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Abstract

It is one of the most significant subjects in the modern statistical physics
to establish the nonequilibrium statistical mechanics and the nonequilibrium
thermodynamics which can describe nonequilibrium states beyond local equi-
librium states. Such the nonequilibrium statistical physics has not been es-
sentially understood yet even in simple systems such as dilute gases. The
main aims of this thesis are to detect local nonequilibrium effects in micro-
scopic kinetic theory and to examine, from the kinetic point of view, the
nonequilibrium statistical mechanics and the nonequilibrium thermodynam-
ics which do not adopt the local equilibrium hypothesis. These will serve to
construct the nonlinear nonequilibrium statistical mechanics and thermody-
namics whose comprehensive understanding is still lacking.

In order to achieve the goal, we have derived the explicit velocity distribu-
tion function of the steady-state Boltzmann equation for hard-core molecules
to second order in a heat flux by the Chapman-Enskog method. This enables
us to compare it directly with that for Maxwell molecules in order to confirm
whether there exists the universal nonlinear nonequilibrium statistical me-
chanics from the microscopic viewpoint. In their nonlinear nonequilibrium
transport phenomena, we have found qualitative differences between thermo-
dynamical quantities of hard-core molecules and those of Maxwell molecules,
and also demonstrated that the steady-state Bhatnagar-Gross-Krook(BGK)
equation belongs to the same universality class as that of Maxwell molecules.
The suggestion has been made that molecules which interact via other cen-
tral potentials still have the qualitative differences from Maxwell molecules,
and that the steady-state BGK equation does not capture the essence of such
the molecules.

Owing to the derivation of the explicit nonlinear nonequilibrium velocity
distribution function of the steady-state Boltzmann equation for hard-core



molecules, we become able to calculate the effect of a steady heat flux on
the rate of chemical reaction based on the line-of-centers model. We have
found that the second-order velocity distribution function plays an essential
role for the calculation of it. This indicates the significance of the second-
order coefficients in the solution of the steady-state Boltzmann equation as
terms which reflect the local nonequilibrium effect. We have also compared
our result with those from the steady-state BGK equation and information
theory, and confirmed no qualitative differences among them.

Finally, we have examined the validity of the nonlinear nonequilibrium
statistical mechanics and the nonlinear nonequilibrium thermodynamics, 7.e.
information theory and the steady state thermodynamics(SST), on the steady-
state Boltzmann equation using its nonlinear nonequilibrium velocity dis-
tribution functions. We have found that information theory is completely
inconsistent with the steady-state Boltzmann equation, and that, in a sim-
ple nonequilibrium steady-state system, SST conflicts with the steady-state
Boltzmann equation. The physical interpretations for these results of our
examinations are also proposed.
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Chapter 1

Historical Review and
Motivation

1.1 Kinetic Theory

The kinetic theory has a long history, and numerous studies on describ-
ing behaviors of gases have been carried out analytically, numerically and
experimentally.[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19,
20, 21] The behaviors of gases in nonequilibrium states have received consid-
erable attention from the standpoint of understanding the characteristics of
nonequilibrium phenomena. The kinetic theory has contributed not only to
the understanding of nonequilibrium transport phenomena in gases but also
to the development of general nonequilibrium statistical physics.

It is well accepted that the Boltzmann equation is one of the most reli-
able kinetic models for describing nonequilibrium phenomena in dilute gases.
Many text books on the Boltzmann equation show the fact that the Boltz-
mann equation has attracted much interest among researchers of kinetic
phenomena.[1, 2, 3,4, 5,6,7,8,9,10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21]
The Boltzmann equation without external forces has the form,

%“*‘Vl'vfl:‘](flaf?)a (1.1)
where the collision integral J(f1, f2) is expressed as
(i h) = [ [ [(Fifs = fif)gbdbdedve, (12
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with f] = f(r,v}) and f} = f(r,v}): v] and v}, are postcollisional velocities
of vi and vy, respectively. The relative velocity of two molecules before
and after an interaction has the same magnitude g = |v; — vy| ; the angle
between the directions of the relative velocity before and after the interaction
is represented by x. The relative position of the two molecules is represented
by b, called the impact parameter, and € represents the orientation of the
plane in which g and g’ = v| — v}, belong. Note that x can be expressed as
a function of b for a central force.

db
Figure 1.1: Schematic description of an interaction.

The impact parameter b depends on the kind of interactions between
molecules, and one should specify the intermolecular interactions so as to ex-
plicitly determine the impact parameter b in the collision term of the Boltz-
mann equation. A number of studies on the Boltzmann equation have been
based on two representative models of molecules: hard-core molecules and
Maxwell molecules[22, 23, 24]. The former interacts via an impulsive force at
the moment of collisions between molecules, so that it is not needed to con-
sider any long range forces between the collisions. For hard-core molecules,
the impact parameter becomes b = dcos ¥ with the hard-core molecular di-
ameter d, so that the collision differential cross section is given by

2

_ d X .. X
bdb = 5 €0 5 sin de, (1.3)
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Maxwell molecules interact via a force which is inversely proportional to
the fifth power of the distance r, that is, Maxwell molecules interact via a
central potential proportional to r~*. For Maxwell molecules, it is given by
the relation

1
bdb = —H (x)dx, (1.4)
g

where H(x) is a function of x.[6, 22, 23, 24] This leads to the characteristic
property of Maxwell molecules that the collision frequency is independent
of relative speed of colliding molecules. It is well known that, because of
this simplicity, calculations involving the Boltzmann equation for Maxwell
molecules become much easier than those for hard-core molecules.[1, 22, 23,
24, 25, 26, 27, 28]

The Boltzmann equation is based on the physical assumption of molec-
ular chaos, which means that all the correlations after intermolecular colli-
sions attenuate exponentially with time, and that all the molecules have no
memory of their past collisions, which leads to the time-irreversibility of the
Boltzmann equation as is exhibited in the H-theorem.[29] Some numerical
experiments have shown that this assumption is valid so long as a clear scale
separation d < [ holds, where d is a diameter of molecules and | ~ 1/nd? de-
notes the mean free path of gases.[30, 31, 32] Theoretically, it is believed that
the Boltzmann equation is valid for the Boltzmann-Grad limit, nd®> < 1 with
the finite mean free path /. In fact, the Boltzmann equation can be derived
from the Bogolyubov-Born-Green-Kirkwood-Yvons(BBGKY) equations for
one-particle velocity distribution function by neglecting higher order colli-
sion interactions which corresponds to finite density contributions.[33] The
BBGKY equation is deduced from the N-body Liouville equation by inte-
grating by phase space variables of N —1 molecules with an assumption that
the N — 1 molecules can not be distinguished from each other.[33] Another
condition which lets the Boltzmann equation hold will be discussed and ex-
plicitly indicated in Sec.2.6. It also makes the Boltzmann equation reliable
that macroscopic equations such as the Navier-Stokes equation can be de-
rived from the Boltzmann equation by perturbation methods which will be
mentioned in the paragraph after the next. The linear transport coefficients
from the Boltzmann equation are verified to be consistent with experimental
results. Therefore, it can be concluded that the linear transport phenomena
in plain monatomic gases are well established and understood by the Boltz-
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mann equation. The hierarchy mentioned above is summarized in Table 1.1.

Table 1.1: Hierarchy of the Boltzmann equation

STAGE Dynamic Kinetic Hydrodynamic
EQUATION Liouville Eq. Boltzmann Eq. Navier-Stokes Eq.
LENGTH Molecule’s Size d Mean Free Path [ Thermodynamic Change L
VARIABLES Density Function Distribution Function Thermodynamic Quantity
REVERSIBILITY Reversible Irreversible Irreversible

For finite density gas systems where the Boltzmann equation does not
give any correct descriptions, even the linear transport coefficients cannot be
exactly derived, though there is a phenomenological theory, Enskog theory,
whose results of the linear transport coefficients agree well with those of nu-
merical experiments.[1] For finite density gases, one can only calculate some
correlation functions using ring kinetic theory, so that the linear transport co-
efficients can be obtained only indirectly from the Green-Kubo formula. The
previous researches have reported the existence of long-range and long-time
correlations in nonequilibrium phenomena of dense gases.[29, 31, 34, 35, 36]
For example, they have demonstrated the long-time tail in the velocity cor-
relation functions, ¢~3/2 for three dimension and t~! for two dimension. The
latter leads to the divergence of the linear transport coefficients in two dimen-
sion, which has been confirmed by numerical experiments.[37] The effects of
long-range and long-time correlations can be supported by the fact that hy-
drodynamic frequencies for sound, shear and heat modes have a nonanalytic
dependence on wave number. There have been also some investigations of the
divergence of the nonlinear transport coefficients even in a three dimension,
which will be discussed in Sec.2.6.[38, 39, 40]

In the early stage of studies on the kinetic theory, great effort has been
paid for solving kinetic model equations such as the Boltzmann equation
and deriving nonequilibrium distribution functions and macroscopic nonequi-
librium transport equations in terms of microscopic molecular quantities.
As will be mentioned in Sec.1.3, these attempts were strongly related to
the development of general nonequilibrium statistical physics such as linear
nonequilibrium thermodynamics, Onsager’s reciprocal theorem and the linear
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response theory.[29, 41, 42, 43, 44] In order to derive the velocity distribution
functions of dilute gases in a nonequilibrium state, various methods which
give normal solutions of the Boltzmann equation have been presented.[1, 2, 3,
4,5,6,7,8,9,13,14, 15, 16, 17, 24, 25, 26, 27, 28, 45, 46, 47, 48, 49, 50] The
first analysis of the Boltzmann equation was performed by Hilbert.[7, 51, 52]
He obtained the formal solution of the Boltzmann equation by expanding
the velocity distribution function and also the macroscopic quantities such
as density, mean flow and temperature. However, the Navier-Stokes equa-
tion never appears in the Hilbert method where the macroscopic quantities
are expanded and one have to sum up them to obtain the correct hydrody-
namic quantities. For this reason, Enskog and Chapman independently mod-
ified the Hilbert method and developed it into the Chapman-Enskog method
where only the velocity distribution function is expanded.[1, 8, 9, 49, 50] The
Chapman-Enskog method is adopted through this thesis, and its details will
be explained in the next chapter. There is also another developed method
to obtain the normal solution of the Boltzmann equation called the Grad
method.[45, 46, 47, 48] In this method, coefficients which appear in the for-
mally expanded velocity distribution function are determined by a moment
method, so that the number of the moments corresponding to the coeffi-
cients must be specified artificially before one derive the solution. It is well
known that this method and the Chapman-Enskog method gives identical
results in linear transport equations. However, including nonlinear trans-
port phenomena, the relation between these two methods is not made clear
yet. For the linearized Boltzmann equation, there is an eigenvalue method
to calculate the linear transport coefficients which gives the same results
as the Chapman-Enskog method for the Boltzmann equation, except that
density and temperature appearing in the linear transport coefficients are
absolute equilibrium ones, that is, they are constant.[3] In all the pertur-
bation methods mentioned above, the small expansion parameter will turn
out the Knudsen number K = [/L, which means that the mean free path of
molecules [ should be much less than the characteristic length L for changes in
the macroscopic variables. The other perturbation method, the S-expansion
method, was proposed by Sone, where he focused on the gas fluid dynamics
of the finite Reynolds number Re = U*L*n/n with characteristic speed U*,
characteristic length L*, density n and viscosity 7. In this case, the Mach
number Ma = U* /Usouna(ox ReK) with a sound speed Ugoyng has the same or-
der of the Knudsen number. Sone assumes a deviation of the nonequilibrium

