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Abstract

We discuss the elliptic regularization applied to linear advection
equations in a bounded domain, where the homogeneous Dirichlet con-
dition is imposed on the inflow boundary. The adopted regularization
is to add a diffusion term with a small positive coefficient €. Our reg-
ularization, also known as singular perturbation, requires additional
boundary conditions on the remaining part of the boundary. We fo-
cus on L? asymptotic behavior of regularized solutions u® as € — +0,
particularly on their convergence rates under different types of addi-
tional boundary conditions, and we propose a new technique to derive
these estimates. Furthermore, we also give some numerical experiments
based on the finite element methods in order to check optimality of our
convergence rates.
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1 Introduction

The study of first-order partial differential equations (PDEs) is one of the
fundamentals of the theories of PDEs and has been pursued from diverse
perspectives. Our research aims to contribute to the establishment of stable
numerical methods for systems of first-order quasi-linear equations. As a
fundamental step to the goal, we focus on the elliptic regularization method
for a single first-order advection equation in a bounded domain, especially on
the estimation of the asymptotic behavior of regularized solutions primarily
from the standpoint of mathematical analysis.

First-order PDEs are discussed in relations with surface theory, as seen
in the historical works such as Darboux [5] and Goursat [13], and they
are also be discussed from the standpoint of mathematical physics, such as
flow problems. In this study, we adopt the latter standpoint, treating the
equations as a mathematical model of advection phenomena.

A mathematical model of advection phenomena is given as

ur + V- F(z,u) + G(x,u) =0, (1.1)

where u = u(z,t) with spatial variables z € R? and time ¢, F' is a R%valued
flux function, and G is a source term. It is well-known that solutions to (1.1)
may have discontinuities (e.g., shock waves) even with smooth initial data.
In discussions within mathematical physics, one of the common approaches
to handle such discontinuities is to regularize the problem by introducing a
small diffusion term. That is to say, the regularized equation

ui + V- F(z,u®) + G(z,u’) = eAu, (1.2)

is considered in parallel with (1.2). Here, A denotes the Laplacian cor-
responding to diffusion, and ¢ is a small positive parameter representing
small diffusion effect. This approach, also known as the vanishing viscos-
ity method, analyzes the solution u to (1.1) by studying the asymptotic
behavior of the solution u® to (1.2) as e — +0 [3,21].

When considering (1.1) in a bounded domain 2 C R%, we need to impose
boundary conditions. For the first-order equation (1.1), they are typically
imposed on the inflow part of the boundary 02. However, difficulty arises in
the general nonlinear case, because the inflow boundary itself may depend
on the unknown solution u. In contrast with (1.1), since the regularized
equation (1.2) (or its stationary one) is second-order with respect to the
spatial variables, it requires boundary conditions on the whole boundary
0€). A significant advantage of this regularization is that an extensive body
of mathematical results is available for such second-order (e.g., parabolic
or elliptic) boundary value problems, enabling more  precise analyses of
u® and its asymptotic behavior. On the other hand, this approach should
require new challenges. For instance, if the homogeneous Dirichlet condition



is imposed on the whole boundary 0f) for u¢, it forces the regularized solution
to be zero on the parts of the boundary where the solution u to the equation
(1.1) would not necessarily be zero. This mismatch gives rise to a new issue
concerning the behavior of v and u® near such boundaries, so called the
boundary layer problem.

Furthermore, in case the setting for the equation (1.1) allows disconti-
nuities of a solution u within the interior of the domain (corresponding to,
e.g., shock waves), internal layers may appear for the smooth function u°.
These internal layers and the boundary layers are mathematically distinct
phenomena, and we should remark, specially, internal layers arise from the
quasi-linear nature of equation (1.1). Focusing on boundary layers in this
research, we restrict ourselves to the cases where the term V - F(z,u) in
(1.1) is linear. This leads us to concentrate on the detailed analysis of the
error estimate u® — u, particularly near the boundary. We aim to discuss
the refinement of estimates for u® — .

Thus, let us we consider the stationary advection-reaction equation in a
bounded domain  C R%:

B-Vu+pu=f in Q, (1.3)
with the boundary condition
u=0 on I'_={zxed|f(x) n(r) <0},

where 3 is a given vector field on Q, p and f are given scalar functions on
Q, and n(x) is the outward unit normal vector at € 9. The boundary
I'_ corresponds to the inflow boundary, which is determined a priori for
the linear equation (1.3). The corresponding regularized problem, which is
sometimes called an elliptic singularly perturbed problem, is

—eAu + - Vut +pu = f in Q, (1.4)

where € > 0 is a small parameter. For u®, a boundary condition on I'_ is
naturally inherited as

u* =0 on I_.

However, since (1.4) is a second-order elliptic equation, boundary conditions
for u® should be imposed on the whole boundary 9. We may impose
various types of boundary conditions on 92 \ I'_. various conditions can
be considered. In this study, we will focus on two typical conditions; the
homogeneous Dirichlet condition and the homogeneous Neumann condition.
A precise formulation of these problems will be given in the subsequent
sections.

There have been numerous studies about the case where the Dirich-
let boundary condition is imposed on the whole boundary OS2 for u®, as



this setting is related to the vanishing viscosity problem for the Navier—
Stokes equations [4]. The boundary layer analysis is often employed to
investigate the behavior of u® near the boundary. However, obtaining a
global estimate such as [[u® — ul[;2(q) is not easy and the shape of do-
mains have offered some restriction [7,20]. This difficulty arises from serious
difference of the boundary layers appearing at the characteristic bound-
ary I'g = {x € 0Q | B(x) - n(x) =0} and at the outflow boundary I'y =
{z € 9| B(z) - n(x) > 0}. The situation should be more difficult near the
points where these boundary segments meet; it is complicated to construct
corrector terms for the estimation. To deal with these challenges, we will
derive convergence estimates in Section 3.1 by using a priori estimates for
advection equations, achieving this for certain domains like an interval in R
or an annulus in R? without resorting to explicit boundary layer correctors.

It is known that the boundary layer arisen from the homogeneous Neu-
mann condition on 02\ I'_ tends to be weaker than from the Dirichlet case
[28], and an estimate for the convergence rate has been provided for the
case of u € H(Q) [26]. In Section 3.2, we will derive convergence estimates
under the assumption v € H2(Q). It will be clarified that the convergence
rate depends on both the presence or absence of the characteristic boundary
'y and the degeneracy of - n on the outflow boundary I'y.

The convergence results obtained in Section 3 provide upper bounds for
|u® — ul| 2y, Which in turn give lower bounds for the convergence rate
of [|u® —ullf2) as € = +0. Some numerical examples will be given in
Section 4 to verify the optimality of our convergence rates for cases where
the Neumann boundary condition is imposed for u® on 9Q \ T'_.

2 Preliminaries

We formulate our boundary value problem of the steady advection equation
together with its regularized problem. We state the well-posedness of the
problems, following [6] with slight modifications.

Let Q be a bounded domain in R? with a Lipschitz boundary 9. We
consider the homogeneous Dirichlet problem of the linear steady advection
equation:

B-Vu+pu=f in €Q, (2.1)
{ u=0 on I_, (2.2)

where 3 is a given vector field on Q, and p and f are given as scalar functions
on (). To formulate the boundary condition, we decompose the boundary



0Q into 92 =T_UTyUT,, where each component is defined as follows:

. ={x€dQ| p(x) n(z) <0},
Iy ={x€dQ| B(x) n(x) > 0}.
Lp=00\ (T_uUT,).

Since  has a Lipschitz boundary, the outward unit normal vector n(z) is
defined almost everywhere on 9€). These subsets are called the inflow bound-
ary, the outflow boundary and the characteristic boundary, respectively. We
impose the Dirichlet boundary condition only on the inflow boundary I"_.

