ooooboooao
3770 19800 101-122
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Hilbert B(H)- moedules (291 T
REBER - 221 3R W5 —Ep

§1. Inbuwduction.

KIMIE N 2 6o ZHlL ZomBiconTthiNg, H:
Hilbot apace, B(H) ¢ HE® beumded Liman speralins 02
K, T(H) & HL o trac- class sporalins nBARr T3, Kz
5HE 3 ZR\ Hilbent B(H)- medule b 0%3: 8D T b5,
id Loft BOH)-medule T TCH)- vabucd inmer product
(Gramion £V837) $85 . Gramian 75 ZEN 20072 nowm 12
Bt ZA%EnTHA.

Hilkent B(H)-module p EAGILTE R 1200 TihN2R, 20
221 Hilbent space & FBULLtwd cesarZens (82).

§3 01, BEL 0 TtH)-valued Junclion (2 200 THR.T 5.
BB 0 mumnical Junion pIB/>t BAR I pssllive dofi-
nitinons % ZR L. unitany noprossrtation ko KA Y
BscAner J:ﬂaz P ZIL L EoNTHENA,

!
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$4 via. Hitbert apace-vabued ¥ Hilbort-S chmiclt
lass pornalon- vabusdl atalionary procus 0 ILFk &1LT
D Hilbend B(H)-msdute - valued Jaﬁoﬁajuf precess 129
WCENE., BEG 200 F3E — Weld £ Cramin 0 9 AR
- & &R T3,

§2. Hilbert B(H)- modubss.

Béajg;ﬁ/m,, X & fozétB-nwduIZo_ £33L2, BaoXo
LAD adien & BxX3(a,2)— a-xeX tELZ21275,
aeB(H) » neem i lai,, , adfeint (3 a*, B(H) » uwmt
(11 eE<zvi253a. &1-. TH) » Thrace HL Tace-nowm
(X Znta Tr(-), TC) £ &<,

2.4. Defirition. X & Llt B(H)-modube ¢53r2, Xo
g Hilbert BOH)-module Tha k13, BEL mapping
Lol XxX—=T(H) BT RD U~ L) 2im1ed Lk
Cha: Yx,y zeX, YaeB(H) 1237 1T

(1) Lx+y, 2] =[x, 21+ [y, 2]
¢) La-x, yl=alx Yy
@) [x, 4y1= Ly, x1
4 (x,x]Jz0; [x,x)1=0¢& x=0.
C,-1i2 Gramian &£ i 003,10
2
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Hilhet B(H)-module 0FAI D idea 12 Tanasaki [17] 12
Arna, ‘c*_ﬂ%w&_t@ medile (220 TR /(a./zja/naﬂu?
[6], Faachke [11], /@W[:s] 23ELV. Zhab N
Ar18 2£LT Kakikana- Torasaki (3], Kabifara (4] 12
L2, A7z, Hibat B(H)- —— A —MEY T IWIRL IT2
e Ozawa [10] (CH 5k 3. |

2.2. Remenk. X g pre- Hi Zert B(H) —A ChEEH
X X1 pu- Hilbort apace 1255, 2, X, aeC (R
REUAD) (LHLT  wcalan product, inmen product, novm
8 theh ROXKCRETS:

ax=@D-x, (z, Y= "Tr(lx,4y1)
zly = ‘_I:C[x,x])%. [ |

Frochke [11] & BUAEIC LT, R Lomma 2175, |

2.3 Lomma. X 4 pu-Hilbort B(H)- medude %5137, Yz,
yeX, TaeBIH) (LFTLT Ko (D~B) o KET5 -

) (ax, Y} = (z,a%Y)yx
@ N2zl s Il Izl o
() [y, x1lz, 91 = lxly Ly, y] B
@ T(lxyd) = Dixle- iyl 00
2.4, Dofivition.  pu-Hilbort B(H)- mecule X 3¢ movm Il

Bl ZEThir s, X & Hilbwt BH)-medule r 0537, 1
\ _




104

2.5 Rumark. X4 pra- Hillbent B(H)-module nrs X &
Il 1= 132 X 00 complalion L35, X132 Hilbent BH)
-modude %Y, BH) DXL TH adion LW XED Gra-
miom (3 ¥FM K EAN—Fa9 2 IR END LD Lomma
2336053 (cf [11]).

