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On the theory of higher rank Euler, Kolyvagin and
Stark systems: a research announcement

By

Ryotaro SAKAMOTO*

Abstract

This is an announcement of the joint paper [1] with David Burns and Takamichi Sano. In
the present paper, we report on the recent progress on the theory of higher rank Euler, Koly-
vagin and Stark systems. We modify the definitions of the higher rank Euler, Kolyvagin and
Stark systems by using the exterior bi-dual, and improve the theory of higher rank Kolyvagin
and Stark systems studied by Mazur and Rubin. In particular, we prove the existence of a
canonical higher Kolyvagin derivative homomorphism.

Notations

Let p be an odd prime, and K a number field. For any field L, we fix a separable
closure L of L and put G, := Gal(L/L).

Throughout this paper, R denotes a complete noetherian local ring with a finite
residue field of characteristic p. Let T denote a free R-module of finite rank with an
R-linear continuous G g-action which is unramified outside a finite set of places of K.
Let X be the finite set of all primes of K where 7T is ramified and all primes of K above
p. Fix a power ¢ € pZ>° of the prime p and then set A := T/qT.

For any finite set X’ of primes of K, we denote by Ky the maximal extension of
K that is unramified outside ¥’ and all infinite places of K.

For any integer i > 0 and Galois extension L'/L, let H*(L,—) and H*(L'/L,—)
denote the i-th continuous Galois cohomology groups of G, and Gal(L’ /L), respectively.
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§1. Introduction

In this section, we will explain the theory of Euler, Kolyvagin and Stark systems
studied by Mazur and Rubin in [5, 6]. We will also explain some issues on higher rank
theory of Kolyvagin and Stark systems studied by Mazur and Rubin (see Remark (3)
after Theorem 1.2), and introduce an exterior bi-dual in order to solve such issues.

Suppose that R = Z,. Let r be a non-negative integer. An Euler system of rank r

in Perrin-Riou’s terminology [7] is an element

_ " 1
¢=lea)n € IIIAZp[Gal(K(n)/K)]H (B, T)

which satisfies “norm relations” (see [9, Definition 2.1.1] or [7, (1.2.3)]). Here
e 1 runs over a certain set of integral ideals of K,
e the field K (1) is the maximal p-subextension of the Hilbert class field of K,

e for any prime q of K and positive integer m, the field K(q™) denote the maximal
p-subextension of the ray class field modulo g™, and

e put K(n):=K(q7") - K(q') if n=q7"---q' and g, is a prime of K.

Let ESER(T) denote the module of Euler systems of rank 7.
First, we review the Euler system argument introduced by Kolyvagin. Assume that

r = 1. The Euler system argument can be separated into two steps.

(Step 1) Applying a Kolyvagin derivative operator D, € Z,[Gal(K(n)/K)] to c,, we get an

element
fin = Dpcy mod ¢ € HY (K (n), A)GUEM/E) = gL K, A).

(See [9, Lemma 4.4.2].) Here we only consider the ideals n for which the restriction

map
HY (K, A) — H'(K(n), A)S1(K0/K)

is an isomorphism. We see that the element (ry)n € [[, H'(K, A) satisfies “finite-
singular relations” (see [9, Theorem 4.5.4] and Definition 3.8).

(Step 2) Controlling a (strict) Selmer group Sel(A) by using finite-singular relations (see [9,
Theorem 2.2.2]).

Remark.  If we have an Euler system of rank 1 that is related to the special values
of L-series, then we get a relation between the Selmer group Sel(A) and the L-values
by the Euler system argument.
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Remark.  Roughly speaking, in [1], we established a higher rank version of the
Kolyvagin’s Euler system argument (see Theorems 2.1 and 2.2).

Remark. Let

x(T) := Zrankzp (HO(Kv,T*(l))) + Zrankzp (H2(KP,T)),

v|oco plp

where T*(1) := Homg, (T, 7Zy,) ®z, Z,(1). We refer to this non-negative integer as the
core rank of the G x-module T (see [5, Theorem 5.2.15]). For example, if T" is the p-adic
Tate module of an abelian variety A over K, then x(7') = dim(A) - [K: Q).

To get an Euler system which relates to the L-values, in [7], Perrin-Riou proposed
that we should need to consider an Euler system of rank x (7).

Next, we will review the theory of Kolyvagin and Stark systems introduced by
Mazur and Rubin in [5, 6].

