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INTRODUCT ION

The object of chemical physics, or the molecular theory
of the properties of substances, is to build . a bridge between
the microscopic and macroscopic worlds; that‘is, to inter-

Idv.”;;;tﬁ)the macroscoplc properties or behaviors of substances
from the standpoint of their structure on the molecular and
atomic levels, and, to the contrary, to get the informations
about the molecular structure - from the macroscopic properties
with the aid of the theory. Thia principle for a study, of
course, must be applied'to high polymers.as well as 1ow-mcle—
cular weight substances. Accordingly, in this article, the
properties of polymer'soiutions will be treated from a
"molecular-theoretical standpoint.

Various physical and physico- chemical properties of
polymer solutions may be divided into two classes, those of
dilute and concentrated solutions. The‘firet class, which
is closely related to the character of solute polymer in ;I
dilute solutions such as the molecular size and shape, will
be observed in the measurements of the v1scosity, light
scattering, osmotlc pressure, etc., and the second wiil
include the co-operative phenomena such &s the phase separa—
tion, swelling, solnbility, etc. For convenience, here our
attentions will be forcused cn_the properties of "diluigi

" polymer solutions except polyelectrolyte solutions.
In about 1950, the theoretical system of dilute polymer‘ f

-
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solutions has almost been established by many researchers,
especially by Flory. 4As is well known, it is the so-called
"excluded volume effect" that two elements, or segments, of
a polymer chaln, possibly remote from one another in segquence
along the chain, cannot occupy the same space simultaneously.
The main contrlbutlion of Plory in this field consists in the
introduction of this effect into the polymer chain statistics,
and in having indicated thet the behavior of a real polymer
chaln 18 essentlally different from that of Markoffian. And
this theory has immediately been applled to the interpreta-
tion of osmotic pressure, Iintrinsic viscosity, and other pro-
perties of dilute polymer solutions by Flory himself .and his
co-workers with a qualitatively satisfactory result. However,
in his theory, the connection of segments, or the spatial cor-
relation betwsen segments has not completely been taken into
consideration, and thereby there remein several deviations of
the theories from experiments unsolved we belleve. Another
defect of his theories consists in the Inclusion of the pheno-
menoIOgical'parametefs uneliminated. Hence we find it neces-
sary to re-examine the theory of dilute polymer solutions
from a more rigorous and molecular.standpoint.Qf\statistical
mechanies. ' . ’ 7

Thus, the aim of thils work is.not only to describé Sys-
tematically the various properties of dilute polymer-solutiOQS,
related to the excluded volumereffect, by the molecular or mo-
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del constants, but also to give a quantitative interpreta-
tion for the experimental results which cannot be explained
by the published theories. | i

Before entering into the sub ject, we here conveniently
summarize the present study. As fqr.the model of poiymer
solution, the Dearl—néckiage model with.the édntinuous medium
approximatioﬁ will be employed throughout this article. Thé
final expressi%s all are expressed iﬁ.a power series in the
excluded volume parameter 2. - ‘

- - f-/—”_'-_'-—'—‘_ ' I -
In Chapter I, (te)Take clear the nature of the excluded

ﬁoluma effect, the distribution fﬁnction for distance-Rkl
between segments k and 1 of a polymer chain, its 2m-th moment
< Rk12m> the mean square radius of gyration < 82> , and the
mean square distance < Sk > between segment k and the molecuﬂ
lar center of mass are calculatad by using Ursell- Mayer Tera—
motols method of expanding the chain phase integral. The
results Obtalned are of non—Markoffian character at any tem—
perature but the Flory point and ’re qualitatively con51s—
tent with the experimental data of lattice chain obtginad by .
direct counting of its popfiguraﬁionsy In Chapter II,‘ﬁhe
angular distribution of scattered.light is calculated using

< R ">

,» and the influence of the volume effect upon light
scattering measurement is discussed semewhat in detail.
In Chapter III, the osmotic second virial coefficient

A5 is calculated following the general solution theory of
-3



McMillan and Mayer. Account is takeﬁ not only of the inter-
molecular interaction but also of the intramolecular interac-
tlon of gegments or the excluded yolume effect. The results
show that the molecular weight dependence\of:Ae is improved
at least in the vicinity of the Flory temperature in compari-
son with the theories of Flory—Krigbauﬁ and Isihara—Koyama.

In Chapters IV and V, theories of the intrinsic Visco-
sity [7] and frictional coefficient = are devéloped on the
basis of the Kirkwood and Riseman scheme. The resﬁlts show
that, if O 1s the linear expansion factor of the pbiyﬁer
coil, the intrinsic_viscosity is asymptotlically proportional
to cxz for the free-draining case and o{arhS for the imper-
meable case. This implies that even in)fhe 1imit-for imper-
meable molecule, the hydrodynamic radius of the polymer coll
is not proportional to its statistical radius.

Finally, in Chapter VI, a thorough comparison of the
present.theories with experimental data is.méde, taking

solutions of polystyrene in cyclohexane és an gxample.

The results prove that the theorles are very fiitedrfof st-

ructural interpretation of experimental data.



Chapter I.  CHAIN CONFIGURATION

1. 1. Introduction

Whether the introduction of the long-range excluded
volume effect into the polymer chain statistics changes the
M&rkoffian character of the chain or not, proposes an intér—
esting problem in both mathematical and statistical-mechani-
cal senses, and has close relation to the VariOUS'ﬁroperties
of the solution. 1In 19&9; Floryl) and Suzuki®) have inde-
pendently developed approximate theories of this effect and
indicated that the mean square end-to-end diStanée_<3R2$ or
the mean sguare radius of gyration < $2> of a chain of N
links becomes .asymptotically proportional to a power of N

higher than the first. That is,

<R*» o N'™* (o0<e<o02) (1.1)

Hence, the ﬁolymer chain can nevér be regarded as the Marko-
ffian. This is inevitably-of importance for theoretical in-
terpretation of the intrinsic viscos}ty and other physico~
chemical propeffies of the solution. |

Accordingly, a number of ways of approach has been
presented to this probiem since that time. In 1951, Teramotoa)
has developed é_more rigorous theory based on the Ursell-Mayer

method of imperfect gas theory, and derived an expression for

-5~



<7R2>, which 1s qualitatively irn agreement with the Flory

prediction mentioned above:

RE>=nNa®(1+ FE~-0) (1.2)
with Z——-(3/27t6() ﬁN% S (1.3)

where a 1s the length of & link and ¢ is the volume excluded @
to the center of a segment by the presence of another. This 0
equation has subsequently been established by many resssar-

chers, Ly 8) especially by Zimm, Stockmayer and Fixman,92 and

we have now the expressions not only fon < R®> but also for .

< 82> -9) '
<SQ>-—-——NQ (I+ S; f)f‘ ' .-;‘(Ifhr'

However, most of the published work has been confined
to the problem of the asymptotic behavior of < R2>/N. Fur—
thermor§, except some tentative attemntéalo) we have not ﬁéf
a reliable experimental verificatlon of theée equationé;
This unfortunate situation seems to arlse in partpfrom ﬁhe
circums tences that the effect of‘a heat of inﬁéraétion

between solvent dand polymer has not éxplic?tly been taken
into consideration and that the correspénding-Qﬁpressions
for- observable quantities such as the osmotie second ﬁirial
coefficient Ao, intrinsic-viscosity [pls ete. gut < 32> ﬁave
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not yet been established.

Thus, in this chapter, making some refinements to the
interaction between solvent and polymer sSegment, we calculate
the various statistical gquantities of a single polymer chain
in dilute solution based on the Ursell-Mayer-Teramoto meth0d5)
not only to make clear the detailed nature of.the'excluded
volume effect but also to derive the expressions for Ay, (7],

etc. In later chapters.

1. 2. Model and Segment Pistribution Functions

Consider a linear chain composed of W + 1 spherical
segments of dlameter b, in which the segments are connected
by N links of a constant length a one after the other and
are attached numbers 0, 1, 2, ..., N from one end to the
other; and assume the chéin to be completely flexible (pearl-
necklace model).% For the sake of brevity, let us denote
the coordinate of segment i by the symbol (i), and the total
coordinates of a particular set of n segments by the symbol
{in}. If the continuous medium approximatlion is adopted, the
total potential energy [J{N+1} of the system ls given by

the sum of pair interactions between non-adjacent segments:

* The "short-range" interferences, such as fixed valence
‘angleS‘and hindered rotation about bonds, between neiéhbor—
ing elements of actual polymer chaln will be discussed in the

1last chapter.
-7~



U{N+1}='Z,‘M(RL})EZ'UL}7 (1.5)

<

where u(Rij) represents the potential of mean force between

segments 1 and j as a function of the distance Rij between

these segments. In the present lack of knowledge of functio-

nal form of u(ﬁij), we may assume as an approximation that

oo if 0£RLb,
U(R) = (1.6)
' — U, exfo(—?)Rz/de) if R>b,

which 1s shown in Pig. 1. Here u, is an energy parameter,
being positive in a poor solvent (endothermic solution} and
negative in a good solvent (exothermic solution).  Another
parameter d 1s assumed to be somewhat smaller than a, for
u{R) is expécted'to be of short-range nature.

For the model described, the problem is formally the
same as that of imperfect gases, namely the evaluation of

a phase integral S?E(IRRI, N):

«QQ(R;WN)=Jexf"(*Zui}/'ll%T)d.iNJr1}/&.(&)&(’(@)3 (1.7)

% Teramoto?) has employed the hard sphere potential and Zimm

et a1.9) have adopted the assumption of short-range nature of

u(R) without giving its explicit form.
. ' _8-

/

L

)



Fig. 1. Schematic reprefentation of the potetitial

u(R) of mean forece hetwoen two segmentss

1 .



where Jp is the Boltzmann constant, and T is the absolute
temperature. The integration extends over all the possible
configurations under the conditlons of constant 1iink length
and of fixing,segment k to origin and”ségment 1 to a point
at distance Ryq = |Ryg|= | (1) - (k)| from the origin.
(The symbol . d{N + 13 /a(k) da(1) igdiqugs that the inte~
gration goes over all coordinatesjéicept those of the speci~
fied segments k and 1.)

b3

Tn the absence of intersegmental force, §22(]Rkl, N)

reducésAto the corresponding phese integral 522(0)(1Rkl, N)
for the 1ldeal chain of N links:
~ (O) N ‘ 1
QAR N = A{N+1} faCk)dCe), (1.8)
For'ljzg(o)(lﬁkl,HN), ?ermay assume
) con i aN 3 | .
2 (Ryp N)= (F7a%) (gkf/nz,)exp (- Prg Rie ), (1.9)

Beg = 3/2(0-K)a?,

where { L7a®)¥ 1s the phase integral of this chain which is
allowed to have all the configurations without fixing the
-specified segméhts kf;nd 1. The assumption (1.9) becomes
asymptotically vélidfas (1~ k) becomes large. It iIs noted

here that, if {n} = (i), (j), .-., (t), we have

~1.0-



QS’(MLN) =JA~{N+ 1 }/d{n}

NFL-E , 0 , . o
= @ma®)" " T PRy, 1= 1) S5 Ry ki) - QLR s (120

Now, if we introduce a short-range function ;Kij defined

by

Ay = exp(-Uy [RT)~1, (1.11)
the integrand of Eq. {(1.7) can be expanded in the form,

efP(—Zuq/ﬂfeT)ﬂ + Xy tZZ XyXset (1.12)

then,
§,(Ryp ,N) = Q;O)( Ryg » NJ + Q:)( RpgsN)F+ or e

e (1:13)
i<k

Integrating with respect to the coordinates except (k), (1),

(1) and (j), with keeping Eg. (1.10) in"mind, we obtaln

gXLde{N-H}/dCh)dOZ) ‘

-11-



-2 . . o .
= (4a)" EZLJ Ry 1) 227 (Ryk k=)

% OS(R,, 1-RYADAR  ifosicieR,
k-2 (1-lh)

2y NTR- o . 0 .
= (4xa%) J.;cr;, (R, LRI S5 Ry, 41D

X Q7 (Ryp, 0-4) ALY 4CE) if kgi<fel,

Fig. 2 shows the cluster diagrams corresponding to each
expression in Eq. (1.1L). The integrals of this type can be
readily evaluéted by the Fourier aﬁd inverse transforma-
tiOnS.ll) An example is taken of the case k < 1 < J=<1

below. If the Fourler transform of the integral

J(Rpg) = S’t"'} 2 (R, iR 025X Rij, &~1)

° ; ; . 1.1
X DRy, 0= ) AL (1.15)

is denoted by H{gq), the inverse transform J{Ryy) 1s given Dy

TR =l (e GlaRg H@dL e

with |
H(D) = (s 1- k) Ba T §-1) B1CT, 04D

~12-



|
| i
i !
|
| Ozizk, k<jel  hzi<t, I&<f=N  0=isk, L=7=N
i :

el Ty

Fig. 2, Cluster diagrams for the single contact integral:
jxij af¥ - 1} /a(x)a(1). The heavy lines comnsct the
contact segmente i end j. The broken lines represent

the given distance Rkl;'
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Rk = | Ry L-R)exp (19 Ry) dRy

2(D 10 = [ XRPOCCRy, -0 exp (12 R ARy, )

¢o)

ﬁlr(%: Q“ai‘) '—:J’ Qz ('KE}‘Q‘,E-—})-GIF( L%‘ [RJ.,Q) Ol-ij,,e .

On performing the integrations in Eqs. (1.16) and {(1.17), all
terms higher than the second of uy/kT in the expansion.of,
}(ij are neglected., This neglection is justified by the ex-
perimental result that the heat of mixing 1s usually small
in polymer sclutions. Furthermore, the follcwing approxima-

tion is introduced,

b < d < a. (1.18)

Thié is a ﬁecessary-condition in order that the imperfect
gas-1like.-expansion could be applied: the first condition
b << a indicates that the volume effect is Sufficiently
small, and the second condition d < a means_the mean force
. of segmental interactlion to be short-ranged, as supposed

from Eq. (1.6). Thus, after laborious but straightforward

- 1)_‘_.



: . Ea e
calculations,”™ we arrive at

1 a. -k 2
T(Ryp) =~[2/NT(j-1)2](4Ta2) Ca'kf/ﬁijlb("'a’kﬁﬂ‘emzz), (1.19)

Vi =3/2(2~k-¢+i)a

with N b3 @~ 4 (1.20)
= (m)lER)(1-=)N | '

?

o= (- 1), )

® has the dimension.of temperature and it is expected fron
Eq. (1.18) to have the same sign as u,. If we could consi-
der higher terms than the second of u/kT, { 1 -~ (@/T)] in
z would be replaced by a power series in GD/T in generall.

