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Abstract—This paper gives an insightful perspective on
the optimal control problems for continuous-time linear
periodically time-varying (LPTV) systems, newly formulat-
ing/solving the problem of finding the optimal periodic state
feedback controller minimizing the L, >/L; y induced norm
of the closed-loop system (where the parameter p’ € [1, o]
is associated with the choice of the spatial norm in evaluat-
ing the disturbance at each time). Exploring further on our
recent analysis on the L »/L; » induced norm, the solution
to this problem is revealed to be independent of p’ and also
optimal in the sense of the classical H, norm. This result,
which is new even in the linear time-invariant (LTI) case, is
established by exploiting the key feature that the L, >/L,
induced norm is also related to the observability Gramian
and the corresponding periodic Lyapunov equation (PLE).
A practical advantage of establishing this fact is further
discussed, including the role of p’.

Index Terms— Periodic Systems, H, Norm, Induced
Norm, Periodic Riccati Equation, Duality.

[. INTRODUCTION

HIS paper is concerned with the control of continuous-

time linear periodically time-varying (LPTV) systems,
which are quite common and contain a number of practical
systems such as spacecraft [1], rotary wings [2], power sys-
tems [3], and so on [4], [5].

The norms defined for dynamical systems play a fundamen-
tal role in robust control theory [6]. Regarding the analysis of
performance measures for linear time-invariant (LTI) systems,
the Ly/L; induced norm is equal to the Hy norm in the
single-input case (and the L.,/Ls induced norm equals the
H, norm in the single-output case) [7]. This property on
the Lo/L; induced norm no longer holds for general (i.e.,
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multi-input) LTI systems as well as LPTV systems, and thus
the relationship between the controller synthesis problems of
minimizing the Ls/L; induced norm and the Hy norm is
nontrivial, in general.

This paper considers the state feedback case for h-periodic
systems (meaning that their coefficient matrices in the state
equations have period &), and establishes a crucial fact that
a class of optimal control problems share the same opti-
mal h-periodic state feedback gain, provided that the class
consists of problems whose associated performance measure
can be translated to a representation through the observability
Gramian of the closed-loop system in a monotonic fashion
defined in an appropriate sense. In particular, this main result
implies that minimizations of the Lo/L; induced norm and
the H, norm are achieved by a common optimal state feed-
back gain. In this regard, it should be noted that taking an
appropriate performance measure to be reduced is generally
quite important; if an inadequate measure is considered in
controller synthesis, the resulting closed-loop system could
exhibit unsatisfactory performance. The aforementioned main
result is hence practically significant, as well as theoretically,
because it greatly alleviates the puzzles in determining which
specific performance measure to be minimized in achieving
satisfactory controller synthesis.

In addition, we also consider the output estimation problems
for LPTV systems, in which the L.,/Ls induced norm and
H> norm of the associated error system are to be minimized.
In the face of the fact that the dual space of L is not L1 [8],
however, laying a foundation for a duality-like viewpoint
with the Lo/L; induced norm treatment is an important and
challenging issue. In this regard, exploiting the relevance of
the Lo/L; induced norm to the observability Gramian, rather
than directly working on the L; and L., spaces, plays a key
role because it then can be related with the controllability
Gramian in a dual fashion, to which the L.,/Ls induced
norm can also be related, as the recent result in [9] shows.
Through such elaborated arguments, we eventually clarify that
a duality-like viewpoint can indeed be established, leading to
our second main result showing that the L, /Lo induced norm
and H> norm minimization problems share the same optimal
h-periodic estimator gain for h-periodic systems.