We assume that 8 € [WH°(Q)]¢ and p € L°°(Q). Note that the Sobolev
imbedding theorem implies W1*°(2) — C°(Q) (see, e.g., [1]). We also
assume that a positivity condition

o = ess(%nf <,u — %V . ﬁ) > 0. (2.3)

The condition (2.3) is a technical requirement necessary for our proof given
in Section 3. We remark that it is satisfied for sufficiently large pu, that is,
the reaction term pu dominates the advection term - Vu. The condition
(2.3) is a sufficient condition for our results and almost the same results
can be shown by the existence of a smooth auxiliary function ¢ satisfying
|6 - V(| >0onf (see Remark 2.2).

In this study, we focus on an L?-theory for the equation (2.1), which is
suitable naturally with its numerical computing by the finite element method
(FEM) with non-conforming elements.

We also describe an alternative approach, which is called the method
of characteristics. When a curve c(t) in R? satisfies a system of ordinary
differential equations(ODEs)

dc
o = Be(t), (24)

it is called a characteristic curve corresponding to the equation (2.2). For a
smooth solution u to (2.1), set U(t) = u(c(t)), and we have

W w2~ (5 Tu)(et) = —ule)U() + f(e(t).  (25)

dt dt
Thus, one might expect to obtain a solution to (2.1) by solving ODEs (2.5)
along each characteristic curve. However, certain assumptions are needed
to justify this method. One of the most strict restriction is the regularity
requirement for the coefficients in (2.1) such as 8 € CY(Q), u, f € C°(Q),
which ensures unique solvability of ODEs (2.4) and (2.5). Furthermore, from
the viewpoint of boundary value problems, only the regularity requirement
is not enough. This method may fail to provide a solution to (2.1)-(2.2)



if, for example, the system (2.4) have a limit cycle within . Additional
conditions are needed to avoid such issues. The functional analytic method
employed in this study, supported by condition (2.3), is applicable even in
some situations where the method of characteristics faces difficulties.

We state the boundary condition (2.2). Recalling the method of charac-
teristics, we may impose the boundary condition either on the inflow bound-
ary I'_ or on the outflow boundary I';.: The ODE (2.4) is solved both for-
ward and backward with respect to t. However, in our method based on the
L? theory, the boundary condition must be given on the inflow boundary
in terms of the well-posedness of the problem. It may be understood after
introduction of regularized problem later.

We will state the well-posedness of the boundary value problem (2.1)-
(2.2) based on Chapter 2 of [6]. Let us introduce a function space Hg(§2)
defined by

Hg(Q) = {ve L*Q)|B-Vve L*(Q)}

with the inner product

(v, W) Ey0) = /

vwdzr + / (B-Vv)(f - Vw)dz, (2.6)
Q Q

where (3 - Vv means the weak derivative. Precisely, for g € [W1>°(Q)]¢ and
v € L?(2), we consider the linear functional F, : C5°(2) — R defined by

Fie) == [ 09 (Bp)de.

We say that v belongs to Hg(2) if there exists a positive number C, satis-
fying
[Fu(e)] < C’UHSOHLQ(Q)

for all ¢ € C3°(€2). In that case, F, extends uniquely to a bounded linear
functional on L?(f). By the Riesz representation theorem, there exists a
unique element w € L?(Q) satisfying

Fue) = [ weda

for all p € L?(2), and the function 8- Vv is defined as this (unique) repre-
sentation function w.

Lemma 2.1 (Proposition 2.2 of [6]). The function space Hg(Q2) with its
inner product (2.6) is a Hilbert space.

The inflow and outflow boundaries are called well-separated when the
separation condition I'_ N Ty = ) is satisfied. Under this condition, we can
define the trace operator on Hg((2).



Proposition 2.2. Under the separation condition, the trace operators v+ :
Hg(Q) — L*(Tx;|8 - n|) are defined and are bounded, where L*(I'y; |8 - nl)
are Lebesgue spaces on 'y with respect to the weighted surface measure
|6 - n|do. Moreover, for all v,w € Hg(2), the following integration by parts
formula holds:

/ ((B-Vo)w+v(B-Vw) + (V- B)ow)dr = / vw(f - n)do.
Q

o0N

This proposition is almost the same with Lemma 2.5 in [6], and we follow
its proof.

Proof. Owing to the separation condition, there exist two function ¥* €
C(Q) such that,

v +¢YT=1 on Q, Qﬂm =0, and o*|, =0.
For p € C*(Q), we have
[ nl= [ (o +ut) 6 ne
Q o0
N /QV (¢~ + Y H?B)dx
= [0 (v whEn + [ 207+ 0B Topuda
Q Q

< 03”””%15(9),

where C% = [V - (=9~ +9)B)llpe(o) + [[=¢~ + ¥ |feo(q)- Thus, we
have
1ol 20 _g1gmpy + 1020y si8m) < Colloll g e)- (2.7)

Since C*°(£) is dense in Hg(2) (see, e.g., [18]), the inequality (2.7) enables
us to define the trace operators y1 : Hg(Q) — L*(T'y;|8 - n|) as bounded
operators, and we have

||’7i(v)”L2(Fi;|ﬁ-n|) < C’Y”UHHB(Q)'

This proof also means the integration by parts formula.
O

Remark 2.1. It is worthy of remarking that the trace of a function in Hg((2)
is defined and belongs to L (I't; 8- n), but does not to L?(I'y; |3 - n|) in
general without the separation condition of I'_ and 'y (see [2]). In order to

check the fact, we take arbitrary compact sets I''. C I'_ and I/, C I"y. Since



dist(I"_,T'4) > 0 and dist(I"”,,T'_) > 0, there exist functions y_, x+ € C(Q)
with

0<x_-<1, x-=1 on I, x_=0 on Iy,
0<x+ <1, x+=1 on F’+, X+=0 on T_.

Then, for v € C*°(§2) we have

/UQB-n\dU—i—/ v2\5-n\d0§/ UQX_\B-n|dU+/ v2x 4|8 - nldo
g ! _

r, r r,

:/ (—x= + x+)v*(8 - n)do.
onN

The rest of the argument is same as the proof of Proposition 2.2. We also
note that we can take the trace of v € Hg({2) vanishing on I'_ (in the sense
of the local trace) mapped to L?(I'y; 3 - n) even if the separation condition

does not hold. To see this, we take a sequence {vy,},, in C*°({2) vanishing
on I'_ and converging to v [18], and by the integration by parts we have

/ 18 nldo = |9 28)de < oz gy + Cllomli o

where C' is a constant independent of v,,. By using the argument about
the local trace with v = 0 on I'_, as m — oo, we obtain [[v]| 2, . g <
vl Hy(0)- Lhis leads the well-posedness of the boundary value problem
(2.1)-(2.2). For more details, see [17].

Let us define subspaces of Hg(2) by

Hs.(Q) = {v € Ha(Q) | vy, = o}.

In case that the separation condition does not hold, we regard U‘Fi as the

local trace. In any case, Hg_(Q) is a closed subspace of Hg(f2), that is,
Hpg _(Q) is a Banach space with the norm ”'”HB(Q)'

To show the well-posedness of the boundary value problem (2.1)-(2.2),
we prepare the Banach-Necas-Babuska theorem. A proof is seen in e.g. [6].

Proposition 2.3 (Banach-Necas-Babuska theorem). Let V' and W be Ba-
nach spaces over R, where W is reflexive, and let a be a bounded bilinear
functional on V- x W. Then, the following three conditions (a)—(c) are equiv-
alent to one another:

(a) For any F € W', there exists a unique uw € V such that, for allw € W,

a(u,w) = F(w).



(b) The following two conditions hold:
a(v,w)

a1 := inf sup ——— >0,
veV\{0} wemn oy [vllyllwlly

{we W | For allv e V,a(v,w) =0} = {0}.

(¢) The following two conditions hold:

a(v,w)

ap := inf sup ——————— >0,
veV\{0} wew {0} [[Vlly 1wl
ag = inf sup M > 0.

weW\{0} yev\{o} [V]ly 1wl
Furthermore, it holds that |ully, < o7 |F|ly foru in (a), and that oy = az
in (c).

