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A counterexample to a conjecture of
complete fan

Kenta Watanabe*

Abstract

If a Griffiths domain D is a symmetric Hermitian domain, the
toroidal compactification of the quotient space I'\D, associated to a
projective fan and a discrete subgroup ' of Aut{D), was constructed
by Mumford et al. Kazuya Kato and Sampei Usui studied extensions
of I'\D for a Griffiths domain D in general, and introduced a notion
of “complete fan” as a generalization of a notion of projective fan.
The existence of complete fans is expected. In this paper, we give an
example of D which has no complete fan.

1 Introduction

Let D be a Griffiths domain, let I be a “neat” discrete subgroup of Aut(D),
and let X be a fan consisting of rational nilpotent cones in Lie(Aut(D)) which
is “strongly compatible” with I'. Kazuya Kato and Sampei Usui [KU] intro-
duced the notion of “polarized logarithmic Hodge structure” and enlarged
the space I'\ D to the space I'\ Dy by adding the classes modulo I' of nilpo-
tent orbits in the directions of cones contained in ¥ as the boundary points.
They proved that the space I'\ Dy, is the fine moduli space of polarized log-
arithmic Hodge structures of type ® := (w, (h*?), ez, Hz, ( , ), [, Z) ([KU]
4.2.1, Theorem B), and that I'\Dy, is a “logarithmic manifold” which is
nearly a complex analytic manifold but has “slits” caused by “Griffiths
transversality” condition at the boundary ([KU] 4.1.1, Theorem A).

In the classical situation, that is, D is a symmetric Hermitian domain,
the toroidal projective compactification I'\ Dy, of I'\ D was constructed with
a sufficiently big fan 32, called a projective fan, by A. Ash, D. Mumford, M.
Rapoport and Y. S. Tai [AMRT].
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For general D, Kato and Usui introduced in [KU] a “complete fan” as a
generalization of a projective fan, and they gave a conjecture of the existence
of such fans ([KU} 12.6.3). As an example, they gave a concrete description
of the space '\ Dy, for Hodge type h?° = %2 =2, kMl =l and for T == ;
i.e., the fan counsisting of all rational nilpotent cones whose rank are less than
or equal to one in Lie(Aut(D)) in [KU] 12.2.2. In this case, the fan ¥ = Z is
complete.

In the present work, we started to generalize the description of the above
example, but in fact we encounter a counterexample to the conjecture of
existence of complete fans. We show that D with A*? = h}! = h%? = 2 has
no complete fans.

After the present work, a modified version of the conjecture about com-
plete fan is added at the end of 12.7 in [KU].

We fix a 4-tuple ¢ = (w, (h?")p 4ez, Hz, { , }), consisting of an integer w,
Hodge number (A7), 4cz, a free Z-module Hy of rank ¥, A9, and a non-
degenerate bilinear form {, ) on Hg := Q ®z Hz which is symmetric if w is
even and skew-symmetric if w is odd. Then, let D be a classifying space of
polarized Hodge structure of type ®¢ (This is also called Griffiths domain),
and let D be a compactdual of D.

Let

' Gz == Aut(Hy, (, )),
and for R = Q,R,C, let
Hp:= R®z Hz, Gp := Aut(HR,( , )),
gr := Lie(Gpg)
= {N € Endg(Hg) | (Nz,y) + {(z, Ny) = 0 for all z,y € Hg}.

2 Nilpotent orbit

In this section, we recall the definition of nilpotent orbits after [KU]J.
We fix ®¢ = (w, (h*?)p4ez, Hz, { , )) as above.

Definition 2.1 ([KU] 0.4.2, 1.3.1) A subset o of gr is said to be a nilpotent cone,
if the following conditions are satisfied.

(1) 6 = RNy + -+ + RxoN,, for somen > 1 and for some Ny,...,N, € 0.
(2) Any element of o is nilpotent as an endomorphism of Hg.

(3) [N,N'] =0 for any N, N' € o as endomorphisms of Hg,

where [N N'] :== NN' = N'N.
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We recall some notion about nilpotent cones in [KU] 0.4.3, 1.3.2.

A nilpotent cone is said rational, if we can take N;,...,N, € gg in
Definition 2.1 (1).

For a nilpotent cone o, a face of ¢ is a non-empty subset 7 of o which
satisfies the following two conditions.

(1) fz,ye7and a € Ryp, thenz+y, az € 7.
(2) Ifz,y€oand x+y €7, then z,y € 7.

Definition 2.2 ([KU] 0.4.4, 1.3.3) A fan in gg is a non-empty set ¥ of ra-
tional nilpotent cones in gg satisfying the following three conditions:

(1) If o € I, any face of o belongs to 3.
(2) If 0,0' € Z,0N 06 is a face of o and of 7.
(3) Any o € X is sharp. That is, o0 N (—o) = {0}.

Let o be a nilpotent cone in gg. For B = R,C, we denote by og the
R-linear span of ¢ C gg.

Definition 2.3 ([KU] 0.4.7, 1.3.7) Let 0 = Zig;<,(Rx0)N; be a rational
nilpotent cone. A subset Z of D is said to be a o-nilpotent orbit ¢f there is
F € D which satisfies Z = exp(oc)F and satisfies the following two condi-
tions.

(1) N;F? € P (1< j < rp e 2).
(2) exp(3_1 <, 2N;)F € D if z; € C and Im(2;) > 0.

The conditions (1) and (2) are called Griffiths transversality and positivity,
respectively.

We say that the pair (o, F), consisting of a rational nilpotent cone ¢ C gg
and of F' € D, generates a nilpotent orbit if Z = exp(oc)F is a o-nilpotent
orbit.

