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Abstract

A possibility of making use of the Knudsen compressor as a gas separator is in-
vestigated. Starting from the description at the microscopic level on the basis of
the kinetic theory of gases, a fluid-dynamic model describing the behaviour of the
mixture in the Knudsen compressor is derived. Then, by the use of this model,
it is numerically demonstrated that the Knudsen compressor works certainly as a
gas separator. The separation performance is shown to reach a practical level by
increasing the number of elemental units in the device. The numerical simulation
is carried out for various molecular models, not only for fundamental models, the
hard-sphere and Maxwell molecules, but also for more realistic models such as the

inverse power-law potential and Lennard-Jones models, assuming the McCormack
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model equation at the microscopic level. The results show that the modelling by the
celebrated Maxwell molecule (or the BGK-type model equation) fails to capture the
phenomenon of the gas separation in the device. This presents a remarkable contrast
to the capability of the other fundamental model, the hard-sphere molecule, even

though this model exaggerates the phenomenon to some extent.
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1 Introduction

Recent development of the micro-device engineering requires the precise de-
scription of gas flows in microscale systems. In microscale systems, the mean
free path of gas molecules is comparable to the system scale, so that the gas in
the system is no longer in a local equilibrium state and its behaviour cannot be
described correctly by the conventional gas dynamics. The description on the
basis of the kinetic theory (the Boltzmann system), which has been developed

mainly aiming at the study of gas flows at low pressures, is inevitable.

One of the most classical but important findings by the kinetic theory is that
a gas flow can be induced by a thermal effect even without external forces at

low pressures or in microscale systems. The representative example of such
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flow is the thermal transpiration [1-3]. This is a flow induced in a channel (or
a pipe) with a gradient of temperature along its surface. This phenomenon
of low pressure gases (or gases in microscale systems) suggests that, by con-
necting two tanks with a very fine tube with a gradient of temperature, one
can transport a certain amount of gas from one to the other. That is, the fine
tube with a temperature gradient has a pumping effect. However, in order to
increase the effect, it is required to give a steeper gradient of temperature or to
make the tube longer. Both requirements lead to an unlimitedly large differ-
ence of temperature in the tube, yielding a severe limitation for the practical

use of this simple device.

As early as 1910, an improvement of the above simple idea was proposed by
Knudsen [2]. In place of a simple tube with a temperature gradient, Knudsen
made a device of periodic structure, which is nowadays called the Knudsen
compressor. It is a series of the connection of a narrow and a thick glass
tube, equipped with a heater at every other junction. By using this device, he
achieved the pressure difference of about 10 by experiment, avoiding the un-
limited increase of temperature in the device. However, his pioneering work has
not been paid attention to for a long time. It is only in the middle of 90’s that
the modern kinetic researches on the thermally-driven pump were initiated
by the rediscovery of the Knudsen compressor [4,5]. Since then, the Knudsen
compressor and its variants have been intensively studied (e.g., Refs. [6-10]
and the references in the next paragraph) mainly in two research groups, the

groups in Kyoto and in Los Angeles.

In Kyoto group, since Ref. [5], the pumps making use of the kinetic thermal
effect have been studied both theoretically and experimentally [11-18]. The

prototype of the Knudsen compressor proposed by this group is shown in



Fig. 1. In Refs. [13,19], the Knudsen compressor with the narrow tube being
replaced by the thick one with shelves is shown to have a pumping effect too.
The prototype in the figure is the improved version of the Knudsen compressor
aiming at the synergistic effect of two types of geometry. In the same group, a
new type of thermally-driven pump making use of the thermal edge flow [20,21]
was invented recently by Sugimoto & Sone [17] (the thermal edge pump). In
the meantime, a new theoretical approach to the study of thermal pumps was
proposed by Aoki & Degond [16], in which a diffusive fluid-dynamic model is
derived for the description of the gas behaviour in the Knudsen compressor.
Although the analysis in this reference is carried out by the use of a simplified
BGK-type relaxation model, the extension to the original Boltzmann system

is also possible [18].

In viewing the literature on the Knudsen compressor and its variants, it would
appear that the studies done so far aim at the research of pumping effect and
the analyses were naturally limited to the case of a single-species gas. As a mat-
ter of course, the same pumping effect is observed for a gas mixture. However,
if one thinks of this case a little carefully, one would notice a new interest-
ing possibility of the devices. It is a possibility as a gas separator. Recently
Kosuge, Sato, Takata and Aoki [22] carried out accurate numerical analyses
of three elemental flows of a binary gas mixture in a two-dimensional chan-
nel, i.e., the pressure-gradient-driven flow (Poiseuille flow), the temperature-
gradient-driven flow (thermal transpiration) and the concentration-gradient-
driven flow, on the basis of the original Boltzmann equation for hard-sphere
molecules and clarified the comprehensive feature of the flows for a wide range
of the Knudsen numbers. Observation of the results, as well as those in the

references in Ref. [22], shows that the particle flux of each species is different



from each other in rarefied gas regime, so is the transport rate of each species.
This means, as is explicitly mentioned in Sharipov & Kalempa [23], that at
the outlet one can take a mixture of different composition from that at the
inlet. Motivated by this observation, in the present work, we shall investigate
the possibility of the Knudsen compressor as a gas separator. We shall employ
here the approach proposed by Aoki & Degond [16, 18]. Recently, we found
a patent [24] about the idea of the device designed for the compression and
separation of gases, which is essentially the same as the Knudsen compres-
sor. However, the present work would be the first quantitative study on the

performance of the Knudsen compressor as a gas separator.

The paper is organized as follows. Following the recipe in Ref. [16], we first
consider in Sec. 2 the mixture in a straight two-dimensional channel of uni-
form width, formulate the problem at the microscopic level on the basis of the
kinetic theory of gases and derive a fluid-dynamic model for the description
of the mixture in this channel. Then in Sec. 3 we consider the junction prob-
lem of the channels of different widths and derive the connection condition
at the junction for the fluid-dynamic model. With the aid of the results in
these sections, we present in Sec. 4 the fluid-dynamic model for the Knudsen
compressor. We demonstrate the performance of the device as a gas separator

by numerical simulations of this model in Sec. 5.



2 Fluid-dynamic model in a straight two-dimensional channel of

uniform width

2.1 Problem and assumption

Consider a binary mixture of two-species gases, say species A and species B, in
a straight two-dimensional channel of uniform width oriented to the direction
of X, where X;’s are the Cartesian space coordinates (Fig. 2). The side walls
of the channel are separated by a distance D and are located at Xy = +D/2.
The temperatures of the walls may vary along the channel, i.e., in the direction
of X7, but are constant both in time ¢ and in coordinate X3. They are supposed
to take a common value at the same location in X; and will be denoted by
Tw(X1). There is no external force. We will investigate the behaviour of the

mixture in the channel by assuming that

(i) The behaviour of the mixture can be described by the Boltzmann equa-
tion for binary gas mixtures.
(ii) The gas molecules are reflected diffusely on the surface of the walls.
(iii) The characteristic length of the variation of the wall temperature, L,
is much larger than the separation distance of the walls (the width of

channel), D.

Before preceding further, we shall make two remarks on the assumptions
above. Firstly, since we consider the problem by the use of the Boltzmann
system, the mean free path of a molecule ¢ is supposed to be comparable to
the separation distance of the walls D, i.e., / ~ D. Secondly, because of the

assumption (iii), the state of the mixture would vary in the scale of L, not



of D, in the direction of X;. As a result, since { ~ D < L, the molecules
undergo innumerable collisions with both other molecules and the walls when
travelling in that direction until its surroundings change meaningfully. This
is the clue idea in deriving the fluid-dynamic model in Sec. 2 (see also, for

example, Refs. [25-29]).