2.6. Examples. (1) Hlbort apace H 12 Hilbert B(H)-
modunle T H2. BH) 0 acion (2 a-¢ =a, aeBH),
¢eH, Hro Grmuan (2 [¢,¢,])= $,0¢,. ¢.9,¢H
( Schatton [16] D Timasn pwduct ) TREshs. Ozawa
[10]1a. HEto Gramian 3° ZE 4T & Bt —Feo - tD
BrhdriilLr,

@) Hulbert- Schmidt faas HS(H) & Hclbeat B(H)-
msdule T H3. BH)0adion (X a-a,=aa,, acBH),
a, € HS(H), Grameam (1 L[4, a0, 1= aq,af, a,. a, e HS(H)
[ £ FY T |

6 (2.8 12 Momp&t? musawne apace, [2(Q:H)
8 QLT RE SNz vandon varialles T quane-intzguable
TopARE T3, 2,y €2 H), aeB(H) (1 71LT,
ailion & Crramiam|l R UEE s 5 (et [181)

(a-x)(Ww)= axw), well
[y =] x> ey udw), |

4
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Hilbert BH)- module 0 chanacbinizalion & (3. R DEIR
2h3(ct [4]),

2.7 Thewum. X (3 Left B(H)-module. T~ HlhAL
space. (inmon product & (.- £33) Thardd, &L,
VeeX 12270 T px (@)= (a-x, x)x, aeB(H) 9 BH) Lo
novmal psadive Mnear fumdimad THRIL, X 13 Hl-
bt BH)-modube (27 3,

(Qutling of the proo) ) VX 1231LT Ay@)=a-x,
aeB(H) L33x, A, 13 BH)I5 XA beunded
Limaan Spenalon 12%3 20083, NAx » X— B T
»h395 [x,yl=AI(y), x, yeX &%k 3¢ BF
il TR ¢ px(@ = {lx. 21, a*> (<> 12 BlHe
BIHY* p pain ) 9 YaeB(H) TREL, px-4: novmal 105
[x.x1€TH) d-kd. WRT C.r14-Gramian THE2LE
Do,

2.8 Dfinidion. X & Hilbert BlH)-module , ¥ 2 X0
bl k33, |

() Y 40 X » Hilbort BCH)-aubmsdule TH 211,
Y X0 Left B submodute T, Ll 12 PALT cleard |
Thdrén).

@ &(Y)izad-T Yzfé gomorale 2072 X 0 Hilbert

5
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3 Y0) Gramiam MWWW Y*a
Lo {xeX; [, «1] 0. "’ye\r} |

zz%zna i * '
kafémdz7 (5] (1. cmmudaﬁmﬂw*mwt ;tef
LT Mmﬁ,onaﬁdzcm/:wa&en toaum % FEBH L7254V,
Hilbert BH)-medule T8 AR 0 Zrg E2ifzh 3 (cf
[31). | |
2.9 Thwum. X & Hibbant BH)-module , Y2 X0
Hilbert B(H)-submsdule 233, Y O Gramean mﬂ&g‘mﬁ
complomnts Y 13 X O Hlbart B - aubmsdile 12 %Y,
BED Hlhot space 2 LT0 aithogonall complomendt Y™
E=FFA. LI:de-T Y=Y®OY*» mﬂﬂf&mﬁ olecom -
/,wmnd VA ER

(Qutling o) Ho progd ) Y* 47 Lot BH)-module THSL
LIBZ R4S ONA . Y8 nevm-cloaed THZIENT,
Lomma2.38) &Y a4, Y'= Yt iontia, Yrey?*
BBIbH. YEC YA, xeYh yeY £z, YaeBH) i
T FrlalzyDd=0 240, TH*= BIH & fna. I

Kiz Hithert B(H)-module Lo fumcdtonal 1237 LT O
R&uzzﬂuﬁzwméﬁ’\ﬁ knfzm/b; [51«50/75_@%@
Xeiftna, o
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2.10. Defindion. X & Hilheot B(H)-module ¥ 33, f
4 XL0 Jumdimal ThHiEL, fI X85 TH A0
module /iemmlfaﬁm UHI_LEn), -3Y), V:z,gfeX,
Yae BIH) (271LT flaey) = foo +f(y), fla-x)=afe
2RI UhB, X120 dundional f 47 Sounded
Chreld, Ik>0 (2770 T(f@) = klally, TxeX
BRET3 e T3, LOFEN s ibRT /w) TBRaf
O rwvm [flly TH2.10