The well-posedness of the boundary value problem of (2.1)-(2.2) is de-
duced from the above proposition. We give such a precise statement as in
Chapter 2 of [6], but we do not assume the separation condition.

Proposition 2.4. Under the positivity condition (2.3) of po > 0, we con-
clude the following results:

1. For any f € L*(Q), there uniquely ezists a solution u € Hg () to

(2.1)-(2.2). Moreover, there exists a positive number C' independent of
f such that

lull gy ) < ClFIlL2(e-

2. For any f € (Hp4+(Q))', the dual space of Hp (), there uniquely
exists a function u € L?(Q) satisfying

/Q u(=V - (Bv) + pv)dz = (f,v)

for all v € Hp (), whose bracket (, ) denotes the duality pairing.
Moreover, there exits a positive number C' independent of f such that

[ullrei) < Cllfllmy, (@)
Proof. Let B be a bilinear form defined on Hg _(2) x L?(2) by
B(v,w) = /(ﬁ Vv + w)wdz, for (v,w) € Hg_(Q) x L*(Q).
Q

We have the following two results
B(v,w)

o= inf sup
veHs — ({0} werz@\ (0} 101, 1wl L2 (0

> 0, (2.8)



and
{weL*Q) | Bv,w)=0 forall ve Hs_(Q)}. (2.9)

The conclusion of the first half of the proposition follows from (2.8) and
(2.9) owing to the Proposition 2.3. Their proof are as follows: For (2.8), for
any v € Hg _ (), there exists a sequence {v,,},, C C°°() approximating v
in Hg(€2). Thanks to the positivity condition (2.3), we have

B(vp, vm) = / (B - Vg, + pom)vpmdz
Q

1 1 1
—/ <u—V-B)vfndx—/ v?n]ﬁwzda—i—/ v2 |8 - n|do
Q 2 2 Jr_ 2 Jr,

1 1
2 2 2
2 pollvmllz2(9) = 5llvmllz2w ;5.0 + 5lvmllz2, s 5.0,

hence we have

1
B(v,v) > polv)| 72y + Slollzayjmp- (2.10)
Therefore,
_ _ B(v, w)
ol 720y < 1o ' Blv,v) < g 1( SUp ) 191l L2 ()
weL2(Q)\{0} 1WIIL2(q)

and it leads us to
_ B(v,w
foll gy < g sup L)
werz@\{oy 1wl 2o
On the other hand, it holds that
Jo(B - Vv)wdx
18- Vollpaey = sup S
werz@\o}  wllrz2
B(v, w) — d
— awp (v,w) — [ powdz
weL2(Q)\{0} |wll 20

_ B(v,w)
14 || 7 00 con 14 ! sup —_
( il @yt )weL2(Q)\{O} lwll 20

IN

Thus, we have

_ _ —-1/2
{12+ A+ Il ez 2} <
B(v,w)

inf sup
veHs ({0} werz@\ (0} 10,0 Wil L2 (0

9

10



which implies to the inf-sup condition (2.8).
In order to show (2.9), take w € L?(Q) satisfying B(v,w) = 0 for all
v € Hg _(2), and we have, for v = ¢ € Cg°(),

/Q(B -V + pp)vdr = 0.

Therefore, since —(V - B)v + uv € L*(Q), integration by parts shows that
ve Hg(2) and - Vv =—(V-B)v+ pw.
Let I, be a subset of I' ;. with dist(I'_, T, ) > 0. We can take, following

the notice in Remark 2.1, a function x € C°°(£2) satisfying
0<x<1 on Q, x=1 on F’Jr, and xy=0 on I'_.

Note that we can take I'Y, =TI'| if we assume the separation condition. For
v € Hg(R2), it holds that yv € Hg _(§2), and we have

J

v?(B - n)do < / (B - n)do

a 20

= [(3- Ve + )V - (Bu))da
= [ (8- 90+ )i
= B(xv,v) =0,
and hence v = 0 almost everywhere on I, and v = 0 € L2 (), which

loc
implies v € Hg 1 ().
Therefore, we have

0:/9(—V-(ﬁv)+/,w)vd:z
:/Q<u—;(v-ﬁ)>02dx+;/n v?|B - n|do

2
> pollvllz2(q)-

For the latter part of the proposition, we define a bilinear form B’ :
L2(9) x Hy4(2) by

B'(v,w) = /Qv(—v - (Bw) + pw)dz  for all  (v,w) € L*(Q) x Hg 1 (Q).

Similarly to the former discussion, we show the well-posedness of the adjoint
problem to (2.1)-(2.2);

{—V-(Bu)+uu:f in Q,

u=0 on I'y.

11



Define a bilinear form B’ : Hs | (Q) x L*(Q) — R by
B'(v,w) = /(—V - (Bv) + w)wdz  for all  (v,w) € Hg (Q) x L*(Q),
Q

and it suffices the statement (c) in Proposition 2.3. Finally we conclude
B'(w,v) = B'(v,w), which implies the latter part of the proposition.
O

Remark 2.2. The positivity condition (2.3) is used to derive the inequal-
ity (2.10), but this condition is replaced by the existence of the following
auxiliary function ¢ € L*(Q). Let a function ( € L*(Q) satisfy both
B - Vv e L*() and essinfq(f - V() > 0. For a solution v € Hg _(Q2) to
(2.1) and for any positive number A, set z = e"*u € Hg _(2). Then

B:-Vz=e (B -Vu) = e (8- VQu=ef e {u+AB-V}u,

and z is a solution to 8- Vz + fiz = e f for fi = pu+ A(B- V(). Since
essinfq (/1 — %V - 8) > 0 for sufficiently large A, we return to the discussion
above to estimate He*)‘CuHLQ(Q) to obtain (2.10). One of the sufficient con-

ditions for the existence of such ( is that the vector fields 8 never banishes
on ) and has a scalar potential ¢ such that § = V¢. In this case we can
take ¢ = ¢. Another sufficient condition is that § is a filling field; for all
x € Q there is a characteristic curve defined by (2.4) which starts from I'_
and that reaches z in finite time. In this case we can solve §-V({ = 1 by
using the method of characteristics (see [8]).

We should also show the well-posedness for the regularized equation
—eAu+ - Vu' +pu=f in Q. (2.11)

Because (2.11) are second-order equations, they requires additional bound-
ary condition on 9Q\T'_, and we consider either of the boundary conditions
such that

u*=0 on 09, (2.12)
ou®

u*=0 on TI'_,

Proposition 2.5. 1. For all € > 0, the boundary value problem (2.11)-
(2.12) has a unique solution u® € HJ(Q) in the sense that

s/ Vuf - Vodz + / (8- Vu® + pu)vdr = / fudz,
Q Q Q

for all v e H (D).

12



2. For all € > 0, the boundary value problem (2.11)-(2.13) has a unique
solution uf € H}: (Q) = {v € HY(Q) | U‘F_ = 0} in the sense that

8/ Vuf - Vodr + / (8- Vu® + pu)vdr = / fudz,
Q Q Q

for allv e HE ().

Proof. These well-posedness results are well known in the theory of elliptic
equations (e.g. [9]), but we dare to derive them here because we will use the
inequalities below in subsequent sections.

By virtue of the positivity condition (2.3), the bilinear form

Bf(u,v) = E/Q(Vu -Vu)dzr + /Q(ﬁ -Vu + pu)vde (2.14)

is coercive, i.e., for all v € HE () we have

d
1
B(0,0) = elolfay + [ 3380+ [ puids
=1

— <ol + [ (n-5v-8)vdos g [ 6 219
> min {e, to}|[ull g1 (q)-
The conclusion follows from the Lax—Milgram theorem. ]
Remark 2.3. For the both boundary value problems above, we have

el V|1 22 + HollufllZ20y < 112y 16 220
and

el V(122 + HollulllZz0y < 15 11172 (0- (2.16)

Remark 2.4. As is mentioned in Remark 2.2, the positivity condition is
replaced by existence of the auxiliary function ¢ satisfying |3 - V(| > 0:
Under this assumption, the bilinear form B¢ is still coercive for sufficiently
small €.