2.2  Basic equations and boundary conditions

Let us denote by & = (&1, &2, &3) the molecular velocity and by f(t, X, &) the
velocity distribution function of molecules of a-species gas (« = A, B). In the
sequel, the Greek letters o and 3 will be symbolically used to denote the gas
species, i.e., {a, 5} = {A,B}. Then, in the present problem, the Boltzmann

equation and the boundary condition on the side walls can be written as

8f04 afa afa o o «a o o
ot +§18X1+528X2—JB (fB, F) + T2 (A ), (1a)
e @ D
[ = 0an(F (&) g ) MG ), &S0, Xo=25,  (1b)

where m® is the mass of a molecule of species «, k the Boltzmann constant,

o9+ a constant (in &) depending on the arguments defined by

7is([(€):0) = £2(ra)'” [ &f(OFE (1=1.2)

i

with d3¢ = d¢;d€,dés and M the normalized Maxwellian given by

uigo = (5)" ewler)

In Eq. (1b), the argument & of f* is explicitly shown in order to indicate the
variable of integration in the definition of o4, while the other arguments t,

X, and X, are suppressed for conciseness. We shall follow this convention in



the sequel. J°*’s in Eq. (1a) are the collision integrals defined by

o o 1V o |6 ) V|
T4(f.9) = [l = L) B* (S VDo) de. (23)
fi=f&), ¢=9&), fi=1F1&), g=9&), (2b)
, e / e
é :€+W(6'V)e> E*:é*_m(e'v)ea (QC)
o 2mem?
u T me - mf =66 (&)

where e is a unit vector, dQ2(e) the solid angle element in the direction of e
and d3¢, = d&,1d€,0d€E,s. BP® is a nonnegative function of its arguments whose
functional form is determined by the molecular interaction between species 3
and «. It has the symmetry property of BB4 = BAPB because of the law of
action and reaction. The integration in Eq. (2a) is carried out over the all
directions of e and over the whole space of .. The initial- and boundary-
value problem for the binary gas mixture in the channel is formulated by

Eq. (1) supplemented by an initial condition.

For the later convenience, we introduce some macroscopic quantities. The
molecular number density n®, mass density p®, flow velocity v* = (v§,v$,0),

pressure p® and temperature T* of a-species gas are defined as

n® = /f“d3§, pt =mn®, n*f = /fifad?’é‘ (1=1,2), (3)

1
pa:nakTa:§/|€_,Uoz|2mozfozd3§7 (4)

where, and in the sequel unless otherwise stated, the domain of integration
is the whole space of € (or of the variable of integration). The counterparts
of the mixture, i.e., the molecular number density n, mass density p, mass

average velocity v = (vy,vs,0), pressure p and temperature 7', are expressed



by a proper combination of the quantities above as

n=n*+n" p=p"+p% pv=rplvt+ 50" (5)
1
p=nkT = ) (po‘ + gpo‘\'v — 'vo‘]2>. (6)

a=A,B

In the sequel, we also use the concentration (or the molar fraction) y® of
a-species gas defined by

X =n"/n. (7)

Note that x* 4+ x® = 1 by definition.

2.3 Scaling and dimensionless description

As is briefly described at the end of Sec. 2.1, the state of the mixture is
expected to vary in the X;-direction in the scale of L, while it varies in much
smaller scale, the scale of D, in the Xs-direction, because of the assumption
(iii). We shall consider such a solution of the Boltzmann system (1). We start

with the physical discussions on the estimate of the time scale of variation.

In the present situation, the behaviour of the solution is expected to be well
described fluid-dynamically in the direction of X, because L > D ~ /[, i.e.,
(/L < 1. The Mach number of the flow Ma thermally induced by the kinetic
effect is of O(¢/L). Therefore it is natural to take the quantity L?/cD with ¢

being the sound speed as the time scale of variation because of the relation

time scale — characteristic length L <L2) -0 ( L? )

representative flow speed T cMa  \ef ¢D
It should be noted that the Mach number of O(¢/L) implies the Reynolds

number is of O(1) because of the so-called von Karman relation [19,30] Ma ~

ReKn, where Kn = ¢/L and Re is the Reynolds number.



Keeping in mind the estimate above, we introduce the following dimensionless

variables:

s=t/t., x1=X1/L, x3=2Xy/D,, (=& kT,/m")"?
fo = £ e @RT/m™) 2], (2%, 7) = (n%,n) /n.,
(6%,0) = (p, p)/mum™, (0%, 0) = (v*,v)/(2KT./m*)"2,

(ﬁaaﬁ) = (paap)/p*v (Taa,f) = (Ta7T)/T*7 TW = TW/T*7

where n, is the reference molecular number density, T, the reference temper-
ature, p, the reference pressure defined by p, = n.kT, and

L2

t, = .
(2kT./mA)'2D,

The references n, and T, are to be chosen in a certain proper manner. In the
above, the coordinate X5 is made dimensionless by the factor D, instead of D
itself. The former is different from the latter by a factor of a, i.e., a = D/D,,
that is supposed to be a positive constant of O(1). This choice of reference
length is simply for the convenience of the later discussions on the connection
of channels of different widths. For the time being, if prefer, one may put

D, = D or a = 1. Further, we introduce the following dimensionless quantities:
e=D,/L, m*=m*/m" KP’*=pBP/BM K,=1¢,/D,,

where

1 2KT,
Y i (8)

nBAA Y mA 7

5a_ﬁ Lﬁ
B = [ M(ga: 5 )M(E

. ma) ,Ba(|e'v|
KT, V]

VdQ(e)d*e.d.  (9)

Here /, is the reference mean free path of a molecule and K, is the correspond-

ing reference Knudsen number.
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With the dimensionless quantities introduced above, the original Boltzmann

system is reformulated as

EO* 4 €QOn [+ GOnf* = 30 KT f), (10a)
K*ﬁ:A,B
= 0Oz ) MG ), S0 m=5  (10D)
where
. V| -
75,0 = [0 = s antenc, (11a)

o= 1), g =9(), fi=F(C), g=49(Q), (11b)

¢=C¢+ ﬂﬂa<e Ve, ¢ =¢— e (e-Ve (11c)
e D TS T s ’
2m s - Bb«
A,BOL = V = (x — b,BOé - . 1]-d
/"L ma_i_mﬁ? C CJ fa ( )

Here again, the system (10) must be supplemented by a dimensionless initial
condition. The definitions of the macroscopic quantities (3)—(7) are trans-

formed into the following:

i = [ fra, g =meae, aeee = [Gfedic (=1,2) (12)

A ~ o 2 ~al2, 0 o fa
p = et = 2 [1¢— o0 Pt fodc, (13)
and
a=at+0nB p=pN 458y =n/h, (14)
. 2
po = Mot + P p=il = ¥ (3 + et o). (15)
a=AB

It should be noted that € is a small parameter from the assumption (iii) in
Sec. 2.1 and that it arises in the first two terms of the left-hand side of the
scaled Boltzmann equation (10a). We shall seek the solution of the system

(10) in a power series of € in the next subsection.
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Remark 1 The integral in the right-hand side of Eq. (9) does not remain
finite in general. In the case, in the dimensionless formulation, in place of
BPe’s defined by Eq. (9), one should use as BP*’s those constants that are
chosen properly and satisfy the symmetry property BAB = BBA . See Appen-

dices A.2.2-A.2.4 for specific examples.

2.4 Asymptotic analysis and fluid-dynamic model

In the present section, aiming at deriving the fluid-dynamic model for the flow
of gas mixtures in the channel, we shall seek the solution fa to the system

(10) in a power series of e:

Substituting this expansion into the system (10) and equating like powers of

€ lead to a series of boundary-value problems for f(%), fﬁ), sl

O(€%)
~ 1 ~ ~ ~
CZaxzf(o(é)) = mﬁ_ZA:BKﬁaJﬁa<f5))af%))a (16&)
. N me m a
foy = o2 (f{0)(€); 7 MG =), S0, 19= :|:§7 (16b)
O(e')
ro rou 1 ar 78/ £ ro 7Ba( ro
G0z, f(0) + C202, [y = 7 KPP (f(ﬂo),fu)) +J° (f(ﬁl)uf(())”? (17a)
* B=A,B
p A me m®
fay = o2 (f(1)(€); 7 YJM(C; =), (s0, z9= i§, (17b)



O(€?)

O fib) + €102 [y + C200a fi)

1 af 78a( £ ro 7Ba( rou 7Ba( Fou
:K*ﬂ—ZABKﬁ [J7 (f(’%pf@))"’Jﬁ (f(ﬁg)yf(O))‘f'Jﬁ (f(ﬁl),f(l))], (18a)
ro ro m® m® a

f(z) :Uzi(f(z)(C)S T ) M(; T ), S0, 1= i§, (18b)

and so on. This series of problems can be solved from the lowest order.

Corresponding to the expansion of f", we expand the macroscopic quantities
as

fba :TAZ((IO) +7¢L?1)€+ s Ta :T(%) +T(OIC)E+ s etc.