The notation used in this paper is as follows. We use sq(M )
to mean M T M for a real matrix M, and for i > 0, the symbol
S7%[0,h) denotes the set of h-periodic piecewise continuous
matrix-valued functions M(-) : R — R™*"™ such that M ()
is positive semidefinite all the time. We denote by || - ||z, ,



the L, ,, norm of a vector-valued function f : [0, 00) — RY
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The subscripts p and p’ can represent practical concerns in
controller synthesis, where determining what sort of signals
should be regarded small or large as a design strategy is
important. Taking p = oo corresponds to determining the
size of the signal by its absolute peak value in time, and
as p reduces, averaged behavior of the signal rather than the
time-specific peak becomes more prominent until the size
is determined in the other extreme by the time-integrated
absolute value for p = 1. The role of p’ is similar for vector-
valued signals, where we are concerned with the spatial peak
or average of the elementwise values at each time, instead of
the temporal ones relevant to p. We denote by L, ,,» the normed
space of f such that ||f|[z, , is well-defined. We sometimes
drop p’ and denote it simply by L,,. For a positive semidefinite
matrix M and p’ € [1, 0], we define
iy (M) := max v M. 3)

o] <1

Il. Ly/L; AND Hy OPTIMAL STATE FEEDBACK
CONTROL PROBLEMS FOR LPTV SYSTEMS

A. Problem Formulations

This section deals with the LPTV generalized plant P with
the disturbance input w, control input u, and performance
output z described by

) z(t) = A(t)x(t) + B1(t)w(t) + Ba(t)u(t),
" 2(t) = Cr(t)x(t) + Dia(t)u(t),

where z(t) € R”, u(t) € R™, w(t) € R™, and z(t) € R"=.

We assume that each of the coefficient matrices is piecewise

continuous and h-periodic, the state x is accessible for feed-
back control, and the following assumptions are satisfied.

Assumption 2.1: The pair (A(t), Ba2(t)) is stabilizable.
Assumption 2.2: Vt € R, R(t) := D12(t)" D12(t) > 0.
Assumption 2.3: For A(t) and C(t) defined as
A(t) = A(t) — Bo(t)R(t) "' D12 (t) " C1 (1), (5)
C(t) = Cl (t) - D12(t)R(t)_1D12(t)T01 (t), (6)

“4)

each of the characteristic multiB}iers (i.e., the eigenvalues of
the monodromy matrix [4]) of A(t) on the unit circle, if one
exists, is (A(t), C(t))-observable.

Roughly speaking, Assumption 2.3 corresponds to the sit-
uation in discrete-time LTI systems where the so-called PBH

test is applied only for the eigenvalues of the matrix A on the
unit circle. This is weaker than assuming that (A(t),C(t))
is detectable. See [10], [11] for more details on the relevant
notions in LPTV systems.

Let us apply the h-periodic static state feedback controller
u(t) = K(t)x(t) to the generalized plant P. Then, the h-
periodic closed-loop system G with the disturbance input w
and the performance output z is described by

i) = A@)a(t) + Bi(t)w(t),
g: {z t) = C(t)x(t), 2
where
A(t) == A(t) + Bo(H) K (1), 8)
C(t) := C1(t) + Dia(t) K (2). 9)

Assumption 2.1 is equivalent to assuming the existence of
a matrix-valued h-periodic function K (¢) such that A(t) +
By (t)K (t) is stable, i.e., the associated monodromy matrix of
G is Schur stable. Under such K (t), the closed-loop system G
(and z(0) = 0) determines for each p’ € [1, 00| the bounded
linear operator mapping the input w € L;, to the output
z € Lyo. The Lo o/Ly,s induced norm of the system G is
defined as the norm of this operator:

sup

lwllz, , <1

HgHng/Ll,p/ = ||Z||L2,2' (10)

It is also simply referred to as the Lo/L; induced norm
when the underlying p’ is not of particular importance, and
is known [12] to be given by

1G0a/0s, = sUP )" (F (7). (1

T€[0,h)

Here, F(7) € R"»*™w is defined as
F(r) := Bi(7)" Wo(r) By (1), (12)

where W,,(7) is the observability Gramian of the system G,
which admits the representation
oo
Wo(r) :/ sa (C(0)8(0;7)) b (13)
with the state transition matrix ®(0;7) € R™*" correspond-
ing to A(t). The observability Gramian W, (7) can also be
characterized as the symmetric and h-periodic solution of

the following periodic Lyapunov equation (PLE), where the
solution uniquely exists [10], [13] for G.