Example 2.1 Let w = 2, h?® = At = h®? = 2, AP = 0 otherwise,
and Hz be a free Z-module with a basis (e;)1<j<6- Let (, ): Hp x Hg — Q
be the Q-bilinear form defined by

-1, O O

(<eiaej>)1§i,j§6 = O FE O y where 12 = (é (;) y FE = ((::l) é) .

O O FE
Let Hg := @D1j<sa Qe;. For a € Hg, let N, : Hy — Hg be the nilpotent
endomorphism given by
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No(b) = —(a,b)es (b€ Hé,), No(es) =0, Ny(eg) = a.

Note that, for all a,a’ € Hg, No, N, € gg and [N,,Ny] = 0. Let F € D
be given by F? = C(ie; + e2) ® Ceg, and F* = (F2)L. Let 0 = Ryo(—Ne,) +
R>oNe,. Then, (o, F) generates a nilpotent orbit.

Definition 2.4 ([KU] 0.4.8, 1.3.8) Let & be a fan in gg. As a set, we define
Dg by

Dy :={(0,Z) |0 € £,Z C D is a o-nilpotent orbit}.
Note that we have the inclusion map

D < Ds, F - ({0}, {F}).

Definition 2.5 ([KU] 0.4.10, 1.3.10) Let £ be a fan in go and let T be a
subgrouy of Gz.
(i) We say T is compatible with I if the following condition (1) is satisfied.
(1) Ify €T and o € T, then Ad(v)(o) € . Here, Ad(y)(c) = yoy~!. Note
that, if I is compatible with £, T' acts on Dy by

7 :(0,2) — (Ad(7)(0),7Z) (y € T).

(ii) We say I is strongly compatible with ¥ if it is compatible with ¥ and
the following condition (2) is also satisfied. For o € X, define

I'(o) :=TNexp(o).
(2) The cone o is generated by logT'(c), that is, any element of o can be
written as a sum of ¢ log(7) (¢ € Ry, v € I'(0)).

Assume that I' is “neat” and strongly compatible with . T'\Dy is a
“logarithmic manifold” which is nearly a complex analytic manifold but has
“slits” (see [KUJ).

3 Complete fan

In this section, we recall the definition of a space Dy, and the definition of
a complete fan after [KU].

Definition 3.1 ([KU] Definition 5.3.1) We define

Ais a Q-linear subspace of gg consisting of
mutually commutative nilpotent elements,

V is a valuative submonoid of A* := Homg(A, Q)
with VN (-=V) = {0}

V:={(4,V)

4
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Here a submonoid V of A* is said to be a valuative submonoid, if VU(-V) =
A

For (A,V) € V, let F(A,V) be the set of all rational nilpotent cones
o C gr satisfying the following (1) and (2).
(1) OR = AR.
(2) Let (cNA) :={h € A* | h(c N A) C Q>0}. Then (cNA)V C V.
Definition 3.2 ([KU] Definition 5.3.3) (i) We define

_— (4,V) €V,
Dy := {(A’V’Z) Z is an exp(Ac)-orbit in D |-

(ii)) We define

there ezists o € F(A,V) such that

Dy = ¢ (A V,2)
Z s a o-nilpotent orbit

(A,V,Z) € Dy, }

Definition 3.3 Let T be a fan in gg. For (A, V) € V, we define
XA,Vyg twm {0 ey | ocNAgE€ f(A,V)}

It is known that, if X 4 v,z is not empty, then there exists the smallest element
oo of Xavs ([KU] Lemma 5.3.4).

Definition 3.4 ([KU] Definition 5.3.5) For a fan T in go, we define

D = {(A, v,2)

(A,V, Z) 1S Dval» XA’V,E s not empty,
exp(ooc)Z is a og-nilpotent orbit '

Here oy is just as above.

Definition 3.5 ([KU] Definition 12.6.1) A fan X in gg is complete, if Dy, =
Ds a1

In the case where a Griffiths domain D is a symmetric Hermitian domain,
a fan 3, used in the construction of the toroidal projective compactification
Gz\Ds in [AMRT], is complete ([KU] 12.6.4). For general D, the existence
of complete fans which are strongly compatible with Gz was expected in
[KU] conjecture 12.6.3. In the next section, we give a counterexample to
that conjecture.
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4 Counterexample (main result)

In this section, we state our main result. Let w = 2, and let h#? =2 (p+q =
2, p,g > 0), and h»? = 0 otherwise. We consider about the existence
of the complete fans in this case. Let (e;)i<j<6 be a free basis of Hz and
(,):Hg x Hg — Q be the bilinear form on Hg given by

-1, O O

({ere)icigse=| O E O, where 1, = ((1) (1)> E= ((1) (1))
O O E

Theorem 4.1 In this case, there is no complete fan.

For the proof of Theorem 4.1, we first show that the rank of any rational
nilpotent cone, which appears in a nilpotent orbit, is less than or equal to
two. Next, assuming the existence of a complete fan X on D, we derive a
contradiction: ¥ has two different cones of rank two which have a common
point as in each of their interiors.

5 Modified version of complete fan
In this section, we introduce the definition of modified version of complete

fan. Recently, the definition of complete fan was modified by Chikara Nakayama
ag follows.

Definition 5.1 (Chikara Nakayama) Let N be a set of all rational nilpotent
cones which appear in a nilpotent orbit. Then, a fan ¥ in gg is said to be
complete if it satisfies following condition.

UGEE o= UaeN g

By this definition, the conjecture of the existence of complete fan was modi-
fied as follows.

Conjecture 5.1 There exists a fan in gg which satisfies the condition in
Definition 5.1, and is strongly compatible with Gz.
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