At the end of this section, we introduce two inequalities, which are used
later, for the trace of a function in H'.

Proposition 2.6. Let Q be a bounded domain of R with a Lipschitz bound-
ary 0). Then, there exists a constant C' such that

[ull 2200y < C (I Vull 20y + 17 ullr2(0))
for allu € HY(Q) and 0 < n < 1.

13



The following is called the Sobolev trace embedding theorem, which plays
an important role in Section 3.2. A proof is found in [11]

Proposition 2.7. Let Q be a bounded domain in R® with a Lipschitz bound-
ary, and suppose that d > 2 and 2 < ¢ < 2* :=2(d —1)/(d — 2). Then, the
trace operator Yo, : HY(Q) — L1(99) is bounded. If d = 2, then the trace
operator yo,4 : HY(Q) — LI(0Q) is bounded for 2 < q < oc.

3 Convergence estimates

This section is dedicated to our main results: deriving convergence estimates
for the error u® —u in the L2(Q) as the perturbation parameter ¢ — +0. The
solution u is from the advection problem (2.1)-(2.2), and u° is from its elliptic
regularization (2.11) with either Dirichlet or Neumann boundary conditions
on OQ\I'_. The behavior of u® near the boundary, particularly the formation
of boundary layers, significantly influences these estimates. Understanding
these rates is crucial, for instance, when using u® in numerical computations,
as it informs how discretization parameters might need to relate to €.

3.1 The case of the homogeneous Dirichlet boundary condi-
tion

We first consider the case where u® satisfies the homogeneous Dirichlet con-
dition on the entire boundary 0€, i.e., problem (2.11)-(2.12).

The behavior of uf for this problem has been extensively studied, often
using asymptotic expansion techniques (see, e.g., [7,25,27] and the review
[28]). These studies reveal that u® can typically be decomposed into the
solution u of the limit problem, boundary layer correctors, and a remainder
term.

For instance, let Q be a bounded domain in R?, and assume that the
boundary 02 and the coefficients in (2.1) are sufficiently smooth. Let S_
and S; be connected subsets of I'_ and I';, respectively, satisfying that
the characteristics of (2.1) in  emanating from S_ exit Q through S,
and conversely. We call a regular quadrilateral for the closed and simply
connected subset of Q bounded by S_, S, and by the two characteristics
of (2.1) joining the end points of S_ and S;. It is stated in [25] that the
solution u° to the boundary value problem (2.11)—(2.12) can be decomposed
in a regular quadrilateral Qg in Q as

u®(x) = u(x) + 2°(x) + w'(x)

where u is the solution to the boundary value problem to (2.1)-(2.2), and
w® = O(e'/?) uniformly in Qp, namely, there exists a number C independent
of ¢ such that

max [wf(z)| < Ce'/? as & — +0.
e

14



Moreover on some neighborhood of S5 in €y we have
2 (x) = e 9@/ p (1) (3.1)

where the functions g and h are of class C?, g = 0 on S; and g > 0 off
of S;. We can find the generalization of this fact for the R% case in [27].
Note that u® satisfies the boundary condition (2.12) on S, but u does not
in general. This discrepancy is corrected by 2°, called the boundary layer
term, and w® is the remainder term. The representation (3.1) implies that
the width of the boundary layer at I'y is of order O(e).

However, global L%(Q) estimates for u® — u are generally available only
for simple domains or under restrictive assumptions. For more general do-
mains, estimates are often confined to subdomains away from the charac-
teristic boundary I'g. Near I'g, different types of boundary layers, often
called ”parabolic” boundary layers, will appear with a larger width, typi-
cally O(£'/?) [10]. The interaction between these different layer types makes
constructing uniform asymptotic expansions and deriving global estimates
difficult. While qualitative convergence u® — u in L?(2) for general domains
was established in [2], obtaining precise rates globally is harder.

A typical case where the characteristic boundary layers appear is that
the domain 2 is a rectangle and the vector field § is parallel to one of its
edges. Here we consider the case Q = (0,1)2 ¢ R? and 8 = (—1,0). Then

[y ={0y]0<y<1} and TIo={(z,0)[0<z<1}U{(z,1)|[0<z <

are the outflow boundary and the characteristic boundary, respectively. This
setting can be found in numerous studies. For example, in [10], the boundary
value problem

aau =f in Q wu =0 on 0N
x

—eAuf —

is considered. Here, it is assumed that f = 0 on y = 1. Then the solution u
to the boundary value problem

—@:f in  wu=0 on z=1,
oz

satisfies u(x,1) = 0. In this case the characteristic boundary layers do not
appear near y = 1 because u satisfies the same Dirichlet boundary condition
as u® on y = 1. This situation is often referred to as a compatibility condi-
tion. On the other hand, a characteristic boundary layer typically appears
near y = 0, and different behaviors called corner layers is observed near the
corners (0,0) and (1,0) on y = 0. Therefore, to estimate [|u® — uf|2(q) we
need to construct not only the boundary layer terms near the I'y and Ty,
but also the corner layer terms.

15
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Some form of boundary layer analysis is typically required to obtain the
global convergence estimates in most cases. Although the classical results
mentioned above are obtained by boundary layer analysis, we will derive
convergence estimates based on Proposition 2.4 without relying on such
precise boundary layer analysis.

Let u and u® be solutions to the boundary value problem (2.1)-(2.2) and
(2.11)-(2.12), respectively. Here we assume that u¢ belongs to H?(Q2) and
(2.11) holds in the sense of L?(£2). Then the difference w® = u® — u satisfies

/ (8- Vw® 4+ pw®)vde = 5/ (Au®)vdr,
Q Q
for all v € Hg 4 (€2). Applying Proposition 2.4, we have
[0 = ull 20y < eCllAW (1, @)y (3-2)

where C' does not depend on €. Unfortunately, we cannot derive convergence
estimates from (3.2) in general because the test functions in Hg (£2) may
lack sufficient regularity in directions transversal to 3, and integration by
parts cannot be performed. However, in some special cases, we can obtain
the convergence estimates.

Theorem 3.1. Let d =1 and Q = (0,1). In addition to (2.3) we assume
that Bo = info<z<1 B(x) > 0. Then there exists a positive number C inde-
pendent of € such that

[u = ullf2(0,1) < Cel’? forall &> 0.

Proof. Note that u® € H?(0, 1) C CY0,1] and vf(0) = u(1) = 0. From
Rolle’s theorem, there exits z* € (0,1) satisfying uS(z*) = 0, for which we
have

*

—5/ umuxdx—&—/ Bu Qda:—/ (f — pu)usde,
0

and by using (2.16),
e(u5(0))% + Bollug 720,y < By (14 B5 M lalloo) 111720 00)-

Thus it holds that [u(0)] < Ce™'/2. For v € Hg(0,1) = H'(0,1) satisfying

v(1) =0, we have
1
/ usvzpde
0

Here we use the same notation as in Proposition 2.4. Therefore ||us,|| 1/ <
zzllHp | (0,1)

el(ugy, v} < € + efug (0)[[v(0)] < Cllvll g7, 0,195 ™ >

TT)

Ce'/2. The conclusion follows from Proposition 2.4. O

16



For the cases of d > 2, estimating the term 5||Aua||(Hﬂ7+(Q)), in (3.2)
generally requires careful control the second-order derivatives of u°, includ-
ing those in directions transversal to the advection field 5. Obtaining such
estimates is often challenging for arbitrary domains due to the complex be-
havior of boundary and internal layers. However, for certain domains with
specific geometric structures that permit a more detailed analysis, it is pos-
sible to derive the necessary bounds, as we will now demonstrate for an
annular domain in R?.

Theorem 3.2. Let Q = {z € R? | Ry < |z| < Ry} be an annulus in R?, and
let B(z) = —x/|z| and p = 0. If f € HY(Q), then there exists a positive
number C' independent of € such that

[u = ull20,1) < Ce'’? for all &> 0.