A

The expressions of the coefficient functions 0y (1) T(%), 1), ete. in terms

of f(%), f(‘{), ete. are obtained by substituting the expansions into Egs. (3)—(7)

and by equating like powers of e. We omit these expressions for conciseness.

Remark 2 The original initial- and boundary-value problem is reduced to a
series of boundary-value problems. Consequently, as will be shown in Sec. 2.4.1,
f(%) is the bi-Mazwellian given by Eq. (19), and thus the initial data must be of
this form . This is due to the time scaling introduced in Sec. 2.3. If the initial
data of different form are given, they evolve into the bi-Maxwellian in a very
short time of O(e?), with keeping the number densities of individual species
averaged in each cross section unchanged. The present analysis is intended to

study the evolution after this initial short-time period.

2.4.1 The solution f(%) of the problem (16)

The system (16) is a boundary-value problem for f(%), in which s and x;

occur as parameters. The solution f(%) of this problem can be shown to be the

13



following bi-Maxwellian independent of x:

(

e (- eh) o

f(%) zﬁ‘()‘o)(s,xl)M(C; ) =

me n
Tw(xl) (WTW x1)/he)3/2

~

Ty (z1)

The proof is a straightforward extension of that in Ref. [31] to gas mixtures
and is omitted here. From Eq. (19), the coefficient functions fz?o), ﬁ?‘o), etc. at

O(€%) are independent of x5; in particular, the following relations hold:
Vo) = V) =0, T(o) = Tio) = Tw(x1).

The first relation is due to the scaling discussed in the second paragraph
of Sec. 2.3 (note that € ~ ¢/L). The second relation yields the following

expressions for Do) and p(o):

A

Py = Moy Tw, Do) = o) Tw-

Remark 3 In the expression (19), (o) s remain undetermined quantities. In
Secs. 2.4.2 and 2.4.3, we will proceed to the problem (17) at the first order
and the problem (18) at the second order to derive the fluid-dynamic model

describing their behaviour.

2.4.2  The solution fﬁ) of the problem (17)

The system (17) is a boundary-value problem for the inhomogeneous linear

integro-differential equation for f(o{) We introduce the new notation

T fa
y:ia ¢a(37$1ay»c) :%, C = CA s
a n(O)M(CaE) T,

and transform the system into that for ¢*. Taking into account Eq. (19), the re-
lation x{5) = 1) /70y and the energy conservation during molecular collisions

(mC]? + MP|C |2 = m2|¢|? + mP|¢L|?), we obtain the following boundary-

14



value problem for the inhomogeneous linearized Boltzmann equation for ¢“:

ﬁ « (6% (6%
02,6 =10 30 KL (X Xy 0")
* B=AB
aa:lﬁ(O) aﬂ@l X?O) ( A 2 5> axlfw]
—aximne - + + ([ m%e|” — = | —= , 20a
Xo 1{ P(o) X{o) S T (202)
Aan. s Q 1
¢¢ =091 (0% ()M (c;m™);m?), 20, y= :|:§ (20Db)
where
L(0) = [l +d - 1.~ (e 2L iop ate e, 1o
fo=1f(c), g =g(c), fo=Ffle), g=ygle), (21b)
B ~Ba
/o H /o H .
o (e-Cle, c,=c.— e (e-Ce, (21c)
c=c.—c (& o= Ly Cl Fiop. o)

C|

vToooel

It should be noted that here again s and x; occur as parameters in the problem.
If we split the solution ¢“ into even and odd parts with respect to ¢; as

o
P = P + 0044, €ach part can be expressed as

qbgven(& r1,Y, C) :¢g(y7 C; K(S’ 1, CL), Xﬁ))(sv [)31), Tw(xl))7
(bgdd(su 1, Y, C) =a ¢?’(y7 (& K(S7 I, CL), Xé})(sv xl)u Tw<x1))811 1nﬁ(O)
+ CLQS%(y, c; K(Sa Ty, a)v XJ(AO) (87 xl)a Tw(xl))azl lnT‘w

+ a¢;<y7 C; K(S7 L1, CL), Xﬁ))(& $1)7 Tw(xl))azl><(p6)a

where K is the local Knudsen number defined by

K, K, T (21)
K = =
(S’:El,a) aﬁ(0)<svm1) aﬁ(o)(&xl)’
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and ¢¢ and ¢ (J = P, T, x) are the solutions of the following boundary-value

problems:
o 1 BarPar. . a B8 B L«
a0y K Z K LTW(X(O)ﬁbeaX(o) e ) (22a)
B=A,B
A, A 1
Ge =024 (e ()M (e;®); %), 2 S0, y =%, (22b)
and
020,05 == Z K L2 (x (o) 87 X (0)85) — 17, (23a)
K 3Xs
1

¢?; :07 Ca § 07 Y= j:§7 (23b>

with /¢ being the following:

o 5
Is = ciX(o), I;? = ¢, If =—c1, It =X{pa (m lc]* — 2).

The solution ¢¢ of the problem (22) can be shown to be independent of both

y and ¢;
ng = ¢g(37x1)'

The proof is omitted here for conciseness. (The proof relies on the non-
positivity of the linearized collision operator; see Ref. [32] and Appendix A. 12
in Ref. [29].) On the other hand, ¢, ¢F and ¢ are, respectively, the solutions
for the three elemental flow problems: the flow caused by the pressure gradient
(Poiseuille flow), the flow by the temperature gradient (thermal transpiration)

and the flow by the concentration gradient. (See, for instance, Ref. [22].)

To summarize, fﬁ) can be expressed in terms of the solutions of elemental

16



problems ¢g, ¢p, ¢F and ¢, as

fiy = MG 50 (62 a0, VT Ko1)o, o)

0§ (/0. ¢V T K (s, 0, 0), Xy (5, 0), Tu(20))0e, I o
a0, ¢V T K (s, 00,), x5 (5,20), To (1)), I T,
+a¢;<xz/a,c/ﬁw;K(s,xl,a>,xé}»(s,x1>,fw<x1>>amxfz>). (24)

From this result, the following expressions of the coefficient functions of the

macroscopic quantities at the first order of € are obtained:

n{1y = N(o) /¢?M(C; m®) d’c = f)92, (25)
A 05 = a o)\ T (updy, Inproy + 150y, In Ty + w0 LX), (26)
w5 = [adiieM(em)d’e (J=P,T,), (27)

2.4.8  The problem (18) and the fluid-dynamic model

The system (18) is a boundary-value problem for the inhomogeneous linear
integro-differential equation for f(%) Here we are not going to solve this prob-
lem. Instead, by considering the particle conservation of each species, we shall
derive a set of fluid-dynamic equations describing the behaviour of nf,’s. The
resulting set of equations provides a one-dimensional fluid-dynamic model for

the gas mixture in the channel.

We first integrate Eq. (18a) with respect to ¢ in its whole space and with

respect to xg from —a/2 to a/2 to have

—a
ro=2

+6x1/g Ul(l) dxz —+ |:/<2f(2) d3<—:| 2a = 0,

To=—3
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where the facts that the contribution of collision terms vanishes in the first
integration because of their basic property and that nf, is independent of z»
have been taken into account. This relation represents the particle conserva-
tion for species « in the channel. It should be noted that the last term on
the left-hand side vanishes because of the boundary condition (18b). Finally,
substituting Eq. (26) into the second term and using the relation between y

and zq, we arrive at

857//\1/?0) + 8:1:1 jOé = 0,

T = a(M3d,, In pio) + M3y, In Ty + M2, () T,

~

T

where

M5y T) = [ usdy (7 =P, T,

The physical meaning of J¢ is the particle flux N§* of species a through the
channel nondimensionalized by the factor of n,D e (2kT./m™)"2. Since p o)
(or 7)) and X?o) can be expressed in terms of n{g’s, this is a closed set of
equations for ﬁ{})) and ﬁ](%). After some manipulations, we finally obtain the

following closed set of equations for p( ) and Xﬁ)):

3@(0))(?0) + 1400, T =0, (29a)
asﬁ((]) + Twax1t-7 =0, (29b)

where

Po

VI

T =T+ T® = a(Mpd,, Inpo) + M0z, n Ty + M 0s, X))
My=M3+MB (J=P, T x).

Equation (29) is a set of convection—diffusion-type fluid-dynamic equations

with Mp, M, etc. being the diffusion coefficients and with the convection

18



due to the gradient of temperature. We call this set the (one-dimensional)

fluid-dynamic model in the straight two-dimensional channel.