The step 2 is complicated. The theory of Kolyvagin systems constructed by Mazur
and Rubin in [5] makes arguments in the step 2 clearer. A Kolyvagin system is defined
as an element of [[ H'(K, A) which satisfies finite-singular relations. (In § 3.3, we will
give the precise definition of a Kolyvagin system.) We denote by KSY®(A4) the module
of Kolyvagin systems. Note that KS}'™(A) C [, H'(K, A). The theory of Kolyvagin
systems is a refinement of the step 2. In [5], Mazur and Rubin also proved the following
theorem which corresponds to the step 1.

Theorem 1.1 ([5, Theorem 3.2.4]).  There is a canonical ‘Kolyvagin derivative’
homomorphism
D;: ESTH(T) — KSR (A).

Remark.  In Theorem 1.1, we do not need to assume that x(7') = 1.

In [6], Mazur and Rubin also constructed the theories of higher rank Kolyvagin
and Stark systems. The module KS}Y[R(A) of Kolyvagin systems of rank r is defined as
an R-submodule of [[, A"H'(Kyx, /K, A) and the module SS)'¥(A) of Stark systems of
rank 7 is defined as an R-submodule of [ N TN HY Ky /K, A). (In § 3.3, we will
give the precise definition of a Kolyvagin and Stark system.) Here ¥, := X U {q | n}
and v(n) denotes the number of prime factors of n. In [6], Mazur and Rubin proved the
following

Theorem 1.2 ([6, Theorems 6.7, 8.5, and 12.4]).  Let r = x(T') denote the core
rank of T. Under certain assumptions (see Theorem 2.1), we have the following:

(1) The Z,/qZ,-module SSN(A) is free of rank one.
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(2)
(3)

(1)
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A basis of SSY'F(A) determines the Z,/qZ,-module structure of Sel(A).
There is a canonical injective Zj,/qZy,-homomorphism

RegM®: SSME(4) — KSMR(A4).

Remark.

In [6], Mazur and Rubin expected that there exists a canonical homomorphism
ESIR(T) — KSMR(A).

Under auxiliary strong assumptions, in [4], Biiyiikboduk constructed a non-canonical
homomorphism from ESE®(T) to the module of L-restricted Kolyvagin systems (of
rank one) and proved that these systems control the module Sel(A).

In [5, Theorem 4.4.1], Mazur and Rubin proved that the map
Reg)™: SSMR(4) — KSR (4)
is an isomorphism (see [6, Remark 11.5 and Theorem 12.4]).

In [6, Remark 11.9], Mazur and Rubin observed that the map Regl;/IR is not surjec-

tive when r > 1 and
dimp, (Sel(A) ® F,) — dimg, (¢' - Sel(A4)) > r.

Here ¢’ := q/p € p”2°. Only higher Kolyvagin systems in im (Reg}}“’”) control
the module Sel(A) while Mazur and Rubin expected higher rank Euler systems
to give rise to higher rank Kolyvagin (rather than Stark) systems. Hence the non-
surjectivity of the map RegyR was a key problem and we would need to understand
when such higher rank Kolyvagin systems came from higher rank Stark systems (see
Theorem 2.2 (1)).

In the rank one case, Mazur-Rubin’s Kolyvagin and Stark system theories have

been very successful. However, as remarked above, the higher rank versions of these

theories have some problems. To overcome the problems, we will consider where an

element which relates to the L-values exists.

In order to consider this, we introduce the notion of an exterior bi-dual which plays

a crucial role in this paper. Let r be a non-negative integer. For any (commutative)
ring S and S-module M, we denote the S-dual of M by M* := Homg (M, S). We define
an r-th exterior bi-dual (M of M to be

MM = </\;(M*)>* = Homs (A, (M"),5).

We usually regard an element of (gM as an S-homomorphism Ag(M*) — S.
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Remark.  There is a natural homomorphism of S-modules

T T
57\4: /\SM — mSM ;M A AMmy = <¢1 VANCIEIEIVAN qbr — det(¢i(mj))i7j§r) .
Note that the map £}, is, in general, neither injective nor surjective.

Remark.  There is a canonical isomorphism

{:1: € Qp ¥z, /\;p[G]M | ®(z) € Z,|G] for any ® € /\T (M*)} ~ ﬂ’"

Zp|G] Zp|G]

for any finite abelian group G and finitely generated Z,[G]-module M. The left hand
side is the usual definition of the Rubin’s lattice. This fact tells us that the notion of
exterior bi-dual is a generalization of the notion of Rubin’s lattice.