13



solution from the uniform equilibrium one is of K, which leads to results that
the leading-order solutions of the S-expansion method become not the Fuler
equation but the Navier-Stokes equation, and that its higher-order solutions
become compressible hydrodynamic equations reflecting effects of Ma. The
S-expansion method expands not only the velocity distribution function but
also the macroscopic quantities, so that it corresponds to the case where the
solutions of the Hilbert method at the leading order, from which the Euler
equation is derived, are uniform and at rest.[7]

It had been believed that Burnett determined the complete second-order
solution of the Boltzmann equation by the Chapman-Enskog method.[1, 25]
Physical importance of the second-order coefficients has been also demon-
strated for descriptions of shock wave profiles and sound propagation phenomena.[10,
53, 54, 55, 56, 57, 58] However, we have realized that Burnett’s solution is not
complete.[25, 59] Though there are various studies on the transport coeffi-
cients of the Boltzmann equation to second order[1, 3, 4, 11, 47, 48] or even to
third order[58], we have found that nobody has derived the explicit velocity
distribution function of the Boltzmann equation for hard-core molecules to
second order.[59] This is a result of mathematical difficulties, as was indicated
by Fort and Cukrowski[60]. For Maxwell molecules, because of its simplicity,
Schamberg[26] has derived the precise velocity distribution function of the
Boltzmann equation to second order by the Chapman-Enskog method, while
Shavaliev[27] has derived it implicitly by the moment method. Heat transfer
for Maxwell molecules in a steady state was also reported in ref.[28].

Other kinetic models besides the Boltzmann equation, such as the lin-
earized Boltzmann equation[5, 61, 3] and the Bhatnagar-Gross-Krook (BGK)
equation[62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73], have also been proposed
to avoid mathematical difficulties in dealing with the collision term of the
Boltzmann equation. It has been believed that results of those kinetic models
approximately agree with those of the Boltzmann equation, though they are
accepted as quantitatively different ones from the Boltzmann equation: e.g.
the Prandtl number, nC,/\ with C), specific heat at constant pressure and A
thermal conductivity, is 2/3 for the Boltzmann equation, while it is 1 for the
BGK equation.[7, 64, 65]

The BGK equation is written as

af;

fie — fi
ot T

-+ vy - Vfl == (15)
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T represents a characteristic time of relaxation of f; to a local equilibrium
velocity distribution function frr. The relaxation time 7 depends not on ve-
locity of molecules but on its position r through the macroscopic quantities
such as the density and the temperature. It has been felt that characteristics
of molecules, such as hard-core molecules and Maxwell molecules, can be
absorbed into the relaxation time 7. The BGK equation retains important
properties of the Boltzmann equation, such as the conservation laws and the
H-theorem. Its linear version can be derived from the linearized Boltzmann
equation.[3, 5] However, it is not clear yet whether the BGK equation (2.42)
really brings a decisive simplification in deal with nonequilibrium gas behav-
iors. The most important advantage of the BGK equation is that it can be
easily solved. Lebowitz proposed a BGK-like model and confirmed that its
first-order velocity distribution function is identical with that for the BGK
equation[63], and Trilling has discussed the second-order velocity distribution
function for the BGK equation although he did not employ the Chapman-
Enskog solution method.[74] There are several studies of the second-order
transport coefficients using the BGK equation.[64, 75] The most valuable
contribution concerning the solution of the BGK equation has been made by
Santos and his coworkers.[66, 67, 68, 69, 70, 71, 72, 73] They have solved the
steady-state BGK equation exactly and compared its exact solution with the
perturbation solution by the Chapman-Enskog method deduced to arbitrary
order.[66, 67, 68, 69, 70] They have concluded that the Chapman-Enskog so-
lution is asymptotically correct, although the series of the Chapman-Enskog
expansion diverge.

1.2 Chemical Reaction

Following its success and usefulness, the Boltzmann equation is widely used
in order to describe various dilute gas-phase transport phenomena such as
granular gases[76, 77, 78, 79, 80, 81, 82, 83], plasma gases[19, 20|, polyatomic
gases|21, 84, 85], relativistic gases[86] and chemically reacting gases.
Chemical reactions in gases have been studied with the aid of gas collision
theory. In the early stage of a chemical reaction between monatomic gas
molecules:
A+ A — products, (1.6)

the rate of chemical reaction may not be affected by the existence of prod-
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ucts and the reverse reaction can be neglected.[87] From the viewpoint of
kinetic collision theory[1, 3, 13, 18], the rate of chemical reaction (1.6) can
be described as

R = /dv/dvl/dﬂ/fflgo(g), (1.7)

where €2 denotes the solid angle. Though various models have been suggested
as the differential cross-section of chemical reaction o(g)[88, 89, 90, 91, 92],
the line-of-centers model proposed by Present has been accepted as a stan-
dard model to describe the chemical reaction in gases.[18, 60, 88, 89, 90, 91,
92, 93, 94, 95, 96, 97, 98, 99, 100, 101, 102, 103, 104, 105, 106)The line-of-

centers model contains

o(g) = {0 R Ve ’ (1.8)

%(1_77192) 92\/%

with m mass of molecules and E* the threshold energy of a chemical reac-
tion. This model can be derived explicitly using a collision law of hard-core
molecules, and the diameter of hard-core molecules d is regarded as a dis-
tance between centers of monatomic molecules at contact.[18, 92, 93] The
line-of-centers model contains an incoherence that , since some of activated
complex decompose into the initial reactants rather than into the products of
the reaction, the cross-section for reaction will be smaller than that for com-
plex formation. However, the two cross-sections will usually differ by a factor
of the order of unity, this factor may be absorbed in the uncertain reaction
diameter d. Actually, in equilibrium states, an experimental result including
the temperature dependency can be fitted by the results from the line-of-
centers model with a relevant value of d.[18, 89] The line-of-centers model
can also reproduce experimental results of effects of density and temperature
decreases of reacting gases on chemical reaction rate.[90]

Several attempts have been conducted on effects of density and tempera-
ture change of reactants on the rate of chemical reaction[88, 90, 91, 92, 94, 95,
96, 99, 103, 104, 105, 106] and effects of chemical reactions on the nonequi-
librium transport coefficients [97, 98]. Furthermore, under nonequilibrium
situations such as gases under heat conduction and shear flows, their pure
nonequilibrium contributions on the rate of chemical reaction have attracted
much attention.[60, 100, 101, 102, 107, 108, 109] Since the nonequilibrium

16



correction terms of the rate of chemical reaction are quadratic functions of
nonequilibrium fluxes, to derive the pure effect of nonequilibrium fluxes on
it based on the line-of-centers model, we need the explicit velocity distribu-
tion function of the Boltzmann equation for hard-sphere molecules to second
order in nonequilibrium fluxes.[102, 108, 109] Therefore, none has succeeded
to obtain the nonequilibrium effect of the line-of-centers model except for
Fort and Cukrowski who adopted information theory[110, 111, 112] as the
nonequilibrium velocity distribution function to second order.[60, 100]

1.3 Nonlinear Nonequilibrium Statistical Me-
chanics and Thermodynamics

It is one of the most significant subjects in the modern statistical physics to
construct the nonequilibrium statistical mechanics and the nonequilibrium
thermodynamics for strongly nonequilibrium states beyond local equilibrium
states. We call such the nonequilibrium state as the local nonequilibrium
state. In this section, we have summarized the previous attempts.

1.3.1 Nonequilibrium Statistical Mechanics: Informa-
tion Theory

The maximum entropy formalism based on information theoretical approach[113,
114] for statistical mechanics is suggested by Jaynes.[115] Zubarev[33, 116]
has developed nonequilibrium statistical mechanics and obtained the gen-
eral form of a nonequilibrium velocity distribution function with the aid

of the maximum entropy principle. Thereafter the nonequilibrium veloc-
ity distribution function to first order has been derived by expanding the
Zubarev form for the nonequilibrium velocity distribution function under
some constraints.[117]

Jou and his coworkers have derived the nonequilibrium velocity distri-
bution function to second order by expanding the Zubarev form for the
nonequilibrium velocity distribution function to second order under the some
constraints, which is called information theory.[110, 111, 112] Its details will
be explained in Sec.4.1. Information theory has attracted interest in the
development of a general framework for nonlinear nonequilibrium statistical
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mechanics which can describe the local nonequilibrium state. Even a text
book on information theory has been published.[110] Jou et al. have applied
the nonequilibrium velocity distribution function from information theory to
nonequilibrium systems, and made some predictions based on information
theory in the systems. For example, in dilute gas systems under nonequilib-
rium fluxes, an anisotropic pressure and a nonequilibrium temperature which
is not identical with kinetic temperature have been predicted.[118, 119, 120]
They have presented some experiments on an anisotropic Doppler relax-
ation and change of sound speed owing to these nonequilibrium thermody-
namic quantities.[121] The anisotropic pressure is also calculated for ultra-
relativistic gas and non-viscous gas in nonequilibrium states: the former
is required for astrophysical plasma where heat fluxes can be extremely
high.[119, 122] Furthermore, Jou et al. have also considered nonequilib-
rium corrections to radiation intensity and the Planck distribution function
of radiative systems using information theory[123, 124, 125, 126, 127|, and
a more explicit radiative equation of Maxwell-Cattaneo type than the usual
radiative transfer equation has been obtained.[127] There are also several
applications of information theory to chemically reacting gases, as was men-
tioned in Sec.1.2.[60, 100]

Nettleton claimed that information theory provides a statistical mechan-
ical basis of irreversible processes and of extended thermodynamics which is
consistent with the laws of thermodynamics[107, 128], although he gave infor-
mation theory a criticism and developed the maximum entropy formalism.[102,
108, 129] However, in the actual applications, it is not easy to examine infor-
mation theory. We have to find qualitative differences between information
theory and the microscopic theories in the applications so as to demonstrate
the invalidity of information theory as a universal nonequilibrium statistical
mechanics. In fact, as will be reported in Sec.3.2, though we have compared
the effect of steady heat flux on the rate of chemical reaction calculated from
information theory with those which we have calculated from kinetic theories,
we have found no qualitative differences among them.[130] To our knowledge,
there are no reports which conclude that information theory is not an ap-
propriate theory to describe nonequilibrium phenomena. As was indicated
in refs.[60] and [112], more examinations of information theory should be
carried out from the microscopic viewpoint so as to confirm whether there
exists universality in nonlinear nonequilibrium statistical mechanics.
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1.3.2 Nonequilibrium Thermodynamics: Extended Ir-
reversible Thermodynamics(EIT) and Steady State
Thermodynamics(SST)

