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Solvability of the heat equation on a half-space 

with a dynamical boundary condition 

and unbounded initial data 

龍谷大学・先端理工学部 川上竜樹

Tatsuki Kawakami 

Faculty of Advanced Science and Technology, 

Ryukoku University 

This is a survey article for the paper [5], which is joint work with Marek Fila (Comenius 
Univ.) and Kazuhiro Ishige (Univ. of Tokyo). 

1 Introduction 

Let N ~ 2 and記：＝股N-1X恥． Thispaper is concerned with global solvability of the 
problem 

，
 

0
,
0，
叫'ー、

=
＝

¢

0

 

tiuavu
＿一――
い
い
9

9

 

-
＋
 
x

x

 

（

（

 

u

u

 

a
t
a
t
u
u
 

,

v

、

XE認， t> 0, 

X E fJ記， t> 0, 

XE記，

X = (x', 0) E鷹':, x':= (x1, X2,. ・ ・, XN-1), 

(1) 

where Ot := 8/ot, and Bv := -c)joxN. The boundary condition from (1) describes diffusion 
through the boundary in processes such as thermal contact with a perfect conductor or 
diffusion of solute from a well-stirred fluid or vapour (see e.g. [2]). Various aspects of 
analysis of parabolic equations with dynamical boundary conditions have been treated by 

many authors (see e.g. the reference of [5]). 
In this paper we focus on the simplest linear problem from a point of view which has not 

been considered yet (as far as we know). Namely, we are interested in an appropriate choice 
of the function space of initial functionsゃsuchthat problem (1) is solvable. 
Throughout this paper we often identify JRN-l with c)認 Weintroduce some notation. 
Let丘＝r瓜x,y, t) be the Dirichlet heat kernel on記， thatis, 

丘(x,y, t) := (4冠）―1'f[exp(-~)-exp(- ~)] 
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for (x, y, t) E 野 x 艮~ x (0, oo), where y. = (y'，一恥） fory = (y',YN) E認 Set

［ふ(t)¢](x):= 1~ r瓜x,y, t)q;(y) dy, (x, t) E耐 x(O,oo), 
記！

(2) 

for any measurable function ¢ in記 ifthe right hand side of (2) is well-defined. For x = 
(x'，砂） E 記~ and t > 0, set 

P(x', XN, t) := CN（砂＋t)(Ix'門＋ （応＋ t)2)〗
where CN is the constant chosen so that 

1N-i P(x', XN, t)dx'= 1 for all邸：：：： 0and t > 0. 
艮N-1

Then P = P(x', XN, t) is the fundamental solution of the Laplace equation in記 withthe 
homogeneous dynamical boundary condition (see e.g. [1]). Set 

岱(t)心](x):= 1N-i P(x'-y', XN, t)心(y')dy', (x,t) E記 X(0, oo), (3) 
]RN-1 

for any measurable function 心 in 町—1 if the right hand side of (3) is well-defined. Then the 
function w(x, t) := [S2(t)心](x) satisfies 
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XE認， t> 0, 

xE8記， t> 0, 

X = (x', 0) E 8記・

Consider 
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where 

F[v](x, t) := 1N-i P(x'-y', XN, 0)如 v(y',0, t) dy' 
豆 1

t 

+ f f ⑬ (X1 -y', X N, t -S)い (y',0, s) dy'ds. 
〇艮N-1

Following [4], we formulate the definition of a solution of (1). 

(4) 

(5) 
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Definition 1.1 Let ifJ be measurable function in配． LetO < T ::; oo and 

v, aXNv, w EC（応x(0,T)). 

We call (v, w) a solution of (4) in記 x(0, T)が

罰(t)lfJ](x),［凰(t-s)F[v] (s)] (x) ds, 1t [S2(t -s)広v(•,0, s)](x) ds 
゜are well-defined and functions v and w satisfy 

v(x, t) =［ふ(t)lfJ](x)-1t[S1(t -s)F[v](s)](x) ds, 

w(x, t) =[m(t - 0 v(•, 0, s)](x) ds, 

゜for x E認 andt E (0, T), respectively. Then we say that u := v + w is a solution of (1) in 
記 x(0, T). In the case of T = oo, we call (v, w) a global-in-time solution of (4) and u a 
global-in-time solution of (1). 