—P(t) = AW)TP(t)+ PO)ARL) +CH)TCEH)  (14)

On the other hand, the time-domain definition of the Hs
norm [13], [14] of the system G is given as
1/2

h
1911, = <§L / tr(F(r))dr> ,

where tr(-) denotes the trace of a square matrix.

Problem 2.4 (The Lo/Ly optimal control problem):
Given p’ € |[l,00|, find an h-periodic static controller

15)



u(t) = K(t)x(t) stabilizing the closed-loop system G and
minimizing the Lo o / Ly, induced norm (11).

Problem 2.5 (The Hy optimal control problem [15]): Find
an h-periodic static controller u(¢) = K (t)z(t) stabilizing the
closed-loop system G and minimizing the Hs norm (15).

The relationship among the optimal state feedback gains for
these control problems would not be obvious even when the
underlying generalized plant P is time-invariant, for which
F(7) becomes independent of 7. More specifically, given a
(constant) stabilizing state feedback gain K, the Lj /LL,,/
induced norm (11) depends on p’, and no p’ corresponds to
the H, norm (15), in general, except for the special case where
P is a single-input system [7]. The significant contribution of
the present paper lies in newly formulating/solving Problem
2.4 and employing our recent result [12] to establish the crucial
fact that Problems 2.4 and 2.5 share the same optimal control
law, despite the fact that the Lo/L; induced norm and Hy
norm of a given LPTV systems are not directly related with
each other. The main result is summarized formally as follows.

Theorem 2.6: The h-periodic state feedback gain
K (t) == —R(t) Y Ba(t)T Py(t) + D12(t)T C1 () (16)

stabilizes the closed-loop system G and minimizes the
Ly /Ly, induced norm regardless of p’ € [1, cc], where the
matrix-valued function P, () is given as the unique stabilizing
solution of the periodic Riccati equation (PRE)

— P(t) = A(t)TP(t) + P(t)A(t)
— P(t)Bt)Bt)TP(t) + C(t)"C(t) (17)

with A(t) and C(t) defined in (5) and (6), respectively, and
B(t) defined as

B(t) := By(t)R(t)~ /2. (18)

Furthermore, the controller u(t) = K (¢)z(t) also minimizes
the Hy norm of the closed-loop system G; in other words,
Problems 2.4 and 2.5 share the same optimal state feedback
gain (16).

The following Section II-B is devoted to the proof, together
with describing what is meant by the stabilizing solution of
the PRE in the statement of the above theorem.

B. Proof of the Main Result and Its Corollary

The proof of Theorem 2.6 is completed by deriving the
optimal control law for each of the control problems, which
is carried out in a deeply related fashion to the arguments in
the celebrated review article [14] on LPTV systems.

In the minimization of the norms given by (11) and (15),
the feedback gain K (¢) affects only the observability Gramian
Wo(7), through which F'(7) is defined in (12). We thus focus
on the PLE (14) giving an alternative characterization of the
Gramian W, (7). With A(¢) and C(t) defined in (5) and (6),
respectively, together with the stabilizing state feedback gain
K(t), the PLE (14) for the closed-loop system G can be
rewritten as

-~

— P(t) = AW)TP(t) + P(t)A(t)
— P(t)BW)Bt)TPt)+ C)TCt) + Qr(r),p@ry,  (19)

where (the only K(t)-dependent) Qx (¢),p(+) is defined as

Qr ), @) = sq(Dr2(t)(K(t)
+ R(t)fl(Bg(t)TP(t) + Dlg(t)Tcl (t))))

The key role for our further arguments is played by the
monotonicity property in the periodic Riccati equation (PRE)
described in Theorem 6.10 in [10], whose central assertion
used in our arguments can be stated in the following fashion.