Rubin conjectured that there is an element which relates to the values at zero of
the r-th derivative of Dedekind zeta functions in the lattice

" 1
mZp[Gal(K(n)/K)]H (Kx, /K(n),Zy(1))

of Qp ®z, N" H'(Kx, /K (n),Zy(1)) (see [8, Conjecture B’]). This conjecture is known
as the Rubin-Stark Conjecture, and is proved when K = Q.

For general T', in [2], Burns and Sano proved that, under the equivariant Tamagawa
number conjecture, the canonical “zeta element” naturally gives rise to an element of
the lattice ﬂ%p Gal(k (n)/ 5 H (Ks, /K (n),T).

For the above reasons, we should use (" instead of A" to define higher rank Euler,
Kolyvagin and Stark systems.

From now on, we change the definition of higher rank Euler systems to the following

Definition 1.3.  We say that ¢ = (¢n)n is an Euler system of rank r if
H'(K(n),T)

and c satisfies “norm relations”. We denote by ES,(7") the module of Euler systems
of rank 7. Note that the natural transformations &f_: A'(=) = ' (—) induce a

‘n € ﬂzp[GaI<K<n>/K>]

homomorphism

ESFR(T) — ES,.(T)

and the kernel of this homomorphism is | J,, ker <ES£’R(T) rx ESY R(T)). Hence, our
definition of higher rank Fuler systems is a generalization of Perrin-Riou’s one since the
torsion part of the Euler systems does not contribute to control the Selmer groups.

Remark. In [2], Burns and Sano constructed an Euler system of rank x(7°) in
the sense of Definition 1.3 algebraically and proved that it relates to the L-values if we

assume the equivariant Tamagawa number conjecture.
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§2. Main Results

In this section, we explain the main results of the paper [1]. Let r = x(7T') denote
the core rank of T. The following theorem is proved by Burns and Sano in [2, Theo-
rems 3.11 and 3.19] and by the author in [10, Theorems 4.7 and 4.10], independently.

Theorem 2.1.  Assume that R/qR is a 0-dimensional Gorenstein local ring. We
defined the module
HﬂrJru(n) K /K A)
R/qR T

of Stark systems of rank r (see Definition 3.6). Under Hypothesis 3.9 below (which are
precisely the same kind of the assumptions in Theorem 1.2), we have the following:

(1) The R/qR-module SS,(A) is free of rank one.

(2) Let € = (€n)n € SS,(A) be a basis and i a non-negative integer. Then we have an
equality
Fittl ,p(Sel(4)*) = > im(ey).
v(n)=t

Here we regard €, € ﬂg/"g)Hl( Kx /K, A) as an R/qR-homomorphism

r+v(n) 1 .
€n: /\R/qR (H'(Ks,/K,A)*) = R/qR.

Remark.

(1) If R/qR is a 0-dimensional principal ideal local ring, then the natural transforma-

r+u(n) /\rJru(n)(_) N ﬂr+zx(n)

tions § R/qR R/qR (—) induce an isomorphism

SSME(4) = S8, (A).

Hence Theorem 2.1 is a generalization of Theorem 1.2 to a 0-dimensional Gorenstein
local ring.

(2) Assume that R/qR is a O-dimensional Gorenstein local ring. In [2], Burns and Sano
defined a Kolyvagin system of rank r as an element of [ Nk st YKy, /K, A)
which satisfies finite-singular relations (see Definition 3.8).

(3) In Definitions 3.6 and 3.8, we will give a precise definitions of the modules SS,(A)
and KS,(A).

Let P denote the set of all primes q of K not contained in ¥ such that q splits
completely in K, := H((O%)*/?), and A/(Fry — 1)A ~ R as R-modules. Here
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e H is the Hilbert class field of K,
e Iy denotes the Frobenius element at g,
e Ok denotes the ring of integers in K,
o (O :={xcK|x?ec O}
In the paper [1], we proved the following

Theorem 2.2 ([1]).

(1) Suppose that R/qR is a 0-dimensional Gorenstein local ring, and Hypotheses 3.9
below. Then there is a natural isomorphism

Reg, : SS,(A) — KS,(A).