Remark 4 In order to obtain the diffusion coefficients Mp, M, etc. ex-
plicitly to complete Eq. (29), the analyses of the linearized problem (23) for
the three elemental flows are necessary. Since the problems can not be solved
analytically, one has to construct a numerical database that yields, instanta-
neously, the values of those coefficients for arbitrary values of the parameters
K, X&) and Ty. In the present work, such a database is constructed by the use

of model Boltzmann equations (see Appendiz A).

Remark 5 The diffusion coefficients Mp, M, etc. diverge with the rate of
InK as K — oo [33-85]. This corresponds to the fact that, in the free-molecular
limit, the appropriate time scale is not t, in Sec. 2.3 but rather t,/In(L/D,).
This is mathematically shown in Refs. [36] and [37] in the case of single-species
gases. Incidentally, in the case of the flows in a pipe, the appropriate time scale
is always t, with D, being the internal (or external) diameter, irrespective of
the value of K. Mathematical discussions on the description of diffusion process

in the free-molecular limit was started for this case in Refs. [38] and [39].

3 Junction of the channels of different uniform widths

In this section, we shall consider the gas mixture in the channel composed of
two elemental channels of different uniform widths. The flow in the channel is
no longer unidirectional. However, as far as the widths of channels are small
enough compared to the characteristic length of variation of the wall tempera-

ture, the influence of the junction is expected to be limited near there, because
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the Reynold number is of O(1), and the overall behaviour of the mixture in
each elemental channel can be described by the fluid-dynamic model derived
in Sec. 2. We shall derive the connection condition at the junction for this

model.

For simplicity, we shall first discuss, in Sec. 3.1, the problem in the case where
the elemental channels are connected with sharing the centre line and derive
the connection condition for this simplest case. Then, in Sec. 3.2, we briefly

describe the extension of the result to more general cases.

3.1 Junction problem for two elemental channels sharing the centre line

Consider a binary gas mixture in the channel composed of two elemental
channels, say element I and element II, of different uniform widths connected
at X; = 0 with sharing the centre line (Fig. 3). The width D of element I
is smaller than that of element II, Dy;. The temperature Ty, of the channel
walls is kept constant in time and depends only on X7, i.e., T\, (X;). At the
junction (X7 = 0), the temperature Ty, is continuous, but its gradient may be
discontinuous in general. We assume that in each element the behaviour of
the gas mixture can be described by the Boltzmann equation and the velocity
distribution function is continuous at the junction. We also assume the diffuse

reflection boundary condition on the walls.

By the use of the same reference quantities as in Sec. 2.3, we have the dimen-
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sionless description of the problem in the following form: for x; < 0

1 .
O F* + €10, F* + (0, F* = — > KPJoo(FP F*), (30a)
Ks 4238
me m a
P = 0pe (F(Q) ) M(G o), @S0, m=%5  (30b)
T T 2
and at the junction (x; = 0)
me me a a
F* =o,_(F*({); TW)M(C; ?W), ¢ >0, 51 < |z < % (31a)
F(s,21 =0_,29,() = F¥(s,11 = 04, 22,C), |xa] < ﬂ, (31Db)

2

where J =1 for ; < 0 and J = II for 2; > 0 in Eq. (30b) and
ap = DI/D*, ar; = DII/D*-

Here, we denote the dimensionless distribution function by F® in order to

avoid the confusion with the solution f* of the problem in Sec. 2.

As is readily seen, f(%) solves the problem (30) and (31) with € being zero if

1) (8,1 = 0-) = 1) (s, z1 = 04), or equivalently

13(0)(3, vy =0_) = 23(0)(5, x1 = 04), (32a)
be)(s,a:l =0_)= X&)(S,Il =0;). (32b)

That is, as far as the order of € is concerned, one can construct the solution
of the present problem by the solution of the problem in Sec. 2 with the
continuity condition (32). However, if one proceeds to the order of €, the same
is not true because fa) does not satisfy the diffuse reflection condition at the
junction [see Eq. (31a)]. We have to introduce the correction g% to f* and

represent the solution F'* in the form
Fo = f +g°. (33)
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Here the correction function g% is supposed to change rapidly in z;, i.e.,
O0r, 9% = O(g™) /€, and to be appreciable only in the vicinity of the junction. As
in Sec. 2.4, we expand g% in a power series of €. Since f(%) solves the problem

at the zero-th order, this expansion starts from the first order:

(o7

9% = g+ gine + -

Substituting Eq. (33) with the expansions of f* and ¢ into Eqs. (30) and
(31) and equating like powers of € lead to a series of boundary-value problems
for 9(1y> 9@y, -+~ With the stretched coordinate z defined by z = z1/e, the

boundary-value problem for gf}, can be described as follows: for z < 0

o ey 1 ol 7Ba( o 78 fo
Clazg(l) +C23x29(1) K. Z K’ Uﬁ (f(%)i?g(l)) +J° (gﬁ),f(o)i)]a (34a)

* B=A,B
m ne ag
=0 e ;= M ) =R 5 s 07 Tg = ii? 34b
90y = 02+(9(1)(C) TW(O)) (€ W(O)) G2 s 0, 2 5 (34b)
at the junction (z = 0)
«a o rfau m® m" fo ax an
90y = o1-(90)(€) + (1) (€); =) M(& =) — fiys, G >0, 9 <|z2] < 97
(35a)

o rou a Fou a1
9y (8,2 =0-,22,C) + f(1)= = g1y (8,2 = 04,22, Q) + f(1)1s |22 < 5 (35b)
and at a far distance from the junction (|z| — o)
g?‘l) — 0, (36)

where J =1 for z < 0 and J = 1II for z > 0 in Eq. (34b) and f(%)i and fﬁ)i
represent their values at z; = 0+. In Eq. (34a), f(c(“)H is for z > 0 and f(c(’))_
for z < 0. It should be noted that in Eq. (34b), as well as in Eq. (35a), T}

denotes the dimensionless temperature at the junction (x; = 0). In the rest

of the paper, we admit the existence of the solution of the problem (34)—(36)
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and simply examine the necessary condition for the solution to exist. As will
be clear from the derivation below, the necessary condition is essentially the
particle conservation; and it provides, together with the continuity condition

(32), the connection condition at the junction for the fluid-dynamic model.

We start with integrating Eq. (34) with respect to ¢ in its whole space and
with respect to xs from —aj/2 to a;/2 for z < 0 and from —ay;/2 to ay/2 for

z > 0 to have

ar/2

o. [ [Ggpydcda =0, <o,

—ay/2

arr/2 3
@/ /fw%dgmbza 2> 0.

—ayr/2

Here the property of the collision terms and the diffuse reflection condition
(34b) have been taken into account in the first and second integrations, re-

spectively. The resulting equations, with the aid of the condition (36), lead to

a1/2
[, @iy 2= 0o .00 =0 (373)
.
arr/2 o 3

L] Gtz =000, Q) dCda =0 (37h)
—ar

In the meantime, from condition (35), g}, must satisfy

a =04, 2o, fa 1d3¢ day = 0, 38
/al/km@n/z/51[9(1)(372 + 22, ) + [y d°Cdas (38)

and

ar/2 N
L] Glotls.z =000, 0+ i) J @Gy
»

ar/2

=/, /2/C1[g?1)(5,2 =0y, 22,¢) +f(oi)+] d*Cdx,. (39)
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Combining the conditions (37)—(39) all together, we have

ar/2 - 3 arr/2 co 3
[ aft-dcan = [ [afi, dcdrn,
—an

—ar/2

which is finally reduced to

ar T (s, 21 = 0_) = an T ™ (s, 21 = 04), (40a)

arJ(s,x1 =0_) =anJ(s,z1 = 04). (40b)

The set of Egs. (32) and (40) is the connection condition for the fluid-dynamic

model (29) at the junction.

3.2 Connection condition for more general cases

In Sec. 3.1, we have derived the connection condition at the junction in the
case where two elemental channels share the centre line. We shall first re-
move this restriction and consider the connection condition at the junction of
two elemental channels not necessarily sharing the centre line, as depicted in
Fig. 4(a). This extension can be readily done, in a way parallel to the analysis
in Sec. 3.1, to conclude that the connection condition, Eqs. (32) and (40),
remains unchanged. This is due to the fact that nf, does not depend on
and that Eq. (40) comes from the property of the quantity integrated with

respect to x5 over each elemental channel.