Calculating the remaining integrals in Eq. (1.1h) by
the similar procedure as mentioned above, evenbually we

obtain

* See Appendix I.
** Thig expression for z is ideﬁtical ﬁo-that by Zimm‘et
al.?) The substitution of the following into Eq. (1.3)
gives RBg. {1.20). .
=~f°-°[ exp(-u/RTI=1] 4T Y'Y o (43xb*/3) (1= (@/T)] .
% , e



1 s ._fi
;l?(ﬁihﬁ,m) = Z} [*Z/NE(}"szl
i<
- 2 o,
X, (+HaQ)N(XM3/7E1'J exp (-7py Ries™ ),

. 2 ) )
XIQ.Q = 3/2 ))Maz,

ri-k " ‘ if 0gi<f4Ror f2i<}f&N, (1.22)
(8 ~k)~(i-1) S if ksi<isl,
Yoy = ﬁ (Q~R)-[Ci-R-1)) Hosizk, R<f<l,
R[] RLEEE, R F AN,
(0o k) - [a-kF/Cp-1) U 02ick, B faN,

The calculation of KZZ(H) (Hkl! N)'s higher than 522(1)
( Ry, N) is not glven hére,ﬁbut their contribution %o
512(]Rk1’ N) should be propoftional to higher powers than
the second of_‘. z. Thus, it is conciuded that the combination
of Bq. (1.13) with Bgs. (1.9) and (1.22) — hereafter, call
1t the single contact approximation ,_; gives correctly
Qo Ryys N) up to the first power of z and enables one to
caleéulate the initial dependence of average chain configura-
tions on z.

The probability p,{in}ad {n} of observing a paftiéuiér
set of n segments In d {n}-at {n} , irrespective of the
coordinates of the remaining segments, is giﬁen by

~16-



P intdin} = C x Qalink,N)din},

O (L, N = [exp (= Z iy [RTIAINF 1S /din}, (1.25)

c*=J%7JFQﬂ§fﬁLN)A{n}

= jexp(—ﬂ \,{L}/”QT)UL{N-A" 1}/&(&2) ,

where V is the volume of the system. We shall call the
function pn{ n} “reduced segment distribution function."
lsing Ba. (1.13) with (1.9) and (1.22), and remembering the

definition of {2 2(1Rk1, N), Bg. (1.7), we can obtain
i © :
C =5 ‘QQCIRh27N)+Jt RR’QZGLR"R‘Q
0 . , )
N " - 2l
= (4ma?) [ 1= 2NT X (f-)*+ o] | (1.2h)
, t<f
" o
= (anad) (1=VZ(NT-2/2)X ++++} for large N,
In addition, the radiai distribution functfoﬁ‘for uﬁspeéified‘

segment fz(r), which is used in the next chapter, may 'be

written as

§aCh) .—=2.N'22; Po (R, 25 IR I=1)
k<2 (1.25)

._’17‘_



31. 3. Average Chain Configurations

Our aim in this section is to derive the various average
chain configurations which charaoter1za the statistical pro—
perties of a single polymer chain present in dilute solution.
More generally than in the earlier works, we begln with the
calculation of the 2m-th moment of the distribution function
of the distance between segments k and 1, from which the.
mean square end-to-end distance, the mean square radius of
gyration, etc. are:immediatelj derived.

(a) Distance between segments k and 1.

It is clear that < Rk12m> is given by

{Rps™> f-JRh;”" PaCR, £) 4R 2 AR
(1.26)

fR;”"”Jz (Rpg, N)arem/fram 9} cnam,mm,w

Substituting Egs. (1.1%) with (1:9) and (1.22) into Eq. (1.26),

we obtain

C2m+

T ! (g k)a"’"[wrmcwwjzj

<Rk;m>
(1.27)

In(Nes2) = NF 2 {1~ [V /-l }u—u)"?'

u<3-

-18-



The sums may be converted to integrals, and the integrations‘

proceed in terms of elementary functions. The result is
(for N1/2 >> 1Y),
4- m (l) i
TNk ) =" % m{ . 0— k)2
miN R, £) VH Pt Pﬂ-—* ( ) pl ( )

' el —pyd —pad
+—7Lr“[NP+1—£P+Z—_(N~k)”’](2——h){f (1.28)
U oPeg -

¥ % ap p~g4 P-g + 4
3=0P%+ ( LN ~RTT¥ )
+ (M=) (n=)P T F - (v ) T ) T}
When m = 1, we obtain immediately the mean sguare distance

< Rk12> between segments k and 1:

LNk, 2) = (4/3):\:‘* {(3/3)(2_;@)%— +CN—H% (1.29)

— 407 + NEC-RY - (8/3)2—RT
x,[C'fo)z—(N*-i@? %He J}

(b) Distance between the End Segments.
In the case of k =0 and 1 =N, from Eq.‘(l.27), we
obtain for the 2m-th moment of the distribution function of

the end-to-end distance

i
b
P



m mooam
{R*™y = (R Iy = [(am+ D] /e mI TN
: (1.30)
) .
X{I+[Z~————P2 , ()JZ}
p=i 4
The above equation, when m = 1, gives the msan square end-

to-end distance,
(R = Na* {1 +’c4/3}2jj (1.31)

which has been derived by meny authors.a)“'9)'

(¢) Distance be tween Segment aﬁd the Molecular Center
of Mass.

_ As Is wéll known, the mean square radius of gyration

< 8% 1s given,by |

%<S > = Z: <Rh2 > (1'52)

Nﬂ
where $j 1Is the distance between segment k and the mole-

cular center of mass. Therefore substituting-Egq. (1.29) into
-Bg. (1.32), and replacing summetion-by integration, we find

=20



{8*y =-na* [1+ Q3+/105)7 ], (1.33)

which is just the equation (1.l) already given by Zimm et
a1.9
In addition, < Sk2> can be easily shown to have the

‘eXpression*

k-2 N
<S*‘2>=T\|T[ E_ZO<R£R-2> t 2 (RIS, (1.34)

¢= Rkt2

2

where < R, "> 1s obtaipned by exchanging k for 1 iIn < p‘klz.}’

Bg., (1.29), and vice versa)_,Eventually we find
(8> =g Na*{[1-3CR/N)+3(6/N)' T+ T, 002 §

TN, RY = (121/200 = (32/8)N (R +(n-k3 T . (1.35)

IR 5 '
+2H/5ONF [(R® + (N=R)F ]
+ (/37 N L Y+ (N-kYPT,
Eq. (1.27) will be used to calculate the angular dis-
~tribution of scattered lights in the next chapter, and Egs.

s

(1.29) and (1.35) will be used to calculate the intrinsic

* gee Appendix IT.
_21-



viscosity in Chapter IV.

Egqs. (1.31) and (1.33%3) show that.a polymer chain, owing'
to the repulsive interaction (volume effect), will eiband
more largely than a Gaussian case and, in good solvents, the
energetical interactions between sclvent and segment force

the chain to expand more and more, whereas in ‘poor solvents '

they work to shrink i1t. Therefore, when T = (E , the volume

effect counteracts the energetlcal 1nteractlon so that the
polymer chain apparently behaves like a Gaussian chain.
Accordingly the ® defined by Eq. (1.21) is nothlng but the
'Flory témperatﬁre and becomeg higher as Uo is large, namely

in the poorer solvents.

Alphouéh many studies have been proposeq on the excluded
volume effect of a polymer chain, mfst of them héverbeen dea-
ling with the asymptotic behavior 6f < R®>/N for large W,
which has already been discussed out. Here our attentions
a?e,fQTGHSBd'On a few other statistical properties of a
Polymgr'chain-in dilute solution which are easily deduced

from tﬁe results obtained in the previous sectlong

() Shape of Distribution Function of R.
Suppose a Gaussian distribution function,  the second
moment- of .which is just given by Bq- (i.51)@j Penoting the

r

~22-= (l_
\



2m-th moment of this function by < ReM. e obtain

GJ
(em+)b
R =W a " (), (1.36)

Comparing this with Eg. (130), we immediately find that

< R2m>G

This 1s to be compared with the experimental result of Tera-

is always larger than < R2m>, if z 1s positive.

moto, Kurata and their cbﬁorkerslz) in Flg. 3, where 1is
shown the distribution function of R for a short lattice
chain obtained by direct enumeration of a%l possible confi~
gurations. In the figure, the Gaussian distribution func~
tion approaches zero slowly in the range of larger R than
that corresponding to its maximum, while the distribution
function of R for a real polymer chain (lattice chain) in-

creases graduvally to 1ts maximum, end then falls down to

zero-suddenly; or In other words, < REM> < < 82m>G-

(b) <R2>/<82> .

‘Egs . (1.31) and (1.3%3) 1ead.us tb
'q,._<f22>/<,52>=g(1+—3—2§~z)_ (1.37)

The ratio < R2> / < 82> starts at six for z = 0, and in-
creases with increasing 2. 1In this connection, it is noted

here that, in the case.of two-dimensional lattice chain, the
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Fig. 3.

Shape of the distribution funcbtion for end-to-end distance
R of two-dementional square latbtice chain with N=17.
Histogram: Teramoto and Kurata's experiment,lz) Chﬁin x
curve l: random flight. Full curve 2: Gaussi&nrfuncﬁion

With the same value of‘<(R2> ag the histogram's. Short

line 3 indicates the root-mean~square end-to-end distance .
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ratio arrives indeed at 7.41 ror m = 17.12)

(C) <Sk>

According to Eg. (1.35), we obtain

CM@)%QC14-0612). i k=0, N
, .

s o2 I,._: ) .
T3 a(t+0502)  if k=N,

This‘equation indicates that the excluded-volume effect has
the larger influence on the segments near the ends than that
on the'intermediate Segments; those are located, on the -
average, in the '"skin" part of polymer coil and these in
the "core" part. Accordingly, the expansion of polymer
chain does not occur uniformly, but more largely in the skin
part than in the core part. 'This behavior contributes an
‘unnegligible effect to fhé‘iﬁtrinsic'viSCQSity!as'will be:
shown in Chapter IV.

These results can not be obtained by the Flory theory,l)
for complete account is not taken of the corinection of seg-=
ments and thereby the anisotropic nature of a polymer chain

i1s lost in his theory,*

#* According to the Flory theory,l) the expansion fo polymer
coil occurs uniformly, and hence < RZ> /< 82> = 6 irrespec- .
tive of the excluded volume effect.
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Chapter II. LIGHT SCATTERING

§ 2. 1. Introduction
As is well known, the light scattering measurement of
polymer solutions is a direct and pdﬁerful method of deter-
mining the molecular size and shape of solute polymer. There are
two representative methods of exﬁefiment aﬁd:anaiysié; one
is the éngular variation method and the other 1s the dissym-
metry method. The former ylelds Ehe mean square radius of
gyration < 52> 1tself. On the other hand, the polymer dimen>
sion obtained in the latter is strictly equivalent to neither
2 2

the mean square end-to-end distance < R™> nor < 87> at non-
Flory temperatures, since the angular distribution of scatt-
ered lights, upon which the analysis is based, has.not yef'
been derived excépt for a Gaussian chain. Accordingly, it
appears necessary to mske & more détailed consideratich for
the dissymmstry method. Thus, in this chapter, Qe délculate
the anglular distribution of scattered lights us ing' the same-
model a3 before, and examine the excluded volume efféct'on

it somewhat in detail.

§72, 2. BExpansion of the Angular Distribution 7
It is already known that the intensity I of light scatt-
ered from polymer solution is generally related to the con-

- 26~



centration ¢ and scattering angle 6 by the equation,

where K is the constant, M the polymer molecular weight,
and A, the osmotié second virial coeffiﬁient,;which.is
treated in the next chapter. P( &) is the séncalledi'
angular distribution of scatfered light, which represents
the correction for the interference of lights scattered

from small elements of large particle (pOlymerisegment&) and,
.just as for X-ray and electron scattering, is expressed in

the form,15)

+00
Pced =J fu(ryexp (amidw/A)AY (2.2)

Here ) is the wave length of light in medium and §,(7) ;5
the: radial distribution function for segments of the same
polymer chain, ;{h‘ich is defined by_th. (1.25). & repre-
sents. the vector &iffefenée between unit vectors in the
directions. of ingident_and scattered lights, and ifs mgéni;

tude is

b= |l = 24im(8/2). (2.3)
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Since it is difficult to perform stralght-forwardly the
integration in Eq. (2.2), which extends over all directions
as well as magnitudes of » at constant &4 , we expand the

integrand and then integrate term-by-term. The result is

PCod=1-6(2sim(6/2)]" + + - . +c-f)m.5m[215ifn(8/2)]m?- e,

2 2TAT 5 ams (2,14)

Substituting Bq. (1.27) into Eq,_(Z.M),Hand.replacingrsgmma—

(2401 N2

tion by integration over k and 1, we obtain”aftef;tédiéﬁér

calculatibns,

P(e)——~(e -1+v)+zZ C;:f Cmvm,' - (2.5)
where U= (RNGYBN) amP(8/2), (2.6)
.’C‘ B E": (~0)F m+zp+—,—3_—

™ p=| pz.. ){(Yn+§ﬂ+1)-('rn+p+1)(m+—gd
4 2p ot (2.7)
T e 2 S ()
C““’”‘I)('W‘“:or)(?‘rz) Bz Po3 Tz

-mPH'

My Ao I A+ A m-p +1 top+t ]

and z is given by Eq. (1.20). The numerical values of

Cm (m < 7) are shown in Table I, which were calculated by
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Table I.  Numerical values of the respective céefficients

Cp and‘ D, in Bgs. (2.5) andr(Z.Q).

ot st

m 1 2 3 4 5 6 7

Gy 0.,4264 0.3889 0,3240 02699 0,2279 0.1955 0,173
D, X 10° 0  5.66 5,89 7,06 7.60 7.8  7.51
D x10°m 1 0  1.825 0,982 0.252 0.085 0.0 0.001
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Eq. (2.7). 1t is noted here that the first term in Eq. (2.5)

has already been derived for a Gaussian chain.

§ 2. 3. Excluded Volume Effect of the”Angular Dis-
7 tribution. ;
Remembering Eq. (lu§2);“the firstrcééffiﬁiéht Si f"in

Eq. (2.1).can be written as
6, = (4TY3A) (S, N )

Hence, the angular variation method yiéldéf%fue < Sa>‘irr68—
. pective. of the volume effect.
On the contrary, it appears necessary to make 2 more
detalled consideration for the dishymmetry'metﬁod, »Eq.=(2;5)
" may be rewritten as |

mt -

— Dfra - - T -
Pce) = Ece)+ zﬂ%l i Doy V" " (2.9)
Ple) = 2/ 23 e V=1 + v ),

/

Vo= Cle AR <5 4nt(0/2 ),

D L= 9-m _: .13‘1'- _ ' .
T tmEOGne2) (o5 Con

In Table I are given the numérical values of Dy. From Eq.
(2.9), it is obvious. that the angular distribution functlon
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P!' (@) currently in use deviates from the true function P(©),
as a result of the excluded volume effect. However, the
numerical calculations show that, if =z < 0.1 and v < 1,0,
the deviation of P'(6) from P(@) is of order 0.1 %, being
within experimental error of present measurement. Similarly,
the dissymmetry ratio Z‘MS obtained from P'(e) shows only
minor deviation from its rigorous value, if the ratilo

/2

1 - .
(6 < 32>) /_A, does not exceed about 0.2. Accordingly, we

may conclude that, in such a range, the usual dissymmetry
method also provides reliable data-of < 82>.