Lemma 2.7 (Monotonicity property in PRE [10]):
Suppose that the stabilizable pair (A(t), B(t)) with the
period h is given. Then, the PRE

— P(t) = A()TP(t) + P(t)A(t)
— P()B(t)B(t)TP(t) + Q(t)

has a unique strong solution P5(t) for each given Q(-) €
S% [0, h), where a strong solution P*(t) is defined as the sym-
metric and h-periodic solution such that every characteristic
multipliers of the periodic function A(t) — B(t)B(t)T P3(t)
lies in the closed unit disk. Let P§(t) and Ps(t) be the strong
solutions of the PRE with the h-periodic Q(¢) = Q1(¢) and
Q(t) = Q2(t), respectively. If Q1(t) > Q2(t) for each t (i.e.,
Q1 — Q2 € S}[0,h)), then Py(t) > P3(t) for each ¢ (ie.,
P; — P € S[0,h)).

To exploit the above monotonicity property in our argu-
ments, we begin by considering the following PRE obtained
by eliminating Q k1), p(+) in (19):

— P(t) = A(t)TP(t) + P(t)A(t)
— P)BO)B®)TP(t)+Ct)TC(t)

(20)

21

Ny

(22)

By Assumption 2.1, (A\(t),ﬁ(t)) is also stabilizable, and
thus the PRE (22) has a unique strong solution P*(¢). In
addition, by Assumption 2.3, the strong solution P*(t) of
(22) is a stabilizing solution [10], where a strong solution
P5(t) is called a stabilizing solution if the periodic function
A(t) — B(t)B(t)TPs(t) is stable. Let us denote the unique
(strong and) stabilizing solution of (22) by P4 (¢), and let

K (t) := —R(t) " (Bz(t)" Py (t) + D1a(t)"C1 (1)), (23)
with which we have

QK. (t),p.(t) =0 (24)

by the definition (20). This implies that the differential equa-
tion (19) with K (t) set to K (t), shown below, has a unique
stabilizing solution Py (t).

— P(t) = AW)TP(t) + P(t)A(t)
~ PMBWOBM) P(t)+ Ct)"C(t) + Q. 1y.p(r) (25)

In particular, the associated consequence that the periodic
function A(t)—B(t)B(t)T P, (t) is stable immediately implies
the stability of the closed-loop system G with the state
feedback wu(t) = Ky(t)z(t) (e, Ki(t) is a stabilizing
state feedback gain) because A(t) + Bo(t)K4(t) = A(t) —
B(t)B(t)T P, (t) follows from direct computations. In addi-
tion, since (19) is equivalent to the PLE (14), the unique
stabilizing solution P, (¢) of (25) (i.e., (19) with K(¢) =



K (t)) is the unique periodic solution of the PLE (14), i.e.,
the observability Gramian of the closed-loop system G with
the state feedback u(t) = K (t)x(t). This together with (12)
implies that with K(t) = K, (t), the Ly/L; induced norm
and H, norm of G described by (11) and (15), respectively,
are given by

1G]l a/L, , = sth);L;/2<31<T>TP+<T>31<T>>, (26)
T€|0,
L 1/2
||g||H2<h / tr(Bl<T>TP+<T>Bl<T>)dT> 27)

This implies the optimality of K (¢) in the Lo/Lq (regardless
of p € [1,0¢]) as well as the Hy sense. To see this, we
first note that for each stabilizing state feedback gain K (t) =
K'(t) and the associated unique periodic solution P’(t) to
the PLE (14), the definition (20) for Qg (1), p(+) implies that
Qk'(.),p'() € ST[0,h). This together with (24) and Lemma
2.7 implies that P’(t) > P, (t) and thus By (t)T P'(t)By(t) >
By (t)T P, (t)By(t) for every t € [0,h). This completes the
proof of Theorem 2.6.

The last part of the proof can readily establish a stronger
assertion for a more general class of control problems.

Corollary 2.8: If the map v : S [0,h) — R is such that

v(My) < v(My) whenever My — My € ST[0,h),  (28)

then, for whatever state feedback control problem in which the
cost function to be minimized is either directly or equivalently
described as v(Wy(+)) through the observability Gramian of
the closed-loop system, the optimal state feedback gain is once
again K, (t) given by (16).