Next we consider the case where N elemental narrow channels are connected
to one elemental thick channel at z; = 0, as depicted in Fig. 4(b). We number
the elements in xy < 0 from 1 to N and denote the dimensionless width of
the i-th element by a; (i = 1,...,N), while we call the element in z; > 0

the element II and denote its dimensionless width by aj. The independence
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of the connection condition on the position in x5 in the previous paragraph
provides a clear perspective for the extension to this case. In fact, assuming
a1 + -+ any < ay, the extension of the discussion in Sec. 3.1 yields the
following connection condition, which is a natural and simple extension of

Egs. (32) and (40):

]5(0)(8,5[}1 :O,,’L) :ﬁ(o)(s,.%l :0+), 1= 1,...,N, (41&)
Xﬁ))(s,xl =0_;i) = X?O)(s,xl =0y), i=1,...,N, (41Db)
and
ZaijA(s,xl =0_:1) = anJ (s, 21 = 04), (42a)
i=1

N
a; J(s,x1 =0_;i) = anJ(s,z1 = 04). (42Db)

i=1

Here the argument i of the quantities in Eqgs. (41) and (42) indicates that the
quantity is evaluated in the i-th elemental channel. The set of Egs. (41) and

(42) is the connection condition for the second extension.

4 Fluid-dynamic model for the Knudsen compressor

With the results of the analyses in Secs. 2 and 3, we are ready to present
the fluid-dynamic model for the behaviour of the gas mixture in the Knudsen

compressor.

Consider the Knudsen compressor composed of N elemental units of length
L arranged in the X;j-direction as depicted in Fig. 5. The elemental unit is
composed of two subunits, subunit I of length L; and width D; and subunit 11

of length Ly and width Dy, where L = Li+ Ly and Dy < Dyy. The subunit 11 is

25



a channel of uniform width Dyy, while the subunit I is composed of N elemental
channels numbered from 1 to N. We denote the width of the i-th elemental
channel by D; (D; = Dy +-- -+ Dy). The temperature Ty, of the wall, including
the shelves separating each subunit I into N channels, is constant in time
and depends only on X;. (In particular, the distribution of wall temperature
in subunit I is common to N elemental channels.) The temperature Ty (X7)
varies smoothly in each subunit, is continuous at junctions and is periodic

with period L, i.e., Ty (X1) = Tw(X1+ L) [0 < X7 < (N —1)L].

If individual elemental channels, channels i (¢ = 1,..., N) and II, are long
enough, i.e., D;/L; < 1 and Dy/Ly < 1, and their widths D; and Dy are
comparable to the mean free path of gas molecules, we can make use of the
results in Secs. 2 and 3 for the description of the gas behaviour in the device.
That is, the behaviour of the gas mixture in the Knudsen compressor can
be described by the fluid-dynamic model (29) for the individual elemental
channels with the connection conditions (41) and (42). Here, with the new

notation

’I"I:LI/L, T’HZLH/L(:l—T'I),

we present the (dimensionless) fluid-dynamic model for the gas mixture in the

Knudsen compressor:

In the i-th element of subunit I: for j <2y <j+r (j=0,1,...,.N —1)

Aspix + Tiy0y, TA = 0, (43a)

ZA = aqa, (Mé(Ki,Xszfw)aﬂh hlﬁl

A

+ MA (K, X2, To) O,y lnTW+M§(Ki,x?,Tw>axlx§*) D (43b)

=
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85]51' + Twarltyi = 07 (44&)

Ji = a; (MP(Kia X;'Av TW>8IZ‘1 In p;

+ MT(Kia X?a Tw)arl ln Tw + MX(Ki7 X?a T )8501X?> \/7;77 (44b)
In the subunit IT: for j+r <z <j+1(j=0,1,...,. N —1)
Asprixy + TwOu, T = 0, (45a)
\71? = agg (Mé(KH) Xﬁ7 Tw)am 1111311
+ M%(KID Xﬁ? Tw)am In Tw + MQ(KID Xﬁv Tw)am Xﬁ) \5&7 (45b)
Ty
asﬁH + Twarl x.7H = 07 (463)
Ju = an <MP(KIIa Xil» Tw>ax1 In pry
+ M (K i B) 0y 10 oy o+ M ()i pﬁ (46b)
Ty
At junctions: at zy =71, j, i1 +J (j=1,...,. N =1)
Xt =X Bi= b, (47a)
N N
Z ai‘ZA = aHJﬁ*, Z a;J; = anJ, (47b>
i=1 i=1

where p; and x# denote P(oy and Xé)) in the i-th elemental channel in subunit I,
prr and Xfi those in the subunit IT and K; and Kj; the local Knudsen numbers

in the i-th elemental channel and in the subunit I defined by

T T
K; = 7AK*7 Kip = ~
@;P; arpn

K..

The quantities J* and J; denote the dimensionless particle fluxes of species

A and of the mixture through the i-th elemental channel nondimensionalized
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by n.D; € (2T, /m*)Y/2; J4 and Jir the counterparts through the subunit 11

nondimensionalized by n, Dy € (2kT, /m*)*/2.

With initial conditions for x#, xi}, #; and py; and with proper boundary con-
ditions at the both ends of the compressor (at z; = 0 and N), we can describe
the time evolution of the pressure and concentration distributions in the de-
vice by the fluid-dynamic model (43)-(47). In the numerical simulations in
the subsequent section, we shall use the following boundary conditions at the
ends of the compressor, depending on whether the end is open or closed, which

would be simplest and natural:

(i) Open end (or the end connected to a reservoir huge enough): the concen-
tration of species A and the pressure of the mixture are given.

(ii) Closed end: there are no particle fluxes of species A and of the mixture.

Before closing this section, it should be noted that the fluid-dynamic model
summarized above describes the behaviour of the mixture in the limit of the

infinitesimal aspect ratio of elemental channels: e = 0, or D;/L = 0..

5 Numerical results and discussions

5.1 Preliminary test of the fluid-dynamic model

In order to assess the practical reliability of the fluid-dynamic model, we first
performed test computations for simple physical situations. We considered
two types of elemental units of length L(= Ly + Ly), say type 1 and 2, with
a piecewise linear distribution of wall temperature, as depicted in Fig. 6. The

unit is filled with a single-species gas. Assuming the periodic condition at the
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left and right ends of the unit, which is equivalent to considering an infinite
connection of units (N = o), we compute the induced particle flux Ny in
a steady state by means of two different approaches: the computation of the
fluid-dynamic model by the finite-difference method and that of the Boltzmann
system by Bird’s direct simulation Monte Carlo (DSMC) method [40, 41].
In both computations, the hard-sphere molecular model is assumed; in the
former approach, the diffusion coefficients Mp and My are computed by
interpolation from the data in Ref. [42] that were obtained by accurate finite-
difference analyses of the linearized Boltzmann equation. The computations
were performed for K, = 0.1 in the case of type 1 and for K, = 0.5 in the case
of type 2. Here, the reference Knudsen number K, = ¢, /D, is defined with D,

being Dy and with n, in Eq. (8) being the average number density of the gas.

The particle fluxes obtained by the DSMC computations for several values
of L/Dy are compared with those of the fluid-dynamic model in Fig. 7. In
both cases, as L/Dy increases, the DSMC results approach those of the fluid-
dynamic model, supporting that the fluid-dynamic model certainly provides
an appropriate asymptotic limit as L/D; — oo (or € — 0). Further, it is seen
from the figure that the fluid-dynamic model may be used as a practical model

for L/ Dy 2 10.

5.2 Main results

In the present section, we shall present main results of the numerical simu-
lations by the use of the fluid-dynamic model. We performed the simulations
of the following scenario. Prepare a Knudsen compressor composed of N ele-

mental units whose subunit I is subdivided into N channels of the same width
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(a3 = ag = -+ = ay). With keeping the wall at a uniform temperature, which
we shall take as the reference temperature 7T,, put two different gases, gas A
and B, of the same amount into the compressor. We shall take the average
number density of the mixture in the compressor as the reference n,. Close
the both ends of the compressor, and, from a certain instant, set and keep
the distribution of wall temperature piecewise linear as depicted in Fig. 8.
Observe the behaviour of the mixture in a final steady state, especially the
profiles of the pressure of the mixture and of the concentration of species A.
The difference of the concentration from 0.5 is the measure of performance of
the Knudsen compressor as a gas separator. In what follows, as in Sec. 5.1, Dy
is taken as the reference D,. It should be noted that the pressure and the con-
centration are common to the elements of subunit I, i.e., p1 = py = -+ = pn

and Y} = x4 = -+ = X4, because the subunit I is equally subdivided.