The linear nonequilibrium thermodynamics called thermodynamics of irre-
versible processes(TIP) has been developed, based on the local equilibrium
hypothesis which requires that a nonequilibrium state can be regarded as
locally equilibrium, and that the nonequilibrium system can be described by
the local equilibrium thermodynamic quantities. This requirement is valid
only when nonequilibrium fluxes are not so large. In TIP, the Gibbs equa-
tion is extended by making all the thermodynamic quantities in the equation
depend on space and time. TIP requires the second law of thermodynamics,
that is, the local entropy production is always positive in any nonequilib-
rium irreversible processes, which leads to restrictions on the linear trans-
port equations.[41, 42, 43, 107, 131, 132] There are also important theorems
to describe irreversible processes which have contributed to construct the
linear nonequilibrium thermodynamics: (i) the theory of minimum entropy
production by Prigogine which characterizes nonequilibrium steady states,
(ii) the principle of the least dissipation of energy by Onsager which gives
a proportional relation between the time-evolution of hydrodynamic fluctu-
ations and a thermal force towards equilibrium, and (iii) Onsager’s recipro-
cal theorem which gives a symmetrical relation between the coeflicients of
the proportionality corresponding to the linear transport coefficients. These
nonequilibrium theories are inspired and confirmed by results of hydrody-
namic transport equations from the kinetic theories. It can be stated that
the linear nonequilibrium statistical physics has been almost established.
On the other hand, nonlinear nonequilibrium statistical physics has not
been essentially understood yet. There are even some nonlinear nonequi-
librium thermodynamics which are constructed with a local nonequilibrium
hypothesis. The local nonequilibrium hypothesis means that nonequilibrium
gradients and fluxes in a nonequilibrium system are too large to be neglected
even locally, so that, in order to describe such the nonequilibrium state, one
must adopt the nonequilibrium fluxes as new thermodynamic variables.
Actually, in the extended thermodynamics(ET) which is the first nonlin-
ear nonequilibrium thermodynamics, the nonequilibrium fluxes appear in the
Gibbs equation and also in the entropy flux as extensive thermodynamical
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variables.[133, 134, 135] ET have required that the nonequilibrium entropy
production is always positive, and made restrictions on continuum equations
of the thermodynamic quantities, although the continuum equations cannot
be fully determined by them and some results from other microscopic theo-
ries are needed. ET has been tested by comparing the continuum equations
from ET with those from gas fluids. [122, 136]

Extended irreversible thermodynamics(EIT) proposed by Jou et al. is also
the nonlinear nonequilibrium thermodynamics based on the local nonequilib-
rium hypothesis.[110, 111, 112] EIT extends the Gibbs equation not only by
making all the thermodynamic quantities in the equation depend on space
and time, but also by treating the nonequilibrium fluxes as extensive ther-
modynamic variables. Using a relaxation law of the nonequilibrium fluxes
such as Maxwell-Cattaneo’s law, the nonequilibrium entropy is determined
so as to make the production of the nonequilibrium entropy always positive.
(see Sec.4.2) However, the expression still contains the relaxation time and
the thermal conductivity which depends on the characteristics of microscopic
materials, and the relation between two of them should be calculated from
other microscopic theories. Jou et al. have claimed that EIT is in harmony
with information theory: the nonequilibrium entropy and the nonequilibrium
temperature determined in EIT is identical with those calculated from in-
formation theory. EIT is itself applied to nonequilibrium systems such as
chemically reacting gas.[137] The more details of EIT will be explained in
Sec.4.2.

There is another nonlinear nonequilibrium thermodynamics based on
the local nonequilibrium hypothesis, steady-state thermodynamics(SST).[138]
Sasa and Tasaki have recently suggested SST, inspired by Oono and Paniconi.[139]
SST has obtained not the Gibbs equation but the Euler equation by assuming
an additive thermodynamic potential where the nonequilibrium flux such as a
heat flux is treated as an intensive thermodynamic variable. SST has consid-
ered a nonequilibrium system in which an equilibrium cell and the nonequilib-
rium cell under steady heat conduction connected by a porous wall(see Fig.2
in ref.[138]), and the nonequilibrium chemical potential or the nonequilib-
rium pressure in the nonequilibrium cell obtained from the thermodynamic
potential are defined operationally by the corresponding equilibrium values
in the equilibrium cell. This enable SST to be self-contained and make some
nontrivial predictions without any other microscopic theories. The details of
SST will be explained in Sec.4.2.
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We summarize the three nonlinear nonequilibrium thermodynamics men-
tioned in this section by comparing them from others in Table 1.2.  One

Table 1.2: Comparison of the nonlinear nonequilibrium thermodynamics.
Note that J denotes a nonequilibrium flux such as a heat flux.

ET EIT SST
Degree of Nonequilibrium J? J? J?
Nonequilibrium Flux Extensive Extensive Intensive
Thermodynamic Potential Entropy Entropy Free Energy
Additivity Additive Additive Additive
Extended Equation Gibbs Eq. Gibbs Eq. Euler Eq.

Thermodynamic Structure Not Self-Contained Not Self-Contained Self-Contained

can find that SST is quite different from ET and EIT as is shown in Table
1.2. ET and EIT are not self-contained, so that ET requires the undeter-
mined transport coefficients to be calculated from other microscopic theo-
ries, and EIT needs a relaxation law of the nonequilibrium fluxes such as
Maxwell-Cattaneo’s law, and the relation between the relaxation time and
the thermal conductivity calculated from other microscopic theories. Con-
trary to these two nonlinear nonequilibrium thermodynamics, SST does not
require any other microscopic theories because SST is self-contained. How-
ever, it includes another undetermined problem, that is, a way to connect
the nonequilibrium cell with the equilibrium one.

The nonlinear nonequilibrium thermodynamics mentioned above have
some similarities: (1) all of them assume the additivity of thermodynamic
quantities, and (2) all of them focus on second-order effects of the nonequilib-
rium fluxes as local nonequilibrium effects. The latter is related to a stabil-
ity of the thermodynamic structure: its thermodynamics potential function
should become a quadratic function of the nonequilibrium fluxes in order
that the potential has a maximum at zero flux, and that a thermodynamic
force which drives a nonequilibrium system towards the state of equilibrium
is proportional to the nonequilibrium flux.[44] Actually, in the nonequilib-
rium entropy, any nonequilibrium corrections to the local equilibrium entropy
should appear to second order of a nonequilibrium flux as will be discussed
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in Sec.4.4. Therefore, we also focus on the second-order solutions of micro-
scopic kinetic equations such as the steady-state Boltzmann equation in this
thesis, as will be mentioned in the next section.

1.4 Our Motivation and Organization of This
Thesis

The main aims of this thesis are to detect local nonequilibrium effects in
the microscopic kinetic theory and to examine the nonequilibrium statisti-
cal mechanics and the nonequilibrium thermodynamics based on the local
nonequilibrium hypothesis. These will serve to construct the possible nonlin-
ear nonequilibrium statistical mechanics and thermodynamics a comprehen-
sive understanding of which is still lacking.

In order to achieve the goals, we have derived the explicit velocity distri-
bution function of the steady-state Boltzmann equation for hard-core molecules
to second order in a temperature gradient by the Chapman-Enskog method.
This is one of our main results in this thesis. We believe that the second-order
solution which produces nonlinear nonequilibrium transport phenomena re-
flects the local nonequilibrium effect. The fact mentioned in the end of the
previous section indicates the significance of the second-order coefficients as
terms which reflect the local nonequilibrium effect. Actually, physical impor-
tance of the second-order coefficients has been demonstrated for descriptions
of some phenomena such as shock wave profiles[53, 54, 55, 56, 57| and as-
trophysical plasma[119, 122] where local nonequilibrium effects appear. In
addition, there exists a need to confirm the existence of universal nonlinear
nonequilibrium statistical mechanics from the microscopic viewpoint, so that
it is physically important to derive the explicit velocity distribution function
of the steady-state Boltzmann equation for hard-core molecules to second
order and compare it directly with that for Maxwell molecules.|[60]

In terms of the kinetic theory, it is interesting, in the nonlinear nonequi-
librium transport phenomena, to inspect any physical difference between
two representative models of molecules, hard-core molecules and Maxwell
molecules. This is because no qualitative difference appears in the nonequi-
librium thermodynamic quantities of the linear transport phenomena in sin-
gle component gases, although, for two component gases, Maxwell molecules
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have significant difference from other kinds of molecules that its thermal
diffusion ratio becomes zero.[1] We also discuss the relation between the
steady-state Boltzmann equation and the steady-state BGK equation which
has not been fully understood yet. Additionally, the derivation of the explicit
second-order solution by the Chapman-Enskog method will contribute to an
understanding of the relation between the Chapman-Enskog method and the
Grad method by the direct comparison of the solution by the Chapman-
Enskog method with that by the Grad method.

The derivation of the explicit velocity distribution function of the steady-
state Boltzmann equation for hard-core molecules to second order has other
physical significance. It has been required for calculating a nonequilibrium
effect on the rate of chemical reaction, because the nonequilibrium effect on
the rate of chemical reaction does not appear to first order and it cannot
be calculated by any moment methods.[60, 130] We believe that this second-
order deviation from the equilibrium rate of chemical reaction also represents
the local nonequilibrium effects. We apply our explicit nonequilibrium veloc-
ity distribution function to the calculation of the rate of chemical reaction in
the line-of-centers model under steady heat conduction.

The organization of this thesis is as follows. In Chapter 2, we will intro-
duce the Chapman-Enskog method to solve the steady state Boltzmann equa-
tion in Sec.2.1, and we will derive the explicit form of the velocity distribution
function of the steady-state Boltzmann equation for hard-core molecules to
second order in the temperature gradient in Sec.2.2. The result for the first-
order coefficients is presented in eq.(2.32), and those for the second-order
coefficients are expressed in egs.(2.36) and (2.37). The second-order velocity
distribution function of the steady-state Boltzmann equation for hard-core
molecules is shown explicitly in eq.(2.40) and graphically in Fig.2.3, and
compared directly with that for Maxwell molecules (2.41) in Fig.2.4. The
corresponding solution for the steady-state BGK equation is introduced in
Sec.2.4. In Sec. 2.5, we will apply the velocity distribution function to sec-
ond order for hard-core molecules (2.40) and those for Maxwell molecules
(2.41) and the steady-state BGK equation to a nonequilibrium steady-state
system under steady heat conduction and calculate some thermodynamical
quantities. We stress the existence of the qualitative differences among hard-
core molecules, Maxwell molecules and the steady-state BGK equation in the
pressure tensor (2.50) and the kinetic temperature (2.52). Our discussion is
given in Sec.2.6.
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In Chapter 3, we derive the local nonequilibrium effects on rate of chem-
ical reaction introduced in eq.(1.7). We explain how to calculate the effect
of steady heat flux on the rate of chemical reaction in Sec.3.1. The results
are summarized in Sec.3.2, and the discussions are given in Sec.3.3.