Proof. Asin the proof of Theorem 3.1, it is sufficient to estimate e||u®|| (Hp.s ()"
By using the polar coordinate x1 = rcosf,zo = rsinf, the solution u® €
H?(Q) N H}(Q) can be expanded into a Fourier series Y ¢z, (r)e™ and
each c., satisfies the boundary value problem:

—e(cl, + rilc;n —n%r2c.,) — Ctpn=1/In, In re(Ri,Ry), (3.3)

Ce,n(Rl) = Ca,n(RQ) =0,

where f =3 fa(r)e™. For v € Hp 4 (Q),
2 rRa
e(Au,v) :8/ / (020 + r10us + r205us Y urdrdd
"
:aRg/O v@ruf‘r:Rz do
—€ /Q Opuf (Opv + 7 v)da 4 € /Q(r_lﬁruE + r205uf vdr,

and we have

3

(Au®, v)| <el|0ru| 20y 10r0ll 20
+ elloru 2 (19,01l 2 () + By 0]l 2(ey)
+€(R1_1HarU€HL2(Q) +R1_2HagusHL2(Q))HUHL2(Q)' (3.4)

Multiplying (3.3) by r¢z, and then integrating on Ry < r < Ry yields

2
2 En 9 1 9
€R1Hcls,nHL2(R17R2) + Rigucs’nHI?(RlvRQ) S §anHL2(R1,R2)' (35)

17



From (3.5) we have
2 o2 f2 °n 2 0 :
< ZTL
|08 ey = [ | [ |- e
Ry 0 n
2
< Ry Zn4|’Ce,n”L2(R1,R2)

<t Zn 1falZ2 (o )

do | rdr

_1R
< S, 100 f a0 (3.6)

mwm@é&ZWMb%m

1R2
<€ 2 2 Wlisca,

o1
Ry
< S5 100 (37

We can take R* € (Ry, Rz) satisfying ., (R*) = 0. Multiplying (3.3) by
—Ce,n, and then integrating on R* < r < Ry yields

E (C:
ot (5o

En
< Wallzz el 2,y + g Neenllizcamn [enll g

and we have

2,4
€, 2 € ns o2 1 2 en
§’C€,n(R2)’ + E‘}Cs’n”LQ(R*’RQ) < §||anL2(R*7R2) + R4 | ce n”L2(R* Ry)

2 EN R2 2
§||fn||L2(R*7R2) + W”‘anLQ(R*,Rg)‘

IA

Hence it holds that
5 2
10ru 1 Foe y =D b n(Ro)]
1 f112 R3 2
<e | flliz@) + ﬁ“aefﬂy(g)' (3.8)
1

The estimates (3.4), (3.6), (3.7) and (3.8) imply that there exists a positive
number C depending on only R;, Re and f such that

e|(Auf,v)| < Cé‘l/QHUHHB(Q)

18



for all € € (0,1) and v € Hg (£2). This completes the proof.
O

Remark 3.1. The convergence rate O(¢'/?) in Theorems 3.1 and 3.2 is
obtained in specific geometries where I'g is empty. The 1D case benefits
from strong regularity and explicit derivative bounds. For the annulus with
radial flow, the rotational symmetry and Fourier decomposition are the key
to managing the derivative estimates. The H'(Q) regularity assumed for f
in Theorem 3.2 ensures control over terms involving angular derivatives of
f, which propagate to u®.

3.2 The case of the homogeneous Neumann boundary con-
dition

In this subsection we discuss the convergence of the solutions u® of (2.11)-
(2.13) to the solution of (2.1)-(2.2). In this case boundary layers at I'g U
I'}y are no longer visible (but higher-order derivatives still blow up) [28].
Therefore, when using u® as an approximation of u, it is optimal to choose
the Neumann boundary condition on I'y [19]. The convergence estimates of
[|u® — ul| 2 were obtained for u € H(Q) in [19,26]. Although the solution
u in general belongs to Hg(£2), which is wider the Sobolev space H!(2), we
derive L? estimates of u® — u assuming H' or H? regularity for u.

3.2.1 Convergence rate to H! solutions

Theorem 3.3. Suppose that the solution u to the boundary value problem
(2.1)-(2.2) belongs to H'(Y). Then there exists a positive number C inde-
pendent of u and € such that

61/2||VU6 - VUHH(Q)"‘H“6 - UHB(Q)"‘H“6 - U|‘L2(F+;ﬁ.n) < C\|Vu||L2(Q)51/2

(3.9)
for all e > 0, where u® is the (weak) solution to the boundary value problem
(2.11)-(2.13).

Similar arguments to this theorem can be seen in several references. For
example, see [26].

Proof. From the assumption, it holds that

5/Vu-Vvd:c+/(B-Vu+uu)vd:n:/fvdw+z—:/Vu-Vvd:n
Q Q Q Q

and

5/ Vut - Vodx + / (B - Vu + pu)vdr = / fvdz
Q Q Q
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for all v € HY (Q). Hence, the difference w® = u® — u satisfies
5/ Vw® - Vodx + / (B - Vu® + pw®)vdx = 5/ Vu - Vodz (3.10)
Q Q Q

for all v € H} (). In particular we can choose v = w?, and the same
argument in (2.15) leads us to

1
2 2
el[Vw |72 (q) + mollw |72 (o) + §||w€”L2(r+;5.n) < el Vull 2oy IVt L2 -

(3.11)
This inequality yields
‘EHVMEH%Z(Q) < €Hvu||L2(Q)vaEHLQ(Q)v

that is,

V|| 2y < [Vull 2 (3.12)
From this and (3.11) we have

IV 2y + ol gy + 50 < =|[Vul?
€ L2(Q) T HO L2@) T 5 L2(Ty;pm) S € L2(Q)

which establishes the proof. ]

Corollary 3.4. Under the assumption of Theorem (3.3), the sequence of
solutions {u®}_., converges to u weakly in H'(Q) as e — +0.

Proof. From (3.12), we have ||Vu®| 12(q) < 2[|Vul| 2y, which implies that
the family {u®}.., is uniformly bounded in H'(f2). There exists a sub-
sequence of {uf}__, which converges to @ weakly in H'(Q). This @ must
coincide with u because uf converges to u strongly in L?(Q) by Theorem
3.3. From the same argument, any subsequence of {uf} ., has a subse-
quence which converges to u weakly in H'(2). This proves that {u®}__,
itself converges to u weakly in H'(Q). O]

As we mentioned in Section 3.1, for the cases that the Dirichlet boundary
condition is imposed for u®, the widths of boundary layers near I' ;. and T’y
are of order O(e) and O('/?) in general, respectively. This suggests that
the boundary layer appearing near I'g has worse effect on convergence of u®
to u than that appearing near I';. The same may be true for the case of the
Neumann boundary condition. Indeed, the convergence rate of the trace of
u® on I’y obtained in the following theorem is worse than that on I'} (with
weight - n).

Corollary 3.5. Suppose that the surface measure of the characteristic bound-
ary Lo is positive. Then, under the assumption of Theorem 3.3, there exists
a constant C' independent of u and € such that

1Nl 2oy < ClIVull2rg)e™*

for all 0 <e < 1.
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Proof. Proposition 2.6 yields

el 2 rg) < lwll2g00) < COIIVWEllL2 ) + 0wl pag)  (3.13)
for all 0 <n < 1. We use (3.9) and (3.12) and obtain

[l L2 gy < ClIVull L2y (n + ntel/?)

for all 0 < 7 < 1. It is clear that the best choice is n = €'/4, which proves
the corollary. O

Before ending this subsection, we will show the strong convergence u®
to u in L?(Q) without the regularity assumptions for u° based on Theorem
3.3. The same assertion can be found in [2].