5.2.1 Numerical demonstration of the gas separation

We first present, in Fig. 9, a result of numerical simulation demonstrating
the gas separation by means of the Knudsen compressor. In the simulation,
the diffusion coefficients derived from the McCormack model [43] of the lin-
earized Boltzmann equation for hard-sphere molecules (McCormack hard-
sphere model) are used. The ratio of molecular mass m®/m” and that of
molecular diameter d®/d* are, respectively, mB/m#* = 2 and d®/d* = 1. In
the figure, the profile of the pressure p of the mixture and that of the con-
centration x* of species A are shown by solid lines. In Fig. 9(a), the case of
the 1-unit device, both the pressure and the concentration increase in sub-
unit I (0 < X;/L < 0.5) and decrease in subunit II (0.5 < X;/L < 1). The

differences of their values between the left and right ends are the measure of
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performance of the 1-unit device as a compressor and as a gas separator. As
is obvious, the performance of the 1-unit device is very small. However, the
performance can reach a practical level by increasing the number of units.
The performance of the 100-unit device is shown in Fig. 9(b). In each elemen-
tal unit, the pressure p and the concentration y* behave similar to those in
Fig. 9(a), leading to the zigzag distributions in Fig. 9(b). This figure demon-
strates that the performance of the 100-unit device at practical level is due to

the accumulation of the small effect in each elemental unit.

In the meantime, we performed the same simulation by the use of the diffusion
coefficients obtained by the Hamel BGK-type model Boltzmann equation [44].
The parameters related to molecules are set m? /m# = 2 and KBB = KBA = 1.
The results of the simulation are also shown in Fig. 9 by dashed lines with label
“(Hamel).” Surprisingly, even the 100-unit device hardly works at all as a gas
separator in spite that the performance as a compressor is almost the same.
This result gives rise a question to the reliability of the simulation results for
the McCormack hard-sphere model. However, from a certain physical reason
and simulation results for other molecular models to be presented later, the
BGK-type model is to be revealed inappropriate for the simulation of gas
separation. For the moment, we shall leave the question open and continue
to use the McCormack hard-sphere model in Sec. 5.2.2. We shall come back
to the subject, the discussions on a proper modelling at the kinetic level, in

Sec. 5.2.3.
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5.2.2  Influence of the device geometry on the performance

By the use of the McCormack hard-sphere model with mB/m* = 2 and
d®/d* = 1, we examine the influence of the geometry of the elemental unit on
the performance of the device; the influence of the width of subunit II (or the
ratio aj of the width of subunit II to that of I) is shown in Fig. 10, that of the
number N of subdivisions in subunit I in Fig. 11 and that of the proportion
r; of subunit I to the elemental unit in Fig. 12. In these figures, the profiles
of the pressure and the concentration in the 100-unit device are not directly
drawn; instead, their values averaged in each unit, which are denoted by p and
YA, are plotted at the middle point of each unit. The performance improves
as arr or N increases, while there is almost no influence of the proportion 7y
of subunit I on the performance both as a compressor and as a gas separator.
In Sec. 5.2.3, we shall present the simulation results for the case of N = 5,

a;p = 5 and r; = 0.5 for the study of the proper modelling at the kinetic level.

5.2.83  Proper modelling at the kinetic level

As is pointed out at the end of Sec. 5.2.1, the evaluation of the gas separation
performance strongly depends on the choice of the kinetic model: the McCor-
mack hard-sphere model yields prospective results, while the Hamel BGK-type
model negative ones. We shall discuss the dependence of the gas separation

performance on the modelling at the kinetic (or microscopic) level.

We consider three types of binary mixtures of noble gases, i.e., He—Ar, He—Ne
and Ne-Ar, and investigate the behaviour of the mixtures on the basis of the
McCormack equation for hard-sphere molecules, for the Maxwell molecules

(McCormack Maxwell model), for the inverse power-law potential (McCor-
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mack IPL model) and for the Lennard-Jones 12,6 model (McCormack LJ
model). Among these four models, the last is empirically most reliable and
sometimes called the realistic model. The molar weights of He, Ne and Ar
atoms are, respectively, 4.003, 20.183 and 39.944. The data of the parameters
of molecular interactions, which are mainly taken from Ref. [45], are summa-
rized in Table 1 (see also Appendices A.2.1-A.2.4). In the case of the Maxwell,
IPL and LJ models, the parameters of the same-species interaction are deter-
mined from the viscosity 1 and those of the different-species interaction are
from the mutual diffusion coefficient D15. In the case of the hard-sphere model,
all the parameters are from the viscosity. (More precisely, the first approxima-
tions [u]; and [Di2]; in Chapman & Cowling [45] are used). In the simulations,
the reference temperature T, is commonly set as T, = 273 K, while the ref-
erence Knudsen number K, is set as K, = 1 (LJ), 1.52 (hard sphere), 1.10
(Maxwell) and 1.17 (IPL) in the case of the He—Ar and He-Ne mixtures and
K, =1 (LJ), 1.16 (hard sphere), 0.837 (Maxwell) and 0.889 (IPL) in the case
of the Ne—Ar mixture. These values of K, are chosen in order that the same
experiment (see the scenario in Sec. 5.2) is simulated by the different kinetic
models. (The superficial difference of the Knudsen number K, comes from the
difference of the definition of the mean free path among molecular models.)

The results of the numerical simulations are shown in Fig. 13.

As is clear from the figure, the four models yield almost the same result for
the performance as a compressor, while they give considerably different ones
for the performance as a gas separator. Since the LJ model is expected to be

reliable, we conclude that

(i) The modelling by the use of the Maxwell molecule or the (Hamel) BGK-

type equation fails to capture the physical phenomenon of the gas sepa-
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ration. This modelling is unsuitable for the study of the gas separation
in the Knudsen compressor.

(ii) The modelling by the use of the hard-sphere model exaggerates the gas
separation effect to some extent but captures the qualitative feature well.
This modelling is superior to that by the Maxwell molecule.

(iii) The results of the modelling by the use of the inverse power-law potential
reasonably agree with those of the modelling by the Lennard-Jones model.
Practically, the IPL modelling would be good enough for the performance

estimate.

The incapability of the modelling by the Maxwell molecule reminds us that
this model does not reproduce the so-called thermal diffusion [45-47], which
is the diffusion caused by the gradient of the temperature in the fluid-dynamic
regime. Since the source of the driving force of the Knudsen compressor is the
temperature distribution on the device wall, the nonuniform concentration
in the device can be explained by the thermal diffusion in the near fluid-
dynamic regime (small K or K,). This clearly explains why the modelling by
the Maxwell molecule fails in this regime. However, in the rarefied regime, the
relative motion of one to the other species is induced thermally even in the
case of the Maxwell molecule. Thus, it is not obvious whether the feature in
the fluid-dynamic regime is kept as the gas rarefaction increases. In this sense,
the incapability of the Maxwell molecule in the entire range of the Knudsen
number is one of the interesting findings in the present work. Incidentally,
the BGK-type relaxation models, including the Hamel equation, are made in
such a way that the momentum exchange between different species is the same
as that of the Boltzmann equation for the Maxwell molecules. Therefore, the

incapability of the Hamel equation in Fig. 9 may be considered to come from
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the properties of the Maxwell molecule described above.

6 Concluding remarks

We investigated a possibility of making use of the Knudsen compressor as a
gas separator. Starting from the description at the microscopic level on the
basis of the kinetic theory of gases, we first derived the fluid-dynamic model
describing the behaviour of the mixture in the Knudsen compressor, following
the idea proposed by Aoki & Degond [16]. Then by the use of this model, we
numerically demonstrated that the Knudsen compressor works certainly as a
gas separator. The separation performance is shown to reach a practical level

by increasing the number of units in the device.

Further, by testing various molecular models at the kinetic level, it is found
that the modelling by the celebrated Maxwell molecule (or the BGK-type
model equation) fails to capture the gas separation in the Knudsen compres-
sor. This presents a remarkable contrast to the capability of the other funda-
mental model, the hard-sphere molecule, even though this model exaggerates

the separation effect to some extent.

