THEORETICAL INVESTIGATIONS

OF
EXTERNALLY PRESSURIZED GAS-BEARINGS

Hiroshi Yabe

(1965)



THEORETICAL INVESTIGATIONS

OF
EXTERNALLY PRESSURIZED GAS-BEARINGS

Hiroshi Yabe

(1965)



Abstract

Descriptions are concerned with the static bearing
characteristics such as the pressure distribution, load
capacity, and volume rate of flow of the externally pressuri-
zed gas-bearings for some bearing configurations.

The complex potential theory is applied to the thrust
gas-bearings with multiple supply holes to yield the bearing
characteristics, and the thrust collar gas-bearings with slit-
supply are also investigated as well.

Externally pressurized thrust and journal gas-bearings
with porous bearing surface are analyzed with consideration
of the gas-flow in the porous material by applying an ex-
tension of Darcy's law.

These theoretical results are compared with experimental

ones and good agreements are observed between them.



Abstract -

INtrOQUCEION v v e

Contents

Part 1 Analysis of Externally Pressurized Gas-Bearings

by
Chapter 1
Chapter 2
2-1
2~2
Chapter 3

b
3-4
=5

3-6

=T
Chapter 4

4-1

Means of the Complex Potential Theory ------- - 4
Introduction - 4
General Theoxry - - - = « = == s cum ws By
Basic Equations 5
Transformation to Compressible Fluid Case -- 7

Analysis of Externally Pressuriged Cir-
cular Thrust Gas-Bearing with Multiple
Supply Holes oo e e Y <
Complex Potential and Pressure

Digtribution - covmmen o e s @ 8
Examples of Theoretical Pressure

DS SEPTDIEBTOTY 7 % o oo o W52 555 B8 B0 MHndl HEIG BEHE #5547 12

Load Capacity with Incompressible Fluid ---14

Volume Rabe Of FLOW -reomoms cor oo s mnn oo s 17
Some Examples of Theoretical Bearing

Characteristics oo« oo o G eaee 18
Boundary Conditions at Supply Hole-- - - 20
Experimental Investigations.----- - o o 24

Analysis of BExternally Pressurized Thrust

Collar Gas-Bearing with Multiple Supply

FEREE BHE0 15 000 1 e e 3 8 8 5 750 5 s i e . s 48
Complex Potential and Pressure

DG LI BIETOLL, = v o ome o s s i <0 o oww wn e om0
Some Examples of Theoretical Pressure
DASELADUELON «ooooooreemmmremeiee e 57



4-3% Load Capacity with Incompressible Fluid - 60
4-4 Volume Rate of Flow - oo oo oo 67

4-5 Some Examples of Theoretical Bearing

Cliaraeteri hIEE = oreimm s ons w2 iouars 68
4-6 Experimental Investigations -~ 71
4-7 Application to Conical Gas-Bearing -~ 84
Chapter 5 Analysis of Externally Pressurized
Rectangular Pad-Type Thrust Bearing - 86
5-1 Complex Potential and Pressure Distribu-
5-2 Load Capacity with Incompressible Fluid - 90
5-3 Volume Rate of Flow - - mow emen » aii@ 98
5-4 Experimental Investigations ... .. o o 94
Chapter 6 Conclusion - B s s s assass s oxan weoaw OB
Part II Analysis of Externally Pressurized Thrust
Collar Gas-Bearing with Slit-Supplies -~ 100
Chapter 1 Introduction - .--ovvi oo oo : o omoass o 200
Chapter 2 Single Slit-Supply Case - - - - - 101
Chapter 3 Double Slit-Supply Case -~ oo - 107
Chapter 4 Experimental Investigations oo 116
Chapter 5 Conclusion - o S 125
Part TII Analysis of Externally Pressurized Porous
Gas-Bearings - - T Sy 159
Chapter 1 Introduction - - - - - - - .. . 127
. Chapter 2 Analysis of Externally Pressurized Circu-
lar Thrust Porous Gas-Bearing - 130
2=1 Theoretical Analysig -« won o o oo - 130
2-2 Permeability Coefficient of Porous
Material ......................................................... 2 138
2-3 Comparison with Experimental Results ... 140

-iii



2-4 Boundary Conditions at the Periphery
of Porous Bearing - cvovm won P 149
Chapter 3 Applications to the Other Configurations
of Externally Pressurized Thrust Porous
Gas-Bearing ..o e - 151
3-1 Introductionm - - R 1 - ]
3-2 Externally Pressurized Porous Thrust
Gas-Bearing with Flat and Solid Ring
B PEBE mmm s s 2 o s amn 5 o vn §7 4 35 T8 2905 g o s i 3 152
3-3  Other Applications - - - - - e e <8 e et .. 163
Chapter 4 Analysis of Externally Pressurized
Porous Journal Gas-Bearing - - oo 171
4-1 Theoretical Analysis - - = o 171
4-2 Experimental Investigations - - - - 179
4~3%3 Externally Pressurized Porous Journal Gas-
Bearing with Solid Sleeve-Part .- 185
4-4 Load Capacity - -~ = - o e 190
Chapter 5 Conclusion - - B PR 198
Conclusions Ce 201
Acknowledgements - - : S e - 202
WEBBELBIY s e i b ks 53 ¥ nm an e 203
Appendices oo e o 210
PP ppyiGiad surarsrogr = ® nx s geegs 235

-] V-



Introduction ’ :

The externally pressurized gas-bearings are recently
investigated and applied to many devices especially for sup-
porting high speed rotors owing to their advantages of small
static and dynamic friction.

The externally pressurized bearing has a restrictor
generally such as a capillary or an orifice at the fluid
supply so that large bearing stiffness may be achieved. In
order to design the most reasonable restrictor, one should
know the bearing characteristics such as load capacity and
volume rate of flow.

In the followings, these characteristics are investigai
theoretically in connection with bearing clearance and suppl
pressure for various bearing configurations.

Externally pressurized thrust gas-bearing is rather
disadvantageous for its small load capacity. The recess to
hold high supply pressure is apt to make the operation less
stable because of self-excited vibration.

A simple method to improve the load capacity is to
arrange multiple supply holes on the bearing surface so thail
the average pressure may increase fairly well. For the thnm
collar type of gas-bearing, multiple supply holes must be

required because of the bearing construction. These types ¢

!
{
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thrust gas-bearings are investigated in Part I by means of
the complex potential theory to yield the pressure distribu-
tion, volume rate of flow, and load capacity, which are com-
pared with experimental results.

The technique of complex potential theory is also applied
to the rectangular pad-type thrust gas-bearing with multiple
supply holes.

The load capacity may increase with increase of number
of supply holes which are spaced circumferentially in the
thrust collar bearing surface. This leads to a gas~bearing

innumerable
with slit-supply which is considered as A supply holes
arranged in a line.

In Part II, externally pressurized thrust collar gas-
bearing with single or double slit-supply is analyzed theo-
retically to obtain a design chart concerning load capacity
and volume rate of flow.

In Part III, externally pressurized porous gas-bearing
is investigated theoretically. The porous bearing can be
assumed to consist of a mesh structure incorporating in-
numerable tubes of fluid supply, hence it may be a limiting
bearing structure where infinite supply holes are arranged
on the entire bearing surface. The porous bearing surface

serves to restrict the gas flow and also to dissipate the

.



energy of vibrations. So this type of gas-bearing is ex-
pected to have comparatively large load capacity and to make
stable operation.

Externally pressurized porous gas-bearing is analyzed
fundamentally for two cases of journal and thrust bearings.
The analysis can be applied to the other types of porous
bearings, namely;, porous thrust and journal gas-bearinggwith
flat and solid parts, porous thrust collar gas-bearing, and
SO on.

The theory may be verified with experimental results
with very good qualitative agreement and fairly good quan-

titative agreement.



Part I Analysis of Externally Pressurized Gas-Bearing by

Means of the Complex Potential Theory
Chapter 1 Introduction

In practical applications of externally pressurized gas-
bearings, it is desirable to obtain the exact pressure dis-
tribution in the bearing clearance in order to determine the
volume rate of flow, which in turn leads to a determination
of the size of the restrictor (such as a capillary or an
orifice), and in order to calculate the load capacity.

The complex potential theory is one of the most appli-
cable methods to obtain these characteristics of the ex-
ternally pressurized bearing, and it has been applied to the
journal bearing(l) and to the thrust bearing with several
bearing shapes(z). The theoretical pressure distribution
coincided well with experimental results, but the load
capacity was hard to determine analytically because of dif-
ficulty of mathematical integration of the pressure over the
bearing area.

In Part I, externally pressurized thrust bearings are
analyzed by means of the complex potential theory for several
bearing configurations, namelyﬂ circular thrust gas-bearing,

thrust collar gas-bearing, rectangular pad-type thrust bearing,
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and :ome modifications of them as well. The bearings have
multiple supply holes and no recess since the recess causes
the instability of the bearing.

By using the suitable potential function which satisfies
the boundary conditions of the particular bearing, pressure
distribution and volume rate of flow are obtained theoretically
for both an incompressible and a compressible fluid, while
load capacity is obtained theoretically for an incompressible
fluid.

Experiments are made to be compared with theoretical

results and very good agreements are observed between them.

Chapter 2 General Theory

2-1 Basic BEquations

Upon applying the usual assumptions in gas-bearing theory,
Navier-Stokes equations reduce to the Reynolds equation for

compressible viscous flow:

(}’___ ) (Fﬁ op { 36”%) a(f’ﬁ\)} (1.2.1)

= 65) =6
The symbols are notated in page 203 -209.
Assuming that the gas flow is polytropic with index n

and that u is constant, Fq. (1.2.1) becomes

=t



30p ™, 2P - DRP™) - JRPT)
2 (R5: }-2 ﬁ?.__)_—_gy{—'ﬁ'—‘){t& fi’ +U, N } (1.2.2)

If U.= Uy = O or the sliding speed is very small com-
pared with gas flowing velocity due to the pressure gradient,
then the right-hand side of Eq. (1.2.2) vanishes. With the
assumption of f, =const., Eq. (1.2.2) becomes

H(pF), P
2°% 2%y -

Q (1.2.3)

For the case of an incompressible fluid, Eq. (1.2.1) be-

comes as follows with the same assumptions,

%P, ¥p _,

=t ez (1.2.4)

These are represented by the following Laplacian equation,

P %P

3%z -+ 352 =0 (1.2-5)
where P =p for an incompressible fluid
(1.2.6)
e

P= pm- for a compressible fluid

Eq. (1.2.5) is also expressed by the cylindrical co-

ordinates

| B%P
‘aaF‘(YQ;)*"F'an = (1.2.7)

The problem of sotving Eq. (1.2.5) or (1.2.7) can be

-



transformed into the problem of finding a suitable complex
potential in the plane of complex number Z=x+L5=rei9_

If a complex potential is obtained, the real part of the
potential function gives the forgf;he préssure distribution
for an incompressible fluid case, and the imaginary part

gives the stream function. The pressure distribution must

satisfy the boundary conditions of the actual bearing.

2-2 Transformation to Compressible Fluid

The compressible solution can be easily obtained from
the incompressible solution by transformation through Eq.
(1.2.6). 1If the letter P is substituted for p of the
solution, P satisfies Bg. (1.2.5) or (1.2.7) and gives the
pressure distribution in the form of pl%¥ where p is the
real pressure for the compressible fluid case. But K's, which
are constants determined by the boundary conditions mentioned
in later sections, must satisfy the boundary conditions for
the real pressure. Considering the relation between p and
P in Eq. (1.2.6), p and P, in K's must be changed to
P, and B, , respectively, through the relations

+n [ +n

BE=p~, TP=p" (1.2.8)

where @)

and p correspond to the boundary pressures for
o a
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a compressible fluid case. Thus the solution for a compres-

sible fluid can be expressed by
p = Pwn (1.2.9)

where P is corresponding solution obtained for the incompres-

sible fluid case using the correct boundary conditions.

Chapter 3 Analysis of Externally Pressurized Circular

Thrust Gas Bearing with Multiple Supply Holes

3-1 Complex Potential and Pressure Distribution

In this Chapter, such an externally pressurized circular
thrust bearing is analyzed that has multiple supply holes
spaced circumferentially as shown later in Fig. 1.3.2.

At the first step, an analysis is made on a bearing with
single supply hole located anywhere in the bearing as shown
in Fig. 1.3.1l: A variety of multiple supply holes can be
obtained by the proper use of superposition.

In Fig. 1.3.1, we put a point source at radius g and a
sink with the same strength q at radius v,2/. by the mirror
image principle so that the solution may satisfy the boundary
condition everywhere on the bearing periphery.

The complex potential function for this case can be

given by



Supply Hole

Fig. 1.3.1 Configuration of a circular thrust bearing
with single supply hole

w =2 (gog (2~ )~ og (z- 1) (1.3.1)

By separating the complex potential w into real and imaginary
parts, the pressure distribution p for an incompressible
fluid can be obtained from the real part in terms of di-

mensionless variables,

RQR2+I'°2 RCoSO
P=K Eg R2 + R2 zichose +Ke (1=5uE)

where R= Y/ and Rqe= &7
K, and K, are constants determined by the following boundary

conditions:



B = pa ot R=r/I=1I (1-3-3)
P=P ot R=Ra-Rs=(a-ny%,0=0

Then
K _ po - pa_
| = 2203 I—Rgzza—-Rs) (1.3.4)

Kzzpa.

It should be noted th~t the boundary conditions are
satisfied only at one point of the inner edge of the supply
hole. However, if Z is near to @ in Eq. (1.3.1), the curve
of constant pressure is given as a circular form so that this
pressure distribution may satisfy the condition of the supply
hole when Ry is small enough compered with unity.

In the above boundary condition, the value of the pres-
sure p just after the inlet hole is used. The P, is not
constant but veries as the change of the bearing clearance
because of the pressure drop across the inlet restrictor,
such as a capillary or an orifice if one is used. However
it should be noted that the inlet pressure Pys when the
bearing load is given, is determined by the bearing load and
is independent of the bearing clearance. Thus, the results
below may be applied to obtain gas flow, bearing clearance,
and stiffness when the external restrictor is used.

For the case with multiple supply holes, the pressure

-10-



distribution can be obtained by a proper superposition of
the solution for a single supply hole. When there are [
supply holes, each of which has radius Qé and is located
st Y=0;, ©=6; (4=0,1,...,k~|), the resulting pressure

distribution for an incompressible fluid is

(1.3.5)

-39 2 o
- ~ — 2Raj 6-8i)
P=5K:lp Raj R°+ | — 2RajReos( 8k
égo 343 R?+Ra: — 2Ra;RCOS(6-6;) -
where ’<@ and K, are determined by the following boundary

conditions:

p=p at R=|

i 3.6
P=PR; at R=Ra—Rsj, 6=6;(G=1,2..k-1)} (La5+6)

When all of the k supply holes have the same dimensions

- Supply Hole

Fig. 1.3.2 Configuration of a circular thrust bearing
with multiple supply holes

=] ] s



and are located at the same radius (R,) with equal angular
spacing of 2ﬁy4€, as shown in Fig. 1.3%.2, all of PQ} become

equal to be Kjk), and the pressure distribution is

212 5
p KJ&)Z QﬂgP&R e f = ZRQRCOS(Q“B&)

+ K;
R® + RE—2RaRcos(9-g;) | 2%

(1.3.7)

2kp2ky |_o2pkrRcosko
R2k+ Rl Rl choske

= Kick) ﬂog + Kotk

This reduction is shown in Appendix I.

The constants Kim and Kyg) are determined by the same

boundary conditions as Bq. (1.3.3); then

K o P Pa,
" 2ppg L= R (Re= R
3 RE — (R~ Rs)* (1.3.8)
Katey= Pa

Later on, this symmetrical case is analyzed; the results
for an asymmetrical case may be obtained by modifying the

results.

3-2 Examplesof Theoretical Pressure Distribution

Figures 1.%.% and 1.3.4 show examples of theoretical
pressure distribution for the following bearing:

Number of supply holes, k =6

Radial position of supply hole, Ra= 0.5
-12-



Radius of supply hole, Rs = 0.01

08
o7

06

04
Incompressible Fluid

03 k- 6
Ra=05
02 Rs= 00l
0.
0

Fig. 1.3.3 Constant pressure curves with an incompressible
fluid

Figure 1.3%.3 shows the constant pressure lines on the

bearing surface for an incompressible fluid. The pressure

at central clearance space within the circle of the supply

holes is kept at a considerably high value so that load

=5



capacity can be much greater than that of the bearing with
a single central supply hole.

The pressure distributions for radial and circum-
ferential directions are shown in Fig. 1.3.4 for both an in-
compressible and a compressible fluid. For the latter, it is

assumed that the gas flows isothermally and that F%__EQ

is taken to be 1 kg per square centimeter.

1.0
k=6, Ra=1/2 1.0
Rs= 17100 k=6, Ra=l/2 Rs=1/100
08 e -Pg=! kg/cm2 \ Py~ pa=’ kg/c
} | __(_/’/ | | 08 \~ R-
i N 6-=0° > :
<06 WY Q } 025
X / < P06 I —— o5
& 6=36>$\ X _“\\\\:::::::: ‘
204 L o4 ___1los
| ] W o TP ——— ]
0.2|- ~ Incompressible Flid\\, 5.5 T } 075
——Compressible Fluid \ ' —— Incompressible Fluid
J | ! ’ 3 - Compn?ssible Flluid
o) 02 04 06 08 10 0 10 20 30
R eo

(a) (b)

Fig. 1.3.4 Example of pressure distribution for an incompressible
and a compressible fluid .

3-3 Load Capacity with an Incompressible Fluid

First, the load capacity of the bearing with a single

supply hole is calculated. Denoting ¢ as

(1.3.9)

¢ e:cp ( KZ)

= e



then, Eq. (1.3.2) can be written as

2
R2- —————(%QQR“ 2Rcose+[————d;:';§“J [¢ z" ]qb (1.3.11)

Equation (1.3.10) shows the equipotential line for a given
p.

It should be noted that this is the equation of a circle
in polar coordinates, where the center and the radius of the

circle are given by, respectively:

- R“ (1.%.11)
| = Rao  —
PRt (P

The load capacity can be obtained by integrating the
pressure over the bearing area. Consequently the load
capacity is given by the volume of a three-dimensional figure
with the coordinates (x,y,p) as shown in Fig. 1.3.5, so that
it can also be obtained by integrating the area S(P) enclosed

by a constant pressure line with respect to the pressure,

that is,

Tir2mw )
Wm=g g (P- B, rdrde =S S(pydp (1.3.12)

~1 5=



Fig. 1.3.5 Schematic figure of pressure distribution

The constant pressure lines are circular as mentioned

above, hence
[~ Rd’ z
SP) =z|l——=z /o N (1.3.0%)
¢'_ Ra
then, the load capacity W, for a single supply hole is

R s 2 .2
@ Rx[¢— Raz] $dp (1.3.14)

= 212K (1= RE)([1- (Ra~Rs )/ [1 - Ra(Ra-2R5))

as shown in Appendix IT.

=16~



For the case with multiple supply holes, the load capacity

is calculated by using Eq. (1.3.14),
Wiy = TN RKiceo (1= Ra) [l = (Ra~ Rs)z:y[’*' Ra(RrZRs)J {1.3.15)

This reduction is shown in Appendix III.

3-4 Volume Rate of Flow

The volume rate of flow can be calculated from the out-
flow from the bearing periphery.

For an incompressible fluid, it becomes
£ R

3
Qincomp, = Rs% ='d8 - Tkft Kick (1.3.16)

3K
For the case of a compressible fluid, the pressure gradient

is given by

YL

RIRJW‘%

2R

Substituting this into Eq. (1.3.16), the volume rate of flow,
Clm"ﬂ which corresponds to the pressure P, o has the follow-
ing relationship with Cthomp.

+1n '+YL

mepl:Pa”"Pa n

ReBal
;%"FZ r+rL’FL 'Cguuqu ( 5 7)

where K\ in Clbuomp should again be modified by changing

p, and P to P, and P, as indicated by Eq. (1.2.8),

T =



3-5 Some Examples of Theoretical Bearing Characteristics

Load capacity and volume rate of flow are calculated
theoretically from Egs. (1.3.8), (1.3.15), and (1.3.16) for
an incompressible fluid for several numbers and radii of
supply holes.

Figs. 1.3.6 and 1.3.7 show the dimensionless load
capacity [Wm)/'JC 2 (Py— Pl and volume rate of flow
[ Qincomp,” TR (Po— P) (3™ for the case of k = 6
versus radial position of supply holes for several numbers
and for several radii of supply holes, respectively.

Volume rate of flow increase with increases of Ry, Rs
and k but load capacity takes the largest value for the
optimum radial position of supply holes for given k and
Rs. This optimum position is given in Fig. 1.3.8 for several
values of Rg. At the calculation for Fig. 1.3.8, the volume
rate of flow and the angular stiffness of the bearing are
not taken into consideration. When the bearing is designed
with less value of Ra, one may obtain less volume rate of
flow, while with larger value of Ra, larger angular stiffness

may be obtained.

= B



L 1.6
8 Re-001 | ]
k=12 \
o7t —— 8 | 1.4
———— 6| /
oef T 4 /_74 12
/
B Wik : ;
[2° v,z(po-pam\/ 018
x 4 1 a ™=
s|Loaf - —~FA AHH08 §
2L ALY i
03— 2 /\>\ 06 |E
j// ’:’\<\\‘\ 04
‘/bin N \ )
2h3(Ps-Pa)/3H 02
HeePal/ 3 o
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~l o

OO 02 O.4R 06 08 10

a

Fig. 1.3.6 Bearing characteristics for several numbers
of supply holes

07 1.4
k=6 ‘
—— Rs=005 !
06 —___ 7507 1.2
—— 0005 /
. ' 1.0
05 Wik //// //
2(n .~
=l o . /)(
=5 03 = ‘X/ ' 06
=\ % N
" ////; ’/X,\\\
02 / /',,’/ N\ o4
\
ol k Qincomp. \ﬁ\"OZ
: Th3(Py-Pqa)/ 3p :
| I | 0

OO 02 04 06 08 |0

Ra

Fig. 1.3.7 Bearing characteristics for several radii
of supply holes
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FPig. 1.3.8 Optimum radial position of supply holes

3-6 Boundary Condition at Supply Hole
Eq. (1.5.3) represents the real boundary condition only
at an inner point of the supply hole. The following boundary

conditions could also be used instead of Eq. (1.3.3):

p=ph at R=]|
} (1.3.18)

p=p o R=RatRs, 6=0
which gives the real pressure at an outer point of the supply
hole.

When the radius of the supply hole is small, the differen
between the results is negligible. But the pressure distribu-

tion deviates from the real one when there are more supply

-20-



holes with larger radius.

For example, Fig. 1.%.9 shows theoretical constant pres-
sure curves for the value of R with these boundary conditions,
which should correspond to the form of large supply hole
with r;/Yi= 0.05 and @/f;= 0.5. Condition (1.3.3) satisfies
fairly well the real condition but gives the solution with a
smaller suppiy hole located at inner radial position, while
condition (1.3.18) seems not to be such a reasonable boundary
condition to be applied because the deviation becomes larger.

However, though their radial positions and sizes are
different from the real one, it should be noted that these
shapes are almost circular. So the deviation maybe corrected
approximately by modifying the position of source in the com-
plex potential function.