Remark 2.9: In addition to the Ly/L; induced norm and
Hj norm, the worst-timing-type Hy norm defined in [16] as

1G]l s = sup t2'/2 (F(r)) (29)
T€[0,h)
is also equivalently described as v(W,(-)) with a map v
satisfying (28), and thus the same optimal gain is shared.

lIl. Lo/Ly AND Hy OPTIMAL OUTPUT ESTIMATION
PROBLEMS FOR LPTV SYSTEMS

This section studies the output estimation problems of
LPTV systems, where the latent and unmeasurable output
must be estimated from the available information on the input
and the measurement output. The estimation error must then
be evaluated and minimized, where the choice of the norm
arises and a different choice could lead to different estimator
performance evaluation for a fixed estimator gain. Yet, this
section is devoted to showing that the optimal estimator gain
does not depend on the choice of the measure (i.e., the norm)
for evaluating the error, as long as it is directly or equivalently
described through the controllability Gramian W, as v(W.,)
with a map v satisfying (28).

Although such arguments are indeed motivated from the
preceding arguments on state feedback and through the view-
point of duality, it should be stressed that the arguments never
proceed without employing our recent result on the analysis of

the Lo/ L; induced norm [12] and L., /Lo induced norm [9].
In fact, the following arguments evaluates the estimation error
in the L., norm, which one might consider associating with
the L; norm for the input w considered in the preceding
section through duality, because 1 and oo are conjugate indices
to each other. However, it is quite important to note the well-
known fact that the dual space of L, is not L; [8]. This
observation hence suggests a serious risk of relying on a
merely superficial and ungrounded ‘duality concept’ one might
imagine, and does surely indicate the importance of careful
attention and arguments on what ‘duality’ should precisely
mean or how it should be interpreted in this present context.
This section is devoted to providing solid arguments through
which the ‘duality’ in this particular context can be better inter-
preted and understood. Simply put, we must proceed deeper
to the recent advances on the Lo/L; and L.,/Lo analysis
of LPTV systems [9], [12], at the level of which we can
associate the Lo/Lq control and L., /Lo estimation problems
by their key monotonicity properties of Gramians; one the
observability and the other the controllability Gramians, which
are undoubtedly mutually dual in the standard sense.

In the following, we consider the generalized plant P with
the disturbance input w, control input u, performance output
z, and measurement output y described by

z(t) = A(t)x(t) + B1(t)w(t) + Ba(t)u(t),
P 1 2(t) = Cy(8)a(t) + Dia(t)ult), (30)
y(t) = Ca(t)z(t) + Dar (w(t),

where z(t) € R"™, u(t) € R™, w(t) € R™, 2(t) € R+, and
y(t) € R™. We assume that each of the coefficient matrices
is piecewise continuous and h-periodic, and the following
assumptions are satisfied.

Assumption 3.1: The pair (A(t),C2(t)) is detectable.
Assumption 3.2: ¥t € R, R(t) := Doy (t)Da1(t)T > 0.
Assumption 3.3: For A(t) and B(t) defined as

A(t) = A(t) — Bi(t) D1 (t)"R(t) " Ca(8),
B(t) := By(t) — B1(t)Da1 ()T R(t) ' D (1),

€1y
(32)

each of the characteristic multipliers of A (t) on the unit circle,
if one exists, is (A(t), B(t))-reachable.

A similar comment for Assumption 2.3 applies to Assump-
tion 3.3. With the above settings, we study the problem of
estimating the performance output z from the information on
the measurement output y and the control input u. The goal is
to optimally reject the effect of the disturbance input w in the
estimation in the sense of the L,/Ls induced norm precisely
described later. Specifically, let us consider constructing the
estimated performance output Z with the estimator

2(t) = A()a(t) + Ba(tyu(t) — L(t)n(t),
2(t) = C1()Z(t) + Diou(t), (33)
y(t) = C2(1)z(t),

where L(t) is the h-periodic estimator gain, and 7 := y — ¥.
By further defining £ := x—7 and { := z—Z, we can describe



the error system & by

£(t) = A@®)E(®) + Btw(t),
¢ {c@) — CL(0E), o
where
A(t) == A(t) + L(1)Ca(8), (35)
B(t) := By(t) + L(t)Day (t). (36)