Vext, we propose an attempt to evaluate < 82> by the
dissymmetry method, when the value of {6 < 52>)1/2/)\ exceed
the range menthioned above. Fig. L gives the ;hs vs.
(Naa)l/g/A_ curves for various values of z, which were drawn
taking account of the terms up to m =7 in Eq. (2.5) with

the values of Cp in Table I. We first reed the wvalue of Na2

from the observed value of Zh5 at the Flory temperature and
the curve for z = 0 in the figure, and next determine z from
the observed value of Zh5 at the other temperature and from
the value of Na® obtained above. Inserting these values of
¥a2 and z in Eq. (1.%33), we obtain < 52>, This method, of
course, is not‘applicablewto a good solvent éystem, for the
equations obtained'here are derived only for small z. The
agreement between the value of < 52> deterﬁinéd by this
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methed and that by the angular variation method has to be
checked experimentally. This is an interesting 'pr-oblem, but

we will leave it untouched In the present article.



Chapter I1II. OSMOTIC PRESSURE

}§3. 1. Introduction

In the preceding chapters, we have developed a statisti-
cal theory of the excluded volume effect of a polymer chain
present in dilute solution and made clear its detailed nature.
Let us now proceed to other problems of importancelrelated to
the excluded volume effect; one of these is of osmotic second
virial coefflcient Ao

According to recent measurements, h? the second virial
coefficient Ao, of osmotic pressure of polymer solutions can
be represented over limited ranges of polymer molecular
weight M in the form CMS wifh a negative exponent € Varing
from -0.1 to -0.3. This dependence of Ap on ¥ has not yet -
been explained by the lattice theories,15) 1n splte of varl—
ous Iimprovements recently made .t —18) On the other hand,
the method of imperfect gas-like model which is based on
the ¥McMillan and Mayer theory of general.solutionsl?)_ofrers
a more convenient approach to the problem, though the theo-
ries 1ndicating a quantitative agreement with the experimen—
tal results have not yet been presented ZL) For ins-
tance; Flory and Krigbaumgl) developed = theory_of dilute
polymer solutions by introduciﬁg the Gauseian approximation

for the spatial distribution of segments ground the mole-
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cular center of mass, and derived an expression for Ao which
indicates a gradual decrease of A, with increasing M. This

is é significant result of their theory, but the agrgement
with the experimental data 1s no more than sewmi-quantita-
five,25) Very recently, Isihara aﬁd KOyama,ga) and Orofino
and Flory,gh) respectively,-improvéd thé Flﬁry and Krigﬁaum
theory with respect to the assumptions for the spatial dis-
tribution of segmenté and for the thermodynamic interaction
between segments, but they have still assumed the faussian
character of polymer chain. Since the exciuded»voluﬁe effq—
ét generally introduceé é non~Gaussian pharaéter info the
chairn configurations as was shown in Chapter I,'wé find it
necessary to reexamipe the theory of'Ag‘with resvect to this
point. PFurthermore, in the thep&ies citéd‘abbye,‘ﬁhe ﬁ—seg_
ment distributidn function around thermo;ebuigr cenfer70f
mass 1is approximated by the,proéuct of one;sagmenf'distribu—
tion functions for the sake of mathematical cofvenience. 7
But this factorization approximétion aisorrequires a further -
investigation, for it probably leads to the underestimation
in the molecular weight depenéencs of A, We believe.

Thus, in this chapter, wé will develop a more exact
evaluation of A, taking acceount of the-i@trae and inter-
mO;ecular interactions, and a?tempt to explore the nature
of the approximations mentioned above. Albréchtaé) has
iﬁdependently presénted a theory similar in nature to ours.
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Howeve?} his treatment of the intramolecular excluded volume
effept is based on a more rough approximation,'namely thé
uniform expansion approximation for the polymer coil; accord-
ingly, the overlap between his theory and ours seems not to

be so serious.

| §3. 2. Formulafion
We consider the same model of chain polymer as before.
That is, &'pdlymer molecule consists of N + 1 segments of
diameter b, which are linearly connected by ¥ links of a
constant length a and &are numbered from 0 to ¥. Using the
Greek alphabet to smecify each polymer molecule, we denote
the coordinate of molecule ¢l by the symbol (o), the coordi-
nate of segment i of the molecule by the symbol (i, ) and
the total coordinates of a particular setlof n Segments,
say 1y, Jo s +++y bty by the symbol {n,} . Hence,
() = { Ny #1}=C0u), (1), -+ 5 CNg), |
T D | (3:1)
A(A) = d{Ngt1} = d(Cd d (1) ++ = AN

The total potential“éﬁérgy of the solution is assumed to be
‘additive over segment pairé;'for which we assume the follow-

ing interacticn potential:

~%6~



o0 i_f 0ES RLJ_.‘E b 5
U\L} = M-CRL-J‘_) = : - - - 3-2)

— U, exP’(—BRt&z 2d%)- if RL}> b,

where R represents the distance between segments 1 and j.

ij
u, and d are constants. We then introduce a function ;C(Rij)

defined by
Ay = X.(R V)= exp(~U '/HQT’)"T" . (3.3)
¢ CEa 3 )

and wriﬁe it as

— 1 LfOéR,‘_}é_,

)C(RL}) _ 3.0)

(Uo/IeT) e%p (-3R1;/2d*)  if Ry >b,
neglecting terms of higher order in (uy/kT). Here k is
the Roltzmann constant and T the absoluté . temperature.-
According t0 the- general theory of solutions developed
by McMillan and Mayer,l9) the osmotic pressure 7L is expanded

in powers of the concentration c as follows,

K= RT(L-C +ACt+ A+ ) (3-5)
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where R i3 the gas constant, M the polymer molecular weight,
and An the n-th virial coefficient. In particular, the se-
cond virial coefficient A,, which is here concerned, can be

written in the form,

e (3.6)
As QVU% ~f[-]-g(o( gl - f(d)f(?)]dGJJdC@J
where V is the volume of the solution, and N the Avogadro

number. £(cf) and fl(@) represent the distribution functions
of single polymer-moieCules ot and § , respectively, and are

S
normalized as

_éf“jflcc)()d.(d) =Sf|{Nd+1}d{Nd+1}/d(|Qd) = T . (3.7)

fa(d, p) represents the pair distribﬁtion function of two
polymer molecules in confiéurations specified by (o} and
(). These distribution functions all take the values at

zeroc concentration.

- * The symbol dNy+ 1} /d(ky) indicates that the integra-
tion goes over all the coordinates.except that of the speci-

fied segment k .
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Now, remembering the assumption of pairwise additivity
for the ipteraction potential of the system, we write the

distribution functlons as

ficor =C exp (= Z w4, /bT),
. o (3.8)

£,06,8) = FEOR(E) exp(~ Z Wy, / KT)
ko, ks )

where.c;denotes the normalization constan;,

= femp 2w, g ST AN 2R, P
_ (< b A
Theh, we expand Eq. (%.8) in the'form,

H

f.0o) : e+ Z'Zlm}'d*- ZZ'ZLA:J’& lsd’td+ trt )

CHd ) = fi @) F(p) 4 (3.10)

XU+ Z Xy, 0y T 22 Ky o Xy gp ™7,

and substitube them into Eq. (3.6). The résult is

A - N Cea ) S
A, = T (Bt By +v) A
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with '
By= I f’% o, 1O i) dHAB),
ky,kp rRE

| (3.12)
8= 5 flkmp Xy gp FiOOF.CB) diot) 40,

Ba= Z{[ T Kiyiep ) FiCo0FiCBI A ACB),

n Pai_rs

where the-symbol |I represents a prodﬁct of n different
)fkd , kpﬂ‘s and the summation goes over all distinguishable
configurations. On performing the integration with respect
to a1l ccordinates of segments except (k. ), (k? }, etc.,

Eg. (%3.12) turns into™

* In Bq. (3.12), ﬁhere-argimény terms with a degeﬁeraﬁé set
of indices, e;é.; ly =k, .« For éuch ferms, we have

kaed,iep iy, 24 Tt @ Fi () dlet) d (D

_ However, if N is sufficiently large,:the'number of degenerate
terms does not exceed over one ¥ th of the number of terms
with non-degenerate indices; accordingly, neglecting a minor

contribution of the former to Bn,'One may.arrive at Eq. {3.15)-
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Ba= Z |0 T Xiye) it uimpbdingd ding} (3.13)

- W palirs
where p, {n,} denotes the reducedibegment distribution fun-

ction defined by Egq. (1.23):
pn{nd}=ifﬁCde{N¢+lbéﬁnd}, (3.1l)

From the normalization condition (3%.7), it is clear that

P(kad =1, S B

For the sake of convenilence, we hereafter call Bn'the n-pl

intermolecular contact term.

3 3. 3. Expansion of As in Powers of z
Now we proceed to quantitative evaluation of B, defilned
by Eq. (3.12) or (3.13), though the calculation 1s carried

out up to the triple contact term.

(a) The Single Contact Term By.

For B, we can easily obtain by using Bgs. (3.4) and
(3.15)

, 1



Bi=V Z [X(gzed kg)‘{'xakd d‘.Rha,

k
kd,kp a ﬁ

- | (3.16)
== VN (4bY/3) [1-c@/T) ],

in which the symbol ® revresents the Flory tempgrétune;*

® = (/67 /b0 1] (%e/ D, (3.17)

(b) The Double Contact Term Bo..
For ‘2(k 1),’we in Chapter I have already derived an
expression expanded in powers of the excluded volume para- -

'meter z, which may be written in.the form,

Pa(k,2) = F;”’CI« 2)+ F;DC}Q )+ (3.18)
with : :
o .2

| | (3.19)
3/2(4-k) a*,

- -
Iy
o
»
I

% See Eq. (1.21).
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] .3 : 3 a
bk, 2)=(2/N%) 7, (357 [1= (0g /) exp (T Rieg™ ) ]

L

, .
Vet = 3/2 ¥, A%,

A=k - if osi<jshk or £4i<f 4N, (5-;29)
(- k)= (1) fl<iciel,
Vg = (-0 —[CGRYYj~1)] fozisgk, ke<jsk,
k) ~[@-UTj=10] if kel=l, 2<f2N,
(ﬂ-ie)—[.fﬂ»k)%}—-t)l tf os‘L":-_ R, <t 2N, |
and:- I B (5.2'1)

% = Co/mrAb/ar [1=Co/mINt,

in these ej(pr'es?ions_, the terms higher thaun_s'pz('l') (k,l 1) re-
present the c¢ontributions. of intramolecular contact; the in-
dices i and j specify the segments paxfi‘;"ic‘ipating in such’
contact:. Wow, substituting Eq. (‘5-2178). into Bg. (%.1%), and
taking account of the syn‘me‘try, condition tﬁat

.

‘1) o ) T o ) 1
P Cla, 200 X% leg, ) = P (o, 2] 1 Cegs L)

we obtain



Bz-;’:gzo-i— Ba + v,

Boo= ZJX.}Z’D“ kg /Zga_, Lg P Rar 82D

(%.22)
X P kg, £p) &CRe) « o« d(Lp)

By =2 Z[’Chw ke Klur 2 B CRas L)
X b kg, ) d{Rad « o dhp),

Here the first subscript attached to B specifies the number
of intermolecular contacts and the.second subscript the

number of intramolecular contacts.

The integrations in Egq. (%.22) can be easlily performed
by the Fouriler and inverse tranSformations.ll) An example
is taken of B,y below. Remembering that, although the pro-

Pl il .
ducts of A'# in the integrand of By, are )ﬁku’ K, Eflu,lg
for k, < 1,, kg < lg and that for ky< lg, kg> lg

these make the same contribution to B we can caleulate

207
Bop as follows:

o0

Bro=2V 2 2 gJ_(fgn;ed,agnfep; Ry ieg )
kn(<._od .‘?p‘ffp o

(3.2%3)

. 2
X Z(Rp, i) T Ry ks ARk kg



where J(Qd-;ed,ﬁgfk@;izhd)kp)z?;;[exP(ﬂ‘a»lfzkwkﬁ)mmdod} (3.24)

H(Z) = % (%) haCa) Ra(2D,

| ﬁ.(‘ﬁ)ﬁfPfc”CF?mJ?_d)e“P(W"de,eﬂf’umd,ﬂd, .
L (3.25)

ﬁgC%)zfl (Rgd,g(s ), exP(‘?%"R!d,;?@) AR gy, 26 ,

2

f3(q) "”g P“)( IQP, PP) exp ( L%‘!th,.gp) OUK k'Pw@F .

After laborious but straight-forward calculations, we obtain’

.3
TC 0~ ku, Ba—kg 3 R = —(Z/NT) [(l,-k) + (=) ] °

X exp{~3R . kr /2 [amk)+ L-lepd] a2 }

2
z

T ' - L
Bao':—Q'B}ZNz 2 Z/ [(,@d—ka{)+(g(3—'k(5)_]
Ro< £a i?'g(.?(a )
(5:27)

= — (32/1sX 7T-H+VZI B B2 = —2.865 B 2.,

* Although B,y has already been calculated by Zimm”®) using
another méthed,; his evaluation is half smaller than Eq. (3.27)

because of miscounting of the surmmation.
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The second term Bpy a&lso can be calculated by the similar way

as above. The regult is

- ~d R —1
py=482 N 2 L L (i)
Ra<La }?'{54,(7@ Lot < frox
(%.28)

-2 3
x{[))kdsgd+ o~ kF)] ~ [ (Ruka) +(fp- k,?):{ :’}‘

Here the summation extends over all the distinguiéhable con-
figurations, which are classified into six types according
to ordef of magnitude of four indices ku , lu, iy and j, -
Fig. 5 giyes a diagramatic representation of these six types
of contact. From Eqs. (3.20) and (%.28), it is easily seen
that the B,q(a) and Byq(c) types of contact in the flgure
make no contribution to the sum By;- Purthermore, in the
case of single polymer chain, we can show that the effect
of exeluded volume is mainly produced by the contacts corres-
POndiDé to the B,1(b) type. Thus, if the contributions from
the B21 (4), (8), and (f) types mre assumed negligible, we
obtain

Ba =8 [(304/45)—C1143/3) + 30n Q1 +7E)~7 ] B,Z* 3 ,20)
3.29

= 878 B Zz2,

The combination of Eq. (3.22) with Egs. (3.27) and (3.29)
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Fig. 5. Cluster diagrams for double and triple intermolecular
contact types. The heavy lines connect the contact-

segments.
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yields

B, = B.(—2.865 2 + 5.78 32f--*"). (3.30)

{¢c) The Triple Contact Term B5.
The triple intermolecular contact term Bz may be expanded

in the form,

Bs = By + ( igher terms than %2,

(3.31)
includ ing imtramolecular '
contacts ),

and the leading term Byg 1s written as
Bso = Z‘J)‘ék«,hp Xﬂa,.ﬂ@ /Z‘ma,’mp Psw(feq,ﬂd,‘mo() :
(5.32)