If the source is put in the bearing surface (Z-plane) at
radius Ry ( = a*/r,) instead of Ra(=a/r), and the sink
is put at R =% by the mirror image principle, then the
pressure distribution becomes

REZeR2Ry | —oRERRR sk
R + RE2R — 2RXRRFcoskd

P = K fog + Kado (1.3.19)

The radius R, is chosen to give the pressure p, at both

inner and outer edges of the supply holes. Then szmust be

%



| + (Ra+ Rs)E(Ra — Rs)®
(Rq+ Rs)k +(RA“‘R5)R

RER =
(1.3.20)

L
{1 (Ra+R)*I(| — (Ra— Ro)Z*J}Z
(RQ+RS)E+(RQ—Rs)k

as shown in Appendix IV.
The constants Kk% and K};, are determined by the

boundary conditions (1.3.3) or (1.3.18) to be

K * Ps = Pa
Ik = | — Rf®R(Ro — Rs®
RE*— (Ra— Re)k - (13.21)
- pa" P«
B — RAR (Rat+ Rs)®
oo Ra
. P R (Rerro® )

KZU‘&)=PQ

Either of conditions (1.3.%) and (1.%.18) gives the same

*
value of K;(ﬁ) and K2® . Then

Wi = B2k, (1-RE) 1= (R R/ (-2 RiGReR)+RE)

rl.a.zz)
3
Qincomp, = %ﬁ— Kiw

The chain line in Fig. 1.3.9 is the form of supply
hole for this case, which is seen to satisfy the real con-
dition very well.

Figure 1.3.10 shows the effect of boundary conditions on
load capacity and volume rate of flow in dimensionless form

for Rg = 0.01 and 0.05. For small values of Rs (such as 0.01)

=30



~Modified
Function 045

_~ By Condition
(1.3.3)

Circle of

By Condition (1.3.18)

=6, Rq=05

, Rs=0.05

Radius Rs=005

Fig. 1.3.9 Theoretical shapes of supply holes with various
boundary conditions

086 e
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Fig. 1.%.10 Bearing characteristics depending on varlous

boundary

conditions
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there is little difference between the results with con-
ditions (1.3.3%) and (1.3.18), but for Rs = 0.05 the difference
becomes appreciable, which could have been predicted from the
data in Fig. 1.%.9. For the latter case, the modified func-

tions (1.3.19)-(1.3.22) seem to be reasonably good.

3-7 Bxperimental Investigation
(a) Bxperimental Apparatus

Fig. 1.%.11 shows the apparatus of the experiments for
the pressure distribution and volume rate of flow (Apparatus
I). The upper plate (No.2) and the bearing plate (No.l) are
fixed parallelly by adjusting screws to compose a bearing
clearance which is measured by three dial gages. The com-

behind

pressed air is fed to the annular groove A the bearing plate,
and then to the bearing clearance through the supply holes
spaced circumferentially. The pressure in the bearing clea-
rance is measured by a U-tube mercury manometer connected to
the clearance through a small hole of 0.5mm diameter drilled
in the upper plate. The under bearing surface can be rotated
and slided by fine screws to measure the pressure distribution
on the entire bearing surface.

This apparatus is used for measuring the pressure dis-
tribution and volume rate of flow because the bearing clea-

rance is fixed.
]



‘I Bearing Plate

2 Jpper Plate

3 Air Supply

4 To the Manometer
5 Dial Gage

Fig. 1.3%.11 Experimental apparatus (I)

The experiments are made on the static condition.

For investigating the load capacity experimentally, the

apparatus shown in Fig. 1.3%.12 is used. (Apparatus II). The

rotor has a thrust bearing with multiple supply holes through
which the compressed air is supplied into bearing clearance.

25



Dial Gage

Steel Ball

[ ==
‘ {

Load %E
Air § .
&Jpp’y i <-_L‘ner
] Rotor
= Bearing
L |
"g Adjusting
M ‘ - Screw
f]‘: i “To the

Manometer

Fig. 1.3.12 Experimental apparatus (II)

The pressure just after the supply holes is measured by a
U-tube mercury manometer connected with a small hole of O0.2mm
diameter drilled in the stator. The roter is guided in the
liner by an externally pressurized journal air-bearing in
order to prevent their contact.
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The load is put on the top of the rotor by a lever and
load weights.

The bearing clearance is measured by a dial gage placed
on the top of the apparatus.
(b) Pressure Distribution

The pressure distributions are measured by the apparatus
I. The configurations of the bearings employed in the ex-

periments are shown in Fig. 1.3.13.

No. |2r,(mm){2a (mm)|2rs(mm)| k
I 120! 60 | 12 | 6
2 | 120 60 12 | a4
3 |120 60 12 | 8
4 | 120 60 60 | 6
5120 40 | 12 | 6
6 | 120 80 | 12 | B

Fig.1.3,13Bearings employed in experiments for pressure
distribution and volume rate of flow

The typical bearing dimensions are

2r1 = 120 mm

a = 30 mm

2r = 1.2 mm
s

k =6

AP



h = 15 M
p, = D, = 0.5 kg/cn’

Figs. 1.3.14-1.3.18 are the experimental results of the
pressure distribution. 1In each group of figures, there are
three kinds of pressure distributions which are

(a) On the position of 8 = 0 (radial direction through

the supply hole)

(b) On the position of © = I /k (radial direction just

between the supply holes)

(c) On the position of R = Ra (circumferential direction

through the supply hole)

Fig. 1.3.14 is the pressure distribution for the typical
bearing of Fig. 1.3.1%. No.l under . =B, = 0.5 kg/cm2 and
for several bearing clearances. (h = 15, 30, 40 and 50 mic-
rons).

Figs. 1,3%3,15-1.3.18 are for various values of Py various
numbers of supply holes, various radii of supply holes, and
for various radial position of supply holes, respectively.

In these figures, the thick lines are the theoretical
pressure distributions calculated from the above theory with
polytropic index n = 1.0 (isothermal condition is applied).
The experimental results coincide very well with theore-
tical one which confirms the theory especially for the case

with low supply pressure with small bearing clearance.
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Fig. 1.3.15-1.3.18 Results of pressure distributions for

various values of bearing parameters
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But, for the cases with large bearing clearance or high
supply pressure, the experimental results fall somewhat from
the theoretical ones. These deviations are larger as the
values of supply pressure and bearing clearance increase.
These pressure falls are considered to be due to the inertia
effects of the lubricant so that the adiabatic condition may
be applied.

When the clearance becomes very large, for example h =
50 microms, the pressure fall develops to the pressure de-
pression as shown in Fig. 1.3.14 (a)s: (In Fig. 1.3.14, the
thin lines are only experimental). This phenomenum can be
observed also for an externally pressurized circular thrust
gas-bearing with a central single supply hole.(3) It may be
explained by a flow model that the choked condition is achieved
at the supply hole, and then, the supersonic flow region and
the shock wave may follow. After the shock wave the pres-
sure can be recovered as shown in figure. The theory(3)
also shows that the large bearing clearance and high supply
pressure may cause the pressure depression, which can be
observed also in these experimental results.

The pressure loss at the supply holes will be investi-

gated later concerning the load capacity.
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(c) Load Capacity

Load capacity is investigated experimentally by using

the apparatus II.

The fluid is compressed air.

The bearings employed in the experiments are shown in

Fig. 1.3.19.

— Supply Hole

Fig.

Figs.

No. (2r(mm)|Z2a(mm)|2rs(mm)| k
I |60 30 | 12 | 6
| 2 |60 30 12 [ 4
3|60 30 | 12 | 8
4| 60 30 |30 | 6
5 160 | 20 | 12 | 6
6 |60 40 |12 | 6

1.3.19 Bearings employed in experiments for load capacity

1.3.20 and 1.3%.21 are the experimental results of

the load capacity for various values of the bearing dimen-

sions, radius of supply holes, radial position of supply

holes and so forth, respectively.
is shown in dimensionless form

the bearing clearance h.

Experimental load capacity

Sw= W/’JC Y‘.Z(Po-,%) versus

Fig. 1.3.20 is typical results which are measured by

using the bearing No.l under several values of load.

thin ®roken line in the figure is the theoretical one for an

b35_
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Fig. 1.3.20 Typical results of load capacity

incompressible fluid.

For a small bearing clearance, experimental results
of §, take higher values than the theoreti¢al one because
of the compressibility of the fluid. But, for larger clea-
rance, the pressure fall after the supply holes becomes con-
siderably effective so that the values of f“, may fall down
even under the compressible theoretical one. These in-
clinations become remarkable as the load, and then the supply
pressure increases.

For the clearance of 30-60 microns, which seems to be
used practically, these effects cancel each other so that
the theoretical incompressible solution may be an approximate

value of fw .
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Fig. 1.3.21 Results of load capacity for various
values of bearing parameters
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(c)-(i) Bffect of Compressibility of the Fluid

The pressure distribution with consideration of the
compressibility of the fluid can not be easily integrated
theoretically on the bearing area.

In order to estimate the load capacity of the gas-
ﬁearing of this type, an approximate solution is introduced

as reduced in Appendix V, resulting

o tFPa T e 5 2
v&nmp, = F)gﬁif X—vvﬂummp_ (1.3.23)

which may be valid when the supply pressure is not so high.
When the pressure fall at supply hole is taken into account,

this equation must be

p//+ p .
mep.= e Wa‘ncomg (1.3.23)
20,
where p” is modified pressure after supply hole which is
o

mentioned in the following section.
(c)-(ii) Pressure Fall at Supply Holes.

The pressure fall at supply holes may be explained by
considering the flow pattern in the bearing clearance.

At the practical bearing, the stream lines are presumed
as shown in Fig. 1.3.22, in which the flow from the supply
hole may turn into the direction of the bearing clearance,

and there the energy loss must occur because of the entrance
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effects as separation or contraction of the effective flow
area.

To analyze the flow, the flow pattern as shown schema-
tically in Fig. 1.3%.23% is assumed approximately, in which the
lubricant flows into bearing clearance from supply holes
(section A), then it flows out to the bearing periphery
(B-F). B is the stagnation point with no flow velocity
towards the bearing clearance. At section C, the velocity
distribution is uniform as shown in the figure. From sec-
tion C, the boundary layers begin to develop to section F
which refers to the fully developed profile of flow velocity.

At the supply holes, the pressure fall may occur on
account of two causes; one is due to the accelerating energy
of the lubricant from the stagnation point (B) to the bearing
lubricant flow (section C), and the other the energy con-
sumption for the development of the boundary layers and the
change of velocity distribution profile.

For the former, the acceleration of the lubricant,
Bernoulli's theorem can be applied between B and € in the
figure neglecting the friction loss, resulting the follow-

ing pressure fallj

P, =B = QUm (1.3.24)
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where P, : pressure at the stagnation point B
p_': pressure at section C
¢, : density of the fluid at section C

u_ : average flow velocity at section C

For the latter, the change of velocity distribution,
one can estimate approximately the pressure fall assuming
that the friction on the bearing wall is very small so that
the entrance length for the development of the velocity pro-

file may be neglected, resulting

/

{
Fo ri

4 ! 2
-0 == flm (1.3.25)
This equation is reduced in Appendix VI.
The further investigation is made in Appendix VII with
consideration of the friction loss at the entrance length.

The pressure fall at the supply holes can be estimated

from the total effects of Egs. (1.3%.24) and (1.3.25), then

“ [ 2 Qo 12
P-R= % Rln =24 Rigmeryg) 3%

where A is coefficient of pressure fall and is taken as
A = 1l.4 by the above investigations, and ,is volume vate
of flow correspending to pressure ps;ﬁ;s the density of the

fluid corresponding to pressure po" approximately.
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The pressure distribution, which includes the secondary

effects of compressibility and pressure fall, is shown in

Fig. 1.3%.24 schematically.

p
23
1o, 2
p(; R~ 2 ? oUm
p: Supply Port
y Bearing
Periphery
P

Fig. 1.3.24 Schematic pressure distribution with con-
sideration of secondary effects

Fig. 1.3.21 shows the experimental results of load
capacity for various bearing parameters such as radius of
supply holes, radial position of supply holes and number of
supply holes.

In these figures, the theoretical curves are drawn with
consideration of both effects of compressibility and pres-
sure fall at supply holes.

The theoretical values show a good conformity with the
experimental results both qualitatively and quantitatively

even for comparatively large bearing clearance and high
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supply pressure though the above compensation terms do not
concern the shock or pressure depression near the supply

holes.

(d) Volume Rate of Flow

The volume rate of flow is also experimented by using
the experimental apparatus I in which the bearing clearance
is fixed to be constant by fine screws. The bearings em-
ployed are the same that used in the above experiments con-

cerning the pressure distribution.

S e R
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P .
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o/ kL
|
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(a)

Fig. 1.3.25
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Fig. 1.3.25 Results of volume rate of flow for various
bearing parameters
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Fig. 1.3.25 is the experimental results of volume rate

of flow for various bearing configurations such as the radial
position and number of supply holes. In these figures the

2 2
volume rates are arranged in the form of @ —pg-z—-p—E“— against
a

the bearing clearance h, because a compressible flow rate

withn = 1.0 is expressed theoretically from Egs. (1-3-16) and

(1.%.17) as
Qcomp. = f"-zi;){é" Qin.comp.

_ Pt P k¥

- TRR (P +RXB— P
3“§(R4‘R5,0) Zpa

where $H(Rs~Rs, 0) is such a function as given in Appendix
V¥, then chm,p, is proportional to (/3,;2~I-"¢:L2)/2PoL or

2 2
Q/—p_pé—_ﬁ-%— is considered theoretically to be independent
(-}

with p, or p, .

The thick lines in the figures are the theoretical
curves which is proportional to &2.

The pressure fall at supply hole is also taken into
account which lessens the flow rate. When the pressure
falls down to po" as obtained in the above section, the volume
rate of flow becomes

Q= kR’ PP’
3pE(Ra-Rs, 00  2p,
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in which the pressure fall is estimated as

— _?o - _E-
Po= P’ =23 Uun = 2 emmﬁ,
Then
Q. kR PP
PZ—PF ~ 3UE(Ra-Rs.0) poz_pa
2p,

The theoretical curves with consideration of the pres-
sure fall effect are also drawn by thin lines in the figures.

The experimental resultis coincide very well with theo-
retical ones qualitatively and fairly well quantitatively,
but pressure fall effect is not so obvious in the experimen-
tal results.

The bearing clearance is very hard to be kept constant
because of the bearing elastic deformation by the gas film

be by it

pressure so that the volume rate of flow mayAaffectedAcon-

siderably, which may cause the quantitative errors in

experiments.

Chapter 4 Analysis of Externally Pressurized Thrust Collar

Gas-Bearing with Multiple Supply Holes

4-1 Complex Potential and Pressure Distribution

In this Chapter, externally pressurized thrust collar
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gas-bearings with several gas supply holes are investigated
by using the complex potential theory. The gas supply holes
of these bearings are spaced circumferentially and com-
municate direetly with the film without feeding into recesses.
(a) Single Supply Hole

For the first step, an externally pressurized thrust
collar bearing with only one supply hole as shown in Fig.
l.4.l(a) is analyzed; the bearing with multiple supply holes
as shown in Fig. 1.4.1(b) investigated by an appropriate

superposition of the results.

(a) (b)

Fig. 1.4.1 Configurations of thrust collar bearings
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Now consider the following analytic function on Z-

plane;

_ 8 o mhg(Z/e) . Teleq (AE/TS) )
w = wZ)=grllogsin g my I8 nhg sy ) (L4

where Tt radius to inner periphery
r, : radius to outer periphery
a : radius to supply hole

strength of source

Yol
(1)

Substituting Z (= n)ei-e) which represents the inside
circle of the bearing edge, the analytic function vanishes

its real part and only has imaginary part as follows;
6 .
Wo = W (1) = i £ (Ao, B5)

where

A, = TLoa(o/0) _ 7 98(Ro/Ro)
© 7 Zlog (Yo/1) 2 og Ro

. HOR2TP O +2%s) -
Bé - 22‘3(7"0/”‘.) - 2203. R, (}"—‘O,I‘,t?,...)
in WhiCh Ro=ro/1\" Ra =a/n.

(1.4.2)

as shown in Appendix VIII.
Similarly substituting Z,(= ne'®) , which designates
the outside circle of the bearing edge, into Eq. (1.4.1),

w becomes

w, = w(neie)ﬂ%@m.,%) (1.4.3)
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where

_ pwleg(n/o) __ mlogRa

A= 2 fog (vo/13) 2log Ro

as shown in Appendix IX.

Thus the real parts of W, and W; become zero so that the
analytic function given by Eq. (1.4.1) can satisfy the boun-
dary conditions at both edges of the bearing, and gives a
suitable complex potential function for the bearing.
Dividing wr into two parts of wland w%, and substitut-
ing Z=re® into Eq. (1.4.1) to obtain the real part of w

which gives the pressure distribution,

wr ____8__ + Tﬂoa(Z/a)
= oz dog sin 2004 (Fa/1)

i

ES - wlim(r/a) ., 4 T(B+27F)
27 Q"S{S‘”mgmm)@m 20g e/} (1.4.4)
+eps Tlg(70} o (O +27c4‘)]

2L0g (Va/13) 200q (Vs/17)
Real part of w¥is g o bog (Yo/T

R = £ tog[sirPAcosh’B; + ossinkBy) = & g BinA+ sinkB) (1,4.5)

T 2fgve/ri T 200g Ro

where A = xhog /& _ 7 hogR/Ra
in which R=r/1
Now

wk - £ . 7 00aaZ/15?
oC ﬁagsm, 2203 ey (1.4.6)
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Real part of WI becomes

R =;§5£o3[5in2A’+ sinh®By ] (1.4.7)
s _ logar/n?) _ 7 hog(RRa/RA)
where A = 2103()(:,/,/;) - ZlogRa

Therefore, the pressure distribution for an incompressible
fluid can be expressed as
o
P=K2 ilog (5in2A+Sinh? B; ) ~fog (SiPA+ sinkBj)[{ 1. 4.8)
J=-0

where K, and K, are constants to be determined by the follow-

ing boundary conditions;

p=p at r=a-rz, 6=0

(1.4.9)
p=f at r=Y, orn

where )3 is rudius of the gas supply hole.
Using the boundary conditions into Eq. (1.4.8), K,

and Kz are given by

K‘ — Po - pg
SinAL +Sink°B 3 (1.4.10)
i=-0 9 SiN?As+sinh?Bj
K= p,

As = nlog(o-r5)/a. 7 log(1-Rs/Ra)
2Log (ro/T7) - 2log Rs
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nlog 0(0-TY1? _ mlogRalRo-Re)/RZ
200g(o/M) 24g R,

in which Rs=13/1}

s

il

It should be noted that the boundary conditions are
satisfied only at one point of the edge of the gas supply
hole. However, if Z is near to G in Eq. (1.4.1), the curve
of constant pressure is given by a circular form so that
this pressure distribution may satisfy the condition of the
gas supply hole, if 13 is small enough compared to the bear-
ing dimensions.

In the summation of Eq. (1.4.8), since the terms of
j x O are negligibly small in comparison with the term of
é = 0, the pressure distribution can be expressed by

p= K,,o{llog (sin?A’ + sinh?B,)

— fog (sin?A +5inh?Bo)} +K, 4+

- p o™ p&
zlag (sin As/sin As)

10

(b) Multiple Gas Supply Holes

When there are several gas supply holes in each sector
which are equally spaced circumferentially, as shown in
Fig. 1.4.2, the pressure distribution is obtained by super-
posing the solution which corresponds to the case of one

supply hole in each sector.

If there are k arrays of supply holes circumferentially
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Supply Hole

Fig. 1.4.2 Configuration of the bearing with multiple supply
holes

and K supply holes in each array in radial direction, the

pressure distribution is given by

kR k > n2Al + sk B
- SIPAL +sin” B e
p=22 ,K'@ﬁ’fi:.,. Eog SINfAy +Sinie 18 t KZ("‘"F)

d=’P=
, . (1.4.12)
5 B g SO ST B
=gy '(d'F) SIN2Ax + sinh.?BP' Z(d'P)
where
A _mehog(r/0y) _ T log R/Rau
X7 Zlog(o/r.)  2Meg Ro
‘ =7t&aﬂhﬂ/n3)__w:&a(RmAQ/Rﬁv p
Aal ijgcro/n) = ZﬂogRa ((Y=L 2,...,k)
g, =EO2Ti-(B-10e] _ (0 +27i~(B-1)6]
4p 24og (Yorri) 2 fog Reo
By = ELO-1F-new) _ =0~ (F~1)6g

2Jog (Yo/13) 2409 Ro
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2T . o
9"=T : angular interval

The boundary conditions to determine the constants Kump

and Kz(u,F) are

p=p, at r=Q-r,, e_—_(fa—:)ek
P‘—‘- pll a:t r = T\g or f}

(0(-.:(,2,...,[%';/5:_—;,2,..., k)

(c) The Bearing with Radial Grooves

If the bearing has radial grooves between the gas supply
holes, as shown in Fig. l.4.3, the pressure distribution on
one sector can be obtained by taking alternate sources and

sinks spaced O, as shown in Fig. 1.4.4.

ig. 1.4.3 Thrust collar bearing with radial grooves
between supply holes
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Source

Fig. 1.4.4 Arrangement of sources and sinks in the case
of ek = 60°

The angle €, can be taken as the angle of real sector
in a particular bearing, so that k may be an arbitrary real
number.

The pressure distribution obtained similarly as Eq.

(1.4.12) is

Rl ki 7 % o s
ST P! sin?A& +Sinh“Bg .
P=22 =0 Kw’f” 2ogsc'nzA,, +5inh® By +K2(°’*P’ (1.4.13)

d= | Bzm00
Eq. (1.4.13) is valid for a sector bounded by ro<rs<T;
and —%—§ Qg%_ The boundary conditions to determine
the constants K| .g) and Kz{“"P’ are

p =(-1)F/“‘po at r=0«—Tw, 0=(p~N6
P=p at Y=Y, or v,
(x=1,2,...,6; p/= O, 21,2 ... )
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4-2 Some Examples of Theoretical Pressure Distribution

The bearing dimensions are chosen for calculations as

follows;

o/Vi = Ro=1/3

o/N = Ra=2/5

s/h = Re= 1/75

p,-p, = 1 ke/cn®

The number of supply holes is taken to one as shown in

Pig. 1.4.1(a) and six as shown in Fig. 1.4.1(b) or Fig.
1.4.%. The case of one supply hole is fundamental since
the case of multiple supply holes is obtained by super-

position of it.

Incompressible  Fluid
—-— Compressible Fluid

(@]
@®

AT

Incompressible Fluid
—-— Compressible Fluid

o
o
(O]
n
o
o
(0]
"
(@]
o
o
®
/

\—R=4/6

AN

(P~Pa)/ (Po~Py)
()
N
|
SSmd
(P-Po)/ (Po=Pa)
o
(o)}

T~ R=3/6

.

=D~

/'//[e=30° N o $\. M

R -
(b)

Fig. 1.4.5 Pressure distributions for the case of one

supply holes

-
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Fig. 1.4.5(a) shows the pressure distribution calculated

on the circle of radii with R =71/N =3/6, 4,6, and 5/6

and Fig. 1.4.5(b) shows the pressure distributions on the

radii locating on © = OO, 50 and 500 for the case of one

supply hole.