In Chapter 4, we examine information theory and SST from a kinetic view
point: we examine them by using the nonequilibrium velocity distribution
functions to second order derived or introduced in Sec.2.2. We give more
explanations of information theory and SST in Secs.4.1 and 4.2, respectively.
They are tested in Secs.4.3.1 and 4.3.2. We will discuss about the univer-
sal nonequilibrium statistical mechanics and the nonlinear nonequilibrium
thermodynamics in Sec.4.4.

In the end of this thesis, we summarize this thesis as general discussion
and conclusion in Chapter 5, and give our future perspectives of nonequilib-
rium statistical physics in Chapter 6.
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Chapter 2

Kinetic Theory of a Dilute Gas
System under Steady Heat
Conduction

2.1 Method for Solving the Steady-State Boltz-
mann Equation

Let us introduce the Chapman-Enskog method to solve the steady-state
Boltzmann equation in this section. Assume that we have a system of dilute
gases in a steady state, with velocity distribution function f; = f(r,v;). The
appropriate steady-state Boltzmann equation is

vy - Vfi=J(f1, fa) (2.1)

The details of the notations have been already introduced in Sec.1.1.
Suppose that the velocity distribution function f; can be expanded as:

=0+ 4@+ =00+ + 6P+, (22)

1(0) is the local Maxwellian distribution function, written as

1O =nt6) (5

oo

exp [-%mT"()] , (2.3
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with m mass of the molecules and x the Boltzmann constant. n(r) and
T(r) will be identified later as the density and the temperature at position
r, respectively. Substituting eq.(2.2) into the steady-state Boltzmann equa-
tion (2.1), we arrive at the following set of equations which we will solve
completely in this thesis:

LI = vi - VA, (2.4)
to first order and
LIF6? = v - VA — a2, 9, (2.5)

to second order. The linear integral operator L[ fl(o)] is defined as
LIf91x, = / / / FOFO X!~ X, + XL — X,)gbdbdedvs.  (2.6)
The solubility conditions of the integral equation (2.4) are given by
/ ®vy - VI Odv, =0, (2.7)

where ®; is one of the collisional invariants:

1
(I)l = ]., (PQ =1mvy, (1)3 = §mvf (28)
Substituting eq.(2.3) into the solubility conditions (2.7), it is seen that nkT is
uniform in the steady state. We use this result in our calculation. Similarly,
the solubility conditions of the integral equation (2.5) are given by

/ Ov, - VVdv, = 0. (2.9)

To construct solutions of the integral equations (2.4) and (2.5) definite,
five further conditions must be specified; we identify the density:

n(r) E/fldvl :/ff(’)dvl, (2.10)
the temperature:
3n(r)kT (r mv? mv?
( )2 (r) z/ 21f1dv1 :/ 21 O gy, (2.11)
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and the mean flow:
CO = /mvlfldvl = /mvlfl(o)dvl. (212)

Here we assume that no mean flow, i.e. Cy = 0, exists in the system. The
introduction of these conditions distinguishes the Chapman-Enskog adopted
here from the Hilbert method in which the conserved quantities are also
expanded.[3] We assert that conditions (2.10), (2.11) and (2.12) do not affect
all our results in this thesis. It should be noted that, to solve the integral
equations (2.4) and (2.5), we should consider only the case in which the
right-hand sides of egs.(2.4) and (2.5) are not zero: if the right-hand sides
of eqs.(2.4) and (2.5) are zero, the integral equations (2.4) and (2.5) become
homogeneous equations which do not have any particular solutions.|3]

2.2 Burnett’s Method

At the beginning of this section, we show the algorithm of our calculation to
derive the explicit form of the velocity distribution function of the steady-
state Boltzmann equation for hard-core molecules to second order in a tem-
perature gradient. The flow chart in Fig.2.1 schematically shows all the
calculation in this chapter.

2.2.1 A general form of the velocity distribution func-
tion

To solve the integral equations (2.4) and (2.5), Burnett[25] assumed a general
form of the velocity distribution function:

f1 = fl(O) [Z T'F(T+ g)BO'r‘Sg(C%)
r=0

k
X /rm\2 & 3 )
+k§1 (%—T> ZT'F(lﬂ +r+ E)Yk’"(cl)smé(cf) . (2'13)

r=0
Here ¢; = (m/2xT)?v, is the scaled velocity and I'(X) represents the
Gamma function. S?(X) is a Sonine polynomial, defined by

(1—w) e 7% = f: T(p+k+1)SP(X)w?. (2.14)

p=0
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Form of the Velocity Distribution in eq.(14)

H
> Akr e Ftr

Drift Teerkri n eq.(2.25)Col lision TernAErin eq. (2.27)
l in eq.(2.28)

\ / Hoeeeep T eee- >
! kr —_ @
neq.(B.2) ineq.(C2)

First order Terms Bk in eq. (2.32)

Gener al

<_Sol ubility Condition for Second Order in eq.(2.35)

Second Order Terns BL: in egs.(2.36)and(2.37) I nductive Equation of e in eq. (C12)
Initial Value of @_,
\
e Te-> [CH--a p\H
O- - Fkr kr
=» The Vel ocity Distribution Function to the Second Order in eq. (2.40)

Figure 2.1: Algorithm of our calculation to derive the explicit form of the
velocity distribution function of the steady-state Boltzmann equation for

hard-core molecules to second order in a temperature gradient.
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Yjr(c1) is a linear combination of spherical harmonic functions:

k (k- p)!
Visler) = BuYiled) + 23 (O BV (e) + CP 2P (@), (219
p=1 :

where By, B,(f;) and C,(f;) are coefficients to be determined. Introducing

the normal spherical coordinate representation for ¢y, i.e. ¢, = ¢; sinf cos ¢,

c1y = c1sinfsin ¢ and ¢;, = ¢ cos 0, the spherical harmonic functions Y (cy), Y}c(p ) (c1)
and Z,(cp )(cy) are expressed as

Yi(ey) = (%) ¢ Py(cos ), (2.16)

and
Y (c)) = (=1)7 (%) & PP (cos ) cos pe, (2.17)

and
729 (¢)) = (=1) (%)k ¢ PP (cos 0) sin po, (2.18)

with the Legendre polynomial Py(cos#) and the associated Legendre poly-
nomial P (cos 6).

Assumption of the velocity distribution function of eq.(2.13) has some
mathematical advantages in our calculation. Firstly, it is sufficient to deter-
mine the coefficients By,, because B,(f;) and C’g) can be always determined
from By, by a transformation of axes owing to the properties of the spherical
harmonic functions (2.16), (2.17) and (2.18). We call By,, B and C?) the
family of Bg,. Secondly, some important physical quantities are related to
coefficients BkT,B,(f,’ﬂ),C,gﬁ): e.g. the density (2.10), the temperature (2.11)
and the zero mean flow (2.12) with f; in eq.(2.13) lead to the five equivalent
conditions|[25, 26]:

BOO = ]_, BlO = BS)) = CS)) = 0, B()1 = 0 (219)
Similarly, the pressure tensor Pj; defined by

5
2T\ 2 roo
R-j:( K ) /_ deymeieiifi, (2.20)

m
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for i, j = x,y and z is related to the family of Byy, which is the only family
in which Burnett was interested.[25]
The coefficients By, except for those in eq.(2.19) can be calculated as
follows. Multiplying the steady-state Boltzmann equation (2.1) by
1
Qur(e) = (k4 VA a(en)SE, (<), (221)

1/2

and then integrating over (257" /m)'/“c,, it is found that

1
25T 2
(L> < Cler >av] =
m

(%)3////(62;“‘_ri)f1f2gbdbd€d02dcl, (2.22)

where < X >,, represents (2x7/m)3/? [ X fidc;, and @), represents the
postcollisional Q.. We should calculate both sides of eq.(2.22) for every
k and 7, because eq.(2.22) leads to equations to determine By,, as will be
shown in Appendices D and E.

For convenience, we introduce (), and Ay, as the left-hand and right-
hand sides of eq.(2.22), respectively, i.e.

1

25T 2

_(L)z <Cl'var >av +V
m

2T\ 2 2kT 3
O = — (L> <1 VQir >ap +V - (L> <Ok Sa|, (2.23)
m m
and
2kT
AkrE( ) / / / / Qb — Qir) f1f2gbdbdedesdey. (2.24)
We will calculate €2, and Ay, separately. The result of €z, becomes
25T | 1 k
Qe = () + 5)(Drs0eT + By, T + Gy 0.T)
- (Dk,r 1a T+Ek,rflayT+Gkr 1a T)]
25T 1 2kT 1 25T 1
+ oo, [n( r )20,”] +9, [n( f )2E,”] +a, [n( r )in,r],
m m m
(2.25)

where 0,X denotes 0.X/0i fori = x,y and 2. Dy, Ey, and Gy, are functions
of the family of By,, as is written in Appendix A.
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2.2.2 The collision term A,

Next, we calculate the collision term Ay, in eq.(2.24). We should specify the
kind of interactions of molecules so as to perform the calculation of the colli-
sion term Ay,; the impact parameter b is explicitly determined by specifying
the type of interaction. For hard-core molecules, the impact parameter b is
given by the relation

b= dcos%, (2.26)

where d is the hard-core molecular diameter and x is the scattering angle.
(see Fig.1.1) Therefore, Ay, for hard-core molecules, i.e. A}l becomes[25]

& [m
A =5 (B (x) = Fiy (0)]sin 3 cos 2y, (2.27)

where F} (x) is defined as

Fl(x) = (ﬂ)g///Q;crflfgg“dedczdcl, (2.28)

m

and we have used Fy, (0) = (27/m)’ [ [ [ Qur fi fog"dedcode;. Note that
x = 0if b > d. For Maxwell molecules, the impact parameter b is given by
the relation

bdb = ;H(X)dx, (2.29)

where H(x) is a function of x.[6, 22, 23, 24] Therefore, Ay, for Maxwell
molecules, i.e. A¥ becomes

A = ["IE00 - B O1H()dx. (2:30)

Since A} has been calculated by Schamberg[26], we will calculate only A}
in this thesis. Schamberg’s result for A} is briefly summarized in our web
page.[140]

From eq.(2.27), it is sufficient to calculate F}. (x) for A}.. The details
of Fi.(x) are written in Appendix B. Several explicit forms of A}l are also
demonstrated in Appendices D and E. From the definitions (2.23) and (2.24),
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both sides of eq.(2.22) for arbitrary £ and r can be calculated for hard-core
molecules via

Qpr = D, (2.31)

which produces a set of simultaneous equations determining the coefficients
By, as is explained in Appendices D and E. Here Qf!. denotes Q, in eq.(2.25)
for hard-core molecules.