Corollary 3.6. Suppose u € Hg() and u® € H'(Q) are solutions to (2.1)-
(2.2) and (2.11)-(2.13), respectively. Then it holds that the sequence {u®}_-
converges to u strongly in L*() together with its trace {UE’p+}s>0 to U‘M

strongly in L*(Ty; 3 -n).
Proof. We first take an arbitrary positive number §. There exists us €

H} (Q) such that
[us = ull gy ) < 0-

We define f5 = 3 - Vus + pug, which belongs to L?(Q). We estimate f5 — f
such as

1fs = fll o) = 18(us — w) + plus — u)ll 20y < Cllus — ull g, o) < C6.

From Proposition 2.5, there exists a unique solution uj € H%_(Q) to the
boundary value problem

—eAug + B - Vus + puy = fs in  Q,
uz=0 on I'_,
ous
on

=0 on 9Q\TI_.
Using (2.15), we have
eIV (u® — ) |72 0y +ollu® — w3l JrllluE — ug| <ugtIf = fsl7
sMlL2(0)THO sliLz@) ™y sz ;pn) = Ho sllL2()-
Because us belongs to H'(£2), we can apply Theorem 3.3 and we have
Hug - U(SHLQ(Q) + ||u§ - u6‘|L2(r+;5.n) < 0651/2a
where the number Cj is independent of €. From this inequalities we have

lu® = ull 2y < 1w = w3l 2y + [lug — usll 2oy + lus — ull 2
< (g 'C + 1) + Cse/2.
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Taking the limit sup € — +0, since J is arbitrary, we have

. . B
Jimflu® = ullp2q) = 0.

The same argument can be applied to {ue‘r+ }es0- O

3.2.2 Convergence rate to H? solutions

In this subsection, we discuss convergence rates of u® assuming that the
solution u to the boundary value problem (2.1)-(2.2) has H? regularity.

Assuming that u € H?(2), we can apply integration by parts to the right
hand side of (3.10), which results in

6/ VwE'Vvd:E—i—/(ﬁ-sz—i—uwe)vdm :5/ auvda—s/(Au)vdaz
Q Q OO\ on Q

for all v € HL (). Choosing v = w® € HE: (),

1
2 2 2
eIV fay + pollw 72y + 5l |72, o

Ss/ auwsda—s/(Au)wed:c. (3.14)
oO\r_ on Q

The improved rates depend on controlling the boundary integral term.

Theorem 3.7. Suppose that the solution u to the boundary value problem
(2.1)-(2.2) belongs to H?(Y). Also, suppose that the surface measure of the
characteristic boundary Ty is positive. Then, there exists a positive number
C independent of u and € such that

lu® = ull 2oy + 0* = ull 2, spmy < Cllullaz@)e®

and
IV (u = u)l| o) < Cllull prz(oye™

for all 0 < e < 1, where u® is the solution to the boundary value problem
(2.11)-(2.13).

Proof. Starting from (3.14). Now we have

& 13 1 £
el V|22 () + Hollw [ 720 + 5l 220, .5m)
<Cellull g2 (VW 120y + I [l 2(2))

<Cellull g2y (V0| 20y + ™4 [0l g2y + 05| p2(e)-

22



Here we use Proposition 2.6 with 7 = /4 so that, for € € (0,1), we obtain

eIV a0 + ol ey + 5l 2aqe, )
<Clullgaqey IV 2y + 410 2y
<Clullfae’ + 51V Iz + el 2.
Hence we have

1
2 2 2 2
elVwsllze(q) + mollwliza (o) + S lwillzew, pm) < Cllullzrz ()™,

and we have both

el 2 ) + 105 o, gy < Cllull o™

and
IVW&| 2y < Cllull ooy
for all 0 < € < 1. O

Observing this proof, we can see that the right hand side of (3.14) im-
proves the convergence rate compared to Theorem 3.3. Indeed, the term
¢ Jo(Au)wedz converges faster than e [, Vu-Vwdz because £'/2 Vw2
and [|w?[|2(q) are of the same order as e — 40. The difference in conver-
gence rate in the cases of u € H%() arises from the boundary integral terms
in the right hand side of (3.14).

Combining this theorem and (3.13), the following estimate of conver-
gence rate on I'g immediately follows.

Corollary 3.8. Under the assumption of Theorem 3.7, there exists a posi-
tive number C' independent of u and € such that

[ = ull g2 ryy < IVl p2gye™?

forall 0 <e < 1.

From what was said immediately after Theorem 3.7, the best convergence
rate is obtained when no boundary integral terms appear in (3.14).

Theorem 3.9. Suppose that the solution u to the boundary value problem
(2.1)(2.2) belongs to H?(SY). Also, suppose that the surface measures of the
characteristic boundary I'g and the outflow boundary I'y. are 0. Then, there
exists a positive number C independent of u and € such that

[u® = ull 2y < Cllull g2 (e
and

IV (e = w)ll 20y < Cllull 2oy

for all e > 0, where u® is the solution to the boundary value problem (2.11)-
(2.13).
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Proof. By the assumption, the boundary integral term does not appear in
(3.14). From (3.10) it follows that

1
2 2 2
elVwsllzz(q) + mollwliza @) + Stz ip.n)
2 Mo 2
<Cellull g2y w12 () < Cllullza)e® + 3 1°llz2 (),

that is,

2 2 2 2
2|Vt L2 + Hollw 220y + 10 L2, spmy < Cllullzz e’

O]

Let us consider the case where the surface measure of I'g is 0 but the sur-
face measure of I' is positive. The difficulty in this case is that the weighted
L? norm [w®l| L2(r, ;5.) @PPearing in the left hand side of (3.14) is not equiv-
alent to the L? norm [w®|[2(r, ) and, as a result, the term [|w®[| 2, that
appear by applying Schwartz’s inequality to the first term on the right hand
side of (3.14) cannot be absorbed into the left hand side. Conversely, con-
vergence estimate can be obtained when these norms are equivalent, and
one of the sufficient conditions for this is the uniform positivity of 8- n on
r,.

Theorem 3.10. Suppose that the solution u to the boundary value problem
(2.1)-(2.2) belongs to H?(SY). Also, suppose that the surface measure of the
characteristic boundary I'g is 0. Furthermore, we assume X\ := infp, §-n >
0. Then, there exists a positive number C independent of u and € such that

[u® = ull 2 () < Cllull g2)e
and
IV (e = w)ll 2y < Cllull 2oy

for all e > 0, where u® is the solution to the boundary value problem (2.11)-
(2.13).

Proof. Since the surface measure of I'y is 0, (3.14) yields

1
2 2 2
elVwsllza(q) + mollwliza () + Stz ip.n)

<e /
'y

<eCl|ul| g2y (w2 ry + [[w ]| p2(0))-

&L‘\uﬂda + 8/ |Au||w®|dz
on Q

By the positivity of A > 0, it holds that

0 ey = [ (80 w28 mdo < A 0 e

Ly
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Thus, we have

2 Ho 2 1 2 2
elVwsllzz (o) + 5 w2 + Il 5y < Cllullzz e

We can estimate each term in the left-hand side of this inequality as follows:

V0|l 120y < Cllull g2iye™?,
lwll 220y < Cllull g2 qye
[l 2y 8.0y < Cllull 2oy
These complete the proof. ]

We finally discuss convergence rates if the measure of I'g is 0 and the
inner product 8 -n can degenerate on I'y. Because one-dimensional case is
covered by Theorem 3.7, Theorem 3.9 and Theorem 3.10, in what follows
we discuss the case d > 2.