Incompressible Fluid

—-— Compressible Fluid
10
e=0°
08
»
a 06
i‘f Grooves
N 0\
¢0_4 ,/ \ l
& /)
[
02 Vi ooves
// (6x=60°)
. |
173 2/3
R

(a)

T

RrR=2/3

A

—— Incompressible Fluid

ompressible Fluid

06 \\ — S
\~ \ /»Wirhou'r Grooves
04 S :
\,\\‘\_\
é;>\\\\\\ —
02
Z With i
Grooves
(6x 6vO°) %‘-
| |
0 10 20
eo

Fig. 1.4.6 Pressure distributions for the case of six

supply holes

30

Fig. 1.4.6 shows the pressure distribution for the case

of six supply holes spaced equally in the circumferential

direction.

4-3 Load Capacity with Incompressible Fluid

(a) Potential .Function in Series

The pressure of Eq. (1.4.8) is hard to be integrated
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with respect to the bearing surface in order to yield the
load capacity, though BEq. (1.4.8) can be conveniently used
for the evaluation of the pressure distribution.

In the followings an externally pressurized thrust
collar bearing with single supply hole as shown in Fig.

1.4.7 is analyzed concerning the load capacity.

Pig. 1.4.7 Schematic diagram of a thrust collar bearing

At the first step, a single point source of strength q
is put at Z = a, where Z represents a complex plane con-
taining the bearing surface. The complex potential function

is

w,(Z)=—2%-t—£og(i—-——§—) (1.4.14)
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This point source function cannot satisfy the boundary con-
ditions, or the potential cannot be constant at bearing
peripheries Co and Ci. For the first correction of potential,
two point sinks of strength -q are put; one is at the in-
verse point of a with Co (Z:=B§QU in order to cancel the
potential ) (X) and to make constant, the other at Z=nZa

in order to cancel w,(Z) on the peripfery C,, resulting

W () = — £= log (1 — 42 (1.4.15)
=2
1y (2) %) = £ gl (T (1.4.26)
respectively.

W(Z) compensates the function wi(Z)on Co, but its
effect on C,; is not considered; in order to cancel Wg(Z)

on C; , the following potential must be added

Wsy(2) = Qmﬂ"ﬁ(' “E’Fé - —Zg_iﬁog[’ B (_%)_2{%)] (1.4.17)

Similarly in order to cancel Wzi(Z) on C,, a source must

be added

wso(2)=E fog (1 — 2 )= 2 gog(i—(LF(Z)] (1.4.18)

An array of infinite sources and sinks must be put

according to the similar reduction so that the potential
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may be canceled by each other to be constant on the bearing

peripferies Cp and C;, that is

o(Z) =~ tog 1~ 40E) =~ L aog 1 -(RP(52)) (1.4-29)

w«(Z)-—nﬂog(I—““ )=——2%,-;ﬂog[!—(-{;—)%%§)] (1.4.20)

and so forth. Denoting Ww(Z)as summation of these sources

and sinks, namely

W (Z)= Wi(Z)+ WaolZ)+ W2 (Z) + Wac(Z) + -+ Wagnsyp (F)
£ 1wl 21 )

_% n 2
=2elogll (1-(ZP(E)]- £yl [1-(F 1))

When m tends to infinity, one can obtain the potential

function which may be constant on both of (, and Lo
Complementa}y solution of Eq. (1.2.5) may be added by

the boundary condition that the pressure at the bearing

edges is p, (ambient pressure):
Wo(Z) =A,, Log Z +Apz (1.4.22)
Then, potential function wI{Z)is obtained as
W(Z) = Lim [Wmn(Z) +W,(2)] (1.4.25)
memots

Eq. (1.4.23) may be considered as an expansion of Eq. (1.4.8)

in series, and is used for the calculation of load capacity
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instead of Eq. (1.4.8).
The pressure distribution can be obtained from the real part

of Bq. (1.4.23) as

[ —2RA(R/Ra) 056 + RIE(R/RaF
E'm{%z fog 8] ~2RZHRaR/Ro)CoSO+RE(RAR/R, P

+Aslogr + A, |+ K,
where R=r/ri, Ra= asr,, and Ro=T13/n

(1.4.24)

When the boundary condition of Eq. (1.4.9) is applied,

the strength q has the following relation with K; of Eq.
(1.4.10)
Ki -2 and Kzzpa (1.4+25)

(v) Evaluation of Potential Function on the Bearing

Peripheries

The real part of function W, (Z) is

fg ) cosB +| ) H}z
a

R e T Sy AT )

Substituting r=r, , one can obtain the potential on bearing

periphery C, as

R{wn} . =z%—z§nzog (L 2y (1.4.27)

The potential is constant everywhere on C, because this

equation 1is independent of &
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In the other hand, by substituting r=7Y; into Eq. (1.4.26

the potential on C; becomes

Rfwn), = Fe T Iag( L) (L)

S 120 4m, yv2 (1.4.28)
g , =20 " (Weso+ (%) ()
AT Yy an 1\ 2
=2t5) Rese " (52

The first term is independent on © to be constant, and the
potential deviates from the real bearing boundary condition
by the second term, which contains the variable © . But
the deviation becomes negligible for sufficiently large
number of m because (r,/n)zm can be neglected compared with
(ri/re)*™,  Now, the complementary solution wW,(Z) is added
to make the potential to match the ambient condition both on
inner and outer bearing peripheries. Then the real part of

We(ZX) » AO,QOQY+ADZ, should satisfy the following conditions:

Au0gTo+ Aoz + Wi = 0 (on Co) .
(1.4.29)
Ao Logli+Ag +Wn =0 (on Cy)
where
e =R{w"}r=”’zzg"—‘5§mﬂog s (1.4.30)
::i%E(Znt+l)£og{—§?z |
Ok =R oo =S Aoyl B) ]
¢ , -y 0
+'§££Dg, _(_E_Zm((f,ﬂ)
ro Y‘DZ J
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For sufficiently large number of m, w,,; becomes

W ’—‘-—i%(mﬂ)iog—gi (1.4.%1)°

Obtaining A, and A,; from these equations, the complementary

solution becomes

% ﬂog A/ Yo - r amt

Ao; 2067‘ + Aoz = 2% Qog 5/ 2 T,2M¥Z
2  Jog Ra/Ro (1.4.32)
T ZOg(R/R 2m.+2)

c) Load Capacity(Incompressible Fluid Case)
Now consider the following potential function which

represents a single source at Z = Q ,
Eog(l —3—) (18335}
Denoting ﬁ to be the potential of this source resulting
P - ol - 98 T (2 r
D =Riw} = Zclogl (L) —2(L)os6+ 1} (1.4.34)

Then, p is integrated on the region inner than a circle of
p gr

radius r , that is

W SFﬁn“ rdrde
=% 5P (1.4.35)
2 Y 2 ro\2 r
:—4-%-—)0 Y‘S ﬂOg{(—-—&—') “2(“5—’)(.'03 9+I}d6d
0
The integration with respect to © can be calculated as
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o
So bg{(%—)z—z(—%—fcose+f }de =0 (r=a)

(1.4.%6)
=41 log (v/2) }

r>a
This is reduced in Appendix X . (r>a}

Then Eq. (1.4.35) becomes as follows:

W =0

2§

a
:g{—-z’fug%— - L) (Fea (1.4.38)

(rea) (1.4.37)

bl

=
I

rl&ogl%\ dr

The integration of p on the annular region as shown in

Fig. 1.4.8 is obtained from the results of Egs. (1.4.37)
and (1.4.38) as follows:

Fig. 1.4.8 Positions of source for obtaining load capacity
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(i) when the source locates in inner region (I)

i} i BECRES

(ii) when the source locates in the annular region (II)

WI _8{ %___(rZ 2)} (1.4.40)

(iii) when the source locates in outer region (IIT)

W= 0 (1.4.41)

Lastly, the integration of the term of complementary

function p \;g{wo} Bay Qog,r + Apa , in the
region II is

We = {25 (Ao logr+ A dr
1 (1.4.42)

2 rz
=27 (A 5 log i - L pog 1 } —(%'—%)(nz—mz)]
The pressure distribution of Eq. (1.4.24) can be in-
tegrated within the annular bearing surface for each term

of it by using Egs. (1.4.39)-(1.4.42), resulting

Qoz (a/7p)

—(a%-1F 1.4.
Tog (/1) (@~ %2} (1.4.43)

Wo=— 2 (rz-12)

The pressure distribution is truncated at the supply
hole so that its effect must be subtracted from the load

capacity of Eq. (1.4.43). The pressure distribution of
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truncated part can be approximated by

p =:f%5bg-%+po (1.4.44)

where the boundary condition of p.—.a at r=v; is applied, and
assuming that the coordinates are taken for the supply hole
to locate at the origin. Then, the effect of truncated part
is

i 2
W, =So 2wr (p-p,)dr :_g;; (1.4.45)

The load capacity W is obtained as

W = W - Wy,

__® Qog(a/ro)_ 2_ o2, T2
[(r eogw/rc) (@= o ﬂ

(1.4.46)
2

For the case with multiple supply holes, the load
capacity can be obtained by the appropriate superposition;

for the bearing with k«ksupply holes, the load capacity is

, _"_‘?_3‘: 2y Log(@/10) _ (42 pe, %7
W= -7 fog /1) ("= 15+ ](l 4.47)

where %@‘F)z—-471; K”‘*’P) (1.4.48)

4-4 Volume Rate of Flow
The quantity of flow can be calculated from the outflow
from the bearing edges.

For the incompressible fluid, it becomes

s



Q('n,com.p' gﬁl {S ! 5rrrde+5 ’7" 6} (1.4.49)

3 K
7tk€ Z" K:up

in the case of the bearing without radial grooves,

Qincomp, =~ & { Flr’—’%_ do + ﬁ’”ar %8 +2§:l—'r§§ 9,%’” }

_ kR K
-2 «§K;(u (1.4.50)

in the case of the bearing with ra=dial grooves.
For the case of a compressible fluid, the pressure

gradient is given by

I"%)E;‘r:ﬂ,r N H—n,) P IBY‘ r=r, Y

Substituting this into Egs. (1.4.49) and (1.4.50), the
volume rate of flow, Qcomp’ which corresponds to the pressure

P, has the following relationship with Q.
incomp.’

by

v 7":

i+n
Z i D "— Qmoomp (1-4-51)

QQcomp,z I+YL

4-5 Some Examples of Theoretical Bearing Characteristics
Fig. 1.4.9 shows some theoretical characteristics of
the bearings, load capacity and volume rate of flow, with
some bearing parameters, such as number of supply holes,
radius of supply holes and ratio of bearing radii, respecti-

vely.In these figures, the bearing characteristics are shown
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in dimensionless forms;

- W(k) _ Qincom.p,
5W k(nz—nz)(po— pa) 2 &Q - E‘ﬁ-s(Po_pA) (SP)—' (1'4'52)

k" is taken to be one.

For any bearing, the supply holes must locate at inner

position than the middle of the thrust collar in order to

maximize the load capacity. The volume rate of flow may also

vary with the value of Ra but this is not so conclusive at
the bearing design because the value of ﬁQ is almost constant

as long as the supply holes are arranged near the middle of
the thrust collar.

Ro 1/3, k=6

Rs=1/300
———— 1/100
———— | /60
03 \{ I e 7’[— 1.5
| I

o
N
\ T
\
\
1
1
4
v 4
/
\\1
~
o

= .
3 R
| g ©
£[3 g
. ol
= s
ol o5 18

71-(,,‘2 "’02)(

PoRy)

0
1/3 2/3 |
Ra

(a)

Fig. 1.4.9
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Ro =1/3, Rs=1/300

—— k=4
— 6
————— 8
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\\ ancomp, /
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02 L' : / 1.0 5
e N
£ HIe
o 8|5
3e Sl
0.1 & ] \
I/ _ W A\
/o TrBr@iPoPa) N
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%93 2/3 I
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—— Ro /2
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T~

/- _\ \/

e ———

Wik)
I(r,Z_ 792)(po‘pa)

o
Ya 2/4 3/4 e
Ra
(e)

Fig. 1.4.9 Bearing characteristics for various bearing
parameters
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4-6 Experimental Investigations

In order to verify the foregoing theory, the pressure
distributions, load capacities, and volume rates of flow
are investigated experimentally by using the same apparatus

as in Chapter 3.

(a) Pressure Distribution

Pressure distributions of the thrust collar gas-bearings
are measurdd experimentally by using experimental apparatus
I for three bearing configurations which are with a single
supply hole, with 6 supply holes without radial grooves
between supply holes, and with 6 supply holes with grooves,

respectively as shown in Fig. 1.4.10.

|69
Supply Hole

169

6% _
Supply Hole

Subply Hole
No. | No. 2 No. 3

Fig. 1.4.10 Bearings employed in experiments for pressure
distribution and volume rate of flow
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Fig. 1.4.11
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Fig. 1.4.11 is the experimental results for some bearing
parameters. 1In these figures, the thick lines show the theo-—
retical curves calculated by the foregoing theory assuming
n = 1.0 (isothermal condition).

For the particular case with a large bearing clearance
or high supply pressure, the pressure loss at the supply
holes may occur as also mentioned in Chapter 3. Furthermore
the pressure depressions are also observed near the supply
holes for the case of larger bearing clearance (for example
h=50 microns) such as shown in Fig. 1.4.11(a) in which
thin lines are only experimental.

However, for the whole, the experimental results coin-
cide very well with theoretical ones for any case of the
bearings especially for a small bearing clearance and com-
paratively low supply pressure where a fully viscous flow
may be presumed.

(v) Load Capacity

Load capacity is also investigated experimentally by
using the experimental apparatus II mentioned in Chapter 3.
Configurations of the employed bearings are shown in Fig.
1.4.12, all of which have no radial grooves between supply

holes.
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Fig. 1.4.12 Bearings employed in experiments for load
capacity
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Fig. 1.4.1% Typical results of load capacity

Figs. 1.4.1% and 1.4.14 are the results of experiments
in which the dimensionless load capacity W/ (N2=Y2)(Ps— Pa)

is shown versus the bearing clearance with some bearing
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parameters such as bearing load, radial position, radius and
number of supply holes, and ratio of inner and outer bearing
radii, respectively.

Fig. 1.4.13%3 is a typical results of experiments using
the bearing specimen No.l. The load capacity is larger than
the theoretical one (thin broken line) for a small bearing
clearance but it falls down as the clearance increases, which
is the same tendency as observed for the circular thrust
gas-bearing in Chapter 3. It can be explained by the con-
sideration of the compressibility of the fluid and the pres-

sure fall at the supply holes.

Figs. 1.4.14 are the experimental results of the load
capacity with various bearing parameters. In these figures,
the theoretical curves are shown by thick lines with consider-

ation of both effects. They are taken into account guite the
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Fig. 1.4.14 Results of load capacity for various
bearing parameters
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same way as mentioned in Chapter 3 . Thin lines are for
the incompressible solution without the inertia effect of
the fluid.

Theoretical curves show a good conformity with the ex-
perimental ones especially for a small bearing clearance for
any bearing configurations.

(c) Volume Rate of Flow

The volume rate of flow is investigated experimentally
by using the experimental apparatus I with fixed bearing
clearance.

Three types of thrust collar bearings are employed which
are with single supply hole, with six supply holes without
radial grooves, and with six supply holes with radial grooves.
The bearing configurations are the same that are used in the
experiments concerning pressure distribution.

Figs. 1.4.15 are the experimental results in which
theoretical curves are drawn by thick line. The experiments
are made under various values of Pye The volume rate of

2 a2
flow is arranged in the form of C%/{£555§L— against the
bearing clearance h, because this is independent on p, or
P, theoretically-

When the pressure fall at supply holes is taken into

account, the volume rate of flow decreases as shown by thin
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Fig. 1.4.15 Results of volume rate of flow

lines which are calculated by the same account as mentioned
in Chapter 3-7 concerning the circular thrust bearing with
multiple supply holes.

The experimental results show a good agreement with the
theoretical ones qualitatively and quantitatively. The pres-
sure fall effect at supply holes is, however, not so obvious

in the experimental results.
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4-7 Application to the Conical Bearing with Multiple
Supply Holes
The foregoing theory concerning an externally pressu-
riged thrust collar gas-bearing can be applied to the
conice.l gas-bearing with multiple supply holes as shown in

Fig. 1.4.16(a).

Supply Hole Py Supply Hole

Fig. 1.4.16 Configurations of conical bearing.

Denoting the coordinates ( 1, Z, € ) on the bearing sur-
face as shown in the figure, namely

v : radial ordinate

z : ordinate normal to the bearing surface

© : ordinate normal to r-and Z-axis
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and letting # be bearing clearance normal to the bearing
surface, then, the bearing surface can be developed in a
plane as Fig. 1.4.16(b) on which Reynolds equation as Eq.
(1.2.1) is valid. Hence the pressure distribution can be

obtained by the same form as Eq. (1.4.12), that is

k-1 2 ]
_K sin2 Telog A/ %7) | iz m(©0-488)
P =K. X {tog 2hog(frr) | 2g (el (1.4, 53)

e [sin2Tlg (/0 2 T(0-46k)
Loy [oin 2logGmy ST 200q o/ 1 T2

where the anguler spacing of the supply holes is

8, = 2Tsindy, & (1.4.54)

26, : vertical angle of the conical bearing
and radii 1, and Y3 are the distancesfrom the top of the
conical surface.
The load capacity can be obtained by integrating the
axial component of the pressure on the projected bearing

area, then

2
W, = gr, gz (p-p,)sin®, yde d(sinéy)
Yo 0

¥ 1. L 2
=3m28\,5r527?p~ p,) rdrde L)
Yo ‘0
= RK, [0 -7 £ Fol —(a*—anr—’;s:)]szev

beg (1/75)

e



where W. is load capacity of the conical bearing.
The volume rate of flow can be obtained quite the same

equation as Eq. (1.4.49) or Eq. (1.4.51).

Chapter 5 Analysis of Externally Pressurized Rectangular-

Pad Type Thrust Bearing

5-1 Complex Potential and Pressure Distribution

The technique of applicaticns of the complex potential
theory to externally pressurized thrust bearing with multiple
supply holes is also useful to analyze the other thrust-pad
type gas-bearings.

In this section, a rectangular-pad type thrust bearing
is analyzed theoretically. The bearing has multiple supply
holes without recess located anywhere on the bearing surface.
This type of thrust bearing is fundamental of rectangular
or square thrust-pad, and of externally pressurized journal
bearing with multiple supply holes as well when the ec-
centricity ratio of the journal is small enough to assume
that the bearing clearance is constant. For the application
to the journal bearing, a transformation has been obtained
with consideration of an approximate bearing clearance

variationd1)
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Analyses are made on the rectangular thrust pad with
multiple supply holes, assuming that the bearing clearance
# is constant.

For the first step, rectangular thrust pad with only
one supply hole located anywhere on the bearing surface is
investigated: an appropriate superposition will give the re-
sults of the cases with multiple supply holes.

Denote the bearing surface as the complex plane (Z—plane)
with ¢ and %-coordinates parallel to the rectangular bear-
ing edges, and with the o;éinﬁ at the center of the bearing
as shown in Fig. 1.5.1. The supply hole locates at Z=Q
(ais also a complex number), where a source of strength
should be put on the complex plane. This single source,
however, could not satisfy the boundary conditions which is
that the real part of potential function is constant at
X= 4 B/2 and also Y=z L/2 as well, where B and L are
breadth and length of rectangular bearing, respectively.

In order to satisfy this condition, infinite arrays of
infinite sources and sinks are put as shown in Fig. 1.5.1
by the principle of inverse point method. In Fig. 1.5.1, the
bearing peripheries are shown by the thick solid lines. But
now take a group of 4 segments as enclosed by the thick broken

lines, then the infinite sources and sinks are equivalent
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+d ‘g +q 'q
e g

Fig. 1.5.1 Configuration of rectangular-pad thrust bearing
and arrangement of sources and sinks

with infinite arrays of inifinite sets of these groups.

The complex potential function of the set is given by
2 ;
W, () =2 hog (2- 0) + Sz log [Z- (B+iL) + @]
2 TR S e & -8 -8 1.5.1
— Sglog (Z-d.-0a] £ dog[Z-B- Q] (1.5.1)
where @ is the conjugate complex number of A . Then the
complex potential of infinite sets with spacings of 2B and

2L in x and y-direction, respectively, which satisfies the

boundary conditions at the bearing peripheries, is
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w(z)=i‘ f ﬁo(z—ZaB-zépL) (1.5.2)

dz-aojs =-00
fog s,mw fog S,M_ML)B@

-2 8

thh-oo

TZ-(24+1)B+0) -20B- QA
+£ogcosh——————2‘: * -—lpgcosh7dZ v J} (1.5.:3)

The deduction is shown in Appendix XI.

The pressure distribution p for an incompressible fluid

can be obtained from the real part of the complex potential

function of Eg.(1.5.3), that is
21:[1—0.:‘20131 2Ly - ay]
+$|ﬂ. 2L

p= K*«gmzog‘[ nﬂzx{x-p-q;b(zxﬂ)B) . E['J”‘ Qy]

s 7tEx+a,;:2d+a)BJ 3 'rc[ﬁ+ab;:—bj
J*‘Kz (1.5.4)

X
Tfx~0x- 2aB) ., mlY+ay-1,)
sink? 2 Y
20 rem 2L
where 0= and ag are x and g—components.of o, respectively,

that is
Q = Qx+ily (1.5.5)

K, and K, are constants determined by the boundary con-

ditions which are

P=p at Z=a-Ts 7
P= P, at the bearing peripheries
> (1.5.6)
=22 ad z=% %J

where y3 is the radius of supply hole.
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The pressure distribution for the case of multiple
supply holes can be obtained by the superposition of the forms
of Eq. (1.5.4) for each supply hole. For the case with

k supply holes, k Kis and K; can be obtained by the con-

ditions of

p=p at Z=05-nr (§=1,2,.

=2

(1.5.7)
P =P, at the bearing peripheries
where @j represents the position of each supply hole.
5-2 Load Capacity with Incompressible Fluid
For the first step, a potential is fundamentally con-

sidered in which a point source of strength +g locates at

x=0x and y-= Qy, that is
w(Z) =2imﬂog(l——%—) (1.5.8)

whose real part p is

_ 3 (e = 020+ (4 - 0)° 1,59
p = 47 Bog[ B Egz (

Now consider a double integration of p with respect to

x and Y within the rectangular region bounded by

A
A
A

- y= = (1.5.10)

_B B
z 2

|
N‘L‘
JIN

?

as shown in Fig. 1.5.2; namely
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Fig. 1.5.2. Arrangement of source at obtaining load capacity
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HZ — O + By g2 - T He + @] p(1.5.12)

~ 3Bt —BL log (G’+0y) J

in which Tan-1 represents the principal value of arctangent
for the arguments. The deduction of this result is shown in
Appendix XIT.

In order to satisfy the boundary conditions at bearing
peripheries, infinite sources and sinks are put according
to the potential function of Eq. (1.5.2). Hence the load
capacity supported by a rectangular pad can be obtained by
summation of the values UV , the positions of whose sources
and sinks are those of each term of the potential function.
Then, load capacity for an incompressible fluid is given by
the following equations for single supply hole case by using

the results of Bq. (1.5.11);
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W = K;i i\ {W(@C"'ZO{B, 05+2pb) 3
o

=00 P:-oo

= W[»ax +{20+1)B, Oy +2p8t ]

11.59.02)

- Wlax+ 208, -0y +2g+)L]

+ W Flx+(200+ NB,-0y+(2p+ I)L]}

For the case with multiple supply holes, the load
capacity can be obtained by summing up the load capacities

shared by each of supply holes.