2.2.3 Determination of By,

We will determine the first-order coefficients Bj, and the second-order co-
efficients B} in accordance with the previous two subsections, which corre-
sponds to solving the integral equations (2.4) and (2.5), respectively. Here
the upper suffices T and II are introduced to specify the order of By,. We
have provided an example of our Mathematica program for calculating these
coefficients.[140]

The First Order

We show the results of the first-order coefficients B, of which the solution
of the integral equation (2.4), gl), is composed. They can be written in the

form:

15 0,T

Bl = §p byt
kr = SR 6 o d2nT

(2.32)

Values of the constants by, are given in Table 2.1. The calculation of By, is
explained in Appendix D. It is seen that Bi_ is of the order of the Knud-
sen number K, which means that the mean free path of molecules should
be much less than the characteristic length for changes in the macroscopic
variables. Though Burnett derived Bj, only to 4th approximation, i.e. B},
for 7 < 4, we have obtained Bj, for 7 < 7 in this thesis. This ensures the
convergence of all the physical quantities which will be calculated in this
thesis. It should be mentioned that our values of By, for r < 4 agree with
Burnett’s values[25]. Once Bj, have been calculated, B,S")I can be written
down directly by replacing 0,7 by 0,T by symmetry, owing to the properties
of the spherical harmonic function[25]; C,S)I can also be obtained similarly
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by replacing 0,17 by 0,T. Note that other terms, such as B,(CE)I, do not ap-

pear because p in B,Eﬁ)l must be & or less from eq.(2.15). Substituting all the

first-order coefficients derived here into eq.(2.15), we can finally obtain the

first-order velocity distribution function fl(l).

Table 2.1: Numerical constants by, in eq.(2.32)

r r<4 r<5 r<6 r<7

1 1.025 1.025 1.025 1.025

2 4.881 x 102 4.889 x 102 4.891 x 102 4.892 x 102
3 3.639x 103 3.698 x 1073 3.711 x 10~% 3.715 x 1073
4 2526 x107* 2.838 x 10™* 2.905 x 10~* 2.922 x 10~*
5 — 1.855 x 10™° 2.123 x 10~® 2.187 x 1073
6 — — 1.284 x 107 1.492 x 10~°
7 — — — 8.322 x 10~%

Solubility Conditions for ¢\?

Since the first-order velocity distribution function fl(l) has been obtained,
the solubility conditions of the integral equation (2.5) should be considered
before we attempt to derive an expression for ¢§2). The solubility conditions
for (ng), that is, egs.(2.9) lead to the condition

Vv -J® =0, (2.33)
where J®M_ i.e. the heat flux for fl(l), can be obtained as
3 o 2
O = (ﬂ) / de,™CLe, f0)
m —00 2
75 (KkT\? K
= —p— (=) ZvT 2.34
b (Wm) 2Vt (2:34)

with the appropriate value for by; listed in Table 2.1. It must be emphasized
that, since J®, i.e. the heat flux for f1(2), does not appear, the solubility
conditions of the steady-state Boltzmann equation for qng) lead to the heat
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flux being constant to second order. From eqs.(2.33) and (2.34), we also
obtain an important relation between (VT)? and V2T, namely

(VT)?
2T

+ V2T = 0. (2.35)

Owing to the relation (2.35), terms of V2T can be replaced by terms of
(VT)>.

The Second Order

We write down the results of the second-order coefficients B of which ¢\”
is composed. Using the relation (2.35), we can determine the second-order
coefficients Bjl. appearing in eq.(2.13) as

bO'r
Bl = po e (VT)?. (2.36)
Values for the constants by, are summarized in Table 2.2. The calculation
of BfL is shown in Appendix E. It must be emphasized that Burnett did not
obtain the second-order coefficients BiL because he was interested in only the
coefficient By, which is related to the pressure tensor P;;.[25] The necessity
of the second-order coefficients B{. for the calculation of some physical quan-
tities will be discussed later. We have calculated B to 7Tth approximation,
i.e. BiL for r < 6 in this thesis.

Table 2.2: Numerical constants by, in eq.(2.36)

T r<4 r<5b r<6 r <7 Maxwell’s by,
2 4.434x107" 4390 x 107" 4.381 x 107" 4.380 x 10" o

3 —4.935x107* —5342x107* —5413 x107* —5.429 x 10~* —=

4 — —3.581 x10~*  —4.007 x 10~* —4.098 x 10~* 0

5 — — —2.779 x 10 * —3.184 x 10 * 0

6 — — — —2.087 X 10°° 0
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The other second-order coefficients Bj.. in eq.(2.15) can be written in the
final form:

5

11 k.2 A 2 2 2 B 2 2 2

Bl = {b5, [2(8.7)° = (8,T)* = (8,T)°] + b.T [202T — 02T — 8.7} .
(2.37)

Values for the constants b and bf are summarized in Table 2.3. The cal-
culation of Bj.. is explained in Appendix E. Although Burnett obtained Bj,.
only to 4th approximation, i.e. Bj. for r < 3, we have obtained Bj. to
7th approximation, i.e. Bl for r < 6 in the present thesis. Owing to the
properties of the spherical harmonic function[25], B,S,)H can be obtained by
replacing 2(9,T)* — (0,T)* — (9,T)* and 20T — 0;T — 92T in eq.(2.37) by
60,70,T and 60,0,T, respectively, using an axis change. Similarly, C,S)H can
be obtained by replacing 2(0,1)* — (9,T)* — (0,T)* and 20T — ;T — 9;T
by 60,70,T and 60,0,T, respectively. B,(;)H can be obtained by replacing
2(0.7)? — (9,T)? — (8,T)? and 20°T — Q2T — 82T by 6((8,T)? — (9,T)?
and 6(9;T — 92T), respectively, via an axis change; C,ﬁf)” by replacement by

120,70,T and 120,0,T', respectively. Note that other terms, e.g. B,(Ci)n, do

not appear because p in B,(f;)n must be k or less, from eq.(2.15).

One can see that both of Bl and Bi are of the order of K2. As is
mentioned in Appendix E, we have found the fact that Bj. for k = 4, 6 and
8 do not appear, which strongly suggests that Bi. for all k greater than 2
do not appear. Thus, we expect Bi. = 0 for k # 2 although Burnett[25]
had believed that they would appear. We have calculated the second-order
coefficients now, so that we finally obtain f1(2) by substituting the second-
order coefficients obtained here into egs.(2.13) and (2.15).

Finally, we note that, though we have derived all the constants by, bj.,
bE., b and bZ in forms of fractions, we have written them in forms of four
significant figures in this thesis, since the forms of the fractions are too com-
plicated.

The Velocity Distribution Functions to Second Order

The velocity distribution function for hard-core molecules which we have
derived in this subsection valid to second order is now applied to a nonequi-
librium steady-state system under the temperature gradient along x-axis. In
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Table 2.3: Numerical constants bs.(upper) and bZ (lower) in eq.(2.37)

T r<4 r<5b r<6 r<7

0 7.065x107% 7.312x10~% 7.366 x 1073  7.380 x 1073
1 —1.654x10" —1.647x 1071 —1.646 x 107 —1.646 x 107!
2 5970x 1072  6.040 x 1072 6.055 x 1072  6.059 x 1072
3 4593x103 5071 x10°% 5166 x 103  5.190 x 103
4 — 3.364x 107 3824 x10* 3.930x 101
5 — — 2.495 x 107>  2.888 x 10~°
6 — — — 1.726 x 10°©
T r<4 r<5b r<6 r<7

0 8119x10~2 8.117x10"%2 8.116x 102  8.116 x 1072
1 —7.380x10"% —7.388x 102 —7.390 x 10~%2 —7.390 x 102
2 —7.001 x10=3% —7.000 x 10~® —7.108 x 10~3 —7.113 x 1073
3 5.828x107*  6.469 x 107* —6.595 x 10~* —6.626 x 10~*
4 — —4.897 x 107® —5.541 x 10~® —5.687 x 10~°
5 — — —3.796 x 107® —4.365 x 107
6 — — — —2.716 x 10°©

36



this case, the forms of B in eqs.(2.36) becomes

b
I _ Oor 2
By = — 573 (0T, (2.38)
and, using the relation (2.35), Bj. in eq.(2.37) can be transformed into a
more simple form:

5/6 2b2r
 rd*n2T?

where values for the constants by, are summarized in Table 2.4. Our 4th
approximation B, deviates from Burnett’s 4th approximation B, by a factor
1.003. This dev1at10n is considered to be due to errors in Burnett’s calculation
of the second and the third terms on the right-hand side of eq.(E.16). The
other second-order terms become B,(clr)II = C,EPH = C,EZ)“ = 0 and B,(ci)n =
65k’2bgr (6$T)2 /7rd4n2T2.

From egs.(2.13) and (2.15), the velocity distribution function of the steady-
state Boltzmann equation for hard-core molecules to second order in the
temperature gradient along x-axis can be written as

By = (0.T)%, (2.39)

4] 5
— fO )1 _ 7”” b T
f f { 5ban 2/~:T TZNT el (r +3)S3(%)
}, (2.40)

where the specific values for by,, by, and by, are found in Tables 2.1, 2.2 and
2.4, respectively, and J, corresponds to the x component of the heat flux in
eq.(2.34). Note that we have changed c; to c. Figure 2.2 gives the ¢(?
eq.(2.40) scaled by mJ2/n?k*T® with the 4th, 5th, 6th and 7th approximation
bors and by,s. It should be mentioned that, as Fig.2.2 shows, the scaled ¢(? in
eq.(2.40) has not yet converged to 4th approximation, but seems to converge
to 7th approximation. Figure 2.3 provides the explicit form of the scaled ¢(®
for hard-core molecules with 7th approximation by, and by,.. It is seen that
the scaled ¢ for hard-core molecules is strained symmetrically.