(2) Assume that R is finite flat over Z, and Gorenstein. Let k denote the residue field
of R. Consider the following conditions:
(i) (A®gk)“% vanishes,
(i1) Frﬁk — 1 is injective on T for every k > 0 and prime q in P,
(iii) A®prk is an irreducible k[G k]-module,
(iv) there is an element T € Gk, such that A/(T —1)A ~ R,
(0) H'(K,(A)/K, A) = H'(K,(A) /K, A*(1)) = 0,
(vi) p >3,
(vii) Hypothesis 3.9 (1), which is introduced in § 3.3, is satisfied,
(viii) H°(Kq, A*(1)) vanishes for each prime q € X,
(i) D)oo H°(K,,T*(1)) is a free R-module of rank r > 0.
Here A*(1) := A* ® pgq, and K (A) denotes the minimal Galois extension of K,
such that G (a) acts trivially on A.

Under the conditions (i) and (ii), there exists a canonical ‘higher Kolyvagin deriva-

tive” homomorphism
D,: ES,.(T) — KS,(A).

(When v = 1 and R is a principal ideal local ring, the higher Kolyvagin deriva-
tive homomorphism coincides with the homomorphism that occurs in Theorem 1.1.)
Furthermore, if the conditions (i)-(ix) are satisfied, then the homomorphism D,. is

surjective.
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(3) Suppose that R is finite flat over Z,, and Gorenstein. Under the conditions (i)-(ix),
Euler systems of rank r determine all higher Fitting ideals of Sel(A)*.

Remark.
(1) In this paper, we only give the proof of Theorem 2.2 (1) in § 3.4.

(2) The higher Kolyvagin derivative homomorphism
) " 1
D,: ES,(T) — 1:[ ﬂR/qRH (K, A)

is defined by Burns and Sano (see [2, Definition 4.13]). However, it was not known
the inclusion
im(D,) C KS,.(4).

To prove the inclusion im(D,) C KS,(A4), in [1], we developed a “rank-reduction”
method introduced by Rubin and Perrin-Riou (see [8, § 6] and [7, § 1]). We can
reduce to the rank one case by using the “rank-reduction” method and, in this case,
the inclusion is already known by Theorem 1.1. The surjectivity of the map D,
follows from [2, Theorems 2.26 and 3.11] and Theorem 2.2 (1).

(3) Theorem 2.2 (3) follows from Theorems 2.1, 2.2 (1), and 2.2 (2).
As an immediate application of Theorems 2.1 and 2.2, one can show the following

Corollary 2.3. Let x: Gg — @; be a non-trivial finite prime-to-p order char-
acter and L the field corresponds to ker(x). Assume that every real place of K splits
completely in L, no primes above p split completely in L/K, the character x is not
equal to the Teichmiillar character, and the Rubin-Stark conjecture holds (see [8, Con-
jecture B’]). Then we have

im(e’é/K) C Fitt?(AY).

Here eﬁ/K e HY(L,Z,(1))X is the (p, x)-part of the Rubin-Stark element and A} is
the (p, x)-part of the ideal class group of L.

Remark. 1f K and L are totally real fields, then, in [3], Biiylikboduk proved
Corollary 2.3 under the Leopoldt’s conjecture for L.

§ 3. Higher rank Kolyvagin and Stark systems

In this section, we will give definitions of Kolyvagin and Stark systems and prove
Theorem 2.2 (1).
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Throughout this section, we assume that R is a 0-dimensional Gorenstein local ring
and ¢ = 0 in R. Then the functor (—)* = Hompg(—, R) is exact by the definition of
Gorenstein ring. Let r be a positive integer and let q denote a prime of K.

§3.1. Algebraic preliminaries

Let X be an R-module. Let s and ¢ denote non-negative integers with s < ¢. For
any element ® € A%(X*), we have an R-homomorphism

T xe (XY U AT
ATE 5 AL e a A,
By taking the R-dual (—)*, we get an R-homomorphism (also denoted by @)
t t—s
o ﬂRX — ﬂR X.
The following lemma is easy to prove by using the exactness of the functor (—)*.

Lemma 3.1. Let X be an R-module. Let s and t denote non-negative integers
with s <t.

(1) LetY be an R-submodule of X. Then the R-homomorphism
t t
MY =X

induced by the inclusion map Y — X 1is injective, and so we regard ﬂ%Y as an

R-submodule of ﬂ%X.
(2) Let ¢1,...,¢05 € X*. Put ® := ¢y A+ ANps € NR(X*) and Y := (;_, ker(¢;).