By Assumption 3.1, there exists an estimator gain L() such
that the above periodic function A(¢) is stable, i.e., the error
system & is stable. Under such L(t), the L, /Lo o induced
norm of £ is characterized in [9] as

sup 1y 2(G(7)),
T€[0,h)

I€L ,/ron = (37)

where ¢’ is the conjugate index of p’ € [1, oo]. Here, G(7) €
R™=*"= g defined as
G(1) := CL(T)We(T)Cy ()T

with the controllability Gramian W, (7) of the system &£, which
admits the representation

WQhﬁ/imsq(EUﬂTE@jﬁT)dO

(38)

(39)

with the state transition matrix &(7;0) € R™ " agsociated
with A(t). The controllability Gramian can also be character-
ized as the unique symmetric and h-periodic solution of the
PLE [13]

P(t) = P)A)T + A(t)P(t) + B(t)B(t)". (40)

On the other hand, the time-domain definition of the Ho
norm [13], [14] of the system £ can be described as

h 1/2
mm:<iltumﬂmﬁ .

Now we are in a position to formulate the L.,/Ls and Ho
optimal output estimation problems.

(41)

Problem 3.4 (The Lo /Lo optimal estimation problem):
Given p’ € [1,00], find an h-periodic estimator gain L(¢)
stabilizing the error system & and minimizing the L /Lo 2
induced norm (37).

Problem 3.5 (The Hy optimal estimation problem): Find

an h-periodic estimator gain L(t) stabilizing the error system
& and minimizing the Hy norm (41).

Regarding the above two estimation problems, the following
result holds.

Theorem 3.6: The h-periodic estimator gain
Ly (t) == —(Pr(t)C2(t)" + Bi(t) Do () ) R(t) ™

stabilizes the error system £ and minimizes the Lo /L2 2
induced norm regardless of p’ € [1, 00|, where Py (t) is given
as the unique stabilizing solution (i.e., the symmetric and h-
periodic solution P(t) such that A(t) — P(t)C(t)TC(t) is
stable) of the PRE

P(t) = P()A(t)T + A(t)P(t

(42)

with A(t) and B(t) defined in (31) and (32), respectively, and
C(t) defined as R(t)~'/2Cy(t). Furthermore, the estimator
gain L, (t) also minimizes the Ho norm of the error system
&; in other words, Problems 3.4 and 3.5 share the same optimal
estimator gain (42).

Proof: A brief sketch of the proof is as follows. The
recent analysis [9] shows that L../Lo induced norm (37) can
be expressed with the controllability Gramian W, (7); recall
(38). Since the controllability Gramian W, (7) allows the dual
treatment to the observability Gramian W,(7) in the usual
sense, the arguments based on the monotonicity property of
the PLE (40) corresponding to the controllability Gramian
We(7) can be developed in much the same way as those in
the preceding section through the monotonicity property of the
PLE (14) associated with the observability Gramian. Thus, the
above theorem is eventually established. [ ]

V. NUMERICAL EXAMPLE

This section deals with the following system described by
the lossy (damped) Mathieu equation [5] (with the period h =
2m), which appears in many engineering fields.

Z1(t) +va1(t) + (@ — Beost)zy(t) = brwy(t) +v(t) (44)

Here, w; is the disturbance and v is the manipulated variable
assumed to be generated by an actuator with the first order
dynamics

v(t) = z3(t)/a, 23(t) = —axs(t) + bowa(t) + u(t) (45)

subject to another disturbance wy. The actuator input u(t) is
assumed to be generated by the h-periodic state feedback gain
K(t) = [k1(t) ka(t) k3(t)] for zo(t) := 41 (¢). Let us consider
z 1= [c121 camy c3u]l, together with the closed-loop LPTV
system G : w := [wy wg]T + 2, where the above performance
output signal z is assumed to be taken as a signal such that
the ‘smaller’ it is, the ‘better performance’ we may regard the
state feedback gain K (¢) has achieved; however, the precise
meaning of ‘smaller’ and ‘better performance’ may not be
clear enough at this stage. We assume the parameters o = 2,
,3:2,")/:1,a=3,b121,b2:1061=10,62:10,
and c3 = 1. In this case, Assumptions 2.1, 2.2, and 2.3 for the
plant are satisfied.