5-3 Volume Rate of Flow
The volume rate of flow can be obtained by the out-flow
from the bearing peripheries, which is also obtained from the

strength of the source, that is for an incompressible fluid

TR K, (La5.2%)

Q@ incomp, = 3K

This is for the case with single supply hole: for the case

with R supply holeslocated symmetrically, volume rate of
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flow,Qincomp., ca@n be obtained by multiplication by k though
the value of K, must be rewritten to satisfy the boundary

conditions at supply holes.
For a compressible fluid case, the volume rate of flow

corresponding to the ambient pressure is

1+7 |+

P, —p n 4
Q comp, = PO—P: T Fa " *Qincomp, (1.5.14)

which can be obtained with consideration of the transfor-

mation of Eq. (1.2.6).

5-4 BExperimental Investigations

Some experiments are made to investigate the theory
concerning the pressure distribution. This is fundamental
for the load capacity and volume rate of flow because they
may be derived from the integration or the gradient of it.

The configurations of the bearings employed are the
square-pad type with only one, two or four supply holes
located symmetrically as shown in Fig. 1.5.3.

Pigs. 1.5.4 are the typical results of experiments for
the pressure distribution measure@ along to x-direction
(parallelly to the bearing edge) at some y-positions. The
theoretical curves are shown by thick lines which are cal-

culated under the isothermal condition (n=1.0)°
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No. | —

No. 3

Fig. 1.5.3 Bearings employed in experiments for pressure

distributions

For all cases, a good conformity is observed between
experimental and theoretical results.

however, may occur at supply holes for the case with higher
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Fig. 1.5.4 Results of pressure distributions

supply pressure or larger bearing clearance. But under the
practical condition as experimented here, the complex
potential theory can be justified to be applicable with good
accuracy for the rectangular-pad type thrust bearings with

multiple supply holes as well.
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Chapter 6 Conclusion

In Part I, the complex potential theory is introduced
to analyze theoretically the externally pressurized thrust
gas-berrings for some bearing configurations such as circular
thrust bearings, thrust collar bearings, and rectangular
pad-type thrust bearings with multiple supply holes, which
has no recess to increase the bearing stability.

The appropriate complex potential functions can be
found for each casge, which satisfy the boundary conditions of
the bearings. Then, the pressure distributions and volume
rates of flow can be obtained for both of an incompressible
fluid and a compressible one. The load capacity is calcu-
lated by particular method to each bearing for an incompres-
sible fluid case. The bearing characteristics of volume
rate of flow and load capacity, then, are shown in theoretical
charts for the bearing designs.

The experiments are made to investigate the theo-
retical results,yielding good agreements between the results
of them both qualitatively and quantitatively with the con-
sideration of secondary effects owing to the compressibility
of the fluid and pressure loss at supply holes. Pressure
loss takes place at supply holes especially for the case

with higher supply pressure and largerbearing clearance,
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because of the energy loss for acceleration of the fluid
after the supply holes, and the change of the flow velocity
profiles, whose effects are estimated by assuming a flow
patfern.

The good conformity of the results verifies the theory,
and it is found that the complex potential theory may be
applicable conveniently to the analyses of various bearing

configurations with multiple supply holes.

_99-



Part ITI Analysis of Externally Pressurized Thrust Collar

Gas-Bearings with Slit-Supplies

Chapter 1. Introduction

There are many useful applications of the thrust collar
bearings because of their configurations of the devices.

In these thrust collar bearings, the lubricant is fed either
through some supply holes arranged circumferentially on the
thrust surface or through the annular slit-supply.

The recesses after the supplies are useful for the load
capacity but they often cause the instability of the bearing
performance for the case with the compressible fluid lubri-
cant.

The thrust collar bearing with slit-supply is con-

innumerable
sidered as a limit case of the bearing with A supply
holes arranged circumferentially, and has rather large load
capacity, and they need not have the recesses especially for
the double slit-supply case which means their stable per-
formance.

In the followings, the thrust collar bearing with single
or double slit-supply is analyzed and the volume rate of

flow and load capacity can be obtained as the functions of

the radial positions of the slits.
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In the analysis, it is assumed that the lubricant is

incompressible; one can apply the results for the compres-

sible fluid case if the supply pressure is not so high.

Chapter 2 Single Slit-Supply Case

Fig. 2.2.1 Configuration of thrust collar bearing with
single slit-supply
Fig. 2.2.1 illustrates a thrust collar bearing with
single slit-supply. The lubricant is fed under the supply
pressure p , and restricted by the slit into the bearing

clearance, where the pressure is P, * Then it flows out
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towards inner and outer bearing peripheries. pa is the
ambient pressure. The slit locates at radius @ and is
assumed that its width is negligible compared with the inner
bearing diameter 2¥; or outer diameter 27, .

The flow is symmetrical, hence it can be reduced to one-
dimensional case. When the bearing clearance f and coef-
ficient of viscosity }~ are constant, and if the effect of
bearing rotation can be neglected, the following equations can

be obtained,

a0l

|
+ 3 =0 (2.2.1)
— _ _RZp

where U is mean velocity in radial direction.

Then the pressure distribution is given by

p=Clogr+ Cz (2.2.3)

By using the boundary conditions to determine the constants

C, and C,, it becomes

Region I : p:%z_z(po_pa).;_pa (2.2.4)

Region IT : p =_£".c°r_ﬁ_/_[_(p AR (248.5)



The volume rate of flow ig

s . _ bard _%‘E/B Po—'pu
Region I : Qr=2mri(-0) = U Tgarn (2:246)
3 —
Region II : Qy =27%rf(ll)= ggﬁ" Fo Y‘,%a {2.2.7)

The flow through the slit is considered as that between two

parallel surfaces, hence

_ %ab3 Ps—po,
Re = s;us' Ti (2.2.8)

where b, : width of slit

s : length of slit

By the condition of continuity , Qp+Qy= Qs,

Egs. (2.2.6), (2.2.7) and (2.2.8) reduce to be

ps"pa
B- P = ;4-(—’{—)3(—21)( I ) (2.2.9)
bl VA g asrs T Rog vi/a
The load capacity W is
"
w={"2xrp-pydr
e
T rz_az az__ Y.cz
=?(Po—pa)(20ér;/a - 1030./)'},) {2.2.10)
_mr2-a? _ o%-rf B =p
_T(Qog)’./a._ﬁoga/r;)l 3,3(123)( T , (2.2.10)
Hy)la eo%a/n,Jrlogn/a)
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The condition to maximize the bearing stiffness is

*W
oR?

Then from Eq. (2.2.10)!

=0

by 2&3( I

:
bs — a “legasrs * Oggn/a) (2.2.11)

This gives the condition of optimum slit dimensions. Then

Eq. (2.2.9) becomes

Po - pa 2—%-(ps~Pa) (2-2-12)

The load capacity can be obtained from Eq. (2.2.10) with

this :ondition as

r2-a2 ~ 0.2~f32)

s E L
W =5 =R Sog T /0. log A/ T

(2.2.13)
=% (2 —~ &R =g Fy

where F,, is dimensionless load capacity factor with respect
to P P given by

_ W
T2 = 2Py~ Fy)

Fw

(Z.2.13)?
nz_az 02__ r\z

. _ o l
- 3(105:0‘/« zoga/r,,) -2

fI

! (_l——Rf__qu-—Rez) !
3 .&@Hh ﬂ%Rmn% l"Rf

whare

Ra:'a/f‘., R = Ta/ 1
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While, the volume rate of flow is given by

Q =Q;*+Qg
TR 1 |
T (1’.08 - Jog 1170, )(PS‘PA) (2.2.,14)
ﬂ3
:%F"(pS_Pa)‘FQ

where Fy is dimensionless flow rate factor with respect to
(p--p) given by

Qog war * Qo?fr./a

(2.2.14)"

i

| |
Qog'ﬁa/Ro EDgR-O\
The minimum value of flow rate is acheived for the

following radial position of slit &y given by the condition

of 2Q/%0 =0 ;
Opa = f 1LY} (2:2:15)

These dimensionless factors are shown in Fig. 2.2.2.
against the radial position of slit for various ratios of
Ro (= re/7y), In this figure, the curve of Y,/fi = O corres-
ponds to the case of the circular thrust bearing with recess
of radius a .

The single-dotted chain line shows the minimum flow rate
condition (a=ay)and the double-dotted chain line shows the

limit where the slit is arranged imaginarily at the inner
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Fig. 2.2.2. Bearing characteristics with single slit-supply

periphery of the bearing (a=13 ).

Then the following conclusions can be obtained theore-
tically for the load capacity and the volume rate of flow
concerning the design of thrust collar bearing with single
slit-supply:

(i) The maximum bearing stiffness is obtained by the

condition of Eq. (2.2.12).
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(ii) The load capacity increases when slit position Q4
approaches to the outer bearing periphery r, , so the optimum
value of o can not be determined from the load capacity
condition.

(iii) The volume rate of flow increases when the slit
approaches either of bearing peripheries.

(iv) Then the slit position must be recommended with
considering the working condition of load and flow rate.

(v) The minimum flow rate condition is given by Eq.
(2:2.15)

(vi) It is meaningless to design the slit position
inner than Om, because, for this case, the flow rate in-
creases while the load capacity decreases than for the case

with O = Qu .

Chapter 3. Double Slit-Supply Case
Fig. 2.3.1 is the schematic figure of the thrust
collar bearing with double slit-supplies. The lubricant
is fed under the supply pressure P, » and flows through
the slits into bearing clearance, then to the bearing
peripheries. The slits are arranged at Qo and a, .
Denoting the pressure just after the slits as p

and Rn s then the pressure distribution can be obtained as

10T



————2n— Pig. 2.3.1. Configuration of

p——2a thrust collar

< 200 4
e 2r— bearing with
w7, a double slit-
} ‘ 7 supplies
h OI"_ Poo Poy — Om

*.pa ‘\‘ bSl Pa

follows similarly as the single slit-supply case:

flog /1y

Region I : =
g p Qogao/fo

(poo'_Pa)"‘pa (2'3'1)

Region II : .__._E_oﬁ.i__ . Poolog 8~y dog Qo (5 3 o
P = Togr7s P P g 0/ (2.3.2)

. Lbogri /1
Region IIT : p :Z%W(P°’—p“)+Pa (2.3.3)

These pressure distributions can be considered as the
result of superposition of two bearings with single slit-
supply which are;

one having a slit at r=a, with an inlet pressure

_ fog ri/a,
h = Oag(a./a,,)ﬂogm/m (o ﬂﬂga:/n—g,ﬂog Qo/Te)+ 1, (2.3.4)
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the other having a slit at r=q, with an inlet pressure

- QOg a.l/ro
Qog(a./ao)ﬂoam/m

P, (R, dog i/ =By S0g 11 /) + P, (2.3.5)

Considering that these imaginary bearings may be
analyzed individually, the pressures R, and P, must have
the following relation using the maximum bearing stiffness

condition similarly as the single slit-supply case.

Po— B™ B —hR, =*§—({JS-PQ) (2.3.6)

It mearns that the pressures Poo and pm must be equal to

each other. Then denoting p, as

po = poo & Po,

the pressure distributions are

. log Y/'T
Region I : p =Tog—a;/—;o—(po—r>a>+pa (2.3.1)"
Region IT : p = P, (2.3.2)"
Region III : P =—%"”'l(l!3‘,—F’a)+pﬂL (2.3.3)!

los iy

The volume rates of flow are

) . _ 2% p-np,
Reglon I : QI = 6“ bgaa/ro . (203-7)
Region IT : Q, = 0 (2.3.8)
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%8’3 pa'
6l Log1i/Q, (2.3.9)

Region III : Q=

The volume rates of flow through the slits are

Qso_%:;f:: (ps=P,) (2.%.10)
Qst = 7':6‘;55‘ (p—"Pr,) (2.3.11)

The slit dimensions must have the following relation-

ships by the condition (2.3.6):

3 3
boo __# I
Qo 200 Rogao/fa (2-3.12)
b _ A j -
s, 2a, Qogr‘,/a,, (2.3.1%)

The load capacity W is

_ T N0y e =T
W= ( Ql)g r;/a., Qog ao/ro)(P P )

_my n-gf a6

-3 ( I.Dg /0, Eogae/r) P~ Fa)

E?C(r,z__Y‘oZ)(PS“ Pa,)F‘W (2.3.14)

where F, is the dimensionless load capacity factor given by

_Ur-a? @y 11 Ral R -Re

where R, =Q1/Y, Rap=Qo/T

The total volume rate of flow is
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Q =QI +Q‘mj
3
_ 7(?‘3,( | n | )(po_pa)

Y fog 0o /1o logﬁ/a,

(zagao/ro Rogr/a )(P Ra)
_ Wﬁ3 . 0.2 16
:-—q—p—"(Pg k) Fa ( )

the dimensionless flow rate factor given by

I !
Fa =ﬂogao/n,+ Qogn/a. (2.2.17)

where [ 1is

| _ !
AaaRa,/Ro 203 Ra,
Fig. 2.3.2 shows these factors for the case Ro=1/n

=]/2 ; the solid lines correspond to the constant Fw values

and the dotted lines to the constant FQ_ valuese.
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The bearing is desired to have larger load capacity
certain
under aAvolume rate of flow or to give the maximum value
of Fy under the condition of F,=constant. The optimum

positions Qo and @; can be obtained from the condition

8 _ %2 _
20 ~ 204

where $ = f:w +§F.Q_

_LnP-0f _ ad-vE oy
3 (Qogn/a.. Ilogao/n,/r?-—rl §(ﬂoga 7 logr,@,)(z .3.18)

The above conditions are

@i:=_LZMMﬁﬂ@mw%%+U~(m/nfl«mﬂ;(Gf T
o0, ~ 3 Y‘o“lbg(ao/ﬁ))jz N aOMO%(Qo/Yo)]Z

2% _ o zlynogla/n)-li-/h))/a/n) £ o (2.3.20)
o0 3 i o (/1) 12 0\ Thog (/73 )1

Bliminating % from these equations, one obtains

(5 {Rmgl e =1} -2 = () {log 271} +

ot (2.3.21)
(15 {og (o)1 JRZ = Rur {fog Rof— 1+

This gives the optimum relation between the radial posi-

tions of the slits.
This is drawn by the chain line (AB) in Fig. 2.3.2
on which the sets of curves of F, =constant and Fa=

constant contact tangentially with each other.
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In Fig. 2.3.2, the straight line CD means that 4,=a, or

two slits approach each other and make a single slit-supply.

Then cross point B is a limit of design of double slit-
supply because the point B is on the curve AB, which shows
the optimum relation between two slits positions, and also
on this line CD. In the other hand, the minimum flow rate
can be obtained on the point M according to the analysis
of single slit-supply bearing. The radial position am
locates inner than Qg which corresponds to the point B.
Hence, one should design the slit-supply bearing with the
dimensions on the line A-B-M. (B-M corresponds to the
single slit-supply bearing).

Op can be calculated by substituting 0Q,=0;=0g into

Eq. (2.3.21) resulting
Qg _ /1=(ro/1)

L 2Log (T3/1;) (2:3.22)
_ /RI-1

Ree ‘/zzogﬁ“,, (2.3.22)!

Fig. 2.3.% illustrates the optimum relations between

or

/Y (=Rp,) and Qu/f(=R,) with parameter To/rj(= R,) , in
which the chain 1inejshows the 1limit case to the single
slit-supply.

Fig. 2.3.4 shows Fw and Fq with parameter ro/r; , in

which Qo/Y) takes the value calculated in Fig. 2.3.3.

~11%~



o st
ogf + : Fig. 2.3.3 Optimum positions
- J Fe= ] of slit-supplies
! /2
06
S v N3
& N
0 ‘ Q
02 OS]

-~
2
7
//
. T2
08 Yok

Fig. 2.3.4. Bearing characteristics with double slit-
supplies (with optimum radial positions of slits)
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The double-dotted lines are for the case of limiting
single slit-supply (B), and the results of the single
slit-supply case of Chapter 2 are added for inner region
than this point (OQm < QA < Qp),

Then the followings are concluded concerning the
design of the double slit-supply bearing.

(i) 1In order to get the maximum bearing stiffness,
the pressure just after the slits satisfies Eq. (2.3.6),
and then the bearing should be designed as Eq. (2.3.12) and
(2.3.13) are satisfied.

(ii) Both of the load capacity and the volume rate
of flow increase as the slits position become nearer to
the bearing peripheries. Then the bearing should be de-
signed with considering the working condition of these
bearing factors.

(iii) To maximize the load capacity under a constant
flow rate, slits positions should be determined by Eq.
(2.3.21) or Fig. 2.3.3.

(iv) Eq. (2.3.22) or Eq. (2.3.22)' shows the limiting
case of the double slit-supply to the single one. In order
to lessen the flow rate than this case, the single slit-

supply bearing must be used.
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(v) In the above analysis, the pressure is constant
to be p, in region II, which means that the results of it
can be applied to the single slit-supply bearing with an
annular recess by substituting a@,=Yp, and a,=Tp, Wwhere
Yp, @nd Tp are the radii to the inner and outer edges

of the annular recess respectively.

Chapter 4 Experimental Investigations

Experiments are made to investigate the foregoing
theory for the fundamental single slit-supply case concern-
ing the pressure distribution, load capacity and volume
rate of flow by using the compressed air as the fluid.
(a) Pressure Distribution

The pressure distributions in the bearing clearance
are investigated experimentally by using the same experi-
mental apparatus (I) as in Chapter 3-7 in Part I.

Configurations of the employed slit-supply thrust
collar bearings are shown in Fig. 2.4.1. 1In these ex-
periments, pressure distribution is measured to compare
with theoretical one assuming that the bearing stiffness
is considered to be secondary so that the restriction by
the slit need not be taken into account.

Fig. 2.4.2 are the experimental results of the
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2r, (mm), 2ro(mm)| 2a (mm)| bs(mm)
90 30 | 60 15
90 30 @ 50 15
90 30 . 70 | 15
60 . 30 45 5

Fig. 2.4.1 Bearings employed in experiments

thrust collar bearing with slit supply with various bearing
parameters such as supply pressure, bearing clearance,
radial position of slit-supply and ratio of inner and
outer bearing radii, respectively. In these figures, the
thick lines are theoretical ones calculated with polytro-
pic index n=1,0 (isothermal condition) by using Eags.
(2.3.1)'-(2.3.3)! which are for the double slit-supply
case, substituting G, to be inner radius of slit, and o
to be outer one. This is because the width of slit is
fairly large to be neglected compared with the other
bearing dimensions.

The experimental results conform very well with

theoretical ones even for comparatively large bearing
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Fig. 2.4.2
clearance and high supply pressure. For the bearing of
this type, the lubricant is supplied through a slit into
bearing clearance, hence the flow of it just after the slit
supply is such as one-dimensional flow between two parallel

surfaces rather than a radial flow such as from a point
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supply hole. Then, less energy is needed for acceleration
of the lubricant after the slit supply, which means the

pressure loss is comparatively small even at a large volume
rate of flow. These effect is discussed later concerning

load capacity.

(b) Load Capacity
Load capacity is experimented by using apparatus II

for the same bearings as shown above.

1.0
09 W/r(r,2-rg?)
-r,
Ro=1/3 (kg/cm?)
08— Rg=2/3 — 00563
- 00855 ————
& 01165 ——0——
:fO? O I440 —— i o ¢ e
gl ol17256 - ~o--eee
06 §i--— Incomp. (theor.) ————
? [ %) [
T B e e A R N R SR SRR il
RO5— + — | | [
© Vibration occurs
04 L ! '
0 10 20 30 40
h (microns)

Fig. 2.4.3 Typical results of load capacity

Fig. 2.4.3%3 is an experimental result for bearing No.l,
in which the incompressible theoretical line is drawn by a
thin line. The dimensionless load capacity W/m(rZ¢- :2Xp,~B,)

of experimental data is almost independent on the bearing
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clearance h, which means that the pressure fall at the
slit-supply is not effective. But, the load capacity in-
creases with increase of specific load W/ (12 = 1)
(or supply pressure) because of the effect of compressi-
bility of fluid.

The load capacity considering the effect of compres-
sibility can be given by the following approximation for

the thrust gas-bearing with slit-supply:

_ 2" __
Wcomp_ = \/(po+Pa)(gw - %\)"' P’ — Fa X Wincomp (2.4.1)
w @&

where W : load capacity with compressible fluid

comp
Vvincomp,: load capacity with incompressible fluid
Pw : specific load W/ (¥Z-1)

This equation is reduced and studied in detail in Appendix

XI1T.

When the pressure fall at supply hole is taken into
account, R)in the above relation must be substituted by
P/ where P, is the modified pressure just after supply
hole as mentioned in the below.

The thick curves in the figures are theoretical ones
considering of both effects of this and pressure fall at
slit supply;

P,— P =2t EUn

-121-



2
- 2% (Fmew) (2.4.2)

where Q,is volume rate of flow corresponding to pressure po".
They coincide very well with each other as shown, which
verify the foregoing theory and presumptions of secondary

effectsi for this type of bearing.

l l ;
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Fig. 2.4.4 Results of fosd capac sgy
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Fig. 2.3.4 is the experimental results of load
capacity for other bearing dimensions such as various slit
positions and ratios of inner and outer bearing radii. The
theoretical ones are shown by the thick lines which are
calculated with consideration of the secondary effects men-
sioned above.

The results have quite the same property as observed
in Fig. 2.3.3. The vibrations are observed for all bear-
ings of this type when the bearing clearance increases
more than about 30 microns. The slit for supply may
serve as a recess because it is comparatively wide so that

the bearing vibrations may be caused.

(¢) Volume Rate of Flow
The volume rate of flow is investigated experimentally
by using the experimental apparatus I with fixed bearing
clearance.
Several bearings are employed with various bearing
configurations such as with various values of Rgor Rs.
Fig. 2.4.5 is the experimental results in which theo-
retical curves are shown in thick line. The volume rate
of flow is arranged in the form of Q/—g’z—;;é
a

bearing clearance # , because this is independent theoreti-

against the

cally on the values of p, or pu .

A .
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A good conformity is shown between the experimental
results and theoretical ones, which may justify the re-
sulté of theory very well.

Pressure fall at supply slit is also taken into
asccount but this effect is very small so that the deviation

by it may be negligible.

Chapter 5 Conclusion

The externally pressurized thrust collar bearing with
single or double slit-supply is analyzed. In both cases
of the bearing types, considering the flow as that of twe-
dimensional one between the parallel surfaces, the pres-

sure distribution is obtained theoretically, and then,
the load capacity and volume rate of flow as well from the
integration and gradient of it. The condition to maximize
the bearing stiffness is applied to yield the optimum
dimensions of the supply-slits. The design charts of the
bearing with slit supply can be obtained from these theo-
retical values of bearing characteristics.