X P;o)( FZ(&,Qp,mF)'ded) d(Poz) v A(']’YL{A) -

Here p3(°) (ks ,» 1y , My ) denotes the three-segment distri-
bution function for the unperturbed (ideal) chain. There-
fore we can write it as

N o

3 Ry By, Ma) = PEP Ry, B By ™M),
if ky < ly <mg, . Furthermore, if it is remembered that
there exist six types of products of L's in the integrand
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of Bzg which reduce to two Xku,k@ Zlo{; 1 Xy, me for kg <
1, <my , kp < lg < mg and four for ko< lyg < mg , Kg<
mg < lp > Eg. (3.%2) can be rewritten as

Baoz 2 Z' ‘ Xkuw IQ(l anuf?{s de,'m(, ca)(kﬁla on) '(a)(gﬂ » md)

2 2
Type(®

X Pi7Che,0p) P78, mp) & Chad + o v ACTp) (3.33]

3 3 ) a
++T§e(-b) gzkd.a ko Aoy, 2 Zm“_s'mP »F;ock“’f“)&c )de’m9)

X b leg,me) PLHmp, 2p) dlRad <« d(mp),

The integrations in Eq. (3.33) can De easily performed by
using the function J(R) given by Eq. (%3.26) as followsi

By =2V Z SI(Qrfed,ﬁ’.a‘% i Reurgp ) TCmaLas e~ 5 Ry, )
Type (@) <o

. : 2
X Z(Rgohﬁ?;! >41>Rfda Qf.} 4 Rﬂdafﬁ

+ 4;VT%_GCE) ga.j' (Q,,: ~ i@d’ 'Wl{a—kp H Ry& ,Tmé) T(W‘défdg 0, 'Rﬂ& ;mp)

x I (o, Qp—’mp » Ra,mp ) 47 R_aw‘m_:. ARy, Mo

3
= 2B R NT{ i [Chmg~fud ¥ (mp—Pe)] *
B RPN {Typem[(/md 2s) ¥ (p—Lp) ]

o

X [(a~tea) +(Op~kp)Y T4 2.2 [OMa=LutFp=Tp)

Typelb)
i _‘?.3' |
X fumkatme-lp) + (mu= 03 2g =) T 7

= ?r73 B,l 22'. . ‘ B (5'514-)
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It is noted here that the_Eso (a2} type of contact in Fig.ls
contributes 8[(x - (8/3)] 1312,2 = 3,80 Blz‘?' ang the Ry, (b)
tyﬁe contributes 5.:95 Blzz, respectively. |

Thus, substituting Eas. (3.16), (3.30), and (3.34) into
Eq. (%.11), we obtain the final expression for the osmotic

second virial coefficient:

o (3.35)
flRY = | — 2.865 % + [8.51 8% — + v ,

where M, 18 the molar weight of a segment. The correct value
of the coefficlent of 2% 1s expected to be somewhat larger

than ours.

-6 3. li. comparison with Other Theories |
The calculation of An presented indicates that the in-
fluence of Intramolecular intaractiong is unexmnectedly large. -
For example, assuming a uniform‘expansién of ﬁolymer coil,
let us write the distribution function of segments in the

form, .
PiChk,2) = (Bre 775% D'exP("?‘];e-z R ge" D

Py 2, m) = £/Ch,2) B/Co, M) o (3.36)

fre” = 3/208=p) g



Tr we represent the expansion factor in linear dimension of

polymer coil by

1
o = (KR /Na*) = t+2% — ... (3.37)

the distribution functions glven by Eq (3.36) lead to the

following expression for h(z),

ﬁ(z) =12 865(3/0(3) + 9,73 (/)= e -(%.38a)

=] - 2.865% + 5.4 73— + - (%3.38b)

By comnaring this with Eq. {3.35%), we find that the uniform
expansion model. introduces an underestimation in the coefrfi-
clent of higher terms of h(z), rather contrary to Albrecht's
Y
' 26)

presumptien. This discrepancy might be attributed to a -
non-Gaussian character of polymér chain.
Next, the function h derived by Flory and Krigbaum

(FK)%1) 1s given by

, . X szﬂ - ,
ﬁ(X)FK = 1= 2}23/2 + 3,‘33/1 —r o,
. o - (3.39)
=20~ 1),

On the other hand, according to the Flory theoryl)‘of!the
excluded volume effect, ¢! satisfles the relation:
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. 3/1 ° ‘ » 0
in our notation. Therefore, Eq. (3.39) can be rewritten as

ﬁ(z)FK==1-o.9N%(2/g3)+ o;8é6 (zyﬁxgjz- N (: (5-&1)

Furthermore, &according to the Isihara and Koyama theory

(1%),%?) the function h is given by *
() =1- 1.024 (B/63) + 1,134 C2/M2) ~ o . (3.42)

By comparing Eqs. (3.41) and (3.&25 with Eq. (3.38a), we
find again the coefficients are appreciably underestimated
in their theories. This undoubtedly indicates a disadvan-
tage of the factorlzation approximation for the segment dis-
tribution function with reference to the molecular center of
mass or the neglection of pairwise correlation between seg-

ments, though this is not the case for the segment distribu-

*  The intramolecular excluﬁed volume effect has been igno-
red in the IK theory. ‘However, if we assume the uniform
expanslon model, the argument of h(X)g may be written as
X = 35/22/(3(3.
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tion function with reference to a segment. As the parameter
z is an increasing functlion of polymer wmolecular weight M,
it would be expected that both FK and TK theories lead to an
underestimation in the molecular weight dependence of A,
though, in the IK theory, slightly larger coefficients than
in the FK theory have been obtained with -taking account of
the distinguishability between segments i and j. - L

In conclusion, it must be remarked that the factoriza-
tion approximation is more seriously open to question than
the uniform expansion approximation is, and that an Interest-
ing refinement of the fbrmerihas recently beén proposed by

Casassa.zT)
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Chapter IV INTRINSIC VISCOSITY

£ L. 1. Introduction

There remains another problem of  Importance related to
the excluded volume effect; this is of frictional proper-
ties, namely intrinsic viscosity {[7%] and frictional coeffi-.
cient 7= . In this chapter, we shall concern ourselves with
the former.

Theories of the Intrinsic viscosity [%] of chain polymer
sotutions have already been developed by Debye and-Bueche,zB)
Kirkwood and Riseman;29);and Flory and Fox.ao) "The former
28),29)

two theories have the apparent difference in their
mathematical aralyses, buttequivalent are the physical
meanings involved by them: the dependence of [%] on the
polymer molecular weight is uniquely related to the variatlon
of the velocity gradient of fluids.in'the polymer coil which
1s subjected to the hydrodynamic interactions between seg- "
ments, or the draining effect. Combining with Stokes' -law,
these theories render us the smaller diameter -of a’ségment.
than that to ve expected. This would take its rise in their
Gaussian model, or in the neglection of the excluded volume
effect. On the other hand, Flory and Foxao)_have'presented

a view that the molecular welght dependence of [y] arises

from the excluded volume effect rather than the draining

~Bl-



effect. The essential correctness of This view is now
widely accepted, but there remaln several deviatlons of the
theory from experiments uﬁSolva&. One of the most signifi-
cant examples 1is found in the recent measurement carried
out by Krigbaum and Carpenteral) who have indicated that, in
contradiction to the Flory and Fox theory,ao) the hydrodyna-
mic radius of a polymer coil increasesrless rapidly thanrthe
statistiecal radius as the excluded volume increases.

Thus, in this chapter, we develop a theory of [%n] tak-
ing account of the ihfluéhce of ﬁhe'sxéluded_volume sffest
on the chain configufations as well as the draining effect,

29)

on the basis of the Kirkwood and Riseman scheme rather

than the Debye and Bueche,ag)

for the former theory seems

to be superior to the latter in thsir nodel and formulations
in so far as linear polymers are concernsd. And We Te-exa-
mine the relation between the hydrodynamic and statistical

radii of polymer cotl from a more rigorous standpoint. )

gh. 2. Integral Equaticn for the Viscos{ty Function
The pearl-necklace model and the continuous medium appro-
ximation are adOpted as befofé. Acco;ding to Kirkwood and -
Riseman, 291 the 1ntrinsic visc031ty [7] of the polymer doli-

tion is given by
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(71 = Lom m——v?a')/m,c

N

- - ‘ ’ e
e bzq<cg @M F€y)) (1)
Fi __z,_ [@x(g @%)T@u(‘g @oc)] §Z rs; (ly.2)

1 , Res Ris
Tis = ———— (1 + ' (L.3)
L § 7. Ris ( Ris™ ) . o

‘Here % and ?y-féprééehf the viscbsity coefficient of the
éOJuﬁion- and the solvent, respectively, ¢ 1s the concentra-
t¥on in grams per 100 ml solution, M is the polymer-molecu-
lar-weight, N is the Avogadro number, & is the velocity
gradient between paralleél plane. boundaries, and & is a Pi-
riction constant bhafacteriét&c of the fluid and the segment.
@x € vy, and @Z arée unit wvectors defining a coordinate |
system wilth origin in the melecular center of méss, €, being
varallel to the stream lines and cgy pefpendinular to the
plane boundaries. B, &enotes the force of'fwictional fesis-
tance exerted on the fluld by secmenu i whiech is locamed at

a dlstance S from.the crigin, gnd T- denctes the Oseen

is
_55-
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tensor determined by the vector distance R;, between the

indicated segments i and s.

Now 1f we define Efij,by the relation,

gca-wacm—@%)}:~(N.@1gé//gjgo% ()
from Egs. (L.1) and (4.4), (%] may be expressed in the form,

[Y(’J :ngN s M/?GOO’Z,M?) F, ' (].L-Sa)
N E _
=2 T Fu (L .50)

N-i{zo ? S

" whers M, 1s the molar weight of & segment. If we introduce

the approximation,

(e $3@y T Fod> = <o Soley T By,

T > = (/7)< Ras>,

ignoring the fluctuation ef Tié,'theh» ffij defined by Eq.
(L.ly) could be determined &s the soluvions of the following

simultaneous equation,
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(h.7)

P 3 E .
ﬁai} o <5 §J>_6E’? ”§<?>?SGL

Here, accordlng to the theory of excluded volume effect

developed in Chapter I, we obtain™

<gi}z>.;q—i,)a2(1 + Iz --), fi<d,
‘ RN (4.8)

Ly = (/%) N E NC&Y (}—L)é— A(N-1F
—4FE 4 N — /-l

3 3 3 3
X [N i - g5+ 15 )}

(82> = A Nat{ (1= 3G/R) + 30N T+ 5y g— - S
_2 3 3 (Ll-'9)
Jo = (121/21)=(32/3)N T [i% +(N-1)F ]
+(24/5) NE LR 4 (n-F J

$ (43N0 (N=L) )

* Eqs L; 8 and (L. 9 are identical to EQs. (1.29) and
(L. 55), respectlvely It is alse obv1ous that ifr i=j,

(4.10) reduces to Eg- (1 55) or (h 9)-
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Similarly, we can aiso derive the expression for <“l/Rij>

(8,5 =L <S> <SP - <RE)
=hNa (=@ i i)
+ (3/2N* X"+ 1] 4 KL}Z—J---}I_' if U<},
Kg;:azvm)—ﬁzh>ﬁg{;%+(N~Lﬁ
+-£~(}—L)%— (3/4)C}~L5 [ & +(N—L)%;[} |
L SN NIy SINC 45 SUT N F

e ) (4.10)
ORI I[P v ) (n- 1))
. 3

g = (/m ey [1-Co/mI Nt (4.11)

: making‘use'Of"the7segmént distributibn function *pa(i, i)

given'by Eéé (5 18} to (3.20). The result, however, is so

COmpiicated as is shown in Appendix IIT, that We are obliged

to 1ntroduce an approx1mation. That 1is, replacing the ratio

between < 1/RiJ> and the corresponding quantity < l/R

ij "o

-
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for the 1deal chain by an average value, we put™

_ LY/ Ry > ZL«:} <1/Rigp . (0 12)
_ : .

1
L /Ry, Zig /Ry,

otherwise, the integral eqﬁation whichrfellows must become:

formidable in form. Then we assume

Zicy Faf <1/ Rig >
Zicp <U/Ry>,

2
= Ry R,

which, togethér with Ea. (4.8), yieldt

~ -1 .
A = (4 .1%)

v
et o

R I . ) - o
<"—>="<’F§'> ‘1-_2(yz:mﬁ)g+,..]--

Ry u °[ I5 (.10)
~<6 iz | 1 'C .
= (&Y —— 1~ 0. 416F + -

2 G- L0 o).

The estimation of accuracy of this approximation (L.1l) is a

difficult problen; nevertheless, in view of averaging, we -

belive the approximation to be more favorable thﬁn the follow-

— |
. &\' is a correction factor which wp’uld represent the
amount by:- which the average quantity of < 1/R1j> over i and
j deviates from the corresponding quantlty for the ideal

chain., ~
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ing approximation:”

> <—"> ds

] - “—l--l'ja)

ols = ({52 <S5, Y = 1 +(7/105)F — ..
| ' (L.15b)
—1 4+ 0.638 % — -

This prediction may. be supported also by the fact that cls is

very close in 1ts magnitude to ol (= ly) glven by Eq. (3.37);

. ‘ —~
the substitution of C*ON for KX of course must lead to an

overcorrection.

Now 1f we replace the sum defining F by the integral
+1 '

F=1 @Cx,xDdx

. (L.16)
PO = Fy, X=2YN=1, g = p/N)-1,

and furthermore replace the summatlion in Eq. (h.?) by inte-

-gration, then Eq. (L.7) reduces to the integral equation, .

Plx, })—-f(x Yy = (XAF)0-04M2%- )[xg%flﬂ dt .