Theorem 3.11. Suppose that the solution u to the boundary value problem
(2.1)-(2.2) belongs to H%(QY). Also suppose that the surface measure of the
characteristic boundary 'y is 0, and that there exists a positive number
such that (B -n)~® € LY(T'y). Then, we have the following convergence
estimates:

1. When d = 2, for any q > 2, there exists a positive number Cy inde-
pendent of u and € such that

: 3
1 =l gy + 1 = wll g2y i < Callull g™ i+ Rrlea}

and i
IV — )z < Collull ez i+RiEa}

for all 0 < e < 1, where

a(q—2)

2. When d > 3, there exists a positive number C independent of u and €
such that

ing Li+a0tT
Nz + I — ey < Cllul g™ T}

and
11

nvwﬁwmumnscwmmmgMb@ﬁﬁm}

for all0 <e < 1.
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Remark 3.2. Theorem 3.11 quantifies how the rate of degeneracy of 5 - n
on I'y (parameterized by the largest o such that (5 -n)~® is integrable)
influences the convergence rates when I'y is absent. A larger « (slower
degeneracy) leads to a better exponent (closer to 1 for L?-error and 1/2 for
H'-seminorm error). For instance, in d = 2, as ¢ — oo, the term %;2)
approaches a//4. If a is large enough such that % + 9 >1 (e, a>1),the
rate saturates at O(g) for the L%-error, consistent with the non-degenerate

case (Theorem 3.10).

Proof of Theorem 8.11. Proposition 2.7 leads

< H’YOqHZHUxZHHl < Cyllull a2 (q)

Han La(o%)

for all ¢ > 2 when d =2, and for all 2 < ¢ < 2(d—1)/(d — 2) when d > 3.
We first prove the case d = 2. Since the surface measure of I'g is 0, for
q > 2 (3.14) yields

1
2 2 2
el Vusllzz(q) + pollw Lz () + 5 llwllzzw, )

ou - R
<e on Lq(r+)Hw HLq’(m) +5HAUHL2(Q)HW HL2(Q)
<elo.alllull gy llwl o )+ ellAull 2oy 1| 20y
<eCyllull gz (101 ooy + N0Fl 2y ) (3.15)

where ¢’ is the Holder conjugate of ¢ < 2, namely, 1/¢+1/¢' = 1. To obtain
the convergence estimate of w®, we give an estimate for the boundary integral
term [|w®[| o, -

By the Holder inequality, we have

a(2—q)

/ [w?|? do = / B-m)~ 22 7 (8- n) 5 do
Iy Iy

1-¢'/2 oy’ /)2
s(/m(ﬂ-n)‘“da) q (/ﬁ\wﬂ?w-m(q/ )da>q |

and hence we have

alg=2) 1/2
I Noqey < Col [ 1075w da) (3.16)
+

Ifa(qg—2)/q > 1, (3.16) leads to |]w5]|Lq/(F+) < Cgllw®|[p2(r, 5.0y because

/ ot (6 - )
Ty

1)g—

< (18l ) /F w28 - n)do.
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Thus (3.15) yields

eIV gy + ol ey + 5l 2aqr, )
<eCyllull g2y (1wl L2y 8.y + Il 22¢0));
and a similar argument as in the proof of Theorem 3.10 gives
[w[|r2) + w2y 50y < Collullaza)e
and
IV [l r20) < Collull gzoye'’?.
In what follows, we assume that a(q —2)/q¢ < 1. We take a positive

number §, which is determined later, and split the integral in (3.16) into
two parts:

a(qg—2) a(g—2) a(g—2)
/ e 2(Bn) T do = / w0 2(Bn) "5 dot / ot 2(8n) T do,
ry F'\l'y s Iis
(3.17)

where the set '} 5 is defined by

ys={z €Ty |B(z) n(x) <d}.
We can estimate each term in the right hand side of (3.17) as follows:

a(g—2) a(a=2) 4

/ w28 ) T do = 5 / w28 - n)do
L\l s ONT' 4 5

a(q—2)71 2
<o 9 HUJEHLZ(FJF;B%)’

a(g—2) a(qg—2)
/ WP o < 8 | e
I'ys

a(g—=2)

2
<Cp T (VT gy + e 0 ey )

Therefore, we have

6 o ag=2) /2
0oy < Gl [ w28 m) "o
+

alg

_2) _ —
(6720 o sy + IV gy + 2™ g )-

< 0,6

From this, (3.15) yields

a(g—2)

o 1 -
€||Vw€||%2(Q)+?||w6||%2(9)+1||wa||%2(r+;,3.n) < Cgllull gr2)d (€267 +&%?)
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for all 0 < e < 1. Choosing § = £!/2, we have

3, a(g=2)
2 2q

2 Ho 2 1 2
elVulizam + S Iwrllza ) + 7102z, 0m) < Coe

Therefore, it holds that

3, o(g—2)
”wEHLQ Q + ||wa||L2 Ty:8n S Cq€4+ 4q ,
(@) (T'+;8-m)

and
a(g—2)

1
[Vl 20y < Cyet™

forallg>2and 0 <e < 1.
For the case when d > 3, we replace the parameter ¢ in the above
argument by its upper bound 2(d — 1)/(d — 2). Then, we have
alq —2) «

q d—1"
When o > d — 1, it holds that

w20 + Wl 2(r, 5m) < CE
and
IV 2(q) < C'/2

for all 0 < ¢ < 1, and when a < d — 1 it holds that

§+L
[wll 2y + 1wl L2(r, gy < CEFTAE@D
and
1 «
IV© 2y < Ced @D

for all 0 < e < 1. O

4 Optimality of Convergence Rate

In this section, we numerically verify the optimality of the L?(£2)-norm con-
vergence rates for u® — u derived in Section 3.2, using the finite element
method (FEM). The numerical examples presented are for two-dimensional
cases, and they confirm the optimality of the theoretical convergence esti-
mates.

We provide a brief overview of the FEM (For more detail, see, e.g.,
[8]). The FEM is a numerical method well-suited for finding approximate
solutions to weak formulations of partial differential equations, such as those
discussed in Proposition 2.5. Let V' be a real Hilbert space, and let a(-,-) be
a real-valued bilinear form on V' x V that is bounded and coercive. Given
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a bounded linear functional F' on V, the abstract variational problem is to
find v € V such that

a(v,w) = F(w) forall welV. (4.1)

Let V}, be a finite-dimensional subspace of V. If {gpl Y, is a basis for V}, (so
Vi, = Span{y;}¥ ), the discrete problem is to find v;, € V}, such that

a(vp, i) = F(p;) for1<i<N. (4.2)

We write v, = Zévzl v(j)goj, and the equation (4.2) becomes a system of
linear equations:

N
Za (pj, )oY = F(p;) for1<i<N.
7j=1

If we let A be the matrix with entries 4;; = a(p;, i), v = (v19)), and
F = (F(p;)), this system is Av = F. The FEM is a numerical method that
constructs the subspace Vj, using finite elements to find an approximate
solution to (4.1).

For the problems considered in this study, we set V = HL () and
use the bilinear form B¢(:,-) defined in (2.14). We discretize the domain
Q C R? using a trlangulatlon Tn = {T }M_,, which is a collection of closed
triangles such that § = U 1Ty, For any two distinct triangles 15, 1)/,
their interiors 7 ms T, m! are dlsJomt, and their intersection T;, N1, is either
empty, a common vertex, or a common edge. The finite element space V},
is then defined using continuous piecewise linear functions (P; elements) on
this triangulation:

Vi = {wh cC'(Q) | wp|p, =0 and wh‘T is linearfor all T;,, € E}

Thus, V}, is a finite-dimensional subspace of H%, (©). The mesh parameter
h is defined as h = maxy, 7, diam(7},). We assume that the family of
triangulations {73} is shape-regular, that is, there exists a constant og > 0
such that for all A and all T,,, € Tp, the ratio diam(7,,)/pr,, < 00, where
pr,, is the diameter of the inscribed circle of T,.

The continuous problem for u® € H{ (Q) and the discrete problem for
uj, € Vj, are, respectively:

B (u®,v) = (f,v)2(0)5 for all wve HE (Q),
B (up, vn) = (f,vn)r2(0) for all v, € Vp,

where f € L?(Q) is the source term. For second-order elliptic boundary
value problems, FEM error analysis is well-established. Under appropriate
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regularity assumptions on u® and shape-regularity of the mesh, a standard
L?-error estimate is
2
[[u® = wj | 2y < Ch” (4.3)

It is important to note that the constant C. typically depends on £ and may
tend to infinity as ¢ — +0, especially for singularly perturbed problems.