Results of experiments agree very well with theore-
tical ones concerning the pressure distribution, volume
rate of flow and load capacity, taking into account the
effect of compressibility of fluid. For this type of

bearing, the pressure fall after slit-supply seems to be
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negligible even for considerably high supply pressure and

large bearing clearance, which is because the flow is such

one-dimensional flow between two parallel plates,
S Crather than a radial

that
flow from a point supply source which means less energy is

needed for the acceleration of the flow.
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Part III Analysis of Externally Pressurized Porous Gas-

Bearings

Chapter 1 Introduction

Externally pressurized thrust gas-bearings are very
advantageous owing to their small static and dynamic fric-
tion, and their load capacity can be increased by making
a proper recess on the bearing surface. The recess, how-
ever, is apt to make theloperation less stable because of
self-excited vibration(4). If the bearings have a rela-
tively smaller gas-supply hole without recess against high
supply pressure or large bearing clearance, the pressure
depression takes place in pressure distribution of the
bearings and lessens their load capacity greatly.(3)
These disadvantages have called forth the recent re-
searches on the externally pressurized thrust porous gas-
bearing through which the gas is supplied over the eniire
bearing surface. The porous bearing can be assumed to
consist of a mesh structure incorporating innumerable
tubes which serve to restrict gas flow and absorb vibration.

Such a type of externally pressurized porous gas-
bearing so far has not been analyzed theoretically, except
for Some meporke in T.5.8.R.,5%) dn spite of its applicstion

to a number of practical devices. Even in these studies,
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analysis were considered only the normal gas flow to the
bearing surface in the porous bearing.

In this Part, the externally pressurized porous gas-
bearing are analyzed theoretically, considering both axial
and radial gas flows in porous bearing with the following
assumptions.

When the compressibility of fluid is taken into account,
the load capacity cannot be obtained analytically and the
calculation of pressure distribution becomes complicated,
so the assumption of incompressibility of fluid is applied
as mentioned later for the first step of the research on
this bearing. The pressure distribution and the load
capacity are obtained theoretically and they were compared

with the experimental results.

Assumptions

The assumptions made for the analysis are as follows:
(1) Porous media are homogeneous with permeability coef-
ficient k. Coefficient k is defined by Darcy's law con-
cerning the flow in porous media as:

op U =R 9P (3.1.1)

.
W=z, uar

where W, w : flow velocity in T or z direction

~128-



p : pressure

Pt coefficient of viscosity
(2) Porous material can be substituted by an assumed thin
layer with so-called equivalent clearance h' so that the
characteristics of flow through it can be equivalent to
that through the porous material concerning the quantity
of flow.

If the quantity of flow parallel to the bearing sur-
face through the porous bearing is equal to that of the
flow through the assumed clearance ®, % is to be called

the equivalent clearance, thereby

R -ViZrt (3.1.2)

t : actual thickness of the porous bearing
(3) The flow of fluid in the porous material consists of
two components: one is parallel to the bearing surface and
the other vertical to it.
(4) The bearing clearance f and the equivalent clearance
f are so thin that pressure does not change normally in
each clearance. But the pressure p in the bearing clearance
differs from the pressure p’ in porous material.
(5) The flows from porous bearing into bearing clearance

and from supply port to porous bearing is proportional to
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the pressure difference (p'— p ) and (pPs-p’), respectively,
and permeability coefficient k , and is inversely proportio-
nal to t, which is the actual thickness of porous bearing. . Th®
assumption is applied as an extension of Darcy's law.

(6) There is no parallel flow on the very surface of bearing.
(7) The fluid is incompressible. This assumption may be
appropriate for the flow through the porous media and the
bearing clearance with low pressure. When compressibility
of the fluid must be taken into consideration, one can
obtain the pressure distribution by the following substitu-
tion in which absolute pressure P gives the solution for

the case of incompressible fluid.(l)

+n

P— pT (3-103)

where n is the polytropic index.

(8) The rotating speed of the bearing is so small compared
with the gas flow velocity due to the pressure gradient
that the static condition can be applied. This static con-
dition may be essential for the study of the externally

pressurized gas bearing.

Chapter 2 Analysis of Externally Pressurized Circular
Thrust Porous Gas-Bearing

2-1 Theoretical Analysis
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as Fig. 3.2.1 Construction of
supply externally pressurized
hole circular thrust parous

Porous gas-bearing
bearing

Fig. 3.2.1 illustrates the construction of the ex-
ternally pressurized circular thrust porous gas-bearing
to be analyzed. The compressed gas is fed into the gas
supply hole and after being restricted through the porous
bearing, the gas flows out into the bearing clearance in
radial direction. Some part of the gas also flows through
the porous bearing in radial direction. Fig. %.2.2 is the
schematic diagram of this bearing.

The average velocities of flow in r-direction in the
bearing clearance and the porous bearing are, respectively,

as follows:

oo dp

U =mpar (3.2.1)
3 % ,3 .

we-k . _f O (3.2.2)

TTTRTdr T T zp dr
-1%21-



o 29— ——————

Fig. 3.2.2 Schematic diagram

=] of the bearing

Region I Region I
Q1 ps
| d

The continuity conditions are
r
2 rRi :S g-2mrdr (3:2.3)
2rriw =Q-§:g'27crdr (z=r=m) (3.2.4)
T r ’
= S %’-27crdr—5 g-2rrdr (0% rsrg) {3}V
/] [}

where Q is the volume rate of flow, and 2 and @’ are the
velocities of the flow-out from and flow-in to the porous
bearing respectively. £ and g’zue given by the following

equations according to the assumption (5).

__k P-p g
3= “ auyt (PP (3.2.5)
__k Pk-p g ;
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where » and ®’ are the effective restricting thickness, and

are given by:

7= ct 7’: C’t (3°2'7)

¢ and ¢ should be determined experimentally but they are

presumed to be approximately

(3.2.8)

113

=c' =t
c=¢' =
Eliminating § and ¢ from Bgs. (3.2.1), (3.2.3) and

(3.2.5), and differentiating it by r , one obtains

d ; 13 2
L) = - p) (3.2.9)

(a) Region I ( 3 =r =1, )

From Egs. (3.2.3) and (3%.2.4)

2y (RU+t) = Q (3.2.10)

Eliminating U and W by substitution of Egs. (3.2.1)
and (3.2.2) into Eq. (3%.2.10), and integrating it with r,
one obtains

-3,3;3 + ‘H:BP’= Ci - 6¢CQ 108 r

(%3.2.11)
P = (C oy r - 2%p)

where (, is the constant of integration.

In Eq. (3.2.11), p and p’ should satisfy the following

boundary condition
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(3.2.12)

‘1
1l
)

B = p’::;h at

Then,

G =S4 pog 1+ (£2+£7)P, (3.2.13)

Substituting Eq. (3.2.11) into Eq. (3.2.9)

rdp.

e r )= ﬁsr;t{(ﬁa“'*’fg)P*—P(—ﬂogr Cp (3.2.14)

This equation can be expressed as

~::-~ac%(rg$)-dfp =B£ogr + C (3.2.16)

£ +€a __6pQ G
%o =/t B-Zwpt  CT e

The solution of Eq. (3.2.15) is given by

where

P=EL, (") +FK,(@¥)~ m%a*ﬁ,s)ﬂogm L e (3.2.16)

where [, and K, are the modified Bessel functions of the
first and the second kinds respectively, and E and F are
the arbitrary constants which should be determined by bound-
ary conditions.

Substituting Eqs. (3.2.13) and (3.2.16) into Eq.
(3.2.11), the pressure distributions p and p' in the region

I are obtained as follows.
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P, =EL @r) + FKy06r) *%(ﬁffﬁ?) Qog B [52.57)
P, =- B [EL@r +FKor] + ot et Dip  (3.2.10)
(b) Region IT (0= Y =r3)
From Egs. (3%.2.3) and (3.2.4),
2Tr (R + W) = g:‘g’.zmrdr (3.2.19)

Eliminating U, U and p from Egs. (3.2.1), (3.2.2),
(3.2.6) and (3.2.19), and differentiating it by r , one

obtains,
| N I
ae T A e PR p-p) =0 (3.2.20)

Egs. (3.2.9) and (3.2.20) can be rewritten as follows.

.' d dDI 2 12 ’
e Bl PR, = B B = ]
ar \"dr) J» (3.2.21)

( d dp _ .2 /

7:;ﬁj(r'aFJ =D (p"P)

where

a1 e B e B

A - Vt+ )?t B )?t C —?/t D -—ﬁayt

The solution of Egs. (3.2.21) are

P = MI, (@r)+ ML, 02r) + Mg Ko () +My Ko (0or) + P (%, 222}

p= MLW)+NzIn(dzP)+N3Ko(0<,r)+N4Ko(o(2r)+g (%.2.23)
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where

i, =/ A/Z _D,z ‘_tﬂA«Z_JZJ/Z)2+4[‘B,2_AaZ)D/z (3‘2.24)

The signs in the right-hand side of Eq. (3.2.24) are

to be taken as follows

+ for subscript L =1

- for subscript L 2
A% and Nj (§== 1, 2, 3, 4) are constants of integ-

ration and they should satisfy the following relation;

; 2 '2.
%:.é%_zoi_ (3.2.25)
3

where j = 1 or 3 when L =1, and 4 = 2 or 4 when {= 2.
These deductions are shown in Appendix XIV.

Using the following boundary condition

ﬁ%:c‘i_}‘f:o at r=20 (3.2.26)
then
N3:N4= M3= M4= 0 (3'2'27)

The pressure distributions in the region II are obtained

as follows.

Pr = M I, @)+ M,T, ©6r) +p, (3.2.28)
Pr = NiTo@r) + NoLo(0r) +p, (3.2.29)
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The volume rate of flow is

Y%, Ys ﬁ/s
—‘—“‘{ N'EI (1) + NZE L (oczm}

The boundary conditions to determine the constants N,, Ng,

(or My, M;) E and F are:

(1) p=p;= B B =5

(ii) P =P at P= 5

(iii) Pr=p; at r=rs , (3.2.31)
(iv) d—p=d~— at r=r

(v) ?ﬂiz—f}h at r=r b

Among them, conditions (iv) and (v) are not mutuvally
independent, so the unknown constants are determined by
the conditions (i), (ii), (iii), and (iv) or (v). The
pressure distributions p and p’ are given by putting these
constants into Egs. (3.2.17) and (3.2.18) and (3.2.28)
and (3.2.29) in each region.

The load capacity for the case of an incompressible

fluid is obtained by integrating the pressure in each area.

in
W g (p~p)2xrdr 1

0

s
= [T {ML©r + M, Loer + (p - pyj 2mrdr

Y
+ S {EL> (o) +F Ko (ol + E%b%mzog —?} 2mrdr

Ts
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= 2m s {SE Lo + 52 L@ o)+ 2(Ps - By)

r(a-z.zz)
ng{rI i) - GI,(%@)} {rK,(a.r) -1:K; low}
g i roR
e i ’

Since it is difficult to obtain analytically the load
capacity with considering the compressibility, the load
capacity obtained by Bq. (3.2.32), which is approximate for
compressible fluid, will be used to compare with experimen-

tal results.

2-2 Permeability Coefficient of the Porous Material

It has been reported that the permeability coefficient
of porous media is not constant as the authors assumed in
the analysis above.

Gross(6) describes in his book that Robinson and
Sterry(7) observed that the permeability coefficient is a
function of both bearing clearance pressure and Reynolds
number. Fig. 3.2.3 illustrates this variation after them.

Because of this variability, the permeability coef-
ficient to be used for the calculation in the above analysis,
should be determined based on the conditions of pressure,

Reynolds number, etc. under which bearing will actually
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work.

Fig. 3.2.4 shows the apparatus for measuring the per-
meability. The compressed gas is supplied into the space
formed with the porous material and the side wall as shown
in illustration. The undersurface of the porous material
is covered with the packing of synthetic elastic sheet
so that the gas is forced to flow through the porous mate-
rial in the radial direction.

The permeability coefficient can be calculated from the
pressure in the space and the volume rate of flow. 1In this
case, the volume rate of flow can be obtained by considering
the bearing clearance f to be zero in the above analysis,

so that the following equation is obtained

CBLE® g

. U watan W71Q
2n 15 L) o
Ly o T el

(3.2.33)

where

|
O, e
7T
Fig. 3.2.5 shows a few examples of the permeability coef-

ficient determined for some porous materials by this method.

2-3 Comparison with the Experimental Results
The dimensions of the bearing used for the experiments

are as follows.
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Permeability coefficient k (cm?2)

o

N

S

@

()

»

N

R Fig. 3.2.5 Results of
: | J measurement of the per-
———— meability coefficient
\
o~
L%H“%>~1F i
o Bearing No. I
——m -+ @ No.I
© Noll
[ I
I 2 3 4
ps - pa ( kgmz)
Diameter of the bearing 2r; = 60.0mm

10.0mm

Diameter of the gas supply hole 27s
Thickness of the porous bearing t = 5.0mm

The porous bearings employed are shown in Table

3.2.1 The surfaces of them should not be machined because

minor maching causes non-homogenety on the porous surfaces

so that their characteristics of flow may be varied. So

. the porous plates are made carefully to hold their flat-

ness of the surfaces. The permeability coefficient is the

average of the values shown in Fig. 3.2.5.
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Table 3.2.1 Porous materials employed in experiments

o Dia. of | Permeability |Equivalent
Bearing | material | grain | coefficienf | clearance
fa. (microns) (cm2) (microns)

1 | sritemen 5 435x10°° 30

I powder | [0 | 7.09xI0°° 35

i brass 20 9.73x107° 39

Dial gage
Steel ball
i

Load Sl// i Tﬂr Fig. 3.2.6 Apparatus for
Ar §% - measuring the pressure
supply \/ ..... N, Liner distribution

"\\‘//’ Rotor

"::, ,,,,

Porous
— bearing

Ly ]
Adjustment
thread
To the
I_'IL ﬂ manometer
S

Fig. 3.2.6 shows the apparatus for measuring the pres-
sure distribution and the load capacity. The rotor has a
porous bearing of 60mm diameter on its undersurface through
which air is supplied into the bearing clearance. The pres-

sure in the bearing clearance is measured by U-tube mercury

]



manometer connected with the small hole of 0.2mm diameter
drilled in the stator which can be slided to desired posi-
tions by operating a fine screw.

The rotor is guided in the liner by an externally pres-
surized journal air bearing in order to prevent their con-
tact.

The load is put on the top of the rotor by the lever
and the load weights.

The pressure p’ in the porous material is not measured
but the analysis is verified by comparing the pressure
distribution P in the bearing clearance, though it would be
better to investigate the pressure p’.

Now, let B be a parameter to be defined by

7 3
ﬁz..%.;”z’;f (3.2.34)

Then the pressure distribution and the load capacity are,
for an incompressible fluid,identified by only the value

of ﬁ y 80 that they do not depend directly upon h or K.
Fig. 3.2.7 shows the pressure distributions measured by
keeping the value of P constant for some porous bearings.
In this figure, the solid line is the theoretical curve for

an incompressible fluid obtained for the case of 7= v =0,5t,
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The assumption of incompressibility of fluid is appro-
priate for the flow through the porous media and the bearing
clearance under low supply pressure. When the compressi-
bility of fluid is taken into account, the theoretical line
varies with the values of supply pressure when ambient pres-
sure is fixed. While the experimental data are put in order
fairly well in the form of (p—pa)/(ps—Pa) as shown in figures,
which may certify the assumption within the range of supply
pressures of the experiments.

The experimental results showed a good agreement with
the theoretical values both qualitatively and guantitatively.
When B takes smaller values, in case of Fig. 3.2.7 (a),
for example, some difference is observed, which is con-
sidered to be due to the deviation of the effective restrict-
ing thicknesses (® and %’ ) from 0.5t. This deviation
may be caused by the variety of the permeability in it.

Fig. 3.2.8 shows the relation between the supply pres-
'sure and the air film thickness (bearing clearance) under
the constant load. In this figure, the dotted line shows
the limits against the vibration when the bearing encounters
some disturbance. But in the experiments the bearing worked
without any vibration when it was not disturbed. The values

of the film thickness are measured statically before the
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Air tilm thickness ' h (miorons)

bearing is disturbed. The stable working region extends
with the increase of the permeability coefficient. More-
over it has been observed that the stable working region
extends much when the diameter of gas supply hole is made
larger though the effects of the diameter is not die-
cussed here. The stable work of the porous bearing is
considered to be due to its structure. Porous material
can be assumed to consist of the meshy structure of in-
numerable tubes which serve to dissipate the energy of
vibrations.,

Fig. 3.2.9 shows the relation between the load and
the air film thickness (bearing clearance) under the con-

stant supply pressure.

8
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The load capacity is shown in Fig. 3.2.10 with respect

to the value of l/ﬁ which corresponds to the air film thick-
ness. The solid line shows the theoretical curve obtained
from Bq. (3.2.32). The experimental results coincide with
the theoretical curve except when l/ﬁ is so very large or
small. The variability of the effective restricting thick-

ness is considered to cause these differences.

2-4 Boundary conditions at the Periphery of Porous Bearing

In the above sections such a porous thrust gas-bearing
is analyzed that the gas flows out from the bearing clearance
and also from the periphery of the porous bearing, because
of the simplicity of the theoretical calculation. For the
practical usage of this bearing, however, it is naturally
desirable that the bearing needs less rate of compressed
gas-flow. This leads to the idea to close the outer peri-
phery of the porous bearing so that the pressurized gas
may be kept in the bearing clearance without escaping from
porous edge.

Theoretical analysis for this closed-edge type of
porous circular thrust bearing is mentioned in this section.

The pressure in the bearing is obviously governed also
in this case by the same equations (3.2.1)-(3%.2.6) yielding
the pressure distributions of Egs. (3.2.16) and (3.2.11),

o



and Eqs. (3.2.28) and (3.2.29) in Region I and II, res-

pectively.

But the boundary condition to determine the value of

C, in these equations should be as follows instead of con-

dition (3.2.12); namely
P="h at ref

and

gng-zkrdr==Q

0
By using Bg. (3.2.4), Eq. (3.2.36) becomes

=0

dp’
(dr)r=n

Then the unknown constants N, N, E, F, and

(3.2.35)

(3.2.36)

(3.2.36)!

C, must be

determined by the conditions of (3.2.35) and (3.2.3%6)!

instead of codition (3.2.31)-(i).

The load capacity and volume rate of flow can be

obtained easily by the same reductions as used for Eq.

(3.2.32) and Eq. (3.2.30), respectively.

Fig. 3.2.11 shows an example of the difference of

theoretical pressure distributions between open- and

closed-boundary conditions. The boundary-closed bearing

has higher pressure distribution of p so that the load

w1 B



capacity may increase fiarly well than the otherwise case.
For the practical design, closed-type bearing is re-
commended on account of its better bearing static charac-

teristics.

2r =60 mm
2t 1Omm
o8 t - 31 mm
B p -243
—— (PR R))
06— - __(DLWs'pa
- Bearing side Fig. 3.2.11 Theoretical pres-
5 Elesdd _sure distributions under
04— open- and closed-boundary
L conditions
Bearing side
02— is open
I
0 10 0 30

r (mm)

Chapter 3 Applications to the Other Configurations of

Externally Pressurized Thrust Porous Gas-Bearing

3-1 Introduction

In Chapter 2, the externally pressurized porous thrust

-]_51..



gas~-bearing is analyzed theoretically for such type of
bearing that has a circular porous material all over its
bearing surface. Hence, the bearing performance depends
very much upon the roughness and flatness of the porous sur-
face at the time of its manufacture. For example, it has
been reported(5) that the roughness of 2 or 3 microns

on the porous surface makes the bearing clearance not to

be uniform, which lessens the load capacity very much.

In order to avoid this disadvantages, investigations
are made for the porous thrust gas-bearing with flat and
solid ring part, so-called 'flange', around the porous part
in Section 3%-2.

In the practical applications, the thrust collar-type
gas-bearing with porous bearing is also used because of
the bearing configuration. Some of them are analyzed in
this Chapter as well,

The above theory is applied under the same assumption
as made in Section 3-1 to these of the porous thrust gas-
bearing to obtain theoretical pressure distribution, volume

rate of flow and load capacity.

3-2 Externally Pressurized Porous Thrust Gas-Bearing with
Flat and Solid Ring Surface

3-2-1 Theoretical Analysis
B



Fig. 3.3.1 illustrates the construction of the ex-
ternally pressurized porous thrust gas-bearing with flat
and solid ring surface to be analyzed. The gas is supplied
from the supply port, and restricted through the porous
material, then it is fed into brearing recess (H), and then
flows out through the 'flange' part with clearance h.

Fig. 3.3.2 is a schematic figure of this bearing, where

'y Z : cylindrical coordinates

Y : radius of porous material

e : radius of bearing
The other notations are the same as defined in Chapter 2.
(a) Region I (0 = r = %)

In this region, the previous theory obtained in Chapter

2 can be easily applied. Using the fundamental equations

Fig. 3.3.1 Construction of
externally pressurized
porous thrust gas-

Porous bearing with flat and
Material ring surface
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2r,
2rf
Q
!rqus_ Fig. 3.3.2 Schematic
+’5'”“*“if““‘7’“p” figure of the
h H q' i—p Da bearing
AAN'NRANRRR AT
—r
z
Region I

(3.2.1), (3.2.2), (3.2.3), (3.2.4)', (3.2.5) and (3.2.6), the
pressure distributions p and p’ in the bearing clearance and
in the porous bearing, respectively, are governed by the

following differential equations:

| d dp’ _ pd2i e 2 .
Far (Tgr)= AP ER-C
r (3.3.1)

| d 2 7

S (rg) =% -p) )
where

2_ 1 b oz K e R

A= }?t + ?/t ] B —,?t ) C= ,th 3 D -H37?t (3'3'2)

Solving these equations under the condition

dp__ dp’ - « B

"aF--—Jr:‘-—O ot =40 {3:3+3)
yielding
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Pp = My Lo (o) + My, (021) + P (3.3.4)

PI' = NI, (our) + NzL,(dzr) +R (3'3'5)

where N; , Nz, M, and M; are integral constants, and I, is a
modified Bessel function. &, and O are constants determined

by design parameters as
/ A/Z __D/2+\/(A/2 _D/z)z +4{B/2 _A/2)D/Z

ot s

o4 :‘J 2
= .
_/ A/Z_ DrE_ ‘/(AIZ ____:DIZ)z _4(B/2_ ,AIZ)DIL (3 3 )
0= >

The volume rate of flow is given by

5 TR (Nin 5
Q-= gaf%"zmpd'":—@%f{—oﬁfl'(a"})+%Efl'(d2rf)} (3<3-7)

The symbols in these equations are the same that defined
in Chapter 2.
(b) Region IT (Ff=r=rm)

In this region, the flow can be considered as that be-
tween two parallel surfaces. Then the following equations
can be obtained from equations of motion and equation of

flow continuity,

u =-§'P._g$-.zm-z) (3.3.8)
p = Cologr+Co (3.3.9)

In order to determine the constants (C, and C,, the

boundary condition is used as

...]_55_



} (3.3.10)
p=p at r=n
then,
log Vi /T
PK=P,¢(—£%;'7;;)+% (3.3.11)

The volume rate of flow out of bearing periphery is

- __fXp-h) B
Qn=2kh%UIr=n—W (3.3.12)

(c) Connection of Regions I and II
The unknown constants N,, N;, M, M, and |o)C in Egs.
(3.3.4), (3.%.5) and (3.3.11) are determined by the follow-

ing boundary conditions:

(i) pp=p at r=ry l
i Pe=o ot r=v (3.3.13)
(iti) QI :QI ,!