EETR (1 .172)

a i Y

* sée Eq. (1ﬁ55);
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with FOGL Y = £00 9 + 0w 2~

5%, 4 :.—5}-’[ 3(XAHGPD-A-F v 2]

| 3 KX, ¢ i 4 =2x,
$%x, 4) = {

K%, 20 o g <,

KOTY) = (121210 - (/3 { ™ 4 (1-o0)F
o, o tham)
t 3 (4= = 2ot rt+ Q-x7 T §

o E 3
-5 (4= = (32100 [ 1+ 4 )+ (4%

SR 3 Lopor 3
+ Q-7 T -0 T+ {149+ ()

t -9y + (=)’ ] L

Here X represents the draining pa—faméter defined by

oL s 1
X = dNVé%’fam; o (4.18) /

If the integral eguation ﬂ(LL._'l"(’a)‘ is solved-with respect to

¥ (x, y)',_[lg'} is obtained i)y Egs. {(h.52) and (L.16). ,Albho’u—
gh, when z = 0, Eq. (l;l?a) is nothing but the Kirkwood and
Riseman (KR) integral equation for ideal chain, it is clear
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that Bg. (L.172) 1s of the same type as the KR‘S‘iPPéSpeCe
tive of the value of z. Bub, as has been pointed out by'Zimm323
and Kirkwood et al. 35 3L) the 1ntegral equatlon of this

type can not analytically be solved.

gLh. 3. Solution of the Integral Equétion ang
Intrinsic Viscosity |
The integral equation (L.17a) cen be solved approximate-
ly. If ¥ (x, y) and £(x, y) are expanded in Fourier series

of the forms

.+°° Lk
SOCX,%})=1?Z, ¢ e *
=.—- 0

(,-19)

ko
‘{Q 25 fk(%Jebn

k..--oa ]

respectively, then Eq (h 17a) is transformed into the follow—

ing set of linear equations for the Fourier coefficients

fk'.(fé)%r(x/ifi)o-o.ﬂsﬁ )Z Gopog ‘fg(c;,t) = ch(%) (L.20)

Q:-oc!

i
k)

When the matrix elements Clkl are approxiﬁated by the values
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which are asymptotically valid for large k and 1, @4 become

8V /3 if k=L=o0,
Qg = D (l.21)
(2/1ei)? 8 U fR%o0,

where cgkl is Kronecker's delta. Substituting the solutions
of Bg. (4.20) to the approximation (L.21) into Bq. (l;.19),

we find
- oy | o
Pty ) T
1+ 083X (1-0HEF+ ) (ly.22)
3 Tt 3
4.25¢ , R %) e e o
k=00 1+ X (10 stz 4 kT .

$o

Since it can be easlly shoWn;that foly) =0, ¥ (x, y) given
by Eg. h 22), when 2z = 0, reduces to the approximate solu-
tion obtained by Kirkwood and Rlseman.zs) Now-adopting the

above solution (l1.22), we obtain after laborious calculationé,

® 1
roo=4 ¥y L s
T* =t kg .-;-.(1—o.+(.sz+-v-»)(x~/;ei)
" (L4.23)
. X 1+~— 14 27" ~——-+_+—'—Jt2_—m__- TR = e
{ L Fot . 2T et }

=6l



~

where G(y) and S(y) represent the Fresnel integrals defi-

ned by
4
096": '
= d

) S,,(zxt)% t,
4 . (L.2l)
Amt

S{¢)= A dt

Expanding the F(X) in powers of z as for the average_chain
configurations and osmotic second virial coefficient, we

obtain the final expression for the intrinsic’viscosity:

Nt ¢soF
= , NFOO = M pxeron
73 3600 T Me J >l E’
FCXY =F O[T+ PXO=E ~ .00
00 = 5 g’r R* 14 (X/k® (L.25)

PCXY = [ KOO + 1)) /Fotx),

, 1
FOD = 75 se{ﬁ ke? 1+(X/Ie‘=")

1 c(ank) + S(amk)
x pr SR 3w S(2AXR)
[1+an® oy = cm;r}

FAX) = 0.416 E ‘ X
! e X k’* i+ (x/eH]”,
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Teble II gives the numerical values of the viscosity func-
tions F (X)), p(X), etc: There.are also given the values of

Y (X):
V)= [l XR0O/ategX ] ) e

The explanation of this table will be given in the next sec-~
tion.
Now, if the Stokes law is applied to the friction con-

stant @ of segment, we have

é.= 33(-}?0{) . | : (J—l-'27)

Then, BEgq. (li.18) can be rewritten as-

" A
X :-%Cé/ﬁ)%(ﬁﬁi>lﬂzn ' | (h.28)~

It is noted here that.the application of Stokes' law to the
molecular scale, of course, requires careful invastigationg..
However, as is well kmown, Flory and Fox's theoryao) of [7] .
in the beginning ﬁas been proposed to bring the Stokes radius
(1/2)p of segment to a reasonable order, which was evaluated

as .unreasonably 8malliby Kirkwood and Riseman's theory.29)
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Table 1T, Numerical values of the viscosity functions.

R () Fi (X)) FU(X) B, (X)
X KR  KZP Revised V(X) | F(X) TF,(X) »p(x) aX) x10721
o 0 o o 0.500 1,276 O 1.276 2,00 0
0.1  0.092 6.09 0.073  0.465 1.27  0.04 L.31  2.05 0.17
0.2 0.172 0.17 0.136  0.432 1.27  0.06 1.35  2.08 0.5l
0.5 0.242 0.24 0.192  0.405 1.26 0.08 1.34 | 2,10 0.44
0.4 0.304 0.30 0.24L  0.382 1.26  0.10 1.36  2.13 0.55
0.5 0.358 0.35 0.284 - 0,362 1,28 0;11 L.37 2,14 0.65
1.0 0,564 0.5¢4 0.447 0,291 1.25 0.16 1.41 2,20 1,02
2.0. 0,800 0.75 0.634 0,215 1,23 0,22 1.45 2.26 1.45
3.0 0.936 0.88 0.742 0,174 1,21  0.25 1.46 2,29 1.69
4,0 1,024 0,96 0,812 0,147 1,21 0,27 1L.47 2,31 1.85
5,0 1.090 1.02 0.864  0.132 1.20 0.28 1.48 2,32 1.97
10.0 1,260 1.17 0.999  0.085 1,18  0.32 1L.50  2.34 2.28
20.0 1,400 - 1.51 1.110 0.082 1;ie 0.34 1.51  2.36 2,53
50.0  1.486 —  L.178 0.024 1.15 0.37 1.52 2.38 2.69
100,0 1,528 — 1,212 0,010 1,14 0.3 1.53  2.39 2.77
®  1.588 1.259 0 1,135 2,45  2.87

1.48

0.416
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In this connection, the interpretation of shear viscosity
for ligquid argon developed by Kirkwood et a1.55) is of great
interest, in which thé-Stokesrraaius éf an érgon mblecule was
evaluated to be 2.0 4 at 89°K in good agreement ﬁith its

‘sctual radius i;975;'

§ h.mhf Disaussions
As 'is shown -in Appendix IV, in the limit for X =0

corresponding to the free-draining molecule, we obtain

Do pOX) = (34105 = 1.276 . | C(h.29)

X>0

L

Thus, remembering Eq. (h-le) for thz mean square radius of

gyration < S?> , Wwe find.

7 ;;-\ W,é” ,- 2 =;__ji&ﬁ,~,'zs¢% 2 S

Which is identlcal to Debye's expression;56)
Another casge of interest is the aSymptotic limit for
X = » corresponding to the impermeableé molecdule.. In this

case, Eq. (l;.25) yields

=68-



3
=z

(1 gy = Bl xRy %

|00 C1+ (552 — D) (h-5}&)

which may be rewritten in a closed form by using Eq. (J;.15b):

3
T

_ $SBF o
in]x=°°__ joo [Xjr(x>j M s o (le31w)

”lw

Similarly, in the éésé.of intermediate X, the intrinsic

viscosity appears to be proportional to oM with
NIXD) = (1'05‘/6’7) 409 ( for small 7 )7 ' (L4 .32)

the values of n being also given in Table II as functions of
X. It appears very interesting that, in contradiction to
the existiﬁg theories, the 1ntrinsic viscosity is not pro-
portional to <'82>3/2' or the spherical volume occupiéd by
the polymer coil even in the limiting case for Impermeable
molecule. »

wé now turn to discussions on thé approximations emplo-—
yed in the present theory. According to Kirkwood, Zwanzing
and Plock (KZP),au) their improved soluﬁion of the integral
equation in the case of ideal cﬁain yields the KZP‘vaiﬁes of
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XF (X} given in the third column of Table II, which are to

be éompared with the KR values in‘the seéoﬁd'coiumn; ‘fhefé
is a fortuﬁate bu? excellent constancy in the ratio between
KZP and KR values,,,Fgrthermore, the correct asymptotic

value ﬁf XFé(k)raé Xmébproachés infihié%fﬁés been evaluated
té be 1.259 by Auver and Gardner.57) From these facts, we may
obtain revised vglues of XF,(X) by mulbtiplying thc KR values
by the factor 0.79% { = 1.259/1.588), which seem to be more
suitable for practical’ﬁseﬁthan~the KR'0r KZP values thamﬁl
selves., The boldface numbers in Table II represent the
revised values thus obtained.

Similérly, SOme'dOfrections for Fi(x) are also required
in a rigorous sense. However, we do nect touch the values of
p(X), taking an optimistic view that the corrections for
FO(X) and :FliX) Might ve cancelled out'ona"éndfhar in the
ratio, a
Féfrthe'Sake of comparison, let us now ¢onsider the

uniform expansion model and assume that

S $p>= o< Si>, - - (L.33a)

) <"§’;L> B O<3[<'§E;>D L (L.330)

10~



Substltutlng these relations 1nto Eq (h.?), we'obtain the

integral equation,

2o, X (Mot 4) o |
’-I., — O\’ ,ﬁ- CI —_ 2 d'{; (J-L-BJ-L)
@( '3'] s » ) VZ s j\ | X — J\:Ia L .

which leads to the results:

2

, b 0w L Y , B
Fm"?t Z RE 14 (Xflsk®) , T h.35)
% <sé>§
_ T*N "7 3
gm0 = 7 [XFAXH o % (L.36)

This Eq. (4.36) 1s identical te the Flory and Fox (FF) equa-
t1on2?) currently in use. '
The difference 0.57 between the exponents™of o(s of our

Eq. (l4.31b) and FF's (4.36) consists of two parts, 0.22 and
0.35. The first part 0.22 arises from the difference bet—
ween our asymptotlc value 1. 155 end FF's value 1.276., for |

‘(X)/F (X) and 1llustrates the disadventage of the uniform
expansion approx1mation (44.33a) for <®y- Sj>. Similarly, the
second part 0.35 arises frOm the differsnce between our asym-
ptotic value 0.416 and Fpts value 0.638 for: Fl" (X)/Fo(X)

and agaln illustrates the dlsadvantaga of the:approximation
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(l{,33b), for which wé have already pointed out that employ-
ment of of _ must introduce an over;orfeotion into < 1/Rij>
We accordingly-may conclude that the decrease of n (X = =)
~ from 3,00 to 2,43 in the present theory is not fictitious,
though the quantitative estimatiOn of its accuracy is not
given here. | | -

As was:pointed out in Chepter I,%Vthg‘ggpansion Qf a
polymer coil due to the4volume afféctrdoes not oc¢ur wnif orm-
1y, but more largalj in thé sk@n part”than in the:cbré part..
This predicts that the gréater expahsion of»the poiymer chain
is followed by the deeper penetration of the solvent molecu-_r
les, or, in other words, the hydrodynamio radius S% of the
polymer coil increases less repldly than the statistical ra-
dius < 5251/2 as the parsmeter z increases.

Thus, accordinglto Eq; (L4L,31b), we f£ind

LX)

[
Sy = L8%7F & (L.37)

Similarly, for Flory's unlversal constant P defined by

(N3 = 4% </ MY o | (L.38)

* See Ea. (1.38).
. e B Hf?a_.



we find

BOH = 3,00 ol 2O

= @chx)m—(.f.fu-ﬂxq)zf--fj? | (ly.39)

.

B0 = (TEN/63100) [X RGO = 2,283 X10" (XR (X))

This relationship implies that the constant ¥ may be a
decreasing: function of the temperature in poor solvent sys-
tems. The last column of Table II gives the values of & _(X)
a8 functions of Xj% -The general beghavior .of ¢ predicted

by Eg. (4:39) will:.be- discussed somewhat in detail by compari-
son with experiment (Chapter VI). |

* Kgislbriginal'valué 1;588 for {XFb(X)]Xsz yields

B, (X=00)=13,62 X [0

instead of 2.87 X10°!  given in Table I.
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Chapter V. TFRICTIONAL COEFFICIENT

€5. 1. Introduction

In the previous: chapter, we have develéped a theory of
the intrinsic viscosity of chain polymer solution. Another
problem of frictional properties is of frictional coeffici-
ent =, which is the essential quantityrin diffusion and
sedimentation experiments. 1In the case of the intrinsic vis-
cosity, thé molecular center of mass of polymer molecule agu-
ires a mean velocity.equal to the local velocity of the sol-
vent in which the polymer molecule is Iimmersed. To the con-
trary, in the case of the diffusion and sedimentation, the
molecular center of mass 1s in motion with mean veloclty re-
lative to the solvent. This is the only difference between

these two problems. Therefbre, we can easily extend our
theory of thé intrinsic viscosity to the frictional coeffi—
clent.

Thus, in this chaptef, we calculate the dependence of
the frictional coefficient on the excluded volume parameter
z, and again discuss the relatlon between the hydrodynamic
Padius Sz of poljmér-coil and the stgtistidal radius

< g2, 1l/2 *

* In the course of preparation of this article, Stockmayer:
and AlbreohtaB) have presented a théeory similar in nature

to ours.
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§ 5. 2. z-Dependence of Frictional Coefficient
If the translational diffusion oconstant and the sedimen-
tation constant are denoted by D and s respectively, we may

write

D=kT/Z  and $=MO-5%)/7, (5.1)

where 95 is the partial Speciflc volume of the polymer,

~

i

and §, - the density of the solvent,
’ Accordlng to Kirkwood and Rlseman,agj the frictional -

coefficient 5 of a chain polymer molequle ié'expressed as

N ' o
QM=_L5-0<F.L>’ (5.2)
<TFL>=—‘6,M-—451? <Tis* “:s>“) (53

where U reﬁrésents the méan translational velocity of .the
polymer‘molecﬁle, relafive to the solvent, and F; Tep-
reﬁents.the frictiOnal'force-exertedAon the fluid by segment
i, 1I7f thé.fluctuation of Tyg 1s again igﬁqrea; Fas. (5.2)

and (5;5) become
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T=g NG, (5.ha)
2 & L
G==72 L. o :
N b=a\P ’ - (5.4b)
o= TS — L .
Yo = Z)(IFL) = W SE‘? < >\,!/S . (5.4¢)

Now, substituting Eq. (4.1li) into Bq. (5.hc), and then

replacing summations by integrations, we obtain

+1
GX) =) ¥(x)dx, S
: = 'T o . (5.5a)
ocﬁ(za/w)~1) * R
RS, (5.5b)
‘ ( : 5.5b
Y(x) =1- 1/_(1 04163 ++ >£ ;x—t:?d _

where X represents the draining parameter defined by Eq.

(h.18) or- (L.28). As the integral equation (5.Sb) is the

same in form as Kirkwood and Riseman‘s?9)-except for the

extra factor (1 - thl6-z), we can easily obtain its,aﬁpré—

ximate solution by the Fourier expansion method employed

in the previous chapter. That is, putting $(x, y) = ¥(x),
a . ":.76_. '



£ (y) =1, and i {y) =0 for k %0 in Egs: (4.19) and
(4.22), we find

Y(X) = = _ | o
T4 (8/3X(1=0bE+-0u) 0 (5.6)

which leads to
 Eedeneod = 3'_x73;?o[xc;tx;1<_s€>§,
GXY =GO (1400 E— T . (5.7)
G = 2/T14Cex/0],
(X)) = 0.416 8%_/(3 +8xX) 7, '

In Table ITI are given the numerical values of the diffusion
funetions G,(X); Q(X), etc., together with the valués of
M), o |

LM = L [d g RGO [ X ] (5.8)

For a sufficiently small vglue of X, Eq. {5.7) asymp-

totically reduces to
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Table III. Numericel values of the diffusion functions.