In the present paper, in order to demonstrate that the Knudsen compressor
does work as a gas separator, we have restricted ourselves to the simplest situ-
ation where the mixture is composed of only two species of monatomic gases.
It is, however, possible to apply the present approach to more complicated sit-
uations such as mixtures of more than two species, those of polyatomic gases,
etc. These would be interesting issues of practical importance for future works.

We also restricted ourselves to the investigation of the final steady state, but
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the study of the time evolution is also important to estimate the performance
of the device for real applications. The presented fluid-dynamic model will

also serve for the research in this direction.

In conclusion, we took the solid first step of the research of gas separation
by means of the Knudsen compressor. Further investigations such as the time
evolution, energy supply estimates, experimental verification, etc. will enrich
our knowledge to develop the gas separation method using the Knudsen com-

pressor and its variants.
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A Diffusion coefficients and the modelling at the kinetic level

As is mentioned in Remark 4, in order to obtain the diffusion coefficients Mp,
M, My, My, M,, and /\/l;?, we have to solve the boundary-value problem of
the linearized Boltzmann equation (23) for three elemental flows. Nowadays,
as is reported in [22], the solutions of the original Boltzmann equation for these

flows can be obtained with high accuracy. Nevertheless, it still requires time-
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consuming computations, and it is almost impossible to construct a database
covering the entire ranges of the Knudsen number and of the concentration
and a certain range of the temperature. Therefore, in the present work, we
constructed the database by the use of the model Boltzmann equation in place
of the original one. To be specific, we adopted the McCormack [43] and Hamel

BGK-type [44] models.

The advantage of using the model equations is not limited to the reduction
of computational costs in finite-difference analyses. The model equation can
be reduced to the integral equation for macroscopic quantities [29, 48], which
allows us to perform the numerical computations with higher accuracy when
the velocity distribution function abruptly changes in the velocity space (e.g.
the Poiseuille flow for large Knudsen numbers [22,42]). Moreover, from this
reduced equation, we can derive the explicit expressions for the asymptotic
behaviour of the particle fluxes for large Knudsen numbers in the same way
as in Refs. [33-35]. These advantages, together with the asymptotic theory for
small Knudsen numbers established by Sone [19,49,50], enable us to construct
the database covering the entire range of the Knudsen numbers. We will give
the details of these analyses in a separate paper and briefly describe the models

adopted in the present work in this appendix.

A.1  Hamel BGK-type model equation

The Hamel BGK-type model [44] is a BGK-type relaxation model of the non-

linear Boltzmann equation for gas mixtures the collision terms of which are
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given by

Ba( B fay _ b _ m* a>
TS, ) = O (nM (€ = 0™ ) - 7).
a,,Q BayB Ba /6
vﬁa:m vY + m-u Tﬂa:Ta—i— M (T Ta+7"l] —v |2)

Y

me -+ mﬂ m 6k

where n®, v® and T are those defined by Egs. (3)—(4) and C*?’s are constants

with the symmetry CAB = OBA,

For this model, corresponding to Eq. (9), we define B as

Bl = \/_CBO‘/M

) aig = Yoo,

" 2KT.,
so that
g* — (8kT*/mA7T)1/2’ KBB — CBB’ KAB KBA CBA
n*C’AA CAA CAA

For the construction of the database of the diffusion coefficients, we need the

linearized version of the collision terms, which is given by

2 n(o)

VA i,

3
hﬁa = w* + ZmaX?o)CiU/ia 4 (ma|c’2 - )Xa 9/304’

LI (x{0y8” X(0y0™) = (R — ¢,

2
Ao, Q ~ 8,08 ~Ba ~Ba
@cx m-u; +mu Qﬁazga 1/"6 H gﬂ_ea
YT e P e )
1
= [ M(e uf = —— [ o M(e; i) d’c,
X

2
i /(m‘l|c|2 = 2>¢QM(C; ) de.

3X{0)

Note the simple and explicit dependence of Lga on T}. Because of this sim-

w

plicity, one may construct the database only for T, = 1, and the diffusion

coefficients for Ty # 1 can be obtained by the relation
M(Kv X?E)y Tw) = M(K TW7 X(AO)a 1)a
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where M represents Mp, Mp, My, My, M, and ./\/l;?.
A.2  McCormack model equation

The McCormack model [43] is a model of the linearized Boltzmann equation
for gas mixtures obtained by the approximation in terms of a complete or-
thogonal set of functions. The model adopted here is the so-called third-order

model, which reads, in the dimensionless form,

L?j(x?o)cbﬂ, X(oy®™) = M7 — P,

a B «
a .« a. o o XOQZ Q
bo =Chow® + 2 C{Cﬁ 0% +X{o )X()(uiﬁ_ui)yé2+< g me ) ﬁa]

mB
« ~al L2 Bano Ba [ (1)
+X(0)<m ef? — )(C 0+ L (07— 0)x )yﬁa>

s~ O 1 (0% (6% 4
" (cies - lefsy (<0ﬂ = X SDPS + Xy g;ef)
4. 0 (ap2 0 Ba o )8 X>X<o> @
+2iee (el = 2 ) (€% = s +xiyr@ + S M0 — w2,
where w®, v and 0 are the same as those in the Hamel model,
P = 21° / cic; ¢ M (e, m®) de,
5
Q= [ esmlel? = 2 )or M) d.
and
1 8/1/60( [ ¥ea 2 :u 8:uﬁa o 5 1
vy 25*95 (), o2 = (Sl - D),
) A7 4’ S @ _m* a3
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2 () o+ (715 P)ena
I/ﬂa 15 ma mﬁ 22( W) + 4 mﬁ + 8 ma 11( W)
1M o o N
- 5o (sl ) - el @),
8 /[1PN\3m® . 55 o 5 o 1 o
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with Q)" being the function defined as

3 i3 o AP 5\ area s
Q'(r) = (2) / eXP(—TZ )2* TN (2, 7) dz,
0

AP (z,7) = 2\/?/5 b2%(cos @, 2)[1 — cos® (1 — 26)] sin 6 d6.
0

Here C”*’s are constants with respect to ¢ and occur in the total collision
integral >-5_5 g K ﬁaL?j (for species «r) not separately but in the combination
of KA*CA™ + KBaCBe We denote this combination by C® and, following the

choice by Cercignani & Sharipov [51], define it as

W @ @
cr _ VTV = xioxransa (K7 PP xGrea
4 9 4 y
2o Ty KR A+ ks KA
with

3 4 3
W= KL ) KL

3 4 3
WP = B K o) i K

As is clear from the definition above, a specific form of bga is necessary to
complete the model. In this sense, the McCormack model can be adapted to
various specific molecular models. We shall give below the information about

the molecular models used in the present work.

A.2.1 Hard-sphere model

Denoting the molecular diameter of species o by d®, the positive function B%®

representing the molecular interaction for hard-sphere molecules is written as

1 « s
W) = @ e, ae =TT
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From this, B?*’s are given by

2 1/2 Qk‘T* 1/2
p = (2) e (21"
e m

and the reference mean free path ¢, the coefficients K?*’s and the function

b3 are expressed as

1

0, ,
V21 (dA)2n,
dBN\ 2 /AN 1/2 dBAN 2 1 1/2
BB AB BA
K :(dA> (m> , BRT=K :(dA> (ﬂBA) :

Ba e C] :1<'&ﬁa)1/2 .
S lion = - (5) Ve el

It should be noted that bga does not depend on Tw, so that the same is true

for the diffusion coefficients:
M(K7 XI(AO)7 Tw) = M(K7 X?E))v ]-)7

where M represents Mp, Mp, Mrp, M4, M, and M?. This property, as in
the case of the Hamel model equation, reduces the computational cost for the

database construction. Incidentally, Q7 is expressed as

N 1 14 (—1)
Q0 (r) = W(Q—kﬂ Ja+y,

and is independent of 7.