For 1 :S: r :S: oo, we write I ・ lu := II ・ 11£r(BIRご） andII ・ llu := II ・ llu(IRf) for simplicity. 
Furthermore, for 1 :S: r :S: oo and a 2'. 0, we define 

尻：＝ ｛fE『（記）： llf|広く oo},

where 

||f||L; =｛ (!認 |f(x)「h(xN)-ardx)i lf l三r<OO, 
with h（訊v）：＝.  

XN  

XN+  1 
IIJIIL00 if r = oo, 

Then we can easily show that llf llL'[.さ||fllL;; for r E [1, oo] and 0さaさ(3.

Now we are ready to state the main results of this paper. 

Theorem 1.1 Let N ~ 2 and lさqさoo.Furthermore, let 

p E (Nq/(N -1), oo] if q < oo 

For r E [q, oo], put 

and p = oo if q = oo. 

a(r) = (N -1) (t-~) + t-
q r I q 

(6) 

Assume <p E L;,(p)" Then problem (4) possesses a unique global-in-time solution (v, w) with 

the following prope廿y:For any T > 0 there exists Cr > 0 such that 

sup [tり(i-i)( 
O<t<T 

llv(t) IILP + t½||い(t)IILP) + t灯い（t)lu]:S Crll<fJIIL~CP)' 

~~fr [11w(t)IILP + lw(t)ILr]:S Crll<fJIIび，
O<t<T 

a(p) 

(7) 
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for r E [q,p]. Furthermore, v and w are bounded and smooth in野 xI for any bounded 
interval I c (0, oo). 

Remark 1.1 We explain the role of the space L~ a(p) in our study. Let l :S q :S oo and 
take arbitrary functions <I> E Lq(町 -1),{} E Lq(l,oo). Now set cp(x) := <I>(x')w（駅） for
X = (x'心） E記， where

虹）：＝｛”〉が 0< XN三1，入 E股，
0（砂） if 邸＞ 1.

Choose p as in Theorem 1.1. Then it is easy to check that cp E L;(p) if and only if 

1 1 
入＞ （N -l) (t -t) (> 0 if q < oo). 

q p 

”入＞ 0,then lim_ cp(x) = 0 which means that the condition u(x', 0, 0) = 0 in (1) is satisfied. 
XN→O 

This indicates that the choice of the space of initial functions is natural and also optimal in 

some sense since入canbe arbitrarily close to O if q is large enough. 

We have not observed the importance of the behavior of cp near 8記 inthe L00-setting in 
[4]. The main novelty of this paper consists in working in an appropriate weighted Lq-space 

by which we extend a result from [4] significantly, as we explain below. 

In [4] we studied the problem 

l □::8口／〗）
XE認， t> 0, 

xE8記， t> 0, 
XE股N

十，

X = (x', 0) Ea記，

where cp and'Pb are bounded functions. A part of Theorem 1.1 in [4] reads as follows: 

(8) 

Theorem 1.2 Let N ~ 2, cp E L00（記） and四 EL00(良正1). Then problem (8) possesses 

a unique global-in-time solution u which is bounded and smooth in的 xI for any bounded 
interval I c (0, oo). 

Hence, if'Pb三 0then Theorem 1.2 is a very special case of Theorem 1.1. If'Pb E L00(記 -1)

and cp E L~ln\ with p, q as in Theorem 1.1, then we can combine Theorem 1.1 with Theo-a(p) 

rem 1.2 to obtain the existence of a solution of (8) easily, since the problem is linear. 

2 Preliminaries 

In this section we prove several lemmata on S1(t)¢ and F[v], and recall some properties of 

ふ(t)似 Inwhat follows, by the letter C we denote generic positive constants (independent 
of x and t) and they may have different values also within the same line. 

We first recall some properties of S1(t)¢ (see e.g., [6] and [4, Lemma 2.1]). 
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(GリForany 1 ::::; q ::::; r ::::; oo, 

IIS1(t)¢llu:::;叫―芽（□）||¢11£., t > 0, 
for all¢ E Lq（記），wherec1 is a positive constant, independent of q and r. In particular, 
if q = r, then 

sup IIS1(t）¢1|じ：：：：： 11¢11u-
t>O 

Furthermore, for any 1：：：：： q ：：：：： r ：：：：： oo, 

ll8xNふ(t)のllu:S c2t―が(}-！)-½11¢11£q, t > 0, 

for all¢ E Lq（記）， wherec2 is a positive constant, independent of q and r. 

