about Lyman Beta absorption. Let us examine the abundance of element
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for both cases.
for both stars when 7.=4000°K. Even the assumption of high electron tempera-
ture cannot remove off such quantitative differences between Case I and Case II.
Particularly for 31 Cygni, n. and ngz as derived from Case I are increased by a
factor of 10° and present conspicuous difference from the results for other metals.

Comparison between Case I and Case I is presented in Table 2

Furthermore, for Zeta Aurigae, as discussed in §3. 3, degree of ionization for iron
for Case I much exceeds that of calcium, though ionization potential of iron is
higher than calcium. Particle density in the K-type supergiant atmosphere is still
unknown exactly, but the abundance derived from Case I seems too large and
hence it will be reasonable that we prefer Case IT to Case I.

Table 2. Comparison between Case I and Case II.

Zeta Aurigae 31 Cygni
0.057 7, 0.34 7, 0.057 7y 0.034 7,
log #e log nyr log #e log ny log #e log np log ne | log nm
Case 1 94 13.9 7.8 11.6 9.5 13.3 8.9 12.7
Case IT 7.2 10.9 4.1 7.8 6.4 10.3 5.3 9.1

We obtained smaller value of « with the assumption of high electron tempera-
ture, but even our values of a seem still too large.

During the eclipse of Zeta Aurigae-type stars prominence-like motions of Call
clouds are observed, and it is said that those clouds may correspond to the conden-
sations originally proposed by Wilson and Abt. Up to the present, the most
detailed analysis of calcium cloud was done for 31 Cygni by McKellar et al. (6).
Let us discuss briefly this star, though the atrosrteric region in wkhich satellite
lines are observed is higher than that discussed in §4. Following their observa-
tions, examples of Call satellite line produced in the outer atmosphere accompanied
by principal line are cited in Table 3. Total number of Call along the line of

Table 3. Equivalent width and number of Call atoms in the line of sight for
double K-lines. (Reproduced from McKellar ef als Table)

Equivalent width Log No. Absorbing atoms
Phase Violet Red Violet Red
component component component component
40.6 days 019 A 015 A 12.42 12.25
41.6 0.12 0.09 12.14 12.02
71.6 0.09 0.07 12.02 11.95
87.6 0.12 0.04 12.14 11.79

sight estimated with main line is shown Fig. 19. According to their estimations,
discrete cloud of Call of dimension of 2x10"km can exist. We can find from
Fig. 19 the density gradient in the outer atmosphere, which is 7.2x107*cm™
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between /==14x10"km and 33 x10"km. For example, we take tentatively calcium
cloud at phase of 40.6 days. If we assume that red component corresponds to
moving cloud as in the inner atmosphere, then we can find from Table 3 the value
of 8 defined in §3, i.e. f==04.

log Ncant

18¢ i

141 R

105 10 20 305 107km

height

Fig. 19. 31 Cygni: Call distribution in the outer atmosphere.
(Plotted by McKellar ef al’s Table)

Applying the density gradient ; obtained from Fig. 19, we find that s, at this
atmospheric height is 4.7 10® cm and hence we have #,c,=0.09. If we assume
that the constant degree of ionization in the inner atmosphere obtained by Wright
is continued to this layer, and that 7. is the normal effective temperature, we
can find that « becomes 10°* for Case [ and 10°° for Case II. On the other hand,
the linear dimension has been estimated to be of the order of 20x10°km. Even
if we assume that only one cloud of this scale exists, its density is #cioua=0.9.
Consequently « is only of the order of ten. Neither increase of degree of ioni-
zation in the outer atmosphere nor that of electron temperature can remove off
this discrepancy of «. Hence it seems difficult to identify the condensation which
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has been assumed to do some role in the interpretation of the metallic ionization
with calcium cloud observed in the outer atmosphere of K star. These difficulties
will remain also in the case of » ™-distribution of matter. In his discussion of
matter ejection from red supergiant star as observed in Alpha Herculis, Wilson (19)
considered the radiation pressure of Lyman Alpha and suggested that the non-
uniformity of the effect of radiation pressure would produce the fluctuation of
density in the upper atmosphere, i.e., condensation. As well as the presence of
condensation, mechanism of its formation is still remained unknown.

We derived high electron temperature in the atmosphere with several assump-
tions. Atmospheric height we are considering ranges from the base to 0.35 7o.
If we compare our results with the temperature increase from solar chromosphere
to corona, temperature increase of our case seems not so absurd. On the analogy
with the solar corona, if we assume the presence of granulation and the pro-
duction of a stream of acoustic noise from granulation, the heating of the upper
atmosphere would be explained. However, because of the lack of detailed data
near the photospheric base, we do not proceed to further discussions.

Let us consider the temperature derived by the method of scale height. Of
course, the atmosphere of red supergiant star cannot be considered to be in
hydrostatic equilibrium, but as a crude approximation we may apply formally to
our case in the lower atmosphere. The density gradient of ionized calcium is
1.01x10 " cm™ for Zeta Aurigae (1) and 1.3x10*cm™* for 31 Cygni (2). As tur-
bulent velocities, V;, we take the upper limits of observed values, namely, 10km/sec
for Zeta Aurigae and 20 km/sec for 31 Cygni. Applying the usual formula:

" T m Vs 7D
we find T=5x10°°K for Zeta Aurigae and T=5x10°°K for 31 Cygni. They are
very high values and are of the order of the temperature of solar corona. 7
decreases at the upper atmosphere for both stars, and these temperatures increase
much. Of course this is formal discussion, giving only the upper limits of tem-
perature.

In §6 we have considered » ”-distribution of matter and discussed the state
of upper atmosphere with respect to calcium. Results show that for Wilson and
Abt’'s model of Case II, &« ranges from 10° to 10" for Zeta Aurigae and from 10°®
to 10 for 31 Cygni. These values are slightly higher than that for hydrostatic
case. For the assumptions to reduce «, the results with the assumption of high
electron temperature are shown in Fig. 18 for both stars. Comparing these results
with those in $83 and 4, we find that there is no remarkable difference between
the two forms of density distribution,
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