Ny, Ny, M, and M; must satisfy the following relations:

M, _ AP-af Mz _ A= OF
N, BZ s M B

(3.3.14)

The unknown constants can be determinea by conditions
(3.%3.13) and (3.3.14). Then, the pressure distributions are
obtained from Egqs. (3.3.4), (3.3.5) and (3.3,11) with these

contants.
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(d) Load Capacity

The load capacity W; in region I is
i
Wy = 50 (p—p,) 2Trdr

2 Y5 s
= P L)+ 2L L+ (A=) (3-3415)
The load capacity Wy in region II is

i
Wi = Srf (P~ B)2mrdr

_ TP —Pa)y AV 2
= sz (ngﬁ/;—sz) (3.%.16)

The total load capacity W is given by
W = WI + W][ (3'3-17)

3-2-2 Experimental Apparatus
(a) Measurement of Permeability Coefficient

Fig. 3.3.% shows experimental apparatus for measuring
the permeability coefficient. It consists of two plates, a
ring and the measured porous material, and they compose a
closed space into which the compressed air is supplied to
flow through the porous material in axial direction. The
pressure in th=t space is measured by a manometer.

The permeability coefficient can be calculated from the
supply pressure and the volume rate of flow by using the

following equation:

= 15 =



Air Supply To the
Manometer

Plat
T e T Adne Fig. %.3.3% Experimental

H e y ~ apparatus for measuring
the permeability

e | |+ coefficient
i L | |
] T-Pate [
L o
kR B-p kR B—

Q=TIf Tx"‘“;»r; =TF % i

b=kt (3.3.18)
’mr:fz(Ps' Pa) J

It should be noted that the permeability coefficient
of porous media is not constant as assumed in the analysis
above. Gross(6) states that the permeability coefficient
is a function of both bearing clearance pressure and
Reynolds number. Because of this variability, the permea-
bility coefficient to be used for the calculation in the
above analysis should be determined on the condition of pres-
sure, Reynolds number, and so forth, under which the bearing
will actually work.
(b) Measurement of Pressure Distribution

The experimental apparatus for measuring the pressure
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distribution and load capacity is quite the same that used in

Chapter 2 as shown in Fig. 3.2.6. The method of experiments

is also the same. They are made under the static condition.
The dimensions of the bearing used for the experiments

are as follows:

Diameter of bearing 21, = 80.0mm
Diameter of porous material 2r5 = 60.0mm
Thickness of porous material f 2 5.0mm

3-2-3 Experimental Results
The porous materials used in experiments are listed in

Table 3.3.1.

Table 3.3.1 Porous materials employed in experiments

. Dia. of | Permeability | Equivalent
Bel\clzr g\ Material | Grain Coefficient | Clearance
4 (microns) (cm?2) (microns)
I Sintered | |0 839x108 | 796
Powder =
I Brass 5 4.27xI0 675

Now, let p a parameter to be defined by

; 3
8= g=4ﬁ$3 (3.3.19)

Then, the pressure distribution and the load capacity are

identified by only the value of ﬁ sy S0 that they do not
=159~



depend directly upon H or 4 .

Fig. 3.3%3.4 shows the pressure distributions for these
bearings. The solid line shows the theoretical one. The
experimental results coincide well with the theoretical pres-
sure distribution for a large value of B ora small
bearing clearance; but for the contrary case (a large bearing
clearance), there are some differences between them. The
reason for this difference seems to be that the flow in the
recess may not be fully viscous when the depth of recess

becomes larger.

Fig. 3.3.5 shows the relations between the supply

Fig. 3.3.4
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Fig. 3.3.5 Relation between supply pressure and bearing
clearance under constant loads
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pressure and the bearing clearance 4 under the constant
loads. Fig. 3.3%.6 shows those between the load and the

bearing clearance £ under constant supply pressure.

g
g

A g Bearing Na I ) A ( Bearmg Na I
o= v 8\ B A_[140 kg/emzabs, gzoo 8 A_]1:40 kg/om2abs]
[ B |1 35kgem2abs E B |I.35 kg/em2abs.
DQ\\}\\ ¢ [130 kg/emzabs = gi\\* Cc |1.30 kg/em2abs
= yan E AN 0 |1.25 kg/em2abs g A \\ D |1.25 wg/cmeabs
N > €120 kgtomeaps le0 EX < E |1 20 kg/omPabs.
" NN L e AN
~ 2 ~
NSRS SRES—E
i i S SRS N
50 | 50 o =0
\\\D ~ . |
0 2 6 8 0 0 ) 4 6 8 10
s Load W (kg) Lood W (kg)
. (@)
[T N a — . P -

Fig. 3.3%3.6 Relation between load and bearing clearance
under constant supply pressure
The dimensionless load capacities VV/ﬁtrf(PS—Fk)
are shown in Fig. 3.3.7. with respect to l/p which cor-
responds to the bearing clearance. The experimental re-
sults coincide with the theoretical curve (solid line) very
well qualitatively and fiarly well quantitatively with a
small value of load capacity. The deviation of experimental
results at a small value of 1/5 is considered to be due

to the errors in measurements of the bearing clearances.
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Fig. 3.3.7 Relation between load capacity and l/g

%3-~3 Other Applications

Investigations are made for the externally pressurized
porous gas-bearings of the thrust collar type, which are
also applicable to the practical devices because of their

configurations.

(i) Thrust Collar Gas-Bearing with Full Porous Surface

The thrust collar gas-bearing with full porous surface
is analyzed: the bearing configuration is such as shown in
Fig. 3.3.8 where Yo and Y, are inner and outer bearing

radii respectively. The gas is fed under pressure p through
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Fig. 3.3.8 Schematic diagram
of thrust collar gas-
bearing with full porous
surface

N\

the annular supply slit, inner and outer radii of which are
l5o and Ts , respectively.

Dividing the bearing surface into three regions (Region
I, II and IITI), the pressure p and p’ in the bearing
clearance and in the porous material may be obtained in each
region from the following differential equations, which are
reduced as Egs. (3.2.9), and (3.2.21) in Chapter 2:

Region I ( 1, £ r=r,) and Region III ( rz;=r = 7r; )

L (r &) = B7(p-p)

+ 4t =2 o -p) } Eleis
Region II (VsoS1 = T13)

+ L (rd) = A% -Bp-c’

| _d ,.dp 2 } (3.3.21)

+a("g®) =D p-p) |
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2_ _| b p £°
ErTE. Bye , ey, Doy (303:22)

where R =YIZRT is equivalent clearance of porous material.

The general solutions of them are
Region I : P, = E, L") +F Ko@)+ G, logr + G, (5523 )
P, = —%B[EIOWJHEKO(O(J)] + G,fngT‘ +G, (3.3.24)
Region II : P = ML) +ML(0b1) + MaKe@,r)+MgKo(oer)4 B (323.25)
Pz = NI @) +NaTp0er) +NsKoi)+NyKolde) + R (3.3.26)
Region III: P, = E, T ) +Fe Koor) + Gy logT + Gy (3.3.27)

3
by =_-%§[E—2L(o(.r) +F2 Ko )]+ Gra Log 7™ + G (3.3.28)

where I, and Ko are modified Bessel functions,and &, Q,,

and O, are fonstants determined by design parameters as

o - [FTD |
2 _ 1v2 2 _q='2Y2 /2 ” 2 -

Y
B / A =D~ JA*- D)+ 4(BZ-A5)D"
o = 5

E's, F's,G's, M’s and N5 are integral constants which have the

following relations between themselves,

M~ Ms A= of

Nl N3_ B/Z -
Me_ Me _ pAP—of (3.3.30)
Ny Na R

The volume rate of flow can be given by
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3, ) s _ﬁl.?
Q= Srsoz-nrdr = gTSO—I—Z—W-zvcr(ps—p )dr

R (N, .
=T Eunt {;,T[T};L (075,) - f‘s.,l.(om”so)]+%[y~s,1,u2r;,)_&1,(%ajr (3.3.31)

N
= Gl K ) =Bl 0] - RS [ ) B )]

The boundary conditions to determine the constants are

p& = Hx ; Fg': P at r=" ]
Pe=F ., p=p at r = 7
dp; _dp dp; _ dp;
T, =g ot r-n L
(Bw3:32)
v~ o, piz'Pﬁ at =T
dP _ dpx dp;_ dPg
I ar- o 4 T=T
pxzpa, plzpa a“t rzr' I

The pressure distributions and volume rate of flow can be
obtained from the above equations with using the determined
constants.

The load capacity is
w =" (p-p)enrdr
- Y p Pa) W

= 27({_57, [ﬁOIq(Ofa Yse) - Yo Ly (dafo)] - %[r”’(’ (loso) -5 Ky (%n)]

2_ -2
+2[r: logTso—7log s ————TS°Z r‘]+ —g—‘(rsf—rf)

M '3
+a—:( 51 (oz.rs,)—r;,Ltmr;o)]w«g; [ 013) - 13 I(005 )]
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_ a"”_"(y;, K 0020)~ oo G 050)] - S K081 K 056))
+ —;i (f-18) »
(3.3.33)
+ %[r,r, (061,) = T5,1, 0Ts,)] - %f[r. Ki(aers) = oK, 017)]
b —Cgi[nzlog - rsfiog s = %ﬁ]*'%mz” i)
-2 (-1} J

(ii) Thrust Collar Porous Gas-Bearing with Solid and Flat

Ring Part
In order to avoid the disadvantages due to roughness and
waviness of the porous bearing surface, thrust collar porous

gas-bearing with solid and flat ring part is introduced here

to be analyzed.

- 2 -
"- . 2r" B 7’1
2% 1y |g| Fie. 3.3.9 Schematic dia-

gram of thrust collar
porous gas-bearing

' g PP with solid and falt
Pg 9p—U__ P ring part

NN N
B

r
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Fig. 3.3%.9 shows the schematic configuration of the
bearing, in which ¥ and Y, are inner and outer bearing
radii, respectively, and Y5, and 1} are those of porous
bearing. R is the bearing clearance and H is the depth
of the recess of porous bearing part. The compressed gas
is supplied through porous bearing into recess and flows
out to atmosphere through bearing clearance with the solid
bearing part so-called 'flange'.

The solutions of pressure distributions can be obtained
from the following equations for each region in the figure
by the same reduction as in Section 3-2.

In region I (Yo = I" = 13,), and region IIT ( I}, S 1

=71, ), the flow is considered as that of between two
parallel solid surface, then, the pressure distributions can
be obtained as follows:

In region I, from the continuity equation,

PonrfU = 2erRH Ul

r=0%
or
£_dp _ oqy, H2 9P 5.
ZEFWdr = 2T "o iz} ar - (3.3.34)

where U is the mean flow velocity.
Integrating this equation under the condition of
P =P, at  r=rve (3:3-35]
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resulting

N
"x"?"‘%ﬁr:rf,ﬂoa%*"% (3.3.36)

Similarly in region III,

Pa =545 A ror, 19 T 4R (3.3.37)

where the boundary condition used is

p=1p ot r=rn (3.3.38)

In region II ( = r Ex ), the pressure distribution
is governed by the following differential equations for
the fundamental equations (3.2.1)~(3.2.6) are valid for this

region;

(3.3.39)
I d d 7 ;
— (7 55) = D°(p-p)
2_ 11 2 | s P 2 g3
A —th]?/t, —Vt ’ C = ,7/_t 5 D —_’.Ta-);'—ta (3.3;40)

where f. is the equivalent clearance of porous material.

Solving Eq. (3.%.39),
Pp = ML, (041) + Mp L(00) MK, (o) + McKo(ear) + B, (3-3.41)
Py = NyT, (1) + N3 To(0er) +NKy@r) +Ng Ko lolar) + P, (3.3.42)

where I, and K, are modified Bessel functions. o; and Q5
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are defined by Eq. (3.3.29) in which A’z, B’z, s »*
are given by Eq. (3.3.40). Integral constants My and
Nj (f=1,2,3,4) have the relationships of Eq. (3.3.30)
between themselves.

The volume rate of flow is given by

M8 P
Qp —Sq‘,.—zp;’? 2ler(ps—podr
R (N Ne
=tar GH?'t{ d-' (Y‘f‘ I\(ulrfr)—GoIl(dlr\'fO)]+ dz[&llm?.l)—'r‘}ozl{a?r}oﬂ

- S20% Kitogd ~Fo ) - N (15 K L) - TR K, 733} (3.3.43)

The load capacity can be obtained by the integration

of pressure p with respect to the bearing area, resulting

where
Wy = g? 271cr (P~ p,) dr
3 2 3
= omr B Bézlr:ffc{-guo%g -t -r2) (3.3.45)
Wi = S::' 2" (Py— Pa)dr

= 27 (L0 = VL Ctrio}-+ (1, L 03 -1 L %77
— R o)~ Tt ~ {2 (KT — Tk, 7]

4—‘2‘__(ps- Pa)(rf:z'rfag)} (3'3.46)
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Ty
Wy = gr 2xr (Pg - pa) dr

H dp CHRS 2
oo By AL} (5a3.47)

t
= 2Th %5 ar

rer,

Chapter 4 Analysis of Externally Pressurized Porous Journal

Gas-Bearing

4-1 Theoretical Analysis

Externally pressurized porous journal gas-bearing is
alsc analyzed here theoretically under the same assumptions
as made in Chapter 1.

There could be various bearing configurations of it,
but in this chapter,a porous journal gas-bearing with cir-
cumferential slit gas-supply as shown in Fig. 3.4.1 is
analyzed fundamentally, and later with some varieties of
bearing configurations.

In the followings, it is assumed that the eccentricity
ratio is cgmparatively small so that the secondary cir-
cumferential gas-flow may be neglected and, hence, the flow
of gas may be two-dimensional.

The bearing configuration to be analyzed is shown in
Fig. 3.4.2 schematically. The compressed gas is fed from
a slit supply of width b under the supply pressure [ into

the porous bushing, then, restricted by it, the gas flows

/e
/!

0 I



X Supply Slit

Fig. 3.4.1 Construction of

externally pressurized
porous journal gas-
bearing

Fig. 3.4.2 Schematic diagram
of the bearing

into the bearing clearance in axial direction. Some part

of the gas also flows through the porous bushing in axial

direction.

The average velocities of flows in the x-direction in
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the bearing clearance and the porous bushing are, respectively

as follows:

— _ ®2dp

v =" Tp dx (3.4.1)

wo_ RO A

W="3ge = 2pt dx (Fnls2)
The continuity conditions are

_ = &

ﬁu=§o g dx (3.4.3)

.'/_ Q.

£t ——S gdx (%;xé —22—) (3.4.4)

2 & 2S5
-f ga=-| g (0=x=2f)  (5:44)

where Q is the volume rate of flow per unit bearing width,
and g and g’ are the velocities of the flow-out from and
flow-in to the porous bushing, respectively; 2 and g are

given by the following equations according to the assumption:

5 =f2w2t (p'-p (3.4.5)

3

_p' _ =
5 = ;Zw,t (=P (3-4.6)

where n and p’ are the effective restricting thickness,

and are given by

)7 = ct , ?'= c't (3'4'7)
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c and ¢’ should be determined experimentally but they are

presumed to be approximately

(3.4.8)

I

’ |
c=2C >

Eliminating U and ¢ from Egs. (3.4.1), (3.4.3), and
(3.4.5), and differentiating by X, one obtains

2 3
=i (P'—P) (3.4.9)

Region I (TE = 2 é—%—)

From Egs. (3.4.3) and (3.4.4)

ﬁﬂ+tﬁ’=% (3.4.10)
Eliminating T and W by substitution of Egs. (3.4.1)
and (3.4.2) into Bq. (3.4.10), and integrating it with =€,

one obtains

p’:—%;(C,—G}xQx—%ap) (3.4.11)

where (C, is the constant of integration.
In Eq. (3.4.11), p and p’ should satisfy the following
boundary condition:
: -4 (3.4.12)
p=p=p at x=-5 "

Then

i

C = 3MQ + (#F +RI)p (3.4.13)
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Substituting Eq. (3.4.11) into Eq. (3.4.9)

d’ 6uQ C

“a?pz—ugp =%t © gt {3e4+24)
where

_ B+’

to = -ﬁ,‘g??t (3'4'15)

The solution of Bq. (3.4.14) is given by
. 6HQ G ( 4 16)
p = Esinh ®X +F cosh ol - PET x+ PENTE Zadle

where £ and F are the arbitrary constants which should be
determined by the boundary conditions.

Substituting Eqs. (3.4.13) and (3.4.11) into Eq. (3.4.16),
the pressure distributions p and p’ in the region I are

obtained as follows.

b, =Esin.hO(or,+Fcosh%:C+-%—§%5(—£——x)+pa (3.4.17)

6UQ

I
sz F)ep,  (3.4.18)

Py =~ —Z—Z[Esmhozox +Fcosh 6]+

(b) Region II (O0SxXE fb)

From Egs. (3.4.3) and (3.4.4)!

AT+ 1T = | gdx (3.4.19)
o}
Eliminating U , U ; and ¢’ from Egs. (3.4.1), (3.4.2),
(3.4.6) and (3.4.19), and differentiating it by X, one

obtains
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&y _

dx? ~
Egs. (3.4.9) and (3.4.20) can be rewritten as follows:
da*p — A,?PI __B’?p _CI

I / ! .
ot ca 1R (3.4.20)

dx?
dgp - (3'4'21)
gz =T (P-p)
where
2_ 0 o | P z__ R°
A= T + >t B —-;7? , C_-V_‘b, B e Byt (3.4.22)

The solutions of BEgs. (3.4.21) are

P = M, coshoyx +M; cosh 0 +M, sinh X +M¢sithtpx+p, (3:4.23)
P’= N, COSN.CGX +N,coshOx +N,SIRhaL X + NySinh 0LX + p, (3.4.24)

where

2 .2 /2_ ,2 2_4( 2_ ar2 D/2 .
m:/A %+ /(A 132) B- A7) i=1,2) (3.4.25)

i |

The signs in the right-hand side of Eq. (3.4.25) are to be

taken as follows:

1]

+ for subscript i 1

I

- for subscript i 2
Mj and Nj (4=1, 2, 3, 4) are constants of integ-

ration and they should satisfy the following relation:

%LA’%.Z%Z_ (3-4.26)
i
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where 4 = 1 or 3 when L =1, and é =2 or 4 when L = 2.

These dudections are quite the same as shown in Appendix XIV.

Using the following boundary condition:

d/
%:%:0 at x=0 (3.4.27)
then
Nh = Nu_: N3'=IV+: 0 (3‘4'28)

The pressure distribution in the region II are obtained as
follows:

Pr = Mjcosh®(x +M, cosht, X +p;

(3.4.29)
Py = NicoshaX + NpcoshoX +p, (%.4.30)
The volume rate of flow is
9 - g
=_.E§£[§"sinh%b+_g‘(_jsmh°g?} (3.4.31)

The boundary conditions to determine the constants N,,

Nz (or M,, M;) E and F are

(1) P=p =0 ot x=%
(i1)  p=p at x=2
(iii)  pP{=p, a  x=2

(3.4.52)
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. dp; _dp _ b
(iv) o at * =7

dp; _ dp b
(v} =i at e =

Among them, conditions (iv) and (v) are not mutually in-
dependent, so the unknown constants are determined by the
conditions (i), (ii), (iii) and (iv) or (v). The pressure
distributions p and p’ are given by putting these constants
into Egs. (3.4.17), (3.4.18), (3.4.29) and (3.4.3%0) in each
region.

The load capacity per unit bearing breadth for the case
of an incompressible fluid is obtained by integrating the

pressure in each region:

2
AW = 2§ (p—pydx

= %(b?'smh""b 2Mzsmh°{2b +bPs~p, )J~ [cosh“"’l osh-—“"b]

OF (00l o Gby, 6UQ /4 b2
+7°{S'nh%—~5'"h‘7] Jﬁ,?{i%s(Z—Z)

(3:4.33)
The load capacity is obtained by the integration of

load-applied direction component of this value of 4W

with consideration of the eccentricity of the journal and

hence the bearing clearance variation. As i1t is very hard

to obtain it analytically, an approximate method to cal-

culate the load capacity is discussed later in Section.4-4.
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4-2 BExperimental Investigations

(2) Experimental Apparatus
The experiments are made for the pressure distribution.
The porous journal bearings and shafts employed in the
experiments are shown in Fig. 3.4.3%3. The dimensions are

as follows:

Fig. 3.4.% Bearinss and shafts employed in experiments

Diameter of shafts
Shaft No. 1 29,940mm
No. 2 29.951mm

No. 3 29.770mm

..]_"(9-



Inner diameter of porous bushings
Bushing No. 1 30.070mm
No. 2 30,074 mm

Outer diameter of porous bushings 34 . Omm

Length of porous bushing ( £) %31.0 mm

Width of air-supply slit (b)) 9.0 mm

The pressure in the bearing clearance is measured by
a U-tube mercury manometer connected with & small hole of
0.5mm diameter drilled in the shaft.

For the pressure distribution in the axial direction,
the bearing is slided axially along the static shaft, while
the shaft is rotated for continuous measurement of the cir-

cumferential pressure distribution.

(b) Permeability Coefficient and EBeccentricity Ratio

Because of the valiability of the permeability coef-

ficient of porous media, it should be determined based on

the condition of pressure, Reynolds number, and so on,
under which the bearing will actually work.

In the following experimental study, the permeability
coefficient k and eccentricity ratio are presumed by
another method mentioned in later, because of the difficulty
of measuring them experimentally.

Denoting B to be
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p=—F _vizkt (3.4.35)

=

and the bearing clearance f can be given by

# = Cr{1+ €cosB) (3.4.36)
where Cr : radial clearance
& ¢ eccentricity ratio
© : angle

then Eq. (3.4.36) becomes

.”_ [ (3'4'37)
—_— = (| + e
B Vizrt (it com®)

On the other hand, the theoretical curve of (P~ RBR-R)
versus l/ﬁ can be obtained identically when the bearing
dimensions are given even if the permeability coefficient
iréslfnown, where p 1is the pressure at X = O.

Fig. 3.4.4 shows theoretical relation between (p,-p,)
+(P~p,) and l/P calculated for the porous bearing with the
dimensions shown in the above. By using this figure, one
can obtain the value of l/p which corresponds to the ex-
perimental data of f . Fig. %3.4.5 shows the values of
l/B at the circumferential positions of every 30° in the
bearing clearance. The permeability coefficient k and
eccentricity ratio £ are presumed by the minimum square
method to match these experimental data of 1/8 to Eq. (3.4.
37). In Fig. 3.4.5 the data of Bushing No.l at 6 =600
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and those of Bushing No.2 at O =-30° are excluded because
they may be bad due to the fault of manufacture of bushings.
The presumed results of them are shown in Table 3.4.1. The

permeability coefficientw are reasonably constant which may

justify this method. The thick lines in the figures are the

theoretical ones by using these results.

Table 3.4.1 Presumed results of permeability coefficient
and eccentricity ratio .