(GりLet¢ E Lq（認） with1さq::::;oo and T > 0. Then S1(t)¢ is bounded and smooth with 
respect to x and t in記 x(T, oo). 

Applying an argument similar to the proof of Young's inequality, we have the following. 

Lemma 2.1 Let l ::::; q ::::; r ::::; oo. Assume¢ EL~ a(r) with a(r) as in (6). Then there exists 
c3 = c3(N) > 0 such that 

|%［ふ(t)c/J]l£r~ C3t—½ llc/JIIL~(r) l t > 0. 

Next we recall some properties ofふ(t)心．

(PリLet心EU（罠N-l)for some r E [1, oo] and t, t'> 0. Then 

[S2(t)ゆ］（x',XN) = [S2(t + XN)心](x',0), 
[S2(t + t'）心](x)= [S2(t)(S2(t'）ゆ）］（x),

for x = (x'，邸） €記. Furthermore, 

(A) For any 1：：：：： T：：：：： q ：：：：： oo, 

liJII I S2 (t)ゆールIr= 0 if 1'.S r < oo. 
t→O 

忍(t）叫q：：：：： Ct―(N-1)(~-¼)|心 |L', t > 0, 

for all心EL冗応N-1).In particular, if q = r, then 

sup IS2(t)心ILq：：：：：枷ILq.
t>O 

(9) 
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(P3) Let 1 :S rく ooand Nr/(N -1) < qさoo.Then 

IIS2(t)心IILq:S Ct―(N-1)(~-½)+伽|Lr, t > 0, 

for allゆEU（股止1).Furthermore, 

sup IIS2(t)'I/JIILq :SC(|心|Lq+|ゆ|u)
t>O 

for all心Eい（良N-1)nじ（恥N-1).

Properties (Pi), (P2), and (P3) easily follow from (3) (see e.g. [3]) and imply that 

sup IIS2(t)心IIL00::; I心ILoo 
t>O 

(10) 

for all心EL00(罠N-1). Furthermore, by an argument similar to that in the proof of prop-
erty (G2) we have: 

(P4) Let心EE（良N-l)with 1 :S r :S oo. Then, for any T > 0, S2(t)心isbounded and 
smooth in記 x(T, oo). 

3 Proof of Theorem 1.1 

In this section we prove Theorem 1.1. By [4, Theorem 1.1] with c = 1 and <f)b = 0 we have 
Theorem 1.1 for the case p = q = oo. So we focus on the case qく 00.

Let T > 0, M ミ1,1さqく oo,and p E (Nq/(N -1), oo]. Set 

Xr,M := { v: v，如VEC（奇 x(0, T)), llvllxT,Mく 00}, llvllxT,M := 0門~Jre-Mt E[v](t), 

where 

E[v](t) := tlf(¼-½) [llv(t)IILP + t½ II如 V(t)||LP]＋ sup tり如v(t)|じ
q'.'oだこp

Then Xr,M is a Banach space equipped with the norm II ・ llxr,M・ We apply the Banach 

contraction mapping principle in Xr,M to find a fixed point of the functional 

Q[v](t) :=ふ（t)cp-D[v](t) (11) 

on Xr,M, where D[v] is the function defined by 

D[v](t) := 1品(t-s)F[v](s) ds 
゜

(12) 

and F[v] is the function defined by (5). For the function F[v], we have the following. 
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Lemma 3.1 Let T > 0, M 2'. 1, 1さq< oo, and p E (Nq/(N -1), oo]. Assume that v E 
Xr,M• Then there exists C > 0, independent ofT and M, such that, forp E (Nq/(N-1), oo), 
it holds that 

IIF[v](t)IILPご;C(l + t打t―蛉Mtllvllxr,M
for O < t < T. Furthermore, for any r E [q,p], 

IIF[v](・, XN, t)||い(JRN-1)さc(1+ (x闊州）t―ふeMtllvllxr,M
forxN E (O,oo) and O < t < T. 