X6 (X) , _ _ = 1/3P -1
X KR Revised  u(X) g{X) m{X) P(X) % 18..7‘
0 0 0 0.500 0 0 0
0.1 0.158 0.16L  0.395 0,087 0.137  1.10 5.01
0.2 0.261 0.265 . 0.326 0.145 0.227  1.81 3.74
0.3  0.333  0.338°  0.278 0.185 = 0.290 2.3} 3.29
0.4 0.387  0.393  0.242 0.214  0.335  2.58 3,06
0.5  0.429 ‘0.436 0,214 0.238  0.373 2,97 2,91
1.0  0.545  0.554  0.136 0.303 0,476  3.78 2,67
2.0  0.632  0.642  0.079 0.349  0.547  4.38 2.58
3.0  0.667  0.678  0.056 0.369  0.578  4.62 2,58
4,0 0.686  0.697  0.043 0.380 0.596 4,75 2.58
5.0  0.698 0,709  0.035 0.387 0,607  4.84 2.59
10,0  0.723  0.735  0.018 0.400  0.827  5.01 2.63
20.0  0.736  0.748 0,009 0,408  0.639 5.10 2.67
50.0  0.744  0.756 0.004  0.413 -0.647 5.16  2.70
100.0  0.747 0.769  0.002 0.415  0.650  5.18° 2.7l
o 0.750 0.762 O 0.416  0.852 5,20 2.75
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On the. other hand, for a sufficiéntly large value of X, we

obtain

Cymoo = 37 ’?o [XG OO] $2>“ (1 +0.416 z~ ) _ J
| | - (5.10)

1
'i" 0652

3
=3, (X Gu(XIT, <52

This again . indlcates that even In the case of impermeable
molecule, the effective hydrodynamic radius S5 varies with
varing the excluded volume more slowly than the statistical

radiuvs does. Thus, in general, we may write

'S S2> o{ﬁmcx) - . ~(5’-.171)

I}

Bl

with WiX) = (lo5/67) 4(X), (5.:}2)‘

The values of m(X) are also given in Table III.
As given in Appendix V, by using the Gegenbauer polyno-

mial, the correct asymptotic value of

S UXG OO Ty e
can be evaluated to be 0.7622 instead of the Kirkwood and
Riseman (KR) valie 0.7500 (=6/8), but the difference is
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gquite insignificant in comparison wlth the experimental &ac-
curacy of Z . This explains why the Kirlwood and Riseman
theory agrees very well xlqith experiment in the case of fric-
tional coefficient but not in the case of intrinsic visco-
§ity'a59)‘ We however maké a slight revision in the values of
XGo(X), multiplying the KR values by 1.016 (= 0.7622/0.7500);
the revised values: are ’given‘ in Table TIT by. voldface numbers.

According to Mandelkern and Flory,LLO) the frictional

coefficient 1s expressed in the form,

| E/)?a = 65"?4522&? g c | (515)

where P represents a universal constant ana,-l__ojg_oils o @ of
the viscosity theory. Making a comparison of Eq. (5,7) with
: N 7,

Eg. {5.13), we find ®

- L1-mX]

Pexy> = B (X)X

:Po()()[rl—QO.SSS—%CX))Z*’r"'}, (5 lh)

__t_
P00 = (373/2)7 [ XGeOO ) = 6.820 [ XGeX)],

¥ The KR value for XG,(X) lead to
R (x= o) = 5. 11

instead of 5.20 In Table ITT. 8
s - 50



The combination of Eq. (5.14) with (4.39) yields

1

7 p = ;§%f°~1o(s%ncx>—m_cx3
-]

(5.15)

= g3+ [Lpo0O-900TE o0}

The last two columns of Table III give the values of Py and
Lo '
$* P, as functions of X. Eg. (5.15) will be discussed

by comparison with experiment .somewhat in detall in Chapter

VI.
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Chapter VI: COMPARISON WITH EXPERIMENT

§6. 1. Introduction

"In the preceding chapters, we have developed the theories
of dilute polymer solution, and derived the expressions for
varlous measurable solution-properties_related to the excluded
volume effect. The present theories have been proposed to
improve the theories developed by Fleory and others and to
interprete the recent experimental results, and have been
treated more rigorously than their theorles. Moreover, our
theories are systematically described by the molecular or
model consfants such as the segment size b, its link length
a, ete., without including the phenomenoclogical parameters.
Therefore, it seems to be worth while to compare the theory

.With experiment at this stage and to estimate the model con-
stants. To ﬁ? this, the meaSurement carrled out Iln the vi-
cinity of the Flory temperature appears to offer the most
sultable data, for the expressions presented here all are
expressed in a power sgries in the excluded volume para-
meter z which becomes zero at the Flory temperature.

Thus; in this chapter, & thorough comparison of the
present theories with experimental data is made, taking solu-
tions of polystyrene in cyclohexane as an example. The re-
sults will prove that the theories are in excellent accord
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with the experiments at least 1n the vicinity of the Flory

temperature, and are very fitted for structural interpreta-

tion af experimental data.

¢ 6. 2. Summary of the Theories

Before proceeding to a comparison of theory-and experi-
ment, it would be convenient for readers to summarize the
important notations and equations provosed 'in this -article.....

In our model, the potenfial of mean force between two ™

segments is assumed to be of short-range nature:

) f 0<£R=<b,
w(RrR) = (6.1)
~ U, exp(-3RY2d*) if R>b,

where R represents the distance between the segments, b the
diameter of segment, u, the energy parameter positive in
endothermic solutions and negative in exothermic solutions,
and d a constant approximately equal to the link length a.
When ug << kT and d =a, the Flory temperature ® and the

excluded volume parsmeter z, respectively, are expressed as

1 ; |
@ = (/) a/b) - 1]/ k), (6.2)
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£ = Co/ ) befa)*(1-(@/TI MY (6+3)

: 1 2,
with Qo = a/Mb'z'; bo':b/Mo?; (6.ly)

where M and M, are the respective molecular weight of poly-
mer and segment.

Our expressions for the megsurable solution-properties
all are expressed in & power Serieg in 2 as follows.

(a) Mean Squaré Radius of Gyration, < 52>

82> =<LSD, (1+1.276 z-.',.,.),

{6.5)
(8%, = L ma”,
(b) Osmotic Sebdnd Virial Coefficient, A,
Az = 2TINbE[1-CB®/TI] (1~ 2,865 & + (8. 517370 - )
' (6.6)

2 3
=+JC“JN(<S*’>°7M2)z(1— 2.365 2 1 8.5 8%~ v 0 )

2

where N is the Avogadro number, -2.865 z represents fhe

double contact term, and 18.51 22 the triple contaect term.
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(c) Intrinsic Viscosity, [7]
077 = [0l (1 +POOE —~0 v o T
[Y?]9=(71'—51N/6%'100)£X ROO]al M* (6.7)
= (i /lo0) [XEOOT(<893/ M),

where [»] revresents the intrinsic viscosity at the Flory

temperature, and X represents the draining parameter defined

by

X = (3/27)( by faoM® ) MY, (6.8)

The values of XF,(X) and p(X) are given in Table II by

beoldface numbers.

(d) Prictional Goefficient, =
3 1 .
S =3, [ XG, (X)]KSDF[1+FXIE— -7+ ] (6.9)

Here %, is the viscosity coefficlent of solvent, and the
values of XG4{X) and q(X) are given in Table TII by bold-

face numbers.
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8 6. 3. Radius of Gyration

As has already been mentioned in Chapter II, the light
scattering measurement carried out in the vicinity of the
Flory temperature provides the most available data for the
experimental test of < 52>,

Table IV gives the experimental values of S{= < 52>1/2)
for the system polystyrene-cyclohexane, which are obtained
by Outer, Carr and Zimmhl) by-using the angular variation
method. The weight average molecular weight M, of this

6

sample is 1.61 X 10°, and the ® temperature of this system

has been evaluated to be 307.4°K by Krigbaum.ha) Now, using
the linear expansion factor ol, defined by Eq. (4.15b):

ol = <82 /<5,

Eq. (6.5) may be rewritten as

ols —
T — (@/T)

AL
2

+ 3
= 1. 226 (£ ) (22 ) M*, (6.10)

Assigning S, (= < 82>01/2) to be 379 A by the %nté;pqlatiOn
of experimental data, we can find that the ratio in %he left
hand side of Eq. (6.10) is indeed constanbt-within ex?eri—

mental error {(see Table IV). Thus, from two obta;nea values

of this ratio and S,, we get
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Table 1V, Radius of gyration 8, of polystyrene

in cyclohexane. I,%

|

o

T Sy (AT ols2. 1 Agb. o3
[°k] obs. P Eq.(6.5) Flory® 1 - (®7T) 1 - (&/7T)
300.2 347 348 335 6.7 5.1
304.2 365 . 366 363 6.6 5.9
307.4 (379) (379) (379) — —_
308,2 382 382 382 5.9 6.0
312.2 394 397 395 5.3 5.9
314,7 406 406 402 6.4 7.5
& 6

My = 1.61 X10° and ® = 30.4°K. 8, represents the
root of the weight average of < >,

b
Data are obtained by Outer, Carr and Zimm, Ref, 41).

Cp in Eq. (6.12) is assigned to be 6.50,
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Qo=0.781 A , b, = 0.1087 4, (6.11e)
which lead to the model constants a and b of a reasonable
order:
a=T754, b= 2,34, if Mo=104 (monomer wetght )

. . (6.11b)
A= 534, b=144A, if Mo=52 (average wez‘,gk‘h of

~CH(CsHs)— and ~CHp— ),

In Table IV are also given the values of S caluculated by

Eq. (6.5) and by Flory's equation:
0(55 — 0(33 = Cg L1-€@/TJ] , (6.12)

where Cp 1s a constant proportional to Ml/z. It appears

from the result that, at least in the viecinity of the & po-
in%, the temperature dependence of S 1is better represented
by Eq. (6.5) than by Flory's equation (6.12), though a final

declsion must await a more extensive tast.*

¥ In this respect, Krigbaum's theoryhz) recently developed

has just given the same conclusion as ours.
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Table V gives another experimental test of Eq. (6.5) for-
the same system as above; the observed values of S are by
¥rigbaum and Carpenter.al) The molecular weight W, of
this material is %.20 X 106, and @ is described as 308.h4°K.
The similar calculation as before leads to the results shouwn

in Table V, and to the following values of a, and b 3

g
At

Ao = 0.672 b, = 0.1178 /f, (6.13d.)

Hence,

A= 694, b=264, Lif Mo=104,
(6.13b)

a= 48k, b=16A, if Me=52,
which are fairly in agreement with those in Eq. (6.11b). 1In
this case, however, the ratio (Cﬁs2 -1)/[ 1- (®/T)] becomes
appreciably dépendent on T at the temperature higher thean
about 311°K. In other words, Eg. {6.5) seems to be applicab-
le only within a very limited range of temperature, @ + 5%
at most. Fig. 6 is a graphic representation of these state-
ments .

In this connection, it 1s a matter of interest to exa-
mine the contribution of higher terms neglected in Eq. (6.5).
Fixman?) has recently derived the following expression for
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Table v. Radius of gyration S; of polystyrene

in ecyclohexane. II.%

T Sw (A} ds® -1 dsd® -dsd
(°K) obs.?  Eq.(6.5) TFlory® 1~ {(®/1) 1- (®/f)
305.7 451 452 428 17.3 13.5
307.2 474 474 472 17.3 15.6
308.4 (491) (491) {491) —_ -
311.2 526 . 527 521 16.8 20.7
318.2 571 606 568 11.5 18.2
328.2 607 699 607 8.9 16.9
333.2 630 737 6253 8.9 18.9

My =3.20 X 10° and @ =308.4%.

by using the relation,

Data are obtained from §, obs.

Y
Sy =[(h+1)/h +2)]% 8, with h =4, where S,
represents the root of the z aver'age of <52> {see

Krigbaum and Carpenter, Ref. 31) ).

¢ Cp in Eg. {6.12) is assigned to be 17.0.
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Fig. 6. Experimental test of the theoretical expressione for the radius

. of gyration Sy. Open circles: experimental values of 8 for
polystyrene in cyclohexane obtained by Krigbaum and Carpanter.31)
Heavy curve l: present theory to the single contact approxima-
tion, Fa. (6.5). Broken curve 2: present theory to the double
contact approximation, Eq. (6.15). Chain curve 3: Flory
equation (6.12) with Cp =17.0. Shaded area: range of appli-
cability of z-series {[z]/£0.15 ).
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< R“>

R =R, [ 1+ (4/3)2 ~(6.23/8) g* + -+ ] (6.1k4)

but the corresponding expression for < S2> has not yet been

obtained. Hence, let us resort to the following makeshift;

(S =<8%, (1+1.276 2 =2.077 B>+ ++ ) (6.15)

The broken curve in Fig. 6 is the values obtained by this
equation. From the figure, we find that the introduétion of
the Fixman term, the double contact term, does not utterly
ccontribute to improving the deviation of Eg. (6.5) from the
experimental data. This implies the deviation is resulted
from the divergence of z-series rather than Tthe neglection

of higher terms. Thus, we can estimate the range of appli-
cabllity of the z-expansion method, which is enclosed in

Fig. 6 by two shaded lines, each corresponding to z = + 0.15.
In the next section, the condition for convergence of z-series
will be-ascertained by a more extensive test. Both in Table
V and Fig. 6 are also given the results obtained by Flory's
equation, Bq. (6.12), for the sake of comparison. The results

illustrate that, in the very vicinity of the ® temperature,
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the present theory is again in better agreement with experi-
ment than the Flory's, but the latter is of very wide anpli-
cation.

For the foregoing comment, the system polystyrene-buta-
none offers an illustrative example, for which the & -value
is assigned to be almost zero by Flory and others.ha) In this
case, i1f the constants a and b have still the values of Eq.
(6.11), three equations (6.5), (6.15); and (6.12) give the
narrow curves in Fig. 7, all of them being far from the
experimental points.hl) However, this is not & surprising
result, for both a and b, in genefal, must depend on the
nature of solvent as well as that of polymer. Then, assum-
ing that & and b themselves change their values by solvent
nature but the ratio bo/a0 remainsaunchanged,*'we obtain
the heavy curves in Flg. 7.