Bearing Shaft Bearing | Supply Eccertricity Permeqbﬂify
No. | No. Clearance |Pressure | o .. Coefficent
: (microns)| (kg/cm?) (cm2
[ 1 130 © 1.8 | 0281 2l0xI0°
I 2 119 18 0258 22ixI0°
I 3 100 .7 0277 242xI0°
2 |t 1_34”#772;5_4 0266 |1.96x0°®
2 | 2 123 20 0287 2.57xl0°
2 | 3| 104 | 15 | 0342 |234xI0°

Eccentricity ratio could be also obtained directly by
measuring the clearance or eccentricity, but the accuracy
of the direct measurement seems to be doubtful, hence the
above method is applied here to yield these values of k
and £ , which are used for the theoretical calculation of

pressure distribution for comparison with the experimental

one.
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(c) Experimental Results of Pressure Distribution

Figs. 3.4.6 and 3.4.7 show the experimental results of
pressure distributions in the bearing clearance. In the
figures, the theoretical curves are drawn calculated with
the values of k and obtained by the above method.

The experimental pressure distributions agree fairly
well with theoretical ones qualitatively, but for some cases,
they show rather poor quantitative agreement. If one cal-
culates the pressure distribution curves with the value of

Po just at the middle of the bearing clearance, quantitative

05
180° 04  Shatt No | X - 60°
~ Bearing No | e 60°
@ &<
e Q031 | I
» -~
g X K ITTH
X & (]
< a0z ..o .,
a { O. e O S ®
[ o 500~ S
i o~e
| ! 0 i . ! }
od—< 4 -10 -5 0 5 10 15
=15 -10 =5 xo(mm) 5. 10 15 15 )
05~ (%) 05~ (b)
Shaft No | : |
L 25 o 04
04 Bearing No.! # :280 Shaft  No | o ‘w
= Bearing No | L
e <03}~ |
g g | |
N 2y
iy a
& b T N
‘\ o= —~ T T |
e e By
ik Pl
X o= I I .Y
15 =|5 -10 =} [0] 5 10 15
x (mm)

Fig. 3.4.6 Results of pressure distributions (shaft No.l
and bearing No.1l)
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Fig. 3.4.7 Results of pressure distributions (shaft
No.l and bearing No.2)

agreement would be also obtained between theoretical and

experimental results. The pressure distributions at the

opposite circumferential positions (that is, at 6 = 60°

and —600, and at © = 120° and_120°) have some deviations

between each other, which seems to be due to the poor

roundness of the porous bushings at manufacture.

4-3 Bxternally Pressurized Porous Journal Gas-Bearing with

So0lid Sleeve-Part

The externally pressurized porous journal bearing is
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very advantageous owing to its large load capacity and good
stability of performance, but, in the other hand, dis-
advantage exists in manufacturing it within tolerable rough-
ness and raundness of porous bearing surface. Several microns
of these defects may cause to lose the good performance of
the bearing.

In order to avoid this disadvantage without losing the
good characteristics of porous wall, the externally pres-
surized porous journal gas-bearing with solid ring so-called

'sleeve' part is introduced in this section to be analyzed.

KSupply Port

N\

— Porous
Material

Pig. 3.4.8 Construction of
porous journal gas-
bearing with 'sleeve'!
part

(A Y RTLA AT

Fig. 3.4.8 illustrates schematically this type of
porous journal gas-bearing. Assuming that the eccentricity
of the journal is so small that two-dimensional flow may be

considered with neglecting the circumferential flow, unit
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width of the bearing is analyzed fundamentally. Fig. 3.4.9

shows the cross-section of the bearing in which the compressed
gas is supplied under pressure Ps from the back of porous
bushing of breadth b and thickness L , restricted through

it into recess part of clearance H, then flows between
tsleeve'! part of clearance f to atmosphere. The pressures

in bearing clearance and in porous material are p and B,

and average axial velocities are U and U, respectively.

g and g’ are the flow velocities from porous material to
bearing clearance and from supply port to porous material,

respectively.

Fig. 3.4.9 Schematic
’ i of the bearin
\ n g | Ps diagram g
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(a) Region I (Oél:.f_-g-)
In this region, the fundamental equations (3.4.1)-
(3.4.6) are valid, hence the pressure distributions p and p’

are governed by the following differential equations,

dzp
5 3.4.38
< - pip-p)

where

2 | / ) /_p __‘H,I A
A“?.'. l-t,,B‘:—)}-i;;,C—)?t’ly HS?'}' (3439)

Solving these equations under a boundary condition of

g%:%%: 0 at xt =0 (3.4.40)
resulting

p, = M, cosh %4 +Mposh0X +p; (3.4.41)

= N,cosh ohx + Npcosh Ozx +p (3.4.42)

where ¢, and (X, are constants determined by design para-
meters and given by BEq. (3.4.25). M, Mz, Ni and N are

integral constants having the relationships of

M _ A2 — O Mz _ A "2 (3.4.43)
N' B’z b Nz :B/

The volume rate of flow is
b

3= g
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- A (N, b, Nao_ 3
T epn't [ sinh 3 + g2 sinh. %) (3.4.44)

(b) Region II (2-Sx= L
In this region, the flow is considered as that between

two-parallel surfaces. Then, from the continuity condition,

3
d
S = I?ﬁl d,j: (3.4.45)

Integrating this by X,
P=%(C.—6p®x> (3.4.46)

where' C, is integral constant determined by a boundary con-

dition of
P=n at  x =k (3.4.47)
a 2
resulting
C = 3uQlL + £, (3.4.48)

The pressure distribution p becomes

pn=-.—f‘—t-——6%9(—g’——x)+pq (3.4.49)

(¢) Connection of Region I and IT
The unknown constants M, and M, (or N, and N, ) can be

determined by the following boundary conditions

() p= at  x=F

== N } (3.4.50)
v - _—b—
(il) -‘d‘%= 0 at B
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The pressure distributions can be given by Egs. (3.3.41),

(3.4.42) and (3.4.49) for each region with determined

constants.
(d) Load Capacity
Load capacity AW for unit breadth of the bearing is

obtained by the integration of pressure p with respect to

the regions, namely

AW = AWT +AWg (3.3.51)

where

5
AWt =2§ (Pr- B)dx
[
2My
X

smh%-[?{rggfsinn%b-y bip-p) (3.3.52)

L
AWy =2} (Pp-p,) dx
z
- S ) (3.4.53)
4-4 Load Capacity
The load capacity supported by an externally pressurized
porous Jjournal gas-bearing is obtained by the integration
of the vertical component of AW of Eq. (3.4.33) or (3.3%.51)
around the bearing surface assuming that the eccentricity

ratio is small so that the circumferential flow may be neg-

lected.
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The load capacity for a small breadth of bearing, AW,
can be given by Eq. (3.3.33) or (3.3.51) which is a function
directly
of 1/ and ;,independent on the values of & and £ . The cal-
culation of AW versus l/ﬁ is fairly complicated, but it
is found that AW may be expressed by the following equation
approximately,

aW____a de 3.3.54
BB b +(/BP " Dot (W2 (

where @, 0z, b, and bz are constants particular to each
bearing configuration obtained from AVW4Q;—Q)~4/B figures.
l/ﬁ is expressed as

—é— =-éo—(l+€c059) (%3.4.55
where £ is eccentricity ratio and © is circumferential
angle from the position of maximum bearing clearance. B,
shows the value of 3 at &= 0 and it corresponds to the

radial bearing clearance.

Total load capacity W can be obtained by

27
W= (o) Tof:VV—R:(- c0s8)1de

‘o

2n
=(P5-Pa)5,, [ 5}/{3)3* bzf(zj/ﬁ)z]f““e”de (5336

where v is journal radius.

By using Eq. (3.3.55),
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T
W ___(ps_m(_zr)[@,s cosOdo

R F(I+ rrmed)3
by, J, B, +(I+£c0s0)

. o, wsede] } (3857
bo J, B,+(1+Ec0s0)?
where

= D } (3.3.58)
bgﬁz

D

Il

B,

(i) Integration of the First Term

By the transformation of variable of

ton 2 =t (3.4.59)
and hence
e 2
Ehly 6 = el de = — dt

| + %%

then the integration of the first term of Eq. (3.3.57) becomes

T i 5
SOBI+{J+ECOSQ)3 B (1+ P+ +12 + £ 0—12)]° ( )

The. integrand can be separated into the following partial

fractions

201 =)0 +17)
B +12P+[14t2 +eC1 - £7))3

27 7T StEE T . -SE+TT ) 461
K|!~t2+LJ;+ P-QLt+ R, T TEQL R/ (3.4 )

where

K, = B3+ (1-8)°

L, = Berixe)
1T By (1—€)
°, . , (3.4.62)
P, =—EgB-z't:B:-‘—eBoz—‘E“"e)Bo'*'('—E)]

=} G2



R =[Baz"(l+8)Ba+(;.,.5)2];_
"TLUBE-(1—8)B. + (1—€)2

B 2{Bs-Bot (1-€3)} 12
= ( R~ B? —(I—E),B,,+(!-E)’]

o BrTa ]
Sy— ZQ',

B +(3-€)EB,+ (1~ £2)

T =

688, R,
in which
BOE ',9' .?/—‘ﬁo
The integrations of each term with 1 are as follows
I =Sm a _ 7
o L Ly 20,
I = S"‘ tdt
C ) (E-Q/2)34+R-QY/4
_ Q/2 . t-Gy/2 ]”"
= Z[Eog(t Qt+R')+\/R, 2/41 o
I _3"” tdt
T )y (£+Q./2)%+R, -Q¥/4
Qi/2 e t+Q/2 1*
= lleg o R Rt R,
- _ = at ! T . Q2
137 g (f —Q/2r+R-074 VRi- Q%[ i n\/R Q%J

(3:4.63)

r(3.4.64)

j"“ ! [71; - Q./2 ]
(tf@./Z)ZJrR, -Q%4 “Raa
Then, the integration of Eg. (3.4.60) is

201-t3(1+1?)
013,(1+t2)5+[1+ti+ea-t2)]3
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= —%['P,Io + 5, (L_Iz) + T L+ L)J

2[731 . Q,s,+2T,J (3.4.65)

- KWL, " VR-Q74
(ii) Integration of the Second Term
By using the same transformation of variable, tanéz5-=t,

the integration of the second term of Eq. (3%.4.57) becomes

T
cos@ B @ 2(]_1:2)
L Bz+((+660$9)2 a8 = jo :BZ'“"'tz)z‘l"["?'tz""'ﬁ(l—t?)]z dt (3-4-66)

The denominator of integrand has no terms of L and t’
and its characteristic value with respect to t? is minus,

then the integrand can be separated into the following partial

fractions
2(1=1%)
B(1+12)2+[1 +12+£0-17)?
- ! Set+ T2 % T J
B 'BZ+(‘—5)2[ t2—Q2t+R2+ t2+@2‘t+R2 (3- 3.67)
where

1
2B +(1— 6'2)}} 7 N
Q. = [2R~Sem ey

B n233+(nfe)"’]%
R?'[ YEBZ + (1 -€)?
r (3.4.68)

| }
S:=~25,( * ;)

2
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)t, = Bz—% = bz%
BT b7 (3.3.69)

or
1
KB, = B,z '—‘\/E B,
By using the same integrations of each term of Egs.

(3.4.67), the integral of Eq. (3.4.66) is

S" CosO © szoz+21;]
0

Bz+(l+ecose)2 de = Bz+(l_£)2 RZ‘Q;/4 (3-4-70)

Then, the total load capacity is obtained as follows;

= 2 28] Qz
W= (p,— P,,)go [ b,+(l/ﬁ)3+ b2+“/ﬂ)2J(~cose)rde

—_ _ aB’ T P 8Q+2T)
TTANRoR) b, B5+U-E)“’[ﬁ] T TR-Qi/4)
®RICB;  w L 5Q+2T }

* b, ¥EBI+(I-£)? VRQ—Q;M

(3.4.71)

The symbols are notated in the above.
The load capacity can be calculated for any eccentricity

ratio & by using the design parameters B, and x .

The load capacity for a small width of bearing AW
may be generally approximated by Bq. (3%.4.54) with two
terms. In the followings, two special cases are calculated
in which AW is approximated by only one term of cubic or
square fractional expression of 1/p as

(o4}

AW, = (Ps— pa)'ma
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=(p-py—02 ~
AWZ_ (ps PQ) b2+(,/p)2 (3'4‘72;

respectively. Then the load capacities of journal bearing

are respectively

= - oy .&‘ -Boa _& QIS!+27;J
W = -2xr (B~ b, BE+(:—8>3L(JL",+J§?Q3/4

- O _ XB  Q:T-2T
Wo ==2TX R~ Py, EEEreT Ro -Q5/4

In these equations, the terms of B—-p)-G;/b, and

(3.4.73)

(h— pa).ag/bzare the values of AW, and AW, respectively at
l/ﬁ = 0 or no radial clearance. The load capacity are cal-

culated in dimensionless forms of load capacity as

B, & -
Wi T T2mrp- p,)-a/b, (3.4.74)
ng _ W2z

2TCY (ps— P,)- Az /b,
in which 27y (p- g)-aj/bd are the load by the above AW,
or AW, at no radial clearance all over the journal.

Figs. (3.4.10) and (3.4.11) shows the theoretical load
capacity against the accentircity ratio g for various
values of B, or w3B, for each case respectively.

The bearing stiffness near non-eccentric state is im-
portant at the bearing design. The stiffness is defined by
OW/0E s hence it can.be obtained as the tangent of the curves

on W (orF, )-£& plane. The case of B,= 1.0 or K B, = 1.0

has maximum tangent or maximum stiffness near the origin
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in both of the figures. This can be also derived theoretica
ly as shown in Appendix XV.

In the practical porous journal bearings, AW can be
approximated by Eq. (3.4.54), and hence the characteristics
of them may be between of these special cases. At the
bearing design, l/B° , which corresponds to the radial clea-

rance, should be chosen so that B, and KB, may be nearly

unity.

Chapter 5 Conclusion

In Part IITI, the externally pressurized porous thrust
and journal gas-bearings are analyzeé theoretically which
may have a good bearing performances of large load capacity
and stable working owing to the mesh structure of bearing
surface.

The analysis yields theoretical pressure distribution,
volume rate of flow and load capacity. The permeability
coefficient which identifies the characteristics of the
porous material is used assuming that Darcy's law may be
applicable to the flow in it. Then the equivalent
clearance # and effective restricting thicknesses » and
v’ are introduced so that the flow in porous gas-bearing

may be considered as two fundamental parallel flows in the
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porous material and in the bearing clearance connected with
each other.

These results are applied to the investigation of ex-
ternally pressurized porcous thrust and journal gas-bearings
with solid part so-called 'flange' or 'sleeve', which are
introduced to avoid the disadvantage due to the roughness
of the porous wall at the manufacture, without losing their
good characteristics of performance.

Experiments are made to investigate theoretical re-
sults. The results of experimental pressure distribution
have shown very good conformity to the theory not only
qualitatively but quantitatively for several gas-bearing
configurations. The permeability coefficient used in the
calculation of theoretical curve can be measured for the
thrust bearing based on the condition of pressure, Reynolds
number and so on, under which the bearing will actually work.
But, for the journal bearing, the coefficient as well as
eccentricity ratio is presumed from the results of cir-
cumferential pressure distribution.

Load capacity for the thrust bearing is also experimented
resulting good agreement with theoretical one.

These results may verify the theory very well.

It should be noted that the theory with the effective
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restricting thicknesses 7 and 7’ to be about 0.5t coin-

cide well with ones from an analytical solution on a theo-

retical standpoint in which the flow cqndition in the bearing

clearance is taken into consideration as a boundary value

of the ttree-dimensional flow in porous media(a)
These factors of p» and 7’ , and permeability coeffi-

cient, however, may involve several problems yet to be

studied.
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Conclusions

The externally pressurized gas-bearings of several con-
figurations are investigated theoretically.

The complex potential theory is applied conveniently to
analyze the thrust gas bearing with multiple supply holes
of circular thrust type, thrust collar type and rectangular
thrust pad type. Pressure distributions are obtained from
the appropriate complex potential functions which satisfy
the boundary conditions for each configuration, then in-
tegration and gradient of it result in theoretical load
capacity and volume rate of flow. The bearing characteris-
tics are shown in design charts.

Externally pressurized thrust collar bearings with
single and double slit-supplies are investigated theoretically
yielding the optimum dimensions of slit-supplies, load
capacity and volume rate of flow.

A new concept of the flow model is applied to the
analysis of externally pressurized porous gas-bearings of
thrust and journal types. Equivalent clearance and effec-
tive restricting thickness are introduced so that the flow
in the porous media may be considered as two parallel flows
connected each other. Then the pressure distribution, load

capacity and volume rate of flow are obtained theoretically.
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Theoretical results are investigated experimentally,

and good conformity observed between them verifies the theory

Acknowledgements

The author wishes to express his sincerest appreciation
to Dr. H. Mori, Professor of Mechanical Bngineering, Kyoto
University, Japan, for his valuable guidances and suggestions
throughout this entire investigation.

All analyses and experiments were supported by research
funds from the Ministry of Education of the Japanese Govern-
ment, and done at the Lubrication Laboratory in the Depart-
ment of Mechanical Engineering, Kyoto University, Japan.

The author would like to thank the staff of the
Lubrication Labratory, in particular, Messrs. Ts Ono, T.
Yamamotc, H. Yamada and K. Onishi, who were engineering

students at that time, for their great help during the

conduct of experiments.

-202-



Notation

Part I
A, A
Ao AL A
o g
Ox, Oy 2
B H
B; :

fa

§w :
£ :
i :
J :
4 :
Ky, Ky ¢
k :
k! :
L :
Le ;
m :

.

functions of r defined in the body
constants defined in the body
position of supply hole

X -and Y-component of a, respectively
breadth of rectangular bearing
function of © defined in the body

coefficient of volume rate of flow with respect
to (Po" Pa)

coefficient of load capacity with respect
to (po_ pn)

bearing clearance

unit of imaginary number
momentum of fluid

integer

constants

number of supply holes

number of supply holes in an array
length of rectangular bearing
entrance length

integer

polytrotic index

modified pressure
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p : pressure, absolute

D, ¢ ambient pressure, absolute

P, : pressure just after supply hole, absolute

J’ ¢ pressure just after supply hole with consideration
of pressure fall

Q : volume rate of flow

3 : strength of source and sink

R : dimensionless radius with respect to T, (r/1)

Ra,Re, Re: ‘1/"7, /T, Ts/75, respectively

e : Reynolds number

-

radius

3

radius to bearing inner periphery

i ¢ radius to bearing outer periphery

Ts : radius of supply hole

S : area enclosed by a constant pressure line

Uy, Uy ¢ sliding velocity in x and y directions

U : flow velocity

U, : flow velocity from supply hole to bearing
clearance

Ue : flow velocity at the middle plane of bearing
clearance

&l

average flow velocity

W : load capacity
w : complex potential function
Ly, z 3 coordinates
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™

complex number

Q

integer
, P' @ integer

P
§ : thickness of boundary layer
2]

argument

D
=~

angular spacing

N
D
<

vertical angle of conical bearing

A : coefficient of pressure fall at supply hole
M : coefficient of viscosity
: density
a = v/Q
Tp : frictional stress at bearing wall
$ : function
o : function of p defined in the body

g,_,p’ R functions

Subscripts
¢ : inner edge of thrust collar
] : outer edge of thrust collar
(k) : k supply holes
s : supply

Superscripts
* : modified

- conventional for obtaining load capacity

-205-



Part II
03
bs
Ci, C;

Fa. fa

T

a® O O T

.

(1)

1YY

conjugate

with considering secondary effects at supply ho.

radius to slit-supply
width of slit
constants

dimensionless volume rate of flow with respect
to (p,-B) and (p,-p,), respectively

dimensionless load capacity with -respect to
(p-p) and (p,-p,), respectively

bearing clearance

length of slit

«todified pressure

pressure, absolute

ambient pressure, absolute

pressure just after slit-supply, absolute
supply pressure, absolute

specific load

volume rate of flow

dimensionless radius with respect to T (Y/n)

/1 a/T; , respectively

]
radius
radius to bearing inner periphery

radius to bearing outer periphery
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(97}

oW E ¥ 2 g

2

.

"

(13

Subscripts

I,I,T
(o}
!

”

M

Part III
AI

oy, Qs

[y

BIBI’ C:.

C. D'
B,

B, B,

bh b2

"

area enclosed by a constant pressure line
average flow velocity

load capacity

coefficient of pressure fall at supply-slit
coefficient of viscosity

arbitrary constant

density

function

at region I, IT and III, respectively

inner

outer

with considering secondary effects at supply-slit

corresponding to point B (limiting case of double
slits to single one)

corresponding to point M (minimum flow rate)

constant defined in the body
constants

constant defined in the body

design parameter defined in the body
b.,Sf and b.p? , respectively

width of supply slit

constants
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o

constant of integration

O
-
0
~
X3

effective restricting thickness coefficients

O
4

radial clearance

&<l : constants of integration

bearing clearance at recess

>

bearing clearance

&

equivalent clearance

modified Bessel function

~
A

-
?
=i
>
o

integration

¢ constants

£5
X

R ¢ permeability coefficient
L., L, ¢ constants
) : length of journal bearing

M, N ¢ arbitrary constants

n : polypropic index
g’ ’%’%’: constants
2, g V2
81,527,
Tz
p : pressure in bearing clearance, absolute
P’ ¢ pressure in porous bearing, absolute
b, : ambient pressure, absolute
o} : supply pressure, absolute
Q : volume rate of flow
2 : flow velocity from porous bearing into bearing

clearance
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o
DN

flow velocity from supply port into porous bearing

-

radius

o9
1]

radius to bearing inner periphery

5

radius to bearing outer periphery

=

radius to flange

o

radius to supply port

tad

actual thickness of porous bearing

variable (in Section 4-4)

T+
13

average velocity of radial flow in bearing
clearance

odi

=

average velocity of radial flow in porous bearing

=

load capacity

=3
3

load capacity for unit breadth of journal bearing
0,01, 0, constants defined in the body

Bz R/R or R/H

R,

€

value of @ corresponding to non-eccentric state

(13

eccentricity ratio

n.n s effective restricting thicknesses

x : parameter
i : coefficient of viscosity
Subscripts

I,II: at region I, II, and III, respectively

o) inner

! outer
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Appendices

Appendix I

By de Moivre's theorem, the following equation can be

obtained
xk_ ,élee-tke _ x*—-(ge"‘e)k
k-t 5
=T (x-wjye™)
goo 77 048
where
wj=e 'k =g . rootsof xk—1=0

Square of absolute value of Eq. (A.1) is as follows:

F 5 1&“ ke !2= (xk- Iékcos(— he)]z—!— y2Rsin?(-kQ)

= X%+ Y~ oxkyk coske

!:c—wjge‘éelzz |-y i©s-e ‘2

x4+ gz —2xYcos (95~ 0)

xfwf— 2xy cos (8- 9

Thus

(A.1)

Jog[x* + 4>~ 2x*y* coske] = i\,ﬂog[xzﬁ-gz-ZlgCOS(e—Q;)) (a.2)

3=0

Substituting X=RsR and y=1, OT x=Rand Y=Rg,

Eq. (1.3.6) can be obtained.
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Appendix IT
From Eq. (1.3.9)

p- Ke)qu @

de =——erp( rd

Then, letting @, = exp(Le Kz) [:~Rséka-ns)]2
s y

is

W(” — 7tr,2(‘ _ R:.)ZSPO ¢dp

b, (B — R
- 2 2 =k d¢
TrEK, (1- R3) SP ) (q) i
_ : 3 2( =P
=-T 2K (- R i R,.] g

= R K (1=RE (P, - 1) flp - RE)

(A.3)

the load capacity

= TP, (= RE){1 = (Ra= R}/ f| - Ra(Ra2R)}  (&.4)

Appendix TIIT

From Egs. (1.3.2), 1.3.12), and (1.3.14)

Y, 2%
Way = 50 L (p-p,)rdrde

_ ER‘:;

R=0

SniE RaR%+1 - 2R.R 056
S RZ+RZ-2RsRcos@

Y,dR-1,RdO

= Rr2K, (1- RE)[) - (Ra= Re)3)/[) - Ra(Ra—-2Rs)]  (A.5)

The load capacity for the case with multiple supply

holes is obtained by using the relation of Eq. (A.5)
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R=~{ B8=2T List RazR2+|—ZRaRC0°(9‘e‘)
= - é
W SR=0 L_o K""f,—;oﬁg R?+Ri°2FARCDS(Q'ej)ndR" fi €5

_ __Kie)k" jR:l 9 =-?7C\“'EJ K,zgg P:R2+‘—2RAECOS(6_64)

5 7 dR-
§=0 Jpzc b+ R2+Ra-2ReRcos(©-6)) niRde
hK.uujR" gamc RER +| - 2R:RC0sH
TIT —— o d
Ke dreo oo P8 REFRE 2RaRas e 1O RAG

=Tr?RK gy (|- RA[1 ~(Ra- R5)*] /(1 ~Ra(Ra—2Rs))  (4.6)

Appendix IV

In order to satisfy the condition described in the
body, the pressure at R=FRg*Rs 6 = 0 must be equal to that
at R =Rg+ Rs, 6 = 0. TUsing these conditions in Eq.