2.11. Theowm . f 4 Hilbert B(H)- m&duﬁax.t@,ﬁam-
dod funtiomal ThIT; v-ﬁm#exa\ LT

j(:c)= [, f;{], 146)(
I Ifly = Iyl 2 5idrd.,

(Ctline of o proef ) 00O =Tr(f) £bHT HE D
Hilbent appace D Reosz tleowm 2R ()= (x, 1Y)y,
3146)(. hr Tr(a [xﬂj]) = Trlaf@), YaeBH) 24
feo =Lyl £71%3.0

£83. A Bechna ML Heswm, .

zon 8 T3, 2%;;@ T(H)- WW 1220 TEZ $3,
3.1, Definilion.. @SWWZL PG
LmTG&WWtM,
7
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0 p o pallive- ddirite. 312, Y{a, -, dn)
CBIN, YittadCO FTLT Z aiplactiaf 26
FR2FI eV,

@ p 6 weakly erliuows TH3E11, YaeBH) 1k
LT Tr(apl)) 47 anfinusuws THhd:re ),

RDZEIZ 13 Ozawa [10] (24 3,

3.2 Thwum. G & é&wﬁ@i compacl guup, p&C
Lo TH)-valued pacline-definits Junction £33, 20

r3BEL Hilbot BH)-msdule X, x,eX, GroXeA
D umilary nwprssontalion & — Uy 80 51 LT
b =LUx, %1, teCr

aRzd5. &L pa uuﬂ? cotinueus THNILS T
U & MM? conlinuows V2703, 1

3.3, Romane. Hdlheot B(H)- mMX£m,6Ww€aoé
Linsan sponalen Ud LUz, Uyd=[x 42, YaqeX
LidT: b : Gramian szw%_ ThLrbRirizizba,
Framwam wnd&uu} &MLJ;'M. 59 ,@,’% 7)) .wmjan/? WCJZ,%
/53, LToFIBT Uy, telr (1 Gramian wm'z‘wvﬁ( Iz

LREAILhAA. CDr gt 0 B Gramdan unifa.
napriain or LSz F AL ]

f@mﬁé«# mw,;u“f“ hBeliam Gilp +» TH)-padued
3
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weakly eoitinuous paailie-defniti Jumction (23173
B&cﬁmml’?x}a.@ thooum ¥ ZX 1§31 H12 K213 <2
D Hih s i,

LIBB<o ] (Q, B) & aboliact measunable space
L33, F & Bro TH-valued ammTaM% additive
(c.a.) menaune ¥ 83, 210 counlably aaldzl:}ml;j
Trace-nevm DERTEZR, K2I1T S Lo BH)-valud

- Junctien O TH)-valuad. measune F 12500 infignal

t2%:03. 29" L.(2:BH)) & QLo BCH) valued
imple Junioms O BALFR. 239 B=2 aily,,

@ eBH), Aie®B (12i€n) T340 «}wnd/‘tm@ﬁi)z"
$3 (1. AeB 12, Ao charactonisdic funclion £4b3).
Qro cmp@/x—waﬁd Wétl R(w=Pw) ], w
e LHpTceicdsT B(H)*T}M%MLMCLQ‘Q 3
-Za.iA € L,(2:BH)) [z 2717 écomn/m A0 F

122N T D W %

1&1= aup |0

weld

o BF@) = 5. 4 F i)

TEK DA, (A= T(F(A)); AeB Lk )u/;(Br_fD

fonile. nemnegtine menouna 12 A, fAR% 1R 104y

9
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Vdel, (L:BH) 1279 L
T( o B Fldw)) = 131D

B3, Lo(:8H) o Il 1z ont o compllion &
L(Q:BH)) rE<zz1:33L, LOFEN LT Fioow
0 J/MW 2 LCQ:BH) 0Z R 171 24, b
DAZAN S TNAANLTE, 2612 YaeB(H), Y@ellR:8H)
12210 T Jo @B Fldw) = a [, Blw) Fldw) 42753,