Then we have . . .

m (o: () x> "x)c), V.

and so we get an R-homomorphism (also denoted by @)
t t—s
D: ﬂRX — ﬂR Y.

§3.2. Selmer structures

In this subsection, we will recall some basic facts of local Galois cohomology groups
in [5, § 1] and the definition of a Selmer structure on A.

Recall that P is the set of all primes q of K not contained in ¥ such that g splits
completely in H((O5)'/9), and A/(Fry — 1)A ~ R as R-modules. Here H denotes the
Hilbert class field of K. Let N denote the set of all square-free products of primes in
P.
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For any prime q € P, let
H}(Kq,A) :=ker (H'(Kq, A) — Hl(K;nr, A)),
H/ (K, A) := ker (Hl(Kq, A) — H'(K(q)q, A)),

where K™ is the maximal unramified extension of Ky, and K(q)4 is the completion of
K(q) at a prime above q. For any prime q € P, let G4 := Gal(K(q)q/K4). Note that
Gy is a cyclic p-group with ¢ < |G| by the definition of P.

Lemma 3.2 ([5, Lemmas 1.2.3 and 1.2.4]).

(1) For any prime q € P, the R-modules H}(Kq, A) and Hy(Kq, A) are free of rank

one.
(2) For any prime q € P, we have

Hl(KChA) = H}‘(KCI?A) ©® Htlr(KCIaA)'

Let q € P. We denote by
Yq: H}(anA) = Htlr(KChA) ® Gyq

the finite-singular comparison isomorphism at q defined in [5, Definition 1.2.2 and
Lemma 1.2.3]. For simplicity, we fix a generator of G, and an R-basis of H, (K, A) for
each prime q € P, and so we regard H} (K4, A) and G4 as R and Z/|G4|Z, respectively.
Then we get an identification H} (K4, A) @ Gq = R since q < |Gy

Definition 3.3. A Selmer structure F on A is a collection of the following data:
e a finite set ¥X(F) of primes of K containing ¥;
e a choice of an R-submodule Hx(K, A) of H!' (K, A) for each prime q € X(F).

We put H:(Kq, A) = H}(Kq,A) for each prime q of K not contained in X(F). We
define a Selmer module H+(K, A) to be the kernel

Hy(K,A):=ker | H'(Ky(r)/K,A) » @ H'(K,, A)/Hp(K,, A)
qeX(F)

Remark.  Let F be a Selmer structure on A and X(F*) := X(F). For any prime
q € X(F*), we put

Hy.(Kq, A*(1)) :=ker (H'(Kq, A*(1)) ~ H' (Kq, A)* — Hy(Kq, A)*),

where the isomorphism is defined by the local Tate pairing. In this manner, the Selmer

structure F on A gives rise to a Selmer structure F* on A*(1).
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Remark.  The notation Sel(A) used in §§ 1 and 2 means the Selmer module
H(l}_can)*(K, A*(1)). Here Feapn is the canonical Selmer structure defined in [5, Defi-
nition 3.2.1].

By using the Poitou-Tate global duality, we deduce the following theorem (proved
by Mazur and Rubin in [5, Theorem 2.3.4]). In this paper, we refer to the following
theorem as the global duality.

Theorem 3.4 (Global duality). Let Fi and Fo be Selmer structures on A. If
Hy (Kq,A) C Hy (Kq, A) for any prime q, then there exists the following exact se-

quence of R-modules:

q
— Hy. (K, A*(1))* = Hp. (K, A*(1))* =0,

where q runs over all primes of K which satisfies Hy (K4, A) # Hy, (K4, A).

Definition 3.5. Let F be a Selmer structure on A, and let a, b and ¢ be pairwise
relatively prime integral ideals in A/. Define a Selmer structure Fg(c) on A by the
following data:

o %(Fg(c) :==2(F) U{q ]| abe},

(H'(K,,A) itqla,
0 if q | b,
HL(Kq, A) it
\H}_—(Kq,A) otherwise.

o Hjl.—g(c)(KmA) =

Note that (FZ(c))* = (F*)%(c) by [5, Proposition 1.3.2]. For simplicity, we will write
F®, F(c), and Fp(c) instead of F(1), Fi(c), and F{(c), respectively.
8 3.3. Definitions of Kolyvagin and Stark systems

Let F be a Selmer structure on A. First, we give the definition of Stark systems

for (A, F).