Applying Lemma 3.1, we obtain the following estimate for the function D[v]. 

Lemma 3.2 Assume the same conditions as in Lemma 3.1. Let D[v] be the function defined 

by (12). Then there exists M.ミlsuch that 

1 
IID[v] llxT,M ~ ~ llvllxT,M (13) 

for v E Xr,M and M 2: M*. Fuけhermore,D[v] is bounded and smooth in記 x(T, T) for 
any O < T < T. 

Now we are ready to complete the proof of Theorem 1.1. 

Proof of Theorem 1.1. Let T > 0. M 2: 1, 1さq< oo, and p E (Nq/(N -1), oo]. Then, 
since 111-PIIL~ さ ||1-PIIL; for r E [1, oo] and 0さaさfJ,by (G1) and (9) we have 

e-Mt E[S1 (thつ］（t）:こ (c1+ c2 + c3) 111-PIIL~、（p) (14) 

fort > 0, where c1, c2, and c3 are positive constants given in (G1) and Lemma 2.1, respectively, 
and 0:(p) is given in (6). Furthermore, by Lemma 3.2, taking a sufficiently large M 2". 1 if 
necessary, we see that 

1 
IID[v]||巧，M ::::: ~llvllxr,M, v E Xr,M, (15) 

for O < t < T. Set 
m := 2(c1 + c2 + c3)ll'PIIL•,,· 

a(p) 
(16) 

We deduce from (11), (14), (15), and (16) that 

IIQ[v] llxr,M さ os翌~e-MtE[S1(t)cp](t) + IID[v]llxr,M 

1 
さ(c1+ c2 + c3) II cpllL;,(pJ + ~ llvllxT,Mさm

(17) 

for v E Xr,M with llvllxT,M :::; m. Similarly, it follows from (15) that 

1 
IIQ[v1] -Q[v』||xT,M= IID[v1 -v2] llxT,Mさうllv1-v2 llxT,M (18) 
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for vi E Xr,M (i = 1, 2). Then, by (17) and (18), applying the contraction mapping theorem, 
we find a unique solution v E Xr,M with llvllxr,M :Sm such that 

V = Q[v] =ふ（t)cp-D[v](t) in Xr,M-

In particular, we see that 

llvllxr,M :S Cllc.pllL;,(p) ・ 

Moreover, by (G2) and Lemma 3.2, we see that v is bounded and smooth in記 x(T1, T) for 
any O < T1 < T. 
Set 

w(x, t)＝［岱(t-s)い(・,0, s)](x) ds 
゜for XE的 andt E (0, T). By (10) and (16) we obtain 

llw(t)IILP::; 1t IIS2(t -s)8xNv(•, 0, s)IILP ds 

こ o[ （い(s)|Lq+ |い(s)|LP)ds 

and 

::; C 1t eMss—½ llvllxT,M ds::; CeMTT½ ll1PIIL;,cpJ < oo, 

゜
lw(t)|じ::;1t店(t-s)如 v(・,0, s)lu ds 

こ ojtい (s)|Lrds 

こC]teMss―lllvllxT,M d,s <; CeM"'T̀|位||L:(P)＜ oo, 

゜for O < t < T. Furthermore, by (P3) we apply an argument similar to that in the proof of 
Lemma 3.2 and see that w is bounded and smooth in野 x(T1,T) for any O < T1 < T. 
Therefore we deduce that (v, w) is a solution of (4) in記 x(0, T) satisfying (7). 
Let (v，心） bea solution of (4) in認 x(0, T.) for filly T. > T and such that v E Xr.,M. 
with some M. > 0. Then v E Xr,M and since 

v-v = Q[v] -Q[v] = D[v-v] in Xr,M, 

by (13) we have 
1 

llv-軋||XT,M~ ~llv -vllxT,M' 

This implies that v = v in Xr,M• Therefore we deduce that (v,w) is a unique global-in-time 
solution of (4) satisfying (7). Thus Theorem 1.1 holds for the case q < oo. Furthermore, by 
[4, Theorem 1.1] with E: = 1 and'Pb = 0 we have Theorem 1.1 for the case p = q = oo, and 
the proof of Theorem 1.1 is complete.ロ
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