Riz Q& Amﬁﬁb« compact apace. , B 5 Qo Bl
M, X & Hlhart BlH)-medule £53. XLEOD projedion
Pv [Px,yJ=[x Pyl, V:c.«jex £ iBr-tén g
Gramiom prspecion & b4 221293 PO X0 b Holled
BlH)-sukmodule A0 pragection U § E9" Gramian
pjelion 12 %3780 BRI F14THs. BrvZkIn
X Lo Gromian pusfeclion 118 5 £ 3 meaawne P() T,
(POOxx)x 40 YaeX T negubon 12752 &0 & _«S‘M
measune. E%47. > PEIIon T amdegnal 1220 T
NBorlz 03, 34 LG BW) o R Tt FE L.
Rz LUL:BIH)) 123 zzz?ém aimple. Jumion & =
Zali,q 1TXLT

S B Pw) = 2. @) PA) |

Y 2% 33, zov Ta) (aeBH) i, Twx=a-x, xeX T

10

u[}.g;
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AR T X Lo opnalin Th3. 377557 13 ileng
spnalin Topology TE23. FoBic, VP e L,(Q:B(H) 12
27T | |
ladtPunly = 181
BREPI BRSO S, LT:A ST Pt L2V TO inlig-
nal 12 L(QBH) p&E 1z 3T Tk . Lmﬁéf\é
¥n33Nz93.

xeX 1271t £,()= POz » Z&KA3e, éx 13 631:
D X~valued c.a. Wm?ma% aecllinwd (o.5.) measun
127%3%. 22Y), A BeB.AnB=¢ t*cm/;“ |

o LEW, E.B)] = |

L i, yéXVmLt Mxy()—[P()xy]
22&@52: Macy (I 031'.0) TH)-valued ¢.a. measne

753, Mry (250 TO m:?w ¢ DAL A F s,
3@‘ YAeBrzzzLt

vchxyccnw n [ llyux |
BBEIS BT S aimple funlion B = B ity
1ALt |
| fa@{mm?u@) ZaAEFrAn,%]
AV OLS TE N SAEE
T (JoBl0) Mery o) £ 1311 !lxllx Iyl .
11
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L:gcaT ,mtz?w  L(Q:BH) nBEaciEikrs, |

Lm%%ié%miiﬁXéJﬁ@ o1z YBel (Q:BH)D

20T KD EFANKE T3¢ |
o BIMay () = [(Jo200) Pz, y ]

Ao BiBOTT Bochmsn e Hosm 2 ZEBTS LE
°CEA.

3.4 Theorom. (T 2 fmal@«d cemvpacf‘ aﬁe,@da/n j/wo«f)
Gr 840 dual Mt?ﬁo XeG o LG 3R 1%
<t A> 2 B<zriz33, p 2 G0 TUD-valuasl wea-
k%mwww%mMI%Mé
8 Gt TH- valued c.a. meaawre F 457382 LT

P =[r <& A>FlO, ter -
v"‘rza Fle xc»%’gamm. Gr £ 0> TOH)-valad.

(utline of Ho. prosf ) ,m%;.;: Thewnom 3.2 H0 Buma
3.3124 9. b 3 Hillbent BH)-medube X, ZeeX (v Grf)
Grramean Wan/b( le;vw"ra;&lw £ Up 557372 LT

qbét)—. [0, ], teCr
gitrd. BB EEIY . BE St 0325 BT
G 0 spetnel meaauns. P 4037l T
12
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U = [ EOPUY). teG
LA, %20 Go Bewl ad Al2ZTLT
F(A) = [P(A)Z. X ]
bb<t. Fiz Go Bowl fald £o TH -valued ca.
messuwrs 125 Y ZIRDFI8E o1 s e ANEAD o 5o
BEIAH THA |

§4. Hillort BUD-modull—volued dalimary processss.