4096mJ2
5625b2,n2k3T3

3
ZT bOr 7'+ 2)5%( 2)

7
+ > rlbo(2¢; — & — S(r +

r>0
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Table 2.4: Numerical constants by, in eq.(2.39)

r r<4 r<5b r<6 r<T7 Maxwell’s by,
0 —3.353x1072 —3.327x10"%2 —-3.322x 102 —3.320 x 1072 0

1 —1285x 107" —1.278 x 107" —1.277 x 107! —1.276 x 10" =

2 6.320x 107" 6.394x107*  6.410x107*  6.414x10~° T

3 4.884x107% 5395 x10~% 5.496x 1073 5521 x 1073 0

4 — 3.609 x 107*  4.101 x 10°* 4.214x 10°* 0

5 — — 2.685x 107°  3.106 x 10° 0

6 — — — 1.861 x 1076 0

Scaled , (2

S

Figure 2.2: The scaled ¢®s for hard-core molecules. The dotted line, the
dash-dotted line, the long-dashed line and the solid line correspond to the
scaled ¢(s for hard-core molecules with the 4th, 5th, 6th and 7th approxi-
mation by,s and by,s, respectively. Note that we put ¢, = ¢, = 0.
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Figure 2.3: The scaled ¢(® for hard-core molecules with 7th approximation
bo- and by,. Note that we put ¢, = 0.
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In order to compare the macroscopic quantities for hard-core molecules
with those for Maxwell molecules, we also adopt the velocity distribution
function for Maxwell molecules derived by Schamberg[26] for our calculation
of the macroscopic quantities. We apply Schamberg’s velocity distribution
function to a nonequilibrium steady-state system under the temperature gra-
dient along z-axis, that is, we take out the differential coefficients with re-
spect to time ¢ from Schamberg’s velocity distribution function and also use
the solubility condition (2.33) for Maxwell molecules. The precise velocity
distribution function of the steady-state Boltzmann equation for Maxwell
molecules to second order finally becomes[26]

4] m
— £ )1 _ z
f f { SnkT ( 25T

4096m.J? 3
z | “N\Qr (2
+5625n2/<c3T3 r§3r.bOTI‘(T + 2)5% (c%)

)2e.T(5)S4(c?)

+ Y by (2¢ — ¢, — E)T(r + g)SE (cg)] } ; (2.41)

r=1,2 2

where the specific values for by, and by, are found in Tables 2.2 and 2.4,
respectively. As can be seen from eqgs.(2.40) and (2.41), the explicit form of
the velocity distribution function for hard-core molecules becomes the sum
of an infinite series of Sonine polynomials, while the precise form of the
velocity distribution function for Maxwell molecules is the sum of five Sonine
polynomials.

2.3 The Chapman-Enskog Solution of the Steady-
State BGK Equation to second order

In this thesis, we also adopt the precise expression of the velocity distribution
function for the steady-state BGK equation to second order. We introduce
the velocity distribution function for the steady-state BGK equation to sec-
ond order by the Chapman-Enskog method.[66, 67, 68, 69, 70]
The steady-state BGK equation is written as
20y f = Jur = f, (2.42)

T
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where the relaxation time 7 dependent on position = through the density n(z)
and the temperature 7T'(z). It should be mentioned that, for the conservation
laws, the collision term for the steady-state BGK equation, the right-hand
side of eq.(2.42), must satisfy

/ &, frpdv = / &, fdv, (2.43)

with the five collision invariants ®; introduced in eq.2.8. Equation (2.43) with
the definitions of the density (2.10), the temperature (2.11) and the zero mean
flow (2.12) leads to the usual local equilibrium velocity distribution function
foe = fue(z,v) = n(z)(m/27T(x))%? exp[—mv? /26T (x)]. The velocity
distribution function f can be expanded as:

f=fO4 @4 @4 (2.44)

with f(©) = fp. Substituting eq.(2.44) into the steady-state BGK equation
(2.42), we arrive at the following set of equations:

(1)
to first order and
(2)

to second order. It is found that equation (2.45) with the requirement (2.43)
leads to nkT being uniform, and that equation (2.46) with the requirement
(2.43) leads to heat flux J, calculated from eq.(4.5) being uniform. From
eqs.(2.45) and (2.46), the velocity distribution function to second order for
the steady-state BGK equation becomes

3J, (Tm\2 21y/Tm.J;
0 - 1,2 T 202 (a2
P o= 1O g (gr) SHE) + e oS,
(2.47)

with the constant heat flux J, = —5nk*T'70,T/2m and S}(X) the Sonine
polynomials.

It has been proved that the Chapman-Enskog solution (2.47) is asymp-
totically correct to second order: the expression (2.47) is identical with the
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velocity distribution function to second order reduced from the general form
of the the Chapman-Enskog solution for the steady-state BGK equation to ar-
bitrary order.[66, 67, 68, 69, 70] The first-order Chapman-Enskog solution for
the steady-state BGK equation is identical to that for the steady-state Boltz-
mann equation for Maxwell molecules[59], while the second-order Chapman-
Enskog solutions are different from each other. The result, eq.(2.47), also dif-
fers from the velocity distribution function for the BGK equation discussed
by Trilling[74].

2.4 Direct comparison of the scaled ¢

Scaled )

— o ——
/ \\ g

/ I

Figure 2.4: Direct comparison of the scaled ¢ for hard-core molecules with
those for Maxwell molecules, the steady-state BGK equation and informa-
tion theory. The solid line, the long-dashed line, the dash-dotted line and the
dotted line correspond to the scaled ¢®s for hard-core molecules, Maxwell
molecules, the steady-state BGK equation and information theory, respec-
tively. Note that we put ¢, = ¢, = 0.

Figure 2.4 exhibits the direct comparison of the scaled ¢®s for hard-
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core molecules (2.40) to 7th approximation with those for Maxwell molecules
(2.41), the steady-state BGK equation (2.47) and information theory (4.9).
Note that the derivation of ¢ and ¢ for information theory will be ex-
plained in Sec.4.1. We have found that, as Fig.2.4 explicitly shows, the
second-order velocity distribution function for hard-core molecules (2.40) def-
initely differs from the others.

2.5 Nonlinear Nonequilibrium Transport Phe-
nomena

We can introduce the general form of the heat flux as
Jy = —wT?0,T, (2.48)

where ¢ indicates temperature dependence of the thermal conductivity and
w is a constant that depends upon microscopic models. J, is constant
from the solubility condition (2.33). For example, ¢ is calculated as 1/2
for hard-core molecules and 1 for Maxwell molecules; w is determined as
75b11 k(K /mm) /% /64d? with by, ~ 1.025 for hard-core molecules ( see eq.(2.34))
and 5x2(2m/G)'/? /4 A for Maxwell molecules[24, 28], where G is the constant,
of proportionality between the intermolecular force and the reciprocal fifth
power of the distance, and A is a number constant erroneously evaluated
as 1.3682 by Maxwell[22, 23] and recalculated as 1.3700 by Chapman[141].
Note that ¢ and w cannot be determined explicitly from the BGK equation.
From eq.(2.48), the temperature profile T'(z) in the nonequilibrium steady
state can be determined as

T(@) = [P0 - (p+ 1) Zal

g 0 J?
- x— £ 7%
wT(0)¢+! 2w2T(0)20 427 7

12

TO)[1 (2.49)

to second order. The temperature profile T'(z) becomes nonlinear except for
¢ = 0. This fact is in accord with a numerical result that a temperature
profile becomes nonlinear as the heat flux becomes larger.[142]

Using eq.(2.20), the pressure tensor P;; in the nonequilibrium steady state
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can be obtained as

i md2
Pij = an[&,J+A£, 2 3T3]

(2.50)
with the unit tensor d;; and the tensor components Y given in Table 2.5.
Note that the off-diagonal components of A} are zero and A% = A} is sat-
isfied. The values of A\ for 7th approximation by, by, and by, for hard-core
molecules, i.e. 7th approximation A% seems to be converged to three signif-
icant figures, as can be seen from Table 2.5. We find that )\” for hard-core
molecules differs from that for Maxwell molecules not only quantitatively but
also qualitatively: A% # A% = A% for hard-core molecules in the nonequi-
librium steady state, while A% = A% = A% = 0 for Maxwell molecules.
The latter results was also reported in ref.[28]. For hard-core molecules, P,,
becomes smaller than Py, and P,, regardless of the sign of J,. It is also
important that, since nkT is required to be uniform from the solubility con-
ditions for ¢ in eq.(2.7), we find from eq.(2.49) that P;; in eq.(2.50) is
uniform to second order in the steady state. Additionally, since the temper-
ature profile T'(x) has already been given in eq.(2.49), we can determine the
density profile n(x) to second order for uniform P;;. Note that the equation
of state in the nonequilibrium steady state is not modified to first order, and
that A} for the steady-state BGK equation is identical with that for Maxwell
molecules.

Table 2.5: Numerical constants for the macroscopic quantities: the ith
approximation quantities for hard-core molecules and the exact values for
Maxwell molecules and the steady-state BGK equation.

1th A Y As

4th —4.647 x 1072 2324 x 1072 —2.034 x 10!

5th —4.610 x 1072 2.305 x 1072 —2.035 x 10!

6th —4.602 x 1072 2.301 x 1072 —2.035 x 107!

7th —4.600 x 1072 2.300 x 1072 —2.035 x 107!
Maxwell 0 0 —%
BGK equation 0 0 —%
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Each component of the kinetic temperature in the nonequilibrium steady
state, i.e. T; for i = x,y and z is calculated as

5
nkT1; 26T\2 [  mc?
_ de G 2.51
which leads to
mJ2

for i = z,y and z. Values for the constants in the second-order term AL are
the same as A} for i = j given in Table 2.5. Since nkT and J, are uniform,
we see that the correction term of 7} in eq.(2.52) is independent of z. For
hard-core molecules, T, becomes smaller than T, and 7T, regardless of the
sign of J,, which means that the motion of hard-core molecules along the
heat flux becomes dull. We note that 7; for the steady-state BGK equation
is identical with that for Maxwell molecules, and that, to first order, 7; for
hard-core molecules is isotropic.

The Shannon entropy in the nonequilibrium steady state S is defined via

S = —k (2KT> / decflog f
m \3:] 3 mJ?
= —nklog ln (27mT) ] + Nk + As T (2.53)

Values for the constant A\g are given in Table 2.5: Ag for 7th approximation
b1, by, and by, for hard-core molecules, i.e. 7th approximation Ag seems to
converge to four significant figures, see Table 2.5. It is found that Ag for
hard-core molecules is close to that for Maxwell molecules, while the latter
is identical with that for the steady-state BGK equation. Note that the
Shannon entropy in the nonequilibrium steady state is not modified to first
order.