Although such a rough calculation as above can furnish
no quantitative information, we may suggest that, in the
system of this kind, the interpretation of experimental data
should be developed on the basis of such formula closed in
form as Flory's, so far as the molecular welght is not
smaller then about four hundreds. The value, four hundreds,

is not of polymer. Therefore, the present theory can not

% This assumption corresponds to shifting of the curves by
% factor, which is evaluated to be 2.
-9%-
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Fig. 7. Radius of gyration 8, of polystyrene in butanone at 25%¢
obtained by Outer, Carr and Zimm.41) Open circles:
experimental data., Curves 1 and 1': present theory to
the single conteact approximation, Eq. (6.5). Curves 2
and 2': present theory to the double contact approxima-

tion, Eq. (6.15). Curves 3 and 3': Flory egquation (6.12).
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utterly be applied to the good solvent systems with nega-
tive @ .

6. L. Second Virial Coefficient

The first example is the light scattering experiment
of Outer, Carr and Zimm,hl) cited in the previous section,
in which < 3°> and A, are obtained for polystyrene in
cyclohexane. The welght average molecular weight M, and

the @® -temperature of this system are

My = 1.6( x 10° and @ = 307.4°K,

We have already shown that the assignments,
0 o
Oo = 0.731 A amd bo=0.1037 A,

bring Eq. (6.5) into an excellent accord with the observed
values of Sw.*' Now substituting the values of My, @ ,
a,, and b, cited above into Eq. (6.6) of Ay, we obtain
the full curve 1 corresponding to the double contact appro-
ximation and the broken curve 2 corresponding to the triple
contact - approxima#ion, respectively, in Fig. 8. Both are

favorably compared with the observed values which are shown

2
* s, represents the root of the weight average of < 57>,
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Fig. 8.
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o

, A, x10° [ml/g"]
Radius of gyration, .S\ [A]

Second virial coefficient
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-10}- My, =1.61x10° {350

/ = °
A 0 =307.4 [°K]
‘ ] | i [ . L ;
E 300 310 320 {
Temperature, T [K]. ‘

Experimental test of the theoretical expression (6.6) for the
osmotic second virial coefficient Az. Open circles: experimen-
tal values of Ap for polystyrenme in cyclohexane obtained by
Outer, Carr-and.Zimm.41) Full curve 1l: double contact approxi-
mation for Ap. Broken curve 2: triple contact approximation for
Ao, Closed circles, curves 3 and 4, respectively, represent the
observed values of the radius of gyration 8, and its single

and double contact approximations (see Table IV).
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by the open circles. For the sake of comparison, the ex-
perimental test of S5, is also given in the figure, where
the filied circleé fepresent the observed values, and the-
curves 3 and L the calculated values corresponding to the
single and double contact approximations, respectively.-

The second example is the light scattering experiment
of Krigbaum and CarpenterSl) for the same system as the fore-

going, but the values of My and @ in this case are
Mw = 3.20x10° and ® = 308.4 °K.

From the experimental data of < SZ> for this materiasl, we
have determined in the previous section the range of appli-
cabllity of the z-expansion method,- which ie* indicated in
Figs. 6 and 9 by two shaded lines,*eééh corresponding %o

z = + 0.15, and evaluated as
© ]
Qo = 0.672A and b, = 0.7178 A.

Now again suﬁstituting thesekvalues intb Eg. (5.6), we obtain
the results shown in ﬁié. 9, where the;open circles represent
the observed values of Ay, a;d the curves 1 and 2 represnet
.its caleculated values éorreépﬁnding to the double and triple
contact approximations, ?espectively. In the figure, the
chain curve 3 represents the values obtained by Orofino and

Flory's formulae,zh)

..97_.



o
A
o
e ran]

BT ——
\

eratssmamman=s

I
|
ITTITTITZLTTTTNTZI7TITTITT F07 P72 77 /77 /77
LA LS L2 L7 L 2L L
—

o
|

Second virial coefficient, A,*10° [ml/g’]

Intrinsic viscosily, [% ] [100 ml/g]

§
§ M, =3.20 x 10°
81/ \ 6=30840k) 0
I
303 310 320 330

.+ w2 g P

Temperature, 7" [’K]

Fig. 9. Fxperimental test of the theoretical expressions (6.6) and (6.7)

for the osmotic second virial coefficient Ag for polystyrene in
cyclohexane obtained by Xrigbaum and Carpenter.31) Fulil curve 1:
double contact approximetion for Ag. Broken curve 2: triple contact
approximation for Az, Chain curve 3: Orofinc and Flory's equation
(6.16). <Closed eircles: experimental values of L9] for the same
material. Kull curve 4: present theory, Eg. (6.7}, with [y], = 1.31.
Chain curve §: Flory and Fox's equation (4.36) with Eg. (6.17).

Shaded area: range of applicability of the theory ( {z(< 0.15).
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G (1+CL 7O
A =—2-er£9°3 -2 =% ) (6.16)
273 ( TJ COZO(S-S )
O(ss.""dgg = Csz (6.17)

with Co =5.73 "and C,=1.276. The esseptial behavior of
Fig. 9 is.quite analogous to that of Pig. 6, though the devia-
tion of the broken curve 2-from‘them£ullﬁgu;ve 1l is apprecia-
bly amplified in the former than in the 1atter,%éﬁdﬂwercan.h
find that, in the very vicinity of the ® temperature, Eq.
(6.6} is fitted for quantitative interpretation of ekperi—
ment. In addition, the condition for convergence of the

z-series (6.6) may be written as

(6.18)
Z<2.3~65‘/18’.51 =0./55 if Z2>0, .

* Orofino and Flory have evaluatéd as Cq= 2.56 from a wide
variety of data; however for small z, we consider C0="5,75

to be more anvropriate, as has already been. pointed out by

Albrecht.26)
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though the exact condition is unknown due to the lack of
knowledge of the higher coefficients. This condition {6.18)
1s consistent with |z| < 0.15 for the application of Eg.
(6.5).

As easily seen from the definition (6.3) of z, the
decrease of the molecular weight extends the application
range of our theory in temperature scale (compare the first
example with the second). Therefore, to make a morse thorough
comparison of the theory with experiment, the data for ma-
terials with a lower M are desired. In this meaning, the
osmotic pressure measurement carried out by Krigbaumhh)

offers an illustrative example, though the ® value, 305.6°K,
of his material is a little lower, but beyond the éxperimental
error, than those of two examples cited above.” Fig. 10 shows
his data, together with the theoretical curves which are ob-

tained by combining Eq. (6.6) with

° 4 i "
Qo= 0.762 A and b, =0.1283 A, (6.19)

1/2

In this plot of A; against M, the double contact approxl-

matlon glves a line for each given teﬁperature. Although

¥ This difference is probably due to impurities, or, in
Krigbaum's words, "traces of moisture."
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Fig. 10. Experimental test of the theoretical expression (6.6)
for A2. Open circles: experimental values for poly=-
styrene in cyclohexane obbtained by Krigbaum.44)

Full lines: present theory (double contact approxi-

mation). Broken curves: present theory (triple

contact approximation).
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the values (6.19) are somewhat different from those given in
Eqs. (6.11la) and (6.1%2), we have no doubt that this third

example also supports our theory.

8 6. 5. PFrictional Properties

So far as we know, the intrinsic viscosity data of poly-
styrene in cyclohexane solution given by Krigbaum and Car-
Denteral) avpear to offer the most illustrative example for
testing our Eq. (6.7). The filled circles in Fig. 9 repre-
sent their data. Wow if we remember the values of My, ag,
and by of this system, we obtain by using Eq. (6.8) and
Table 11

X;30N509 XFX)=1{.14~1.18, and P(Xy = 1.52, (6.20)

The substitution of these values into Eq. (2.7) yields

¥ The detailed value of X 1is 217 x Mo—l/3; hence '
X =58, if M_ =52 (average weight of —CH(C6H5)~
end -CHpo- ),
=46, ir M = 104 (monomer weight),
=27, 1if WM = 520 (preferred statistical segmenﬁ

weight; see the next section}.
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which is tolerably in égre’"ement with the observed value,
1.31 (100 ml/g), obtained by the interpolation of experi-
mental data.

Furthermore, representing the molecular weight distri-

bution by

%ur (M) = (4™ 1y M exp (-9 M) (6.22)

with ‘j=(-ﬁ+l)/Mw=(‘ﬁ-+2)/Mz , ' (56:23)

we can easily show that for the heterogeneous polymer, Eq.

= 1 :
(M1 = (1/FXIN/10OXT/6) [XFa (0] a0 Muw™ (6:2ha)
*
Ve = CRED [ TA+1)/PCRA15)] (6.21b)
I <57 ' e s
| S TR Sl — ‘es (6.25a)
or .E’?J?‘" 2. Tloo [XFR )] v
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%z=L(ﬁ+2)€/(ﬂ+1)][TCﬁ+1)/l"(ﬁ+1.5)j’ (6.25b)

Here the subscript z attached to M and < 82>0 indicates the
so-called z average. Wow, if we set h =l according to

the indication of the original authors,al) we obtain

Pur=103, §. =135, and ]y = 1.37~ 1.42, (6.26)

instead of Eg. (6.21), and then the full éurve i in Fig. 9.
In the vicinity of the Flory temperature, this theoretical
curve agrees very well with the experimental data. For the
sake of comparilson, we show by a chain curve the results =
pbtained by Flory and Fox's equation.

As weas noted in Chapter IV, we can write BEq. (6.7) in

a closed form,

NnLX)

(3= (73, & , (6.27a)

or more explicitly in the form,

‘ i)
1 = Ky (527"

(6.27)

IV 3 N Leal
KE = (JtﬂiN/loo 3z ) (X E 0] _‘Mu:' <_Sz>o;(3 )
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Fig. 11 illustrates a test for the correctness of these
relations. As is expected, the intrinsic viscosity data
plotted against S, in log~log scale fall on a line of slope
2.l;,” instead of 3.0. In this connection, we can find that
Flory's universal constant € decreases with increasing tem-

perature. This observed tendency can be well approximated

by
Bx)= B0,
(6.28)

B,(x) = 2.283 X 10" [ XFCX)],

as shown in the insert to Fig. 11. It is also noteworthy
that Bq. (6.27) or (6.28), although correct in itself only -
for small 2, nevertheless can be used effectively to correlate
the volume effect with the intrinsic viscosity over wide ran-
ges of temperature. Thils fortunats situation is of course
due to a2 mutual cancellation between the higher terms of two
z serles for [7] and < 58>,

In Section 6.3, we have 1llustrated taking the polysty-

rene-butanone system as an example that the Flory expression

% If X = 30~50, Table II reads n(X) =2.37~2.38. On the
other hand, the slope of the best fit line for these data has
been found to be 2.2 by the original authors .51)
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S (
= 18F }
& 16} |
—

- a
2 4r
w
9
8 45 b, Eq.(6.28)
> = = 24} with ¥=30.
v 9 ° ?
2 10F 200, ., .1
B 300 310 320 _ 330 :
bt T [°K] i

] 1 | - 1
500 550 600 850 700

Radius of gyration, .S, [A]

Fig. 11, Intrinsic viscosity [7] " plotted against\‘%h“e_‘re.—dé:us«of‘
gyration S,, using log-log plot, Open circles:
experimental data for the polystyrene-~cyclohexane
system (M, = 3.20 X 106, ® = 308.4°K) obtained by
Krigbaun and Carpen‘ber.sl) 'fﬁe slope of theoretical

line is 2.4, The insert shows the temperdature depen-

dence of rlory's constant & ,
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for olg, Ba. (6.12) or (6.17), shows a good correspondence
with experimental data over wide ranges of temperature or
solvent power. Now, keeplng the foregoing comments in mind,
we turn to a discussion on general behaviors of Flory's
constant.

As is well known, Fox and Floryh7) have pointed out
that the constant % takes a common value, 2.1 X 10°%, not
only for sufficiently large values of M, but also down to
low values of M. For this behavior, the present Eq. (6.28)
appears to give a satisfactory explanation. That is, we may

write the solution of Eq. (6.12) in the form,”
os oc ME, E=0~ 01 ; (6.29a)
then obtain remembering Egq. (L.26)

$oc M, ¥ = PX)-£[3-nX)], {6.29b)

% TIn the limit of large z, BEq. (6.17) yields the asympto-

tie sdlution,

X = ( Cs 3)'/506 Mo
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The numerical values of Y (X) and n(X) are given in Table II.
This relation suggests that the counter contributions of the
draining effect and the volume effect, Y(X) and €{3 - n(X)],
make the 2 approximately independent of M over wide ranges
insofar as the argument X takes a value larger than about
ten. However, as X decreases beyond ten, the balance in-
clines toward the draining effect,” and a decrease of the &
values will become significant. Table VI proves these sta-
tements, where the 2 values for several polystyrene frac-
tions in butanone golutions are glven, together with the
experimental data of [%] and S, obtained by Outer, Carr and
Zimm.hl) For the sake of comparison, there 1s also given a -
rough evaluation of X by using the same value of a/b as
that for the polystyrene-cyclohexane system cited before.
Generally speaking, to adjust Eq. (6.28) to the empiri-
cal value & = 2.1 X 10°* which was found by Fox and Flory
as a mean of many data for a wide variety of polymer-solven?®

systems, it is only necessary to assume that oy ranges over

% As shown in Teble II, £€[% - n(X)] does not exceed 0.1
for emax = 0.1 and [3 - n(X)]max= 1; while »(X) exceeds
0.1 when X <8 .
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Table VI. Values of & for polystyrene in

butenone solutions at 22°¢,

Polymer M, x107% s, (AJ% miQooml/e)® @Bx102'  x°
AT 0.23 163 0.53 1.90 813
A6 0.52 222 0477 2.47 1220
A3 0.94 306 1.17 2.61 16~27
A-2 1.32 368 1.40 2.53 19 ~32
B2 1.63 414 1.61 2.51 21~36
A-1 1.77 437 1.65 2.38 22 ~37

(3.20) — — — (30~50)

Data are obtained by Outer, varr and Zimm, Ref. 41).

Values of X are obtained by making molecular weight

correction of the X values (30 50) for Krigbaum and

Carpenter's material (My = 3.20 X 10%). See Eg. (6.20).

-109-



1.1 to 1.7 depending on the X values, ten %o infinity, of
the systems. The values of c(s of this order seem to be
very plausible for ordinary good solvent systems.

Our Eq. (6.28) further predicts two kinds of
deviations of & from the constancy; the one is related to
the volume effect and often observed in mixed solvent systews,
and the other 1is related to the draining effect and often ob-
served for relatively short chain or rigid molecule such as
the cellulose derivatives. Table VII proves the volume effe-
ct on € , where the & value for the same polystyrenes in-
creases as the concentration of cyclohexane 13 increased (or
the solvent power and (g are decreased). Table VIII proves
the draining effect on & , where the values of @ and 7
3 1/3p-1 ror the ethyl hydroxyethyl cellulose in water vary
appreciably with increasing M.ha) These variations undoubted-
ly corresrond to those of & , and §01/5Po'1 for X = 0.3~
O.6°in Tables II and III, and indicate that the system Is to
be characterized by very small X, or in other words a large
value of a_/b, (see Eq. (6.8)). .