Definition 3.6. Let r be a non-negative integer. Let n € N be any element,
and q € P any prime divisor of n. By definition, we have an exact sequence

(3.1) 0= Hyuy(K,A) » Hpo (K, A) » H' (K, A)/Hj (Kq, A) <= H (Kq, A) = R.
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By Lemma 3.1 (2), the exact sequence (3.1) induces an R-homomorphism
r+v(n) r+v(n/q)
mR H;:“(KvA)_)ﬂR H_;-‘n/q(KvA)7

where v(n) is the number of prime divisors of n. We define the module SS, (A, F) of
Stark systems of rank r for (A, F) to be the inverse limit

. r+v(n)
SS,. (A, F) = %nv ﬂR HL.(K,A).

Next, we define a finite-singular comparison map which plays an important role in
the definition of a Kolyvagin system.

Definition 3.7. Let n € N be any element, and q € P any prime divisor of n.
We denote by
vg: Hyy (K, A) = Hi (Kq, A) = R

the localization map at q. Then the map v4 induces an R-homomorphism
T r—1
vg: [, Hre (K A) = [, HE, /g (K 4)
by Lemma 3.1 (2). Let

. ,wfs
0o Hygnq (K, A) = Hp(Kq, A) = H (Kq,A) @ Gy = R

denote the composition of the localization map at q and the isomorphism z/)gs. We call
the map gpgs the finite-singular comparison map at q.

Note that, by Lemma 3.1 (2), the map gogs induces an R-homomorphism

T r—1
0 [N Hrsm (K A) = (), H, /g (K, A).
By using this homomorphism, we define Kolyvagin systems for (A, F).

Definition 3.8. Let r be a positive integer. We define the module KS,.(4, F)
of Kolyvagin systems of rank r for (A, F) to be the set of all elements

(Kn)n € H m;H}:(n)(Ka A)

neN

which satisfies the finite-singular relation

Vg(Kn) = SDZS(Kn/q)

for any n € A" and q € P with q | n.
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Remark.

The notations KS,.(A) and SS,(A) used in § 2 mean the modules KS, (A4, Fcan) and
SS,-(A, Fean), respectively.

Assume that R is a principal ideal local ring. Let s and ¢ be positive integers with
s < t. Applying [6, Proposition A.2] with C; = 0 and Cy = R?, one can show that
the exact sequence of R-modules

—

0—-N-—->M R?

induces an R-homomorphism
t t—s
AM—= N\, N
such that the diagram

t t—s
NeM ———NA\g N

Ni<shi
t =8 t—s
(gM ——— Nz N.

commutes. Hence, in the same way as in Definitions 3.6 and 3.8, we can define the
modules

KSY(A, F) € [T N Hw (K, 4),
neN

r+v(n
ssyA, 7 c [] /\R ( )H}H(K, A),
neN

for any Selmer structure F on A and we have natural R-homomorphisms

KSMR(A, F) = KS,(4, F),
SSMR(A, F) — SS,(A, F).

The notations KSM®(A) and SSM¥(A) used in §§ 1 and 2 mean the modules
KSTMR(Aafcan) and SS}Y[R(A,]-"C%), respectively.

Let n € N be an ideal and q € P a prime satisfying q | n. We denote the composition

of the R-homomorphisms

Hro(K,A) — HY (K4, A)/He (K, A)
< Hj(Kq, A)

fs
_—q_> Htlr(Kq?A) ® Gq =R
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by rq. Since the sequence

0= Hk (K, A) = Hro (K, A) 2200, (N R
qln

is exact, by Lemma 3.1 (2), we obtain an R-homomorphism

AW ﬂ:”(“)H}n (K, A) > (), Hy (K A).
The R-homomorphisms A qln Ta induce an R-homomorphism
Reg,: SS, (A, F) — KS, (A, F).
Hypothesis 3.9.  Let F be a Selmer structure on A, and r a positive integer.

(1) There is an ideal @ € N such that H}:(D)(K, A) ~ R" and Hz.

ishes.

(o) (F, A7 (1)) van-

(2) For any non-zero elements c1,co € HY(K, A) and c3,c4 € HY(K, A*(1)), there are
infinitely many primes q € P such that, for any 1 < i < 4, the image of ¢; under
the localization map at q s non-zero.