2.6 Discussion and Conclusion

Although the Chapman-Enskog method is widely accepted and used as a
method to solve the Boltzmann equation, the following claims have been
presented for its second-order solution.
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(i) The linearized Burnett equation obtained by the Chapman-
Enskog method does not satisfy Onsager’s reciprocal theorem.[44]

(ii) It is difficult to give physical meanings to the first differential
boundary conditions such as 97/0x which arise from the second-
order Chapman-Enskog solutions.[5, 15]

(iii) Solutions of the Burnett equation derived by the Chapman-
Enskog method are unstable to disturbances of small wavelength
whose length is less than the order of a mean free path.[143, 144,
145]

For (i), Romero and Velasco have reported that Onsager’s reciprocal the-
orem extended by treating a heat flux as a thermodynamic variable can be
satisfied with the linearized Burnett equation. [44] We have also confirmed
that, in the case of the steady state, the linearized Burnett equation is con-
sistent with usual Onsager’s reciprocal theorem. Researchers who applaud
the Hilbert method consider the claim (ii) is the most crucial problem for
the Chapman-Enskog method.[5, 15] The Hilbert method does not face this
problem because no higher-order differential solutions appear in the method.
However, we have found that, by the relation (2.35) for the steady state, the
second differential terms of V2T can be replaced by the first differential terms
of (VT)?. Thus, it is not necessary to consider the differential boundary con-
dition in the case for the steady state. For (iii), because the small parameter
of the Chapman-Enskog expansion is the Knudsen number K = [/L < 1
with the mean free path [ and the characteristic length L for changes in the
macroscopic variables, the disturbances of small wavelength of the order of a
mean free path are physically inconsistent and inappropriate treatments. We
notice that numerical solutions of the Burnett equation should be performed
with grids whose length is larger than the order of the mean free path.

Above all, Fushiki has recently demonstrated that our analytical second-
order solution of the steady-state Boltzmann equation for hard-core molecules
agrees well with results of his numerical experiment.[32] We introduce his
graphical results in Fig.2.5. The blue line represents his MD result of f — f(©,
while the red one exhibits our analytical result of f(!) + () in eq.(2.40). The
details of his Molecular Dynamics(MD) simulation will be given in ref.[32].
We emphasize that the numerical result f — f(®) becomes asymmetric and
definitely deviates from the analytical result of f(!) shown by the green line. It
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can be concluded that the significant effect of the second-order solution of the
steady-state Boltzmann equation is detected by the numerical experiment.
It is also noteworthy that the good agreement between the analytical and
numerical results is still observed even when the Knudsen number is up to
about 0.2. The validity of the Chapman-Enskog method has been confirmed
now, so that it is needed to derive the explicit second-order solution by
the Grad method and compare it with our result by the Chapman-Enskog
method, which will contribute to an important understanding of the relation
between the two methods.

On the other hand, for extremely high density, the divergences of the
second-order transport coefficients even in three dimension have been reported.[38,
39, 40] Using a lowest ring-collision summation, Ernst and Dorfman predicted
the divergences by showing that the higher-order hydrodynamic frequen-
cies have the nonanalytic dependence on wave number which corresponds
to the Knudsen number.[38] This prediction was confirmed in the higher-
order self-diffusion coefficient by Dufty and Mclennan who also used the
lowest-density ring operator.[40] Although efficiency of the second-order co-
efficients has been experimentally demonstrated for moderately dense gases
in shock wave and sound propagation phenomena[10, 53, 54, 55, 56, 57, 58],
the above results imply the nonexistence of the nonlinear nonequilibrium
thermodynamics which focuses on the second-order effects of the nonequi-
librium fluxes. However, we suggest that transport phenomena in extremely
high density gases may not be described only by the lowest-ring collision ap-
proximation, that is, other contributions to the the second-order transport
coefficients must be considered for the estimation of them. The consideration
possibly leads to the convergence of the second-order transport coefficients.
The divergence may also be attributed to invalidity of a definition of the
second-order diffusion coefficient adopted in ref.[40].

As was mentioned above, the validity of the steady-state Boltzmann equa-
tion has been confirmed even in the local nonequilibrium state by Fushiki.[32]
It is important to consider what conditions make the Boltzmann equation
hold, that is, what conditions make the assumption of molecular chaos valid.
Of course one is the Boltzmann-Grad limit, nd® < 1. The other is also in-
dicated implicitly by Reichl who assumed that, in order to derive the Boltz-
mann equation, the distribution functions do not change appreciably in a
small phase space.[30] We suggest that her assumption corresponds to the
condition [ < L, and that this condition is also essential for the Boltzmann
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equation. This suggestion means that the Boltzmann equation is valid even
in the local nonequilibrium state so long as the condition [ < L holds. If
[ ~ L, thermodynamic quantities and the velocity distribution function of
molecules definitely change during a mean free path, so that molecules must
feel a kind of correlation through one collision process. We think that the
correlation breaks the validity of the assumption of molecular chaos and
makes the Boltzmann equation invalid. Our suggestion may be related to
the divergence which appears in the Chapman-Enskog expansion to infinite
order[66, 67, 68, 69, 70|, and the instability of the Burnett equation to dis-
turbances of the order of a mean free path.[143, 144, 145]

We have found that there are qualitative differences between hard-core
molecules and Maxwell molecules in the nonequilibrium steady state: second-
order corrections appear for hard-core molecules in the pressure tensor Pj;
and the kinetic temperature 7}, while no correction to these quantities ap-
pears for Maxwell molecules, as Table 2.5 shows. It should be noted that the
qualitative differences between hard-core molecules and Maxwell molecules
still appear no matter which boundary condition is adopted, that is, the
isotropy and the anisotropy of the pressure tensor in eq.(2.50) and the ki-
netic temperature in eq.(2.52) are not affected by any kinds of boundary
conditions. It is conjectured that these differences are attributed to the spe-
cial nature of Maxwell molecules: Ay, for Maxwell molecules, i.e. AM is
independent of the magnitude of the relative velocity g, because Fp.(x) is
independent of g. In general, Ay, for molecules which interact with each
other by a central force depends on g, because F}. (x) generally depends on
g. Therefore, it may be suggested that molecules which interact via a cen-
tral potential still have the qualitative differences from Maxwell molecules:
second-order corrections in pressure tensor Pj; and kinetic temperature 7;
may appear also for such molecules as well as hard-core molecules.

It is also found that the pressure tensor F;; and the kinetic temperature
T; for the steady-state BGK equation are qualitatively different from those
for the steady-state Boltzmann equation for hard-core molecules but agree
with those for the steady-state Boltzmann equation for Maxwell molecules, as
illustrated in Table 2.5. Since the Chapman-Enskog solution of the steady-
state BGK equation is asymptotically correct[66, 67, 68, 69, 70], we may
conclude that the steady-state BGK equation does not capture the essence
of hard-core molecules, but captures that of Maxwell-type molecules. This
conclusion indicates the possibility that even the exact solution of the steady-
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state BGK equation can be applied only to Maxwell-type molecules. The
qualitative agreements between the steady-state BGK equation and Maxwell
molecules are due to the fact that the collision frequency of the former is
independent of the relative speed ¢ as well as the latter, which was indicated
by Prof. Santos in a private discussion. In other words, we can state that
g-dependency cannot be absorbed in the single relaxation time 7. Therefore,
we propose that the steady-state BGK equation could capture the essence
of other molecules than Maxwell molecules if one made the relaxation time
depend on g or if one developed the steady-state BGK equation with multi-
relaxation times. We also notice that other kinetic models such as the lattice
Boltzmann method[146] which significantly simplify the collision term of the
Boltzmann equation could not apply to fluid dynamics beyond the Navier-
Stokes equation.

Finally, we consider the possibility of the existence of a universal velocity
distribution function in the nonequilibrium steady state. When we express
the velocity distribution function for hard-core molecules to second order
using the heat flux J, as in eq.(2.40), it becomes independent of the diame-
ter d of the hard-core molecules. However, the explicit form of the velocity
distribution function for hard-core molecules (2.40) definitely differs from
the precise form of the velocity distribution function for Maxwell molecules
(2.41) or that for the steady-state BGK equation (2.47) as Fig.2.4 shows.
Actually, as was mentioned above, we have shown that the results calculated
from the former are qualitatively different from those calculated from the
others. These results indicate that the characteristics of microscopic mod-
els appear in the local nonequilibrium state and affect even qualitatively the
macroscopic quantities. It can be concluded that a universal velocity distri-
bution function does not exist in the local nonequilibrium state even if the
velocity distribution function is expressed only in terms of the macroscopic
quantities.[59]
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Chapter 3

Contributions of Steady Heat
Conduction to the Rate of
Chemical Reaction

3.1 Calculation of the Rate of Chemical Re-
action

In this chapter, we calculate the rate of chemical reaction (1.7) with the
line-of-centers model (1.8) using the explicit velocity distribution function of
the steady-state Boltzmann equation for hard-core molecules to second order
(2.40).[59, 130] Substituting the expanded form of the velocity distribution
function to second order as in eq.(2.2) into eq.(1.7), we obtain

R=R® 4+ RYW + R, (3.1)

up to second order. The zeroth-order term of R,

RO —/dv/dvl/dﬂ/f ) = dn’o (%)%e—f—%, (3.2)

corresponds to the rate of chemical reaction of the equilibrium theory. Sim-
ilarly, the first-order term of R is obtained as

V= [av [avi [aq [ fO10160 + 8Plgo(e)  (33)
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where R(Y) does not appear because ¢(!) is an odd functions of c, as will be
shown in the next section. The second-order term of R, i.e. R®, is divided

into
RCA) — / dv / dv / dQ / FOFP8Me go(g), (3.4)

and

RED = [av [avi [a@ [ 1010162 + 61go(g).  (35)

Since the integrations (3.4) and (3.5) have the cutoff from eq.(1.8), the ex-
plicit forms of ¢ and ¢ of the steady-state Boltzmann equation for hard-
sphere molecules are required to calculate R4 and R®#) respectively.

In Fig. 2.2, we have confirmed that ¢® does not converge to 4th So-
nine approximation but both of ¢") and ¢® almost converge to 7th Sonine
approximation[130], so that, in this thesis, we will show the results calculated
from ¢() and ¢® for Tth approximation of Sonine polynomials. We note that
Burnett had determined only by, and by, to 4th Sonine approximation: by,
is related to the second-order pressure tensor.[25] Therefore, we could not
calculate the effect of steady heat flux on the rate of chemical reaction with
the line-of-centers model if we did not derive the explicit forms of ¢() and
#?) | especially by, in the previous chapter. In order to compare the results
from the steady-state Boltzmann equation with those from the steady-state
BGK equation and information theory, we also use the explicit forms of ¢(")
and ¢ . The expressions of ¢(1) and ¢ for the steady-state BGK equation
are written in eq.(2.47), while those for information theory will be shown in
eq.(4.9) in the next chapter.