Hilbort apace. |2 VA 2Y 3 wunivariale prsceas {2Xp}nie
2200323 Kaﬁmw (7114503, mdli-
voriale proceas 1220 TH, Wiamen~Masans L19] 04K
29 2 BRE DB, imfindi- vorialle cane, LHQH)-
walued , HS(H)-volued proceas 1320 T Kalliampur~
Mandnohar (61, Mandrckar-Salebs [8.9], Pa#mi' [12],
&mm,@m? (14) Trord. Kz13 Qo% 5h—wy 12
Bayilo e Bay e (T Hilbet BH)-module |Z585 ¥
% pcess 12 20T AZ 13 (e f. Kabihana (4], Ozawa[r0])

WE, X, G &2 h BDE T2 Hilbeit BH)-msdube,
locallly compact akelian group k33,

4. 1. Dﬂ?élmﬂm Gab X A\D5 (% toxp 0°H 3L
1 e 20 Gro X-vabued atalionarny prscess (sp) TH

/3
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seld, Ro M. )4 w’%r-zm XTUhE

() [x, X1 3> st~ 1> %{ﬁ@“ézo Nk
M(st™) £H<, '

@ T iz weakly mazmw T A

[z prscess e 0 avaniance Zﬁwnﬁm ZDS%’?Z
5. 1

4.2 Romink. {%ilteq & GLO X—MQML 3P s F 2%
D covorvance Wa 53, |

@ Tz W@% heallive 1275, 520, Vm

= 1 CCT, .V{¢n')¢n}CH 127703 T

| (F(mzJ Ne:, 4:) =20 |

@ T2 T valued poailive - W%M
173 (e f. Defiridtion 3.1). 1 :

43[22]%1% 1 teer & Gro X- velued sp 233,

0 Uy O Tome domain V&

L 4E) =Glas: teq) SEERRT
CRELNhE, 31 VaGo whel £ U1 E, e
Vi ™35 sboovalion apace (3 -

4@ V)= Biz,;teT)
CEE NG,
©) seG 111 Uity =g, te(T T :—z%wm
4
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4@ Lo sponalin Us & A% le; 0 2hift operalon 205
e U 12 Grramean und T s=>Us 4

coitinusus 123345 G Lo spectial meoaune P() 4
Bfelt U=LTTPAD b%3.

3) M2 3%l D avorcance Jundion £33 L,
Theoum 3.4 12d ) G r TH-valued ca. measung
Fg a5 31 LT

re)=lx, %1=J; s x>Fcoex) seCr
xx3, F~ 1X { % e O _deaaé dibichution rv%
s, I |

Wald 0 % BREIE & ZX 4L $3 1212 oo R Fs b g%
Th 4.

44 Definilion. 9 & G o mw%tj Mmm‘pé
Samily T TBamalelion imvaniant %y Nk 33, 231
teq, Ve 5ola" £V e sidbr:3e 33,

() Gro X-vebued sp{%)tee o y~mm (2
22(3,

NHETI-)
155&?‘35 tt“&iz ﬁfz —ngdw\, Thdelld
4(2:7)= (&) |

a*VVeLDz M2 LT HA,
15



116

2) {If}fe@}"i%—}tg@ 2 Gr o X-valud sp’s r§s
LE, Yo 47 A% )teq 12 J-subordinals T hibt;{
[%. Yel o027 120 12 AKTBL

BTV C 5 (E:T). Y7e9

Be0™ 40 CHE) S RETILT'HS. ]

LD B o T1 Weld decompoadion (2 i@otat\tfé
(ef [4.6.151).

4.5 Thoom. {%edpee; & GLD X-vabued sp, § T
D nememfty dubacls O M ¢ Tnamdladiom iwvanionds
vhsedd. 0rg A 0 %’J/\Eﬁ% %ﬂﬁ’t,
teCra BRLL R BT D

O Ytdteg, 1Welter @ G L X-voﬁemdsiasms

) ["ds wil=0, Vs teCr. »

3 AYeear, {w@}w fa m}wc y - subendimalz
H A,

@ AYeleer 11 ) -rgulan Th3,

(B) AW e 14 "O",MW Th3. |

(Qutline f 2o proef ) 4(E:9) = 0 FE 7
La<e, ux 460 Hlbed BH)- M’maiuﬂe.l %o T
na. %1 P& 3(&3)&5 g(:t j)ﬂ)_ﬁ’\ﬂ) Grmuam