Remark.  The conditions (iii)—(vi) in Theorem 2.2 imply Hypothesis 3.9 (2) (see
[5, Lemma 3.6.1]).

Remark.  Assume Hypothesis 3.9 (1). Let n € AN. Then, by using the global
duality, one can show that H}(n)(K, A) ~ R" if H}T*(n)(K, A*(1)) vanishes and that
HL, (K, A) ~ Rrv() if H{puy. (K, A*(1)) vanishes.

Theorem 2.2 (1) is restated as follows.

Theorem 3.10 (Theorem 2.2 (1)).  Let F be a Selmer structure on A. Suppose
Hypothesis 3.9. Let r be as in Hypothesis 3.9. Then the map

Reg,.: SS, (A, F) — KS, (4, F)
s an 1somorphism.

Remark. It F = Fecan, then the integer r that appears in Hypothesis 3.9 coincides
with the core rank x(7') of T' (see [5, Theorem 5.2.15]).

We will give the proof of Theorem 3.10 in § 3.4.
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§3.4. Proof of Theorem 2.2 (1)

Let F be a Selmer structure on A and assume Hypothesis 3.9. We also fix an ideal
0 € NV as in Hypothesis 3.9 (1). Then we have a commutative diagram

SS,.(4, F) — N HL, (K, A)
(3.2) Reg,. l/\qarq
KS (A, F) —— NpHz) (K, A),
where the horizontal maps are natural projection maps.
Lemma 3.11.  Under Hypothesis 3.9, the projection map
§8, (4, F) = ()"t (. 4)

is an isomorphism. In particular, SS,(A,F) is free of rank 1 (see Theorem 2.1 (1)).

Proof. Let n € N be an ideal such that H(1 n)*(K, A*(1)) vanishes, and q € P a
prime not dividing n. Then we have Hx, (K, A) ~ R™"™ and HL,, (K, A) ~ R™+v(r)
by Hypothesis 3.9 (1). Since H (1]:,.)* (K, A*(1)) vanishes, we have a split exact sequence

of free R-modules
0 — Hpo(K,A) = Hpwa (K, A) = H' (K, A)/H}(Kq, A) = 0

by the global duality. Since Hk. (K, A) ~ R™*™ and Hi,, (K, A) ~ R™7(9) e see
that the transition map

r+v(ng) r+v(n)
ﬂR H}nq(K,A)%ﬂR HL. (K, A)

is an isomorphism. This completes the proof since the set
{neN| H(lfn)*(K, A*(1)) vanishes }
is a cofinal subset of N by Hypothesis 3.9 (2). O
Lemma 3.12. The map
A rer (V7 ko (K, ) = () Hk o (K, 4)
alo R R

1$ an 1somorphism.
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Proof. By the global duality and Hypothesis 3.9 (1), we have a split exact sequence
y g Yy y

of free R-modules

0= Hkip) (K, A) = Hio (K, A) 20 (R 0,
qlo

Since H}:(D)(K, A) ~ R" and HL, (K, A) ~ R™® by Hypothesis 3.9 (1), we see that

the map A\ qlo T is an isomorphism. Ol

By the commutative diagram (3.2), and Lemmas 3.11 and 3.12, we deduce the

following
Corollary 3.13.  Under Hypothesis 3.9, the projection map
KS (4, F) = (] Hr) (K, A)
18 surjective.

Definition 3.14. We define a graph X° as follows.
e The set of vertices of X is all ideals n € A such that Hx. (m) (K, A7(1)) vanishes.

e Let n € XY, and q a prime divisor of n satisfying n/q € X°. We join n/q and n by
an edge in XC if and only if the localization map

Hy () (K, A) = Hi(Kq, A)
is surjective.

The following theorem is proved by Howard, Mazur, and Rubin in [5, Theo-
rem 4.3.12] and by Mazur and Rubin in [6, Theorem 14.4].

Theorem 3.15. Under Hypothesis 3.9, the graph X° is connected.
By using the global duality, one can show the following

Lemma 3.16. Letn € X%, and q a prime divisor of n satisfying n/q € X°. If
n/q and n are joined by an edge in X, then the maps

fs. (Y gyl r=1.1
Pq - ﬂRH}‘(n/q)(KvA) - mR H}'q(n/q)(KaA):

r r—1
Yq- ﬂRH;:(“)<K’ A) - ﬂR H-%'—q(n/CI)(K’ A)’

are isomorphisms.
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Theorem 3.17. Under Hypothesis 3.9, the projection map
KS (4, F) = () Hr ) (K, A)

s an 1somorphism.