This study focuses on the convergence of u° to u (the solution of the limit
advection problem) as e — +0. We are interested in the error [[u® — u||12(q)-
In the numerical experiments, we compute uj for a fixed (small) h and
varying €. Let I}, : Hlll () — V3, be the projection operator. The error can
be decomposed using the triangle inequality:

lu® = ull 2y < llu” = ugll 2y + v = Haull 2y + Thu — ull f2(q)- (4.4)

The first term on the right-hand side of (4.4) is the FEM discretization error
for u®, estimated by (4.3). The third term is estimated by the interpolation
inequality: For a shape-regular family of triangulation {7}, there exists a
positive number ¢ independent of h such that, for all h and v € H*1(Q),

k1| gk+1
[v = Hpvll2(q) < ch HV v‘ @

The middle term, ||uj — IIjull 12(n)> 18 What is often computed and analyzed

in numerical studies to infer the behavior of ||u® — ul| r2(0) when uf itself
is not known. In our numerical experiments, the domain () is the unit
square (0,1)2. The triangulation 7T} is fixed with h =~ 0.0020, where the
number of triangles in 7}, is 2,391,180. We then find the FEM solution uj,
for e = 1.67%, k = 0,1,...,14 (so ¢ ranges from 1 down to approximately
0.0014) using FreeFEM [14]. All computations are carried out in IEEE
754 double precision. We directly compute ||uj — IIjull r2(n) Where u is the
known exact solution to the advection problem. By ensuring h is sufficiently
small, we aim for the FEM error [juj — u®|| 2(q) to be negligible relative

to the regularization error ||u® — ul| 2(q)» S0 that the observed behavior of
|luf — Hhu||L2(Q) as € varies reflects the true convergence rate of u® to u.
4.1 Example 1: corresponding to Theorem 3.3

According to Theorem 3.3 and their corollaries, when the solution u to the
boundary value problem (2.1)-(2.2) belongs to H{ (f2), it follows that

6 =l g2y + 1 = ull poqr, .0y < Ce2,
IV (= u)] 2y < C,
4 = ull 2y < CET.

Let

B(x1,z2) = (21,1), p(xy,m2) =1, f(x1,22) = (s + 1)zi2s + 27 + 22+ 1,
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for a positive number s, and the exact solution to (2.1)-(2.2) is
u(z1,z2) = (1 4 zf)xa.

Since © = (0,1)? C R, the solution u belongs to Hg _(£2) for all s > 0 and
also to HE (Q) for s > 1/2. In particular, we should remark that u belongs
to H: () \ H%(Q) for s € (1/2,1). The L? error estimation of u — u® for
s = 0.51 is shown in Figure 4.1, where the circles are errors obtained by
numerical computations and the solid lines are obtained by the least square
methods to results with ¢ = 1.67%, 8 < k < 14 (The same shall apply
hereinafter). These graphs clarify the validity of our estimate.

100

10"

102

10!

100

107!

10!

100

o ; )
°© 10
o2 o
o
&
0(80‘514) o & 0(804609) -
-2
102 101 100 10 e 5 )
epsilon epsilon
€ €
(a) Ju _u||L2(Q) (b) flu —u||L2(F+;ﬁ-n)
‘ ‘ 10° : ‘
o5 ©
oo oo ° ° o
o o
4}67&%%7&%@7&70—70—9—7; 0l o2 .
0(80‘043) o 0(80‘255) o
-2 . .
102 107 100 10 e 5 )

epsilon

(©) IV (u® = u)llL2(q

epsilon

(d) [Ju® — U||L2(F0)

Figure 4.1: Numerical results for Example 1 with s = 0.51: v € H} (Q) \

H?(9). The circles are numerical results and the solid lines are given by the
least square method.

If we take s € (0,1/2), then u no longer belongs to H}: (2). The L?
error estimation of u® — u for s = 0.3 are depicted in Figure 4.2. These
graphs strongly suggests that the convergence rate becomes worse if v does
not have H' regularity. From Figure 4.2a and 4.2b, the convergence rate
of [[u —ull;20) + llu® —ull 12(r, .y Is significantly less than 0.5, which

indicates that H' regularity is essential to achieve convergence rate .
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Figure 4.2: Numerical results for Example 1 with s = 0.3: v € H}: (Q).

The convergence rates are worse than those shown Theorem 3.3

4.2 Example 2: corresponding to Theorem 3.7

We proved in Theorem 3.7 and Corollary 3.8 that, if u € Hg (Q) N H*(Q)
solves (2.11), (2.13) and if the surface measure of I'y > 0, then it holds that

3
lu® — u||L2(Q) + [Ju® — “HL2(F+;,3.n) < Ces,
IV(u = w2y < Ce7,
s~ wllpaqry) < Ce2.
For
Bx1,m2) = (L,0), plz,x2) =1, f(x1,22) = 2122 + 22,
the exact solution u to (2.1)-(2.2) is
u(z1,v2) = T122,

which belongs to Hg () N H?(2). Figure 4.3 illustrates numerical results,
and convergence rates agree well with the theoretical results:
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Figure 4.3: Numerical results for Example 2: u € Hg () N H?(Q) and the
surface measure of I'y is positive

4.3 Example 3: corresponding to Theorem 3.10

By Theorem 3.10, in addition to the hypothesis of Example 2, if the surface
measure of ['g is 0 and § - n is uniformly positive on 'y, then we have

[[u® = U||L2(Q) + [Ju® — u||L2(I‘+;ﬁ.n) < Ct,

IV (0 = )| 2y < CeZ.
In this example, we take
B(x1,22) = (1,1), p(xy,22) =1, f(x1,22) = (dwe + 1) sin(4xy) + cos(4xq),
which satisfy (2.3) and f € L?(Q2). The exact solution to (2.1)-(2.2) is
u(z1,x2) = wosin(4xy),

which belongs to Hg () N H?(2). Figure 4.4 shows that the rates of
convergence of L? error estimates is approximately equal to 1, which is
expected by the Theorem 3.10
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Figure 4.4: Numerical results for Example 3: u € Hg _(Q) N H%(Q), the
surface measure of I'g vanishes, and - n is uniformly positive on I'y.

4.4 Example 4: corresponding to Theorem 3.11

Finally we investigate the influence of degeneracy to the convergence rate.
Theorem 3.11 says that if u € Hg () N H%(2) solves (2.1)-(2.2) and the
surface measure of I'y vanishes, then the convergence rate depends on the
maximum exponent « satisfying (8-n)~% € LY(I'y). In order to check this,
we consider the following family of vector fields parameterized by s > 0:

Bs=(1—z1+ (1 —22)° 1+ x9).

For each s, 'y = Ty UT,, where I'y = (0,1) x {1} and I', = {1} x (0,1).

On I'; and I',., we have
1
[ 6o, = [[(Bulaat) ntar, ) =2
Iy 0
1 1
/ (B-n)"Ydo, = /0 (Bs(1,22) - n(1,29))” *day = /0 (1 — x9) **dxs,

T

respectively. So (n - 8s)~® € LY(T'y) if and only if sa < 1. For s > 0, we
take

fs(z1,22) = [{2 — 21+ (1 — x2)°}e™ + 1] sin(x2) + (1 + z2)(e™ — 1) cos(x2),
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p=1,

then the exact solution is
u(xy, xe) = (€t — 1) sin(zg).

We numerically compute the convergence rate of ||u® — ul| r2(q) for fs which
is exhibited in Figure 4.5 where the relation between the convergence rate
and o = 1/s is shown. In the figure, the solid line is (3 + «)/4, which is
the expected convergence rate from our theoretical result. The convergence
rate seems to be worse than expected when « is close to 0, and one possible
reason for this is the effect of numerical errors as s becomes large.

1

09r

0851

convergence rate

0.8

Grays ——

0.2 0.4 0.6 0.8 1
a

Figure 4.5: Convergence rate of [|u® — ul|12(q)-
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