(1.3.19), R¥ must satisfy the following equation,

* 2k _p K _apkRip o Ry
Klfh) fog Ra (Ra—Rs) & {Ra— Rs) + K?"(:k)

REZE_ 2R (Ra—Re) ¥ (Ra—Rs)2¥

o K* i o‘.zkm«"'Rs)Zk-Zﬁk(Ra+Rs)R+l
M A0 T R 2R (Ra+Re)® + RL¥

+ Kam (A.7)

Let o =(R-R)*, B*= (Rat+Rs)®
I—O(*R;k : l‘P*F?gh

RE - O pr—Ra"

or

(Rpep - 2L pre | = 0 (8-0)

orf+ p"
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Solving this equation with respect to I?:k under Ri < 1,

we can obtain BEq. (1.3.20).

Appendix ¥V
Assuming the isothermal expansion of gas in the bearing
clearance (Mn=1), the relations of Egs. (1.2.8) and (1.2.9)

are rewritten as

p="P%, p=Rt, p-Rt a8

Y

respectively, where P% represent incompressible pressure.
Using the pressure distribution for an incompressible fluid
of Eq. (1.3.7), the compressible solution can be obtained

as follows;

1

2 _ 2
=/——E"————E“——§(R,9)+pf

" &B(Ra-Rs,0)
= J(R+BXP-P) +P? (h.10)
RE*R¥* | — 2RAR"C0s kB
where 2(R,0) = fog Raz'e‘FRf*-ZRa‘*R“coske (A.11)

and P is incompressible solution.

When the pressure (P -Pp) in the bearing clearance is small
enough compared with P, , the pressure p can be expanded

in series as

D] %



P—P=V(P+R)(P-P)F BT - P,

P,,+ Pa (P Pa (P¢7+pn

e '3 (P—py2—-- (4.12)

Neglecting the terms with higher order than (T>~F%ﬁ one

can approximate the compressible pressure distribution as

~ p0+
p-p, ¥ g (PR (4.13)

Then, the load capacity with a compressible fluid is

% P
Weomp, = Sog (p-p)rdrde = S S (P-p,)rdrdé
= —p%%-x Win,comp. (A' 14)

The error of approximation of Eq. (A.13) increases

with increase of P . But, the externally pressurized thrust

gas-bearing as analyzed here has the point supply holes so
that higher bearing pressure may be bounded in comparatively
small region near the supply holes, which shows that the
approximation of load capacity of Eq. (A.14) is rather

reasonable as long as the supply pressure is not so high.

Appendix VI

At section C, the momentum of the fluid for a unit
breadth is as follows by considering that the flow velocity
profile is uniform;
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J = j“euzdz = puif (a.15)

where

momentum of the fluid

bearing clearance

(13

density of the fluid

4
R
3
u

(13

velocity of the fluid
Ur ¢ average velocity at section C
Z : ordinate normal to bearing surface
At section F where the fully developed flow profile
may be expected, that is U = 4uo(t——%’—)(-%’—) ,
where U, is flow velocity at the middle of bearing clearance.

The momentum of the fluid is
R N Zin 2 2
I = L pudz =r9{4u0(1—-ﬁ—-)-—5} dz
-8 cuzg (A.16)
=75 P .
From the continuity of the flow,
£ f Z
(" undz = { aui-2) 5oz (A.17)
o] 0

where density change between sections C and F is neglected.

Then

A.18)
uc =—g—um (

Using this equation and the momentum equation, the

pressure loss for the change of velocity profile 1s

15—



P U (A.19)

Appendix VII

The pressure loss at supply holes due to the flow
profile change is obtained in the followings with consider-
ation of the friction loss at the entrance length. It is
assumed that the fluid is incompressible because the pres-

sure change may be comparatively small, and that the flow
may be such as between two parallel surfaces though it is

a radial flow from a point supply hole.

™ Partly

Fig. A.1 , -developed
flow pattern between
two parallel surfaces

Uo

-N€NK
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partly
In Fig. A.1 p ~developed flow pattern is shown in

which
Z : ordinate normal to bearing surface
4 : bearing clearance
8§ : thickness of boundary layer

U : flow velocity of fluid
Us ¢ flow velocity at the middle plane of bearing
clearance
Now, assuming the flow velocity distribution in the

boundary layer as
U _o(Z)_(ZY A.20
- = 2el-1E) (A.20)
then, the frictional stress ¥, at the btearing surface is
_ du’
= uZ (a.21)

Letting W be average flow velocity,

£
iR = 2 § udz

2 jg Wdz + Uo (R-28)

o

]

Uk [ 1 —%{%)} (A.22)

then,

BT



U= uo[i-%(5) (4.23)

Denoting J to be momentum of the fluid which flows

through any section of unit width of bearing clearance in
unit time,

‘?\1

S uidz

o

F
=2€S&u2dz +P Us (R—28)
= push(i- 12-(3) (A.24)

From the momentum theory along the flow direction (x—axis),

day ap
ax = ~a§;——2fb (A.25)

Considering that the flow in the central part has a
uniform velocity distribution so that the effect of viscosity

may be neglected, Bernoulli's theorem can be applied
__lap _, 4du (A.26)
5 u

From Eqs. (A.20)-(A.26) and assuming § = constant,

one can obtain the following differential equation:

d 201 SN2 Uy R (A.27)
A f(f(4 -2} &R

where Re = 2fUpP/4 : Reynolds number

Integrating Eq. (A.27) by using Eq. (4.23),
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x & 7
T = g rey(-S 9 —S -2T  (a.20)
3 f

where the following boundary condition is used:
§=0 at x =20 (A.29)

The entrance length le can be obtained by substituting

d=1Hf/ into the above solution, resulting

fe
£ Re

= 0.01297 (A.30)
For the region of x>fs , the fully viscous flow can
be formed, then

= .ﬁ? dp
k= 24 dx (A.31)

Integrating this under the condition that p:‘% ot X =L
P —p = —“——(x Le) (4.32)

Then

Pe-p _ 48(x-le (A.33)
%Puz ARe

The equivalent pressure fall at the entrance length is

P"I B - 0.6226 (4.34)

2
2P
These results are shown in chart in Fig. Koo

When this theory is applied, the coefficient of pres-

sure loss at supply holes is

A= lf623
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For practial bearing dimensions, for example

U = 340 m/sec
R = 40 microns
Yy = 0.15 cmz/sec (air)

Fig. A-2. Pressure drop in
entrance region with
consideration of develop—
ment of boundary layer

% 0005 0010 00I5 0020
x/hRe

Reynolds number ié
Re = 1810
The entrance length is
e = 0.9/ mm
This length is fairly small compared with the diameter of
supply hole so that the assumption of one dimensional flow

may be reasonable.

The compressible and radial flow with consideration

of the development of the boundary layer is analyzed in
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Reference (9), but the entrance length cannot be calculated

numerically so easily, hence this theory can be approximately

applied.

Appendix VITI

Logarithmic function of complex number is calculated as

follows;
fog (x +iy) -——%ﬂog(:cz.;.gz)wtécos":/gai_gg (4.35)
or g (re®) = fog r+ UB+24T)  (=0,%),22..) (A36)

Using equation (A.36),

W, = w(nets

2 Thog Vo/a . 4 (B +247) Tlog Yo/ maL?m]
= 7 logsin 2Aog 1o/, Cosh 2log /1y “C"Szmg o/ "hzzag Yo,

mligaf, G TOTZHT - TGO/ oy TUB 24 T))
gfon 7 T/ M2lgosm T 2logralts " 2ogno/)

_ 8, sinAscoshBjricosA.sinh By
~ 2 g sin (- ~AoCoshBj + LCos (-4,) Sinh B

_Z 2 Iy (=sinA, Cosh’ By +C05%A, kB )-2L snA,os A, SinhBj Cosh.Bj

A3T
Sin?A,cos h"Ba +C0S%A,s5ink’ Bj ( )

where

_71:&5: Yo/ (0 +2470)
Ao 2log s/, By = 2Jog vs /13
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Using equation (A.35), real part of function W, is as

follows.
(=Sin?A S Bj +(0s"AsSINA"By 12
C 5in2A,cosh? B; +C0S?A,Sink2B; |

( 25inAsCo5As SinhB;cashB; 12
S A, cosh? B+ Cosonsintha‘ )

o) = 2= bog

-5
srlogh = 0 (A.38)
Thus w, has only imaginary part determined by A, and Bj .

Appendix IX

Similarly

w, = w(rle;'e)

Tdoa 3 /0, cosh, T(B+23T)

20og Yo/ ?l’Agﬁ:/’?

Tlogri/a ik T(6+24T) ]

i 2hogra/ri > 2Log Vo i

= g—g Qog[sin,

8. (. whglon/?) TO+24T)_
Zmbg{sm, 2log o/r Cosh Zhogo/ +LC05

log(ani/ i) sinh, 24O +23'1:)J
2008 %5/1 ‘ 2hog 1>/ 1i

i loglan/e?) _ Sm[ﬂlﬂog am 75] _ . TlogYi/a

2log Yo/r’ zﬂog /T =sm zlcgn/n
wlog(ar/5) _ _ o Thog vi/8 A.39
coszg%my/rl cos T o/ (A.39)

Putting A, to be

A = 7 log (1 /0)
B 2203(1“0/17)

Using Eq. (A.35) and the above equations, one obtains
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2 I SinA CoshB; +i cosA; sinh, Bj

ol = 2r SinA,coshBj —{cosA, sinh By
_ 2, (Sin%A, cosh’B; - cos*A,sink?Bj)+2 icos A sinA cosh.B; Sinh B
21203 SinA cosh# B + Cos?A, Sinh2B;
=1‘__’8_~Q(A Bj) (A.40)
21 ST 4
Appendix X

(i) CFE%-N or r>a

Consider the complex integral of uw(Zj on the contour [7 as

shown in Fig. A.3%, where

Bz) - Lg@-Z) (A.41)

Fig. A.3 Contour of complex
integral (O >1)
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W(z) is analytical in the domain 3 enclosed by the circ
except at the origin, where (%) has an isolated singulari

whose residue is calculated as
lim ZW(Z) = fog T (A.42
Z=0

Then, by the theorem of complex integral
§> W(mdZ = 2milog T (A.43
n

The left-hand side of this equation is

A -_pt8 .
§ T@dz=§ @(ZLZ—’ dz = SZ%‘Q @7 e®.ide
r r A e

4
(e _ 2, qn2al 4 et T—COS6
—LS {Zlog[kr Cos8)* +sint SJ+Lcwm}de (A.44

(o]

From the imaginary part of this equation, one can obtain
2
S ,Qog (T%-20cosO+1)dD = 4752080- (A.45
Q
(ii) Tg=-2L-<| or rv<a@
a

Now, consider the complex integral of wW(Z) along the

contour shown in Fig. A.4. Similarly as the above section
§ B(2)dz - 2mi fog o (8.46
r

The left-hand side of this equation is
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Fig. A.4 Contour of complex

S integral (F <)

>\
0 o |
r

§ wz)dz =§Mg’.zi dz
I r

21 fog &~ O~2eée) o .
= LT gree. g

=2milogq +i j:m{ .2‘_203[(1 ~T 050+ sing)?

Licos™ | —acose A.
V(I-O‘COSG)2+((T$1‘:16)2 }de (4.47)

Then from the imaginary part of this equation, one can

obtain

21
X 209(@2-2Ucose+1)d8 =0 (&.48)

Appendix XI

Using the formulae concerning the infinite product,
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namely

7cZ¢1T (1+ Z') = sinthZ

T 22\ TR
a1+ Zp=iy) = cosh (4.49)
Then
F:? {107 - 2B - 2ipL, — 0) - Jog(x - (200+1)B-2ipLo+ ]
= ZX-26B—a .
= fog (7 -24B - o}+§m [T_LJ
?#o
—log(Z ~ 2+ )B+8)- . [LQZ_;RM 3
£
= (Z Z0B-0)
log(z-20B - a)Tr - ]}
—log{{Z-(2 M T (R-(20+)+3])
og{[ ( +I)B+a”eT£;[’+ e j}
=Qogsimﬂz‘g‘g_ﬂ_hgs‘mﬁz—lzoz)ﬂ ) (4.50)
Similarly,

5 {log[Z-tzo+1) B~ Uizp+1)L +a] - fog [Z-20B- L (2p+L) - T)
p—-n

= ﬁogcosh k[z_(m;L?B 07 —Qogcoshﬂ———————z—zgf- al (A.51)

Summing up these terms with respect to & from minus in-

finity to infinity, one can obtain Eq. (1.5.3),
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Appendix XII

Transforming the coordinates so that the source may

locate at the origin, namely
X—> X+0x , Y—>Y+0y

Then the integration of BEg. (1.5.11) becomes

%‘61 'zl:"as 2 x2 y_z
W =§B i Jb Z-logax+og dxdy
UM TR 5
_i_ Y 12+32
= XOSS [ngi?-dXGg (A.52)
where
__B = B —
Y=g, n-F-m )

For the first, the integration with X is

S fog (X*+ §*) dx = [Iﬂogfr +Y?)—2x +2y 1a -'g]xo
={ . Log (P + Y1)~ xolog (12 +49) ~ 2(x,~ 2,
+ 2y [t —tan” 3] (a.54)

Bach term of this equation, now, is integrated with

respect to Z from Yo to Yi s namely
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3‘ 2
| tog (x4 dy

= Y1 dog (1> +4) —y, Log (0G*+ 47) - 204~ 4,)

gl ~1 40
+zxa-[tan’—xg-tan ’-%] (A.55)
where 3 =0 or |,
Yy
jg 20 = L) dY = 202, 1)y y,) (4.56)

By using the formula of

tan™ £ r‘—~z;an"%+-2— (-_%— z20)
- 15 T 4
tan” —5 (_fa o)

then,
fzzfan"(x”da S 4= 5 —tan L | oy
- —_’c—z—gguzédg - Ss.gmn”‘—% dy

. 2z 2 _ X g_
s - (a0
~i—-(5, y2)- [(xyg )tan"g‘;
_():'2+gf)tan—a—°.— - X5 (Y- )]
i X ~ %344
=__£_[xé IaTC‘gi Za -1 So

L

~ Y tan” '—g'i + Y2 tan! J;Cji - 15y, ~gn)] (A.57)
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Substituting the results of Egs. (A55)-(A.57) into Eq. (A.5.

then,

W=4 [ Z(tan—l 5: -ta _'Zo) (m—.yl tar™! 6.)

nxr

+y7(tan”! ;‘ tan”“) ~yZ(tan 2 A

+ X4 Log (XF+47) Xy, og (X 2+ 45) Ly, bog (X>+47)+ g, log 07
= 300Xl o)— (G-X XY~y log (@2 + Ty)]  (R.58)
Substituting the relations of Eq. (A.53), one can obtain

Eq. (1.5.11). In these equations, the value of arctangent

should evidently take its principal one.

Appendix XIIT

Before the reduction of Eq. (2.4.1), the approximations
of Eq. (1.3.23) in Chapter 3 in Part I, and Eq. ( 4.13 ) in
Appendix V are studied here again in order to know the
meaning of the approximation of pressure distribution and
load capacity.

At the first, the transformation from an incompressible
solution P to a compressible solution p is as follows (see

Appendix V):

~Pa= /B, PIP-B)+ P2 -, (4.59)
where the isothermal condition is assumed. This 1is shown
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L
Eq(A.13) /Ea(A6l)

P Eq.(A.59)
8 -
Fig. A.5 Transformation of P
into p
Py
o Pa Pw Po =

in chart in Fig. A.5.

The approximation of the bearing pressure by Eq. (A.13)
in Appendix V is represented by the tangent of this curve at
P=p, because Eq. (A.1%3) is the first term of Taylor ex-
pansion of the pressure near the ambinet pressure P, .

Now, denoting SfP) as the projected area enclosed by
a constant pressure line of P , then, the load capacity can
be obtained by the following calculation by using Fig. A.6:

W= (P-PIdS =[F(p-p)(-S2)dP  (a.60)
bearlrg area b,

where minus sign represents that S(P) decreased when P

increases. —-%%; in the last term of the integration can be

considered as a distribution function or a density function
-2%0-



Po-Py dS
P dP

15

P u

P, ﬁ
P +<,:LP 4 7

S(P)

Circular thrust bearing
with single supply hole

Thrust collar bearing
\wifh slit supply

05
(P - pa)/(pa

1.0
-pa) R§ i

~251-

Fig. A.6 Schematic ex-
pression of obtaining
load capacity

Fig. A.7 Distribution
function in integ-
ration of load capacit;



of the bearing pressure P at the calculation of 1sad

capacity, while the term of (p-plis to be a weight function.
The load capacity can be obtained by the integration of the
product of weight function(P-p)and density function(-g%)
with respect to the pressure range.

In Fig. A.7, the distribution functions are shown in
dimensionless form; one is a circular thrust bearing with
single supply hole with dimensions of R=1/2 and Rg=
l/lOO as shown in Fig. 1.3.13 in Chapter 3 in Part I, the
other a thrust collar bearing with single slit supply with
dimensions of R,=1/3 and R=2/3. S(P) represents the
bearing area according to the difinition of S(P).

For the former bearing, the circular thrust bearing
with single supply hole, ~;B%&£%~€§; takes very large
value for lower pressure, while for higher pressure (near
the pressure P, ) it falls down very much nearly to zero,
which means that most of the bearing area is occupied by
comparativelgimwerﬁ%essure than P,. Then for the calcula-
tion of the compressible load capacity of this bearing,
the accurate approximation of the’compressible pressure,
which is considered to be the weight function, is demanded
especially for lower pressure region, because this part
may be main for the load capacity. This is the reason

B A



why the approximation of Eq. (1.3.23) is used accurately
for the presuvaption of compressible effect.

In the other hand, for the thrust collar bearing with
slit-supply, the density or distribution of the pressure is
formed to be almost uniform as shown in Fig. A.5. Then,
compressible pressure, which is the weight function, must
be fairly accurate even for higher part.

Now, the following function may be considered as the

weight function p instead of Eq. (A4.13)

b= V(Po+Pa)(Pw— Pu) + PZ
Pw = pa

—Ps (P_ pa)-"pa (A.6l)

This equation represents a straight line { which inter-
sects with the real transforming function Eq. (A.59) at

two points of P=p (ambient pressure) and P=Pp, in the P~p
plane of Fig. A.5, where Py [: W/ (rZ- 02)] is the specific
load of the bearing. The load capacity can be obtained by
this approximation of the weight function in integration

of Eq. (A.60), resulting

=sbean'n5 area(p —pa)ds
zj_
[ \/(P0+Pa)fPN:Pa)+Pa Pa_ (p-p)ds
bem-mg oreo Pw po.

_VPo+ PN Py —P)+BZ -2
- PW —pa Sbeaﬁng areq (P—pa)ds

_ 2'_
2\/(po+pa>(£w_pa)+a Lo s Wingoms, (1.62)

v P2
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This pressumption of compressible effect may be fiarly

accurate as shown in the experimental results in the body.

Appendix XIV

The complementary functions of Eq. (3.2.21) is given
by the following forms.

P =ML @r) + MpIo(06T) + MK (i) + MK (OzT)

(A.63)
P’= N L) + Nzla(azr) +N3Ko(0('r) + Ng Ko (0r)

These functions can be made to satisfy Eq. (3.2.21)
by substituting it into the differential equations and
equating the coefficients in I, and K, to zero. From this,

the following equations are obtained

(0% = A®IN; + B M;

1]
o

(A.64)

]
©

(o7 = D*IM; + DNy

where é =1 or 3 when L=1, and é = 2 or 4 when L = 2.
Both of Mj and Nj are not zero in Eq. (A.64), hence

.2_ _ 2 :BIZ -
A © (A.65)
B* - D
This determinant yields Eq. (3.2.24).
Then, from Eq. (A.64), one can obtain the relation of Eq.

(3.2.25). Since the particular solution of Eq. (3.2.21) is
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p=p=p (A.86)

the general solutions are obtained as Egs. (3-2-22) and

(3:2:23)+

Appendix XV

For the former case of AW, , the load capacity is

x
’ P~ R So b+ (‘é;)a() +€cosB)’

__2ro(P—py) S’c B5 cos6 d
b, , BJ+([+€cos6)3 &
or
e ____St B2 cos6
i , Bo+(1+ecosB8)? 98 (46T
The bearing stiffness is

PFw, (T 3Bocos?e(1+ EwsB)
iy _ \
oE So [B3+(1+EcosB)*)? & LG8

At the design, the bearing stiffness near non-eccentric

state is important, that is

’BFw,l
0€ lg=0

™ 3B,2c05°6 3B
= | 3BsC0S O B2 > N A.
So (B2+1)? de 2(B2 +1)? (4.69)

In order to obtain the appropriate design parameter

which maximizes the stiffness,

3 (OFw _ 9qmBZ(-B)) _
55.,3—&_5—-:0)— 2(B2+1)* =% L TR
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Thus the maximum bearing stiffness can be obtained when

B,=10

For the case of AW,, the similar deductions are applied
resulting

OFw; _ S" 212Bicos?O(1+E£c0sH) do
oe b [ X2BZ+(1+ecos 8)%]%

aszl (™ 2X2Bcos*0 A= 7c®2B2
2 le=a So (x2Bz+1)2 ~  (x2BZ+1)?

Then

2 (%Fwe _ 2TXB. (1= KTBE) _ &P
'BOCB.)(bE-) |e=o)- (KZB°2+‘)4 - D ( 7 )

The maximum bearing stiffness for this case can be

obtained when x.B, = 1,0.
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