Proof. By Corollary 3.13, we only need to show the injectivity of the projection
map. Let kK = (kn)n € KS, (K, A) with £, = 0. We will show that x, = 0 for any ideal
n € N by induction on \*(n) := dimpg,;, (H]l__*(n)(K, A)[IR]>. Here I is the maximal
ideal of R and

H. o) (K, A)IR] = {x € Hx. (K, A) | Irz = 0}.

If A*(n) = 0, then n is a vertex of X°. Hence by Theorem 3.15, Lemma 3.16, and the
fact that ky; = 0, we conclude that s, = 0.

Suppose that A*(n) > 0 and k, # 0. By Hypothesis 3.9 (2), we can take an ideal
m € N coprime to n such that the localization maps

(3.3) Hz () (K, A)[Ir] — Hj(Kq, A),
(3-4) H. () (K, A*(1))[Ir] — Hj(EKq, A*(1)),

are non-zero for any prime ¢ | m, and that the map

T fs(x
(3.5) HL o (K, 4) 250 Ay g

qm

is injective. Since the contravariant functor (—)* is exact, by (3.5), the R-module
H]l_-(n)(K, A)* is generated by the set {gogs}qm. Hence there is a prime q | m such that
g0£s</€n) # 0 since Ky is an R-homomorphism /\%(H]l_.(n)(K, A)*) — R. By the definition
of Kolyvagin systems, we have

Vg (Fing) = ‘PES("%) # 0.

By using the global duality and the fact that the maps (3.3) and (3.4) are non-zero, one
can show that \*(ng) = A\*(n) — 1. Hence we conclude that £,q = 0 by the induction
hypothesis. This is a contradiction with vg(knq) # 0. O

Proof of Theorem 3.10. This theorem follows from the commutative diagram (3.2),
Lemmas 3.11 and 3.12, and Theorem 3.17. U

Remark.  We will explain why the map RegvlyIR in Theorem 1.2 (3) is not surjective
in general, and why such problem is avoided after replacing A by ).
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Suppose that R is a principal ideal local ring with the maximal ideal Ip. Let
k := R/IRr denote the residue field of R. We also assume that Hypothesis 3.9 holds.
Take an ideal n € N. Note that we have an equality

(3.6) Hy (K, A)" =) R
qfn

by Hypothesis 3.9(2). Let k, € A f(n)(K, A) be a non-zero element such that
(3.7) (/ﬁgs(lin) = 0 for any q € P with q 1 n.

Here

Chg /\ H (K, A) = /\ H}q(n)(K, A)
is the map defined in [6, Proposition A.1]. Note that there exists such an element k,
when r > 1 and

dimy (H}*(n)(K, A*(1)) @R k) — dimy <Hf*(n)(K A (DI ])) > r

(see [6, Remark 11.9]). Then we see that k= (kyn)n € KSM®(A, F), where we define
KFm = 0 if m # n. Furthermore, we have

k ¢ im (Regy ™ : SSY™ (A, F) — KSMP (A, F)).
In fact, by the definition of the map Regl,,ym, we have the following commutative diagram

RegMR

| |

WO HL (K, A) —— NRHE o (K, A)

for any ideal 0 € A/. Here the vertical maps are the projection maps. If H1 *(a)(K JA)
vanishes, in the same way as in the proof of Lemmas 3.11 and 3.12, one can show that
the left vertical map and the bottom horizontal map are isomorphisms. Thus for any
non-zero element x' € im (Reg}ym) and ideal 0 € N with H (D)(K, A) vanishes, we
have kj # 0. This fact implies x ¢ im (Regr )

Hence elements with the property (3.7) is one of the obstruction of the surjectivity
of the map RegMF.

However, there are no elements with the property (3.7) in (5 ]_.(n)(K ,A) by
definition and the equality (3.6). Namely, if ky € 5 ]_-(n)(K, A) is non-zero, then
there is a prime q € P with q { n such that goq (kn) # 0 since kK, is an R-homomorphism
Nr(HE(K,A)*) — R. This is one of the key points of the proof of Theorem 2.2 (1).
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