(?/,&ged‘um ¥ LT

/6
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wg= Pz, 1é(a:"zzt‘ Wy, teCT
rb 2, '{gt}tGCr ‘iw:&)te@-»d M~ 2irdzek
HRHH 3. |
46. Defirition. {Zgler & G LD X-valuad 5p, Fz &
40 spactial diiiktion £33 ( c @4%%4 3),
37z dX&GrO)HawLmaAww £33,
@) Fgaedxiz ¥t Mi&% cordzruons
(Fedt) thseia, Vo TeH 22717
(Fz(O¢, V) «dx
L3I UhA,
@ Fza-dx g anGuellan, (Fx__Lclx)z%
fneia, Yé,feH it
(Fz(-)<[>;’tb) 4 dx
La5leThR. 1 .4
47 Lomma. {%ee & G Lo X-vabued sp | PL) &
ahift spenatins U (seCr) 25 5F0 07 Gt 0> apectral
mesune. dXéGmHamma«w/w. k33, 3R,
Mo =1Yeh(2) ; (P()y,y)x Ldx)
| M = {ze 6@ 5 (POZ 2y L ]
rh<. L, &a*ow Chnir, Wa, B 1z H&)
O Hlbert B ~aubmedulea 127D, B12 U, - smuvarcant
1
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(seGr)t, 4= Na® N L KZ93,

(Outling of B proef )  Halmso (2] 122 3%, M,
I (3. Hilhet apace H(2) O loaed alibapaces T
4@ = WON & BRI POU = UPL, s
Ch 186 N, W 12 Us ~nveriont THa. a. N
4 Loft BIH)-moduboa 12%-T13 2 Mﬁ%rﬁiz}\
bh3. I - x

Cramor & cla,com/ma.lilcm 12 xp 212723 (ef. [1,4.6,
151).

4.8.Thoom. {Zlpeer & GLo X- m&uz 2, Tzt
20 apecdicd dialiiduTion , dX % G 0 Haar measune

2330 3L, G a0 0 compact THAIK, {Zeeer ©
—EnH B =Y+, teT A LT K&
123 : |

) YYedeeq, 12 )teq 13 GL o X-valued sp's TUH

4. ~ |

(2) Fi, Fg A %h%wﬂ {yf)‘téérl {Zt}‘&eér D W
dibbadion ¥ 33 ¢

Fe =Fg+Fg
| | F?' Ldx, FpldX
BMED 3,

18
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(Qutline %M/MA@{) PG) & {Zg}te&l anssciole 241
t- GO spaitiiod measine kLT, Na, Wls & Lomma
410391:25%73, Q& 4G5 Nad £AD Gramion
pwgection b L, | o
Y= Qg Eg=Xp=Ys, teq
e5< O Yl 18t 9 O (2)2%&3‘ 'z
A RN Y (AP I

AGW}&JJ,@M., cnAseR<i by RELAD
o1 BAAIE 213 <O BBERIDE L NI
Y IR 139,

(1] H.Cramin, @nmmmjof Aoy nondom,
pwcesacs, Anm. Malh. 41(1940), 215-230.
(2] P.R.Halmes, InTroduction To Hilbeit Space amd
- e Heany of Spectiol Multiplicity, Chelaca, New
Yok, 1951. :
[3] Y.Kehhara amd T. Tenasohi, Hilbert BOH)- msclu-ﬁw
| m%&,cm I, (. Rp,faﬂnﬂf In\/ Sci. Tech
- T"“éf" Db Unine. 5 (1979), 23-32.
19
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(4]
[5]

(6]

(7]

(3]

(9]

[10]

4
(XN
sy
LW

Y. Kalu&wm HU Bent BLH) msdales with aff&mﬁm

0, in peparnddion.
I Kaflﬁam/ua{ Modislon ouen &ﬁzwﬁmu%bﬁm
Ammj Math. 75(/953), 839-853.
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apace, Bull. Matd. Uniw. Mssconr 2(1?4!} 1-40.
V. Mandrohor and H.Solohi, The aguane wlig/m&ﬁt]
of@;hmm M&WLW with neapect 15 a nor
/(afmwgp&/wu&mm/aﬁm ﬁwwm, J Maiﬂ/ MZJ/
20 (1970), 545-563. | *
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Jﬂ)é/mj_ - dimomassmnall Maﬁmaﬂ/% dechodlie
[w,czu_u Ann. T'MI Hemfu Paxmmﬁ,a e 3. 6(7?70)
115-130. -

M. Ozawa, Hilbet BH)-msdules amd ,waiz;@w%

pwceanca yre Wzb v Kdat M uld,. J:
W. L. Faachke, Inmen psducl medules ouen. BE
20
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