A.2.2  Inverse power-law potential model

This model assumes the molecular interaction between species o and § with

the potential UP* of repulsive central force given by

abe

U(r) = -5, V>3
T
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where r is the distance between the centres of molecules and a’® is a positive

constant. For this model, the positive function B® is written as

N 1 /4aPN ma w5 g(0) dg
B (eos0, V) = 5 (S5 VIESERL o

VAN

0

IN

™
2)

where ¢ is the monotonically increasing function of 8 defined by the integral

ye(g) a1 —1/2
L
0 g

with y, being the (unique) positive solution of the equation 1 — (y/g)*"* ! —

y? = 0. Since the integral in Eq. (9) diverges for this B?®, we define B%*’s

alternatively by

2 1/2 Qk’T* 1/2
B =n(2) @ (2R)"
1P m

where

o — (W" - 1)a[’“>»6i—1
- 2kT. '

This d’* has the dimension of length and a nice correspondence to the molecu-
lar diameter of the hard-sphere model (see Sec. 10.31 in Ref. [45] and Table 1).
In fact, the reference mean free path ¢, and the coefficients K*’s can be writ-
ten by the same expressions as those of the hard-sphere model with d®® being

replaced by d’®. The function b%® is written as

A

2 P _5
1 2 TR (1P sy g(0) dg
et 1) = 2 (s ) (i) 40 8
T (COS 7|C|) o (Vﬂa 1)7— 2 |C| sin@ df’

leading to the following expressions of Qflo"s occurring in the model:

QP () = R A (WP 42—
W (T) 2\/ET MCZa N (S

).

vhe — 1

Here Ax(1°%) is the function in Chapman & Cowling (Ref. [45], p. 171) and I'

the gamma function.
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A.2.3 Mazwell molecule

The Maxwell molecular model is a special kind of the inverse power-law po-
tential model whose exponents are commonly set as v°® = 5. This model has
a celebrated feature that the dependence of B?® on the relative speed between

colliding molecules vanishes:

aﬁa);g(e)dg (0<6<D)

B (cosb, |V —(
(cos 6, [V]) P/ sind de

21

The expressions for d?*, b%* and Q’,fla(T) are those in Sec. A.2.2 with v%* = 5.
It should be noted that Qflo‘(T)’s are commonly proportional to 7-/2, so that
one may construct the database of the diffusion coefficients only for T\ = 1.
The diffusion coefficients for Ty # 1 can be obtained by the same relation
as in the case of the Hamel model. This correspondence reflects the fact that
the Hamel model is the relaxation model of the Boltzmann equation for the

Maxwell molecules.

A.2./ Lennard-Jones 12,6 model

This model assumes the molecular interaction between species § and a with

the potential UP of the form

o) (5]

where 7 is the distance between the centres of molecules and €** and d?* are

positive constants. For this model, the positive function B%® is written as

BP(cos 8, |V|) = (dﬁa) V| - GZb €,0.) %

(0<0< 5)

where € = pf*|V|?/4¢°® and b (> 0) is the dimensionless impact parameter,

which can be expressed as a function of € and 6. by the relation of implicit
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form
~1/2

Ye(by€)
,\[/ { (109" +y° =y dy,
with y. being the smallest positive solution of the equation iE(l —b%y?) +y° —
y'? = 0. The notation 3y denotes that, for each fixed 0, the summation is
taken over all the values of 6. (> 0) such that 6. = 6 + nmw or (n+ 1) — 0
(n =0,1,2,...). As is seen in Fig. 14, there are two different b’s, say bsman

and bige, for every fixed 6. and e in the range 6. > /2. In this range, the

term b|0b/06.| reads bsman|Obsman/0c| + biarge|Obrarge/ 00|

As in the case of the inverse power-law potential model, the integral in Eq. (9)

diverges for this B®; thus we define B?*’s by

1/2 1/2

[P mA

Then the reference mean free path ¢, and the coefficients K%*’s can be written
again by the same expressions as those of the hard-sphere model with d°® being

replaced by d’®. The function b%® is written as

b

Zbe@

(0<0<

1 B 1/2
b2 (cosh, |C|) = <,u ) ),

or\ 2

T
2

sm 0

with € = %% C|2kT,7/2¢°. Since the integration in the definition of AY*’s
cannot be carried out analytically for this %%, we do not have explicit expres-

sions for Q7*’s and have their functional form only numerically.
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Figures & Figure Captions
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Fig. 1. Conceptual schematic of the prototype Knudsen compressor.

Fig. 2. Schematic of the straight two-dimensional channel of uniform width.
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Fig. 3. Schematic of the junction of two elemental channels sharing the centre line.

a2 art

Fig. 4. Schematic of junctions in general cases. (a) Junction of two elemental chan-
nels. (b) Junction of multiple narrow channels and one wide channel in the case of

N = 3. Dimensionless notation is used in the figure.



(a) Elemental unit (N = 3)

m
0 Ly L L+ I 2L 2L+ I 3L 3L+ L 4L
(b) A series of elemental units (N = 3 and N = 4)

Fig. 5. Schematic of the Knudsen compressor.

Ly Lu(= Li) ' L Lu(= Li)
Dn = Dr
Ty
3T 3T
Ty Ty
(a) Type 1 (b) Type 2

Fig. 6. Schematic of two types of elemental units and the distributions of wall
temperature for test computations. (a) Type 1: Dyj/Dy =1, Li1/Ly = 1 and N = 10.

(b) Type 2: DH/DI = 2, LH/LI =1land N =1.
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Fig. 7. Particle fluxes Ny induced in the units: type 1 and 2. The open circles with
bars indicate the results of DSMC computation and their standard deviation. The

solid lines indicate the results of the fluid-dynamic model (L/D; — o0). In the

ordinate, m indicate the molecular mass of the gas.
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Fig. 8. Knudsen compressor and distribution of wall temperature used in the simu-

lation in the case of N =3 and N = 4.
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Fig. 9. Performance of the Knudsen compressor as a gas separator in the case of
Ki=1,r=0.5, N =1 and ay = 2. (a) Simulation of 1-unit device (N = 1). (b)
Simulation of 100-unit device (N = 100). The solid lines indicate the results for the
McCormack hard-sphere model, while the dashed lines with label “(Hamel)” those

for the Hamel BGK-type model.

Fig. 10. Influence of the width of subunit II on the performance in the case of K, = 1,
rg = 0.5 and N = 1. (a) Simulation of 1-unit device (N = 1). (b) Simulation of
100-unit device (N = 100). The solid lines indicate the profiles of the concentration
of species A, while the dashed lines those of the pressure of the mixture. In (b),
the pressure and concentration averaged in each unit, p and XiA, are shown at the

middle point of each unit.



Fig. 11. Influence of the number of subdivisions in subunit I on the performance in
the case of K, = 1, r; = 0.5 and ay; = 2. (a) Simulation of 1-unit device (N = 1).

(b) Simulation of 100-unit device (N = 100). See the caption of Fig. 10.

Fig. 12. Influence of the proportion of subunit I in elemental unit on the performance
in the case of K, =1, N =1 and aj = 2. (a) Simulation of 1-unit device (N = 1).

(b) Simulation of 100-unit device (N = 100). See the caption of Fig. 10.
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Fig. 13. Molecular model dependence of the performance of the 50-unit device for

noble gas mixtures in the case of K,(LJ model) =1, 71 = 0.5, N = 5 and ajf = 5.

(a) He—-Ar, (b) He—Ne and (c¢) Ne—Ar. In (a) and (b) the solid lines indicate the con-

centration of He averaged in each unit, while in (c) they indicate the concentration

of Ne averaged in each unit. The dashed lines indicate the pressure of the mixture

averaged in each unit. The labels HS, LJ, IPL and M indicate the results for the

McCormack hard-sphere, LJ, IPL and Maxwell models, respectively.
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Tables
Table 1

Data of molecular interactions between noble gases used in the present work.

d*8 x 108 (cm) d%” x 108 (cm) ped < (K)

species a—3  hard sphere Maxwell IPL  LJ IPL LJ
He-He 2.193% 2.58 250 2.70° 13.7¢ 6.03>
Ne-Ne 2.602% 3.06 297 2.80° 13.4¢ 35.7°
Ar-Ar 3.6592 430 432 3.42° 7.5¢ 124b
HeNe 2.404 3.00 274 2.64° 13.55¢ 23.7¢
He-Ar 2.934 3.50  3.32 2.98° 9.6 40.2¢
Ne-Ar 3.134 3.85  3.66 3.11° 9.53 61.7°

& In the fourth column of Table 11 in Ref. [45], p. 228.
> In the second or third column of Table 17 in Ref. [45], p. 237.
¢ In the third column of Table 14 in Ref. [45], p. 232.

4 In the fifth column of Table 22 in Ref. [45], p. 263. Data by the rule of d*# =

(do> + dPP) /2.
¢ In the sixth or seventh column of Table 23 in Ref. [45], p. 265.

f Data by the rule of —1 4 2(v**P% — 1) /(v 4 % — 2). This is often used in

the literature when experimental data is not available.