Let us consider the system G, with K(t) = K.(¢)
defined by (16) and calculated numerically through the unique
stabilizing solution of the PRE (17) obtained by the algorithm
called the multi-shot method [17]. For the sake of comparison,
let us further consider a fictitious situation where we solidly
had an alternative objective in which what should be small
were rather a different performance output taken as zgap =
[30z1 52 u)T. This example treats the corresponding K (t)
obtained for zg,, as an example of stabilizing gains for G,
which was defined to have the original performance output z
rather than zg,1, leading to the closed-loop system denoted by
Gstab- The matrix-valued function F/(7) = By (7)T P(7)B1(7)
for the two systems are denoted by F,(7) and Fypan(7),
respectively, where P(t) is the observability Gramian for each
closed-loop system.



This section deals with three types of norms: the Ly o/ L1
induced norms |G|z, ,/r, , for p" = 1,2 and the H, norm
|G|l r,- Fig. 1 shows ,ui/2(F(7')) (blue), /Lé/Q(F(T)) (orange),
and tr'/2(F(7)) (green), contained in the expressions (11)
with p’ = 1, that with p’ = 2, and (15), for these norms,
respectively, using the fact that u;,/ (M) forp’ =1landp =2
are the maximum diagonal entry and maximum eigenvalue of
the positive semidefinite matrix M, respectively. The solid and
dashed lines correspond to G and Ggtap, respectively, where
the observations given below correspond to confirming the
property Fyap(7) > F4(7) that follows from the arguments
in Section II-B as a core behind Theorem 2.6 (recall the last
part of the proof in Section II-B, immediately followed by
Corollary 2.8). For each of the three pairs under the same
performance index (i.e., the same color) with the original z,
the curve for the optimal closed-loop system (solid) can indeed
be confirmed to stay, at every T € [0, h), no greater than that
for the other non-optimal closed-loop system (dashed). This
figure thus enables us to observe the performance improvement
by K (t) over another stabilizing gain regardless of the
three different performance measures. Furthermore, a similar
observation applies to the fourth performance measure of the
worst-timing-type Ho norm ||G||z7; shown in (29) through the
comparison of the peak values in the green solid and dashed
curves.
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Fig. 1. Variations of u1/2(F (7)), s/ 2 (F (7)), and tr/2(F(r)).

Although numerically confirming the same for all the stabi-
lizing state feedback gains K (¢) is impossible, it is important
to note, as a summary of our theoretical arguments and their
relevance to the present numerical example, that the same has
actually been established for any other stabilizing gain K (t).
Therefore, the resulting gain K (¢) is optimal regardless of
the four aforementioned performance measures with respect to
the original performance output 2, and thus it can be used as
the ‘definitely optimal one’ without being puzzled about which
performance measure to minimize among these candidates,
when the ‘most effective closed-loop performance’ is aimed at
in controller synthesis but is often prescribed only vaguely, in
practice.

V. CONCLUSION

This paper developed arguments on the connection between
the induced norms and the H, norm from the perspective
of the norm minimization problems. Section II studied the
state feedback control problems and established the crucial
fact that the Lg2/Ly, induced norm of the closed-loop
system G is minimized by a common optimal state feedback
gain regardless of p’ € [1,00], and the common gain further
minimizes the Hs norm of the system. Section III studied the
output estimation problems, and showed that the Lo /L2 2
induced norm for p’ € [1, 00] and Hs norm of the associated
error system & are all minimized by a common optimal
estimator gain.

More generally, the present paper showed that the optimal
control gain K, (¢) in the Ly/L; and H sense given by (16)
further minimizes all the cost functions described by v(W,)
with the observability Gramian W, of the closed-loop system
G and a monotonic map v in the sense of (28), and similar
claims on the estimation problems are also established. A
practical advantage of establishing such theoretical results is
also discussed.
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