Thus we may arrive at a conclusion that the draining
effect is important for quantitative interpretation of
jntrinsic viscosity data as well as the excluded volume

effect.
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Table VII. Values of @ for polystyrene { M, = 1.62 X 108)
in the solvent mixtures of dichlorcethane

and cyclohexane.

Solvent Sy [AJ® [%]( 200m1/g 3 & x 0%t

Dichloroethane: cyclohexane

6 : 94 408 1.30 2,11
100 : 0 546 2.78 l.89
35 : 65 563 2.80 1.72
65 : 55 645 3,20 1.31

Data are obtained by Nuter, Carr and Zimm, Ref, 41).
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Table VIII., Values of & and @1/319-'1 for ethyl

hydroxyethyl cellulose in Water,a

P — ogm—————er s e e . ep—— e ———r— — ———— a————— i re————
e —————— — ——un e —pe—

Fraction No. M, %1075 & x 1021 p1/3p=1'x 1077
3 160 0.74 3,30
5 250' 0‘179 3308
7 400 0.95 3.06
12 570 1.00 2.90
T T - 71
a

..

Data are obtained by R. St. J, Manley, Ref. 48},
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& 6. 6. short Range Interferences

We have evaluated in the preceeding sections the model
constants a, and b, of the random chain representing a
polystyrene molecule in cyclohexane solutions. WNow we
evaluate the structural constants of polystyrene, taking
account of the effect of short range interferences,

Letting 1 be the length of valence bond, m, the molar
weight of a chain element, @ the valence angle, and ¢ the

rotation angle about valence bond, we obtain

1
L Ly oM N[ ltom 1P 9z
In the case of polystyrene, we can put
f=1.544 , ce6 =5
(6.31)

Mo = 52 (average weﬁgfn‘t of

~CH(CoHs)—~ amd —CHa~ ),

Hence using the data of a, in Table IX, we find < cos ¢ > to
be about 0.7. AS Benoith9) has shown, 1if the steric hindrance
due to side chains id represented by a hard potential which

1s zero for {ﬁbl < 95. and infinite for all other posi-
tions, we can write < cos 4’ > = g8in C,'b o/ ¢o’ and find
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Table IX. Structural constants for polystyrene

in cyclohexane solutions.

P e e

<y, <8P, A, b
Data by Outer-Carr- by Krigbaum- by Krigbaum
%imm™ Carpenter

¥, X 1075 16.1 32.0 0.506~5,66
@ (°k] 307.4 308.4 306i6

a, [A] 0.731 0.672 0.962
b, 4] . 0.1037 0.1178 0.1285
<cos P> 0.710 0.665 0.820
?}a { degree] 80 85 61
M, 610 616 1055

a  [A] 18.1 15.3 31.3

b [4] 7.5 7.6 12.0
uoﬂkrk] 34 62 26

a
See Rel., 41).

b
See Ref, 31).

c
Ses Ref, 44).
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<¢o 2~ 80° in rough agreement with the value 100° cbtained by

a stereochemlical consideration.
The values of a and b depend on the choice of the seg-
ment size M,. I we put M, =m, =52, the following values

are obtained:

a~54 , boiusaA, (6.32)

It is to be noted that both a and b are obtained in angstrom
order.

In order to define completely the equivalent chain, it
is reguired to set an additional condition besides Eq. (6.30)

An example 18 Kuln's condition,so)

AN = (Qo/MFD M = L {(M/Ma), (6.33)

This relation, together with Eq. (6.30), determines the slze

and length of the so-called preferred statistical segment as

Mo = 520 , a=164k, and b= 74. (6.3L)

The values of the structural constants thus obtained are
collected in Table IX.

On the other hand, the force constants € and o- for
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the Lennard-Jones potential ¢>(r) have been evaluated by
Hirschfelder et al. as follows:sl)

(ry = 4¢ [ (o r)m- (a- r)‘
P (¢o/ /r)°], (6.35)

440°K 5127d£ for bengene

,, (6.36)
324 °k £.093 A fer C}/clohexaq’ie .

* Although we cannot derive conclusive informations from the
comparison between these potential for simple molecules and
the mean force potential for polymer segments, nevertheless
we may say that the p.rerferred statistical chain model is
that of giving a segment Isize b of more reasonable magnitude

than the simple equivalent chain model (6.32).
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CONCLUSION

In this work, we have been dealing with the theory of
dilute polymer solubtions from a rigorous and molecular-theso-
retical standpoint with the aim of describing systematically
the various properties of dilute polymer solutions, related
to the excluded volume effect, by the molecular or model con-
Stants such ag the segment size and its link length without
including the phenomenological parameters, and of interpret-
ing the recent experimental results which camnnot be explained
by the published theoriss. And this aim has almost been
attalned, we believe, Namely, the theory presented here can
be applied very satisfactorily not only %o give a completely
quantitative interpretation for the experimental data of va-
rious properties of dilute polymer solutions such as < 52> R
A2, and {¥] but also to explore the nature of various appro-
Ximate theories. This, of course, results from our rigorous
treatment in which complete account is taken of the connection
of segments or the spatial correlation between segments.
Although the range of applicability of the theory is limited
in the vicinity of the Flory temperaturs, for the expressions
all are expressed in a power series in the excluded volume
parameter which becomes zero at the Flory temperature, it is
to be emphasized that the values of model constants obtained
from the light scattering data of < 52> can be used, without
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lntroducing any makeshift, for quantitative analyses 6f other
quantities such as As and [q]. Accordingly, it is desired

that the theory, which is rigorously developed from a molecu-
lar~theoretical standpoint and moreover is expressed in a

closed form, will be proposed in near future, so that it may
be extended to apply to good solvent systems. In this mean-
ing, the theory of second virial coefflcient recently pr0p0;

sed by Casassa and Markovitz27) seems to be a very interest-

ing approach,
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APPENDIX TI. J(Rkl)

If we denote the components of vectors R and q in
the 3-dimensional space by (X, y, 2z) and (ql, qé, qa) .res-

pectively, the integral hl( g, n ) in Eq. (1.17) can be!

evaluated as follows,
P (g,m) = (47(&2)“(P?/K%)Jexp(_glgz)_exp (% RIAR
+o0
= )" (p/n?) [[(exp (L(3ix+ 924+ 35%)

, (AT.1)
= (41a)” exp [-nat(g/ + %31 + %3 /6]

= . (4ma®)" exp (-narq?/¢6 )
where | : pz = 3/:272.62.2.

Next, using the polar coordinates (R, o, ¥ ) with the
z axis in the direction ef vector J, we may rewrite the

integral hé( g, n ) in Eq. (1.17) as

$a(Z1) = (4na?) (Y n? )f;c(m exp(-p*R*) exp ((% R)AR

= (4ma¥) ¢ F"/K%J f T T;}:zcg yexp CFR*) exp (igRcet8)

X R*aim 8 dR 48 d¥

"= (ame)() f+7tK)[<R)BIP(—f5’“R’)—M~%§R—)aLR‘ {a1.2)
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Substituting Eq. (1.11) for X (R) with the neglection of all
terms higher than the second of uy/kT, and splitting the
integral in Eq. (AI.2) into ‘two parts o tob and b to s

\
we may rewrite Eq. (AI.2) as

#in (BR)
P2 M) == (4702 (p/x*)(ﬂt)[gR exp(-fR?) ———= 3 dR

o0 (R (AI.3)
2 2p2
—(Ho/fkT)fb‘E exPC—3R/2d’) exp (-2R?) __._______A*‘”% d.R’,]'

Splitting the second integral in Eq. (AI.3) into two parts o
to = and b to o, and using the approximation {(1.18), Eq

(AI.?) becomes
) 3 b | |
Ral(qsm) 2 - (“H‘Eal)n(ﬁyjc'f 47T { J’ R (1-*R?) MC% R) AR

M(‘BK)

~ (uo/RT) [ fR exp (~3RY2d2)- AR

—E R(1-3RY/2d?) ﬁ"”—éjﬁ vLRJ}
ot — (402 (BT CAmbY3) { 1- 1L (3% Ymatdb’

~(Ue/RT) [(n/&)%(a{/b)aéx[o (- 42%2/6)

12 (AT.L)
2 4 (atre/aIb Y |
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Therefore, from Egs. (AI.l) and (AI.lL), we obtain for
the Fourier transform of the integral J(Ryy) defined by
Eg. {1.15)

H(Z) = -C+xa2)m(f&3/x7‘g')(tmby3) {1 - -,10- (3*+7/na?) b?
(o lT) [(RI0F 0 e (-d237/6) (A1.5)

A b (G A B) fexp [~ ommmy a?g? /5 ]

where we have replaced l-k and j-1 by-m-and n respectively
for the sake of simplicity.

Now the integral J(Rkl) 1s given by the inverse trans-
form of H(qg) as follows,

I(Rk£)=?j-r—-a—§ex[o(—w' Rieg ) HCRIAY

+oo ’
=L [[femp (i@t Batiat 30 )]

(AI.6)
X H(%l,%z;%%)d’%l d’%f“- C{%g .

Substituting Eq. (AI.5) into Eq, (AI.6) and performing the
integration with taking account of the approximation (1.18),

T
.

we arrive at

=122~



, 5
T(Ri) = ~ (47020 "(2/NFn? ) [3/2m (e @2 ]

xemp[-aRy fammar]

which 1s just identical to Eq. {(1.19).
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APPENDIX IT. <sk2>

If 3, and x are the vectors from the molecular center
of mass to segment k and from segment O to the molecular

center of mass respectively,

S = Rop— X, (AXI.1)
% Se=0. (AII.2)
J .
Hence N = -ﬁ—‘% Roe , .
(ATI.3)

-‘From Egs. {AII.1) and (AII.é), we find

SI: = S Sk
A 9 (AII.L)
= Rop T 35 E‘ ; Rofe'&g"‘ﬁ'% "?me"Rw .
On the other hand, 1t can be easily shown that
. - R 2 _ CR, 2"
zle:’ §f< 'Rok lRa_e> N %*( ok ) pZ{:Q be >, (AII-S)
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2 T Rog' Rog» = N< Rop > + z<e,,,;>

k-2

—Z <R.ele> Z/ <R;¢g>

Hence, from Eas. (aA11.h) to (AT1.6), we obtain

’ k-2

which is identical to Eq. {1.3lh).
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APPENDIX TIII. < Y

Using the phase integral Qz(lﬂij, N) given by Egs.
(1.9), (1.13), and (1.22), or the segment distribution func-
tion p2(i, j) given by Egs. (3%.18) to (%.20), we obtain for

< 1/R1j>

K Q (RL',N GLRL'
g; il 2 £ ) .} .

gy =
{ o
d g Rbfﬁz(mt}, N)dﬁi}

= S RL}—I Pa(f-;,}—)"f-?tR;,J,ﬂoCR.gj_ (AIIX.1)

l
= (L) ! e coeY tFL<d
() GooFa (iR ) i U<,

oo
] Ce 4p L_iy®

+__...__

4 . -p+3 —PtLy . P
‘.f_ [N"’*J—} PR -1 )G
2,

P_
- D idh 2pNT - % 4‘]"-%'}-3-_1'  p-g+4
+ 2 rarg (OIVGTTT T

1 gty
+ eN=p (-0 =TT Y -0 P}’
Cp = 2p)! S2%Pcpy?,
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APPENDIX 1IV. lim p(X)
X-0

From tables of the Riemann & ~function, we have

o9
7[2

|
4(2):@‘;@? == (ATV.1)

From Egs. (L4.25) and (AIV.1l), it is easy to see thet

mg cea2nk) 5%2 SCaxk)
(mk)T* (kY

[+

MP(X)=—§-+E[

] (AIV.2)
x>0 k=1 -
Now, expending the function (1 + x)3/2+ (1 ~ X)5/2 defined
in the range -1 < x <1 in a Fourier series, we obtain

Slf“_‘_ Z (__)k 3'\/—

k=~c0 2( fe)
%0

3 2
1+ )2+ (1-%)* =

(ATV.3)

_ 3z 4 C(M“ﬂ)] LTk
4 (7 iel) : ‘

Putting x = 1 in this equation and using Eg.(AIV.l), we

obtain

C(amR) 1

\51 (7;,3)5/2 - I5 .

M-

T (ATV.L)
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Similarly, the function (1 + x)5/2+ (1 - x)S/2 leads to

L 2 sc2xk) .
’ Y = ‘ :
. seZ-_—:f (TRY?> 315 . (AIV.5)

Hence, from Eqs. (AIV.2), (AIV.Lh) and (AIV.5) we arrive at

Lm P(X) = 3%
X0 to5 .
(ATV .6)
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APFENDIX V. Solution of the Integral Eguation
(5.5b) in the Asymptotic Limit of
Large X

1€ we put  giy) = (XAEI(1-0.416 B)YC), (av.1)

the integral equation (5.5b) in the asymptotic limit of largp

-

X turns into

4

+
Qt)

TtE dt , (av.2)

fex) =*f

~{

vhere f(x) 1s a known function of x in general. This inte-
gral equation can be solved in a felatively simple manner
using the Gegenbauer polynomlal expansion proposed by Auer
and Gardner.37)

Let Pm(x)\be the Gegenbauer polynomials; we expand the

kernel appearing in tho integral equation and the function.

5?5 (x) as

|24 = Z, Qo Pal®) Palh),
mn=>o
qs(xJ B mz-z'a Nmu-xﬂ)”‘* (AV.3)
. 7
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where the coefficient a, and the normalization cons.tan‘t 'Nn

are given by

1
Ay = 7?.’2(2‘}14-—')[

r(n+=x) 12
; J

F(2) Ten+r)
- (AV.h)
@] rown

C2m+ L) T(N+E)

N

Then, by substituting Eqs. (AV.3) into Bg. (AV.2), we obtain

+
o0 -1 P () Py tt)
-J:C'X--)‘———g 53 2, an ban Nom B €D i :;I/q_
. L, m=0 m=0 (1-+ ' (AV-5)
o0
= Z Gm bm. Pmcx).,
N=0
: ' * (AV .6
and S‘ &cx)l P CXIdX = Gom bon Nom = Coom. ( )
. " S Cm Bmc) W T)
ence, (X)) = ( .
' ) m=o0 Om N-:L (l—xi)_'/"' ]
Since we here concern ourselves with the case:
fexy =1 = P(x), —(AV.8)
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Eqs. (AV.6) and (aV.7) yield the results,

+
szg‘ Bol) B (%) |

), -x)
o for M 21 (AV.9)
) No= (22/A%)[F(Z)]*  for m=o0,
No Fo 2 Sor X—oco _ (aV.10)

x) = - ,
Pe G-z

4 [ P(3]?

The frictional coefficient Z can be calculated by

- = ’E—_l
41 (AV .11)
~ 2SN (1—-0.416 2" [—2’—{ q‘Scx;aLxJ
X 4, ’
By using Eq. (AV.10), we obtain
_..] *
= 0.3811 ({N/X)(1—0.416 B) , (AV .12)
(AV=13)"

or [XGe(X)], _, = 0.7622,
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