3.2 Local Nonequilibrium Effects on the Rate
of Chemical Reaction

Inserting ¢ and ¢® of eq.(2.40) for the steady-state Boltzmann equation
for hard-core molecules, eq.(2.47) for the steady-state BGK equation and
eq.(4.9) for information theory into eqs.(3.4) and (3.5), and performing the
integrations with the chemical reaction cross-section (1.8), we finally obtain
the nonequilibrium effects on the rate of chemical reaction based on the line-
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of-centers model. The expressions of R%4) and R?®) become

2 2 1 T
(24 _ O mJ; (7mT>2 B (E ) 3.6
R K33 m € T{T;Oa,. kT b (36)
and
2 J2 7TI{T % E* E* T
peB) _ T M (_> 5y (_) 3.7
K3T3 m € T{goﬁ kT b (3.7)

respectively. The numerical values for «, and (3, are listed in Tables 3.1 and
3.2, respectively. We have found that R>?) for the steady-state Boltzmann
equation is determined only by the terms of by, in ¢ of eq.(2.40) which
Burnett[25] had not derived: the terms of by, we have derived in ref.[130] are
indispensable for the calculation of R(:P),

Table 3.1: Numerical constants «, in eq.(3.6).
Boltzmann Eq. BGK Eq. and Information Theory
—2.292 x 1072 —
—1.448 x 107! -
3.223 x 107! <
—9.834 x 102 —=
7919 x 103 —
—6.752 x 10~ —
5.298 x 1075 —
—3.584 x 10~° —
2.039 x 107 —
—9.599 x 107 —
3.613 x 10719 —
11 —-1.032 x 101 —
12 2110x 107" —
13 —2.887 x 10715 —
14 2.352 x 10717 —
15 —8.578 x 10~ —

S| oo~ o o x| o b = o 3
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Table 3.2: Numerical constants £, in eq.(3.7).

r Boltzmann Eq. BGK Eq. Information Theory
0 —1.361x107" -z -

1 —5.094 x 107! —38 — L

2 3.968x 10T lif $—§5

3  5.805x 102 = =

4 —2811x1073 — —

5 1.039 x 10~* — —

6 —1.808 x 10°° — —

The explicit expressions in egs.(3.6) and (3.7) for information theory were
already given by Fort and Cukrowski.[60, 100] Though they were interested
in forms of Q4 = R®4/R® and Qp = R*® /RO)[60, 100], in the present
thesis, we focus on the nonequilibrium effects on the rate of chemical reaction
in the forms of R*>4) and R®®). This is because the forms of Q4 and Qg for
the steady-state Boltzmann equation do not converge even when we adopt
any higher order approximation of Sonine polynomials. The upper limit of
7 in eqs.(3.6) and (3.7) is directly related to the order of the approximation
of Sonine polynomials in eq.(2.40): Si(c?) includes the term of ¢*. We
emphasize that, however, the values of R4 and R*?) for the steady-state
Boltzmann equation converge to 7th approximation of Sonine polynomials.
It should be also mentioned that there appear artificial qualitative differences
in both Q4 and ) g for the steady-state Boltzmann equation, the steady-state
BGK equation and information theory for large E*/kT.

The graphical results of R compared with those of R?4) are provided in
Fig.3.1. Both of R® and R®4) in Fig.3.1 are scaled by 7/2d*m*/2J2 /k3/>T5/2,
Note that R® is the sum of R®* and R®? in egs.(3.6) and (3.7). As
Fig.3.1 shows, it is clear that R®*?) plays an essential role for the evaluation
of R®. We have also found that there are no qualitative differences in R®
of the steady-state Boltzmann equation, the steady-state BGK equation and
information theory, while R*4) also exhibits a slight deviation from each
other. This deviation in R®*4) would not be observed if we adopted ¢
of the steady-state Boltzmann equation for the lowest approximation of So-
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Figure 3.1: Scaled R®®) compared to scaled R*>%) as a function of E*/kT for
the line-of-centers model.
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nine polynomials as in the previous papers[101, 102]. This is because ¢

of the steady-state Boltzmann equation for the lowest Sonine approximation
is identical with the precise ¢") of the steady-state BGK equation and in-
formation theory. It should be mentioned that we have found qualitative
differences among these theories in some thermodynamic quantities, e.g. the
second-order pressure tensor.[130, 147] The nonequilibrium effects on the rate
of chemical reaction is an insensitive quantity to the differences among the
three theories.

3.3 Discussion and Conclusion

The change of the rate of chemical reaction by the nonequilibrium flux can
be interpreted as one of the local nonequilibrium effects, because it appears
not to linear order of the heat flux but to nonlinear order of that. ¢® is
indispensable for the calculation of the nonequilibrium effects on the rate
of chemical reaction, since R() does not appear and R*®) is remarkably
larger than R4 as Fig.3.1 shows. This fact indicates the significance of the
second-order coefficients in the solution of the steady-state Boltzmann equa-
tion as terms which reflect the local nonequilibrium effect. The nonequilib-
rium effect on the rate of chemical reaction will substantiate new significance
of the second-order coefficients in the solution of the steady-state Boltzmann
equation, although their importance has been demonstrated only for descrip-
tions of shock wave profiles and sound propagation phenomena[10, 53, 54, 55,
56, 57, 58]. We note that the application of the second-order coefficients to
shock wave and sound propagation does not require the explicit form of the
second-order velocity distribution function. The nonequilibrium effects we
consider appear mainly in the ranges of small E*/kT where the chemical
reaction often occurs, so that our results should be compared with experi-
mental results in the early stage of the chemical reaction[87]; large additional
effects due to density and temperature change of reactants become significant
as the chemical reaction proceeds[104, 105].

We also propose a thermometer of a monatomic dilute gas system under
steady heat flux. We mean that we can measure the temperature 7" around
a heat bath at 7j in the nonequilibrium steady-state system indirectly with
the aid of the nonequilibrium effect on the rate of chemical reaction as fol-
lows. The nonequilibrium effect on the rate of chemical reaction in the early
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stage around the heat bath can be measured. Thus, one can compare the
experimental result with the theoretical result shown in Fig.3.1 with T' = Tj,.
The difference between the former and the latter will indicate that the tem-
perature T around the heat bath is not identical with T}, that is, T = Ty + A.
Here A should depend upon the heat flux in general. Substituting this tem-
perature expression into the explicit expressions of R(%) in eq.(3.2), we obtain
a new correction term

2 2 1 * .
Rnew) _ 2n oA (WI{TO)2 (1 n 2F ) B

AT 3.8
TO K)TO € 0 ( )

as the nonequilibrium effect on the rate of chemical reaction besides R? in
Fig.3.1 with T" = Tj. At last, we can estimate the gap A so as to make
the new correction term match the experimental result. For example, if A
in eq.(3.8) is proportional to the heat flux, we will confirm the relevancy
of the slip effect[61, 148]. If A in eq.(3.8) is identical with 2mJ2/5n?k3T¢,
i.e. 1)/T =1/Ty — 2mJ2/5n*k3Ty, the experimental result will agree with
the theoretical result from the steady-state Boltzmann equation with the
nonequilibrium temperature @ = Ty predicted by Jou et al.[110] This indicates
that the nonequilibrium temperature 6 has an important physical meaning
as the temperature which corresponds to that of the heat bath in the local
nonequilibrium state. If not, the nonequilibrium temperature 6 has no physical
meaning in the local nonequilibrium state of simple dilute gases.

We show the comparison of the theoretical results, i.e. R® for the steady-
state Boltzmann equation with 7" = T, and that with § = T}, in Fig.3.2,
where R® is scaled by 71/2d?m!/2J2/k5/2T¢/*. We note that one can obtain
the explicit form of R® with § = Tj expressed as the dashed line in Fig.3.2
as the sum of R® from eqs.(3.6) and (3.7) for the steady-state Boltzmann
equation with 7' = Ty and R(™") from eq.(3.8) with A = 2mJ?/5n?k*T2. We
have found that there is a significant difference between R® with T = T,
and that with @ = T; for small E*/kTy. This significant difference also
appears in R® for the steady-state BGK equation and information theory.
Similar difference in R® for information theory would also follow from the
results of Fort and Cukrowski[100], although they were not interested in the
ranges of small E*/kT. We emphasize that, however, our proposal written
in this paragraph differs from that by Fort and Cukrowski[100] which uses a
given value measured directly by a thermometer in order to determine 7" or
f regardless of the temperature of the heat bath.

m
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Figure 3.2: Comparison of scaled R® from the steady-state Boltzmann equa-
tion with 7" = T (the solid line) and that with # = Tj (the dashed line) as a
function of E*/kT,. Note that the former is identical with the result shown
by the solid line in Fig.3.1 with 7" = Tj,.
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Chapter 4

Examination of Information
Theory and Steady State

Thermodynamics(SST) on the
Boltzmann Equation

4.1 Information Theory

Let us introduce information theory proposed by Jou et al..[110, 111, 112]
Suppose a nonequilibrium system subject to a temperature gradient along the
z-axis in a steady state whose velocity distribution function is expressed as
f = f(x,v). The Zubarev form for the nonequilibrium velocity distribution
function under a heat flux can be obtained by maximizing the nonequilibrium
entropy, defined as

S(z) = —m/flogfdv, (4.1)
under the constraints of the density:

n(zx) E/fdv, (4.2)

and the temperature:

= fdv. (4.3)



We assume no mean flow:

/mvfdv =0, (4.4)
where 0 denotes the zero vector. Furthermore, we define the heat flux:
2
y— %vzfdv. (4.5)

It should be emphasized that the heat flux (4.5) is now assumed to be uniform
as well as nkT by contrast with the case for the steady-state Boltzmann
equation where its solubility conditions lead to the heat flux J, being constant
to second order.[59]

Jou et al. have finally obtained the nonequilibrium velocity distribution
function to second order in the heat flux J, by expanding the Zubarev’s
nonequilibrium velocity distribution function to second order as

1 mv? 4J. m \z )
= = — 1— A 7 2
f ZeXp< = )l 5k (%T) o (25@ C)

AamJ: L[ 5 )\
l — 4.
+25n2/<c3T3c‘” (25/{T ¢ ’ (4.6)
with the scaled velocity ¢ = (m/2xT)"?v. Here Z is given by
3
1/(27\? mdJ?
7=2(22) (142 ), 47
n (Bm) < * 5n2/£3T3> (47)
in order to normalize f. The parameter 3 is found to be
1 2m.J? 1
=—(1+—E ) = — 4.8
P kT < + 5n2/~£3T3> K0’ (48)

and has been used by Jou et al. in order to introduce 6 as a nonequilibrium
temperature. From eq.(4.8) it is clear that the nonequilibrium temperature 0
is not identical with the temperature 7' defined in eq.(4.3), and 6 is lower
than 7'.[120]

By expanding the velocity distribution function (4.6) to second order in
Jz, we obtain the expression for the modified velocity distribution function:

f o= O {1 3J; ( ™n )% ¢Sk (c?)

" onkT \2kT 2
2m‘]:3 2 meZ 9 2, 9
tes sl = )+ s o aBVASi(e) + 2y, (49)
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where n and T have been identified in egs.(4.2) and (4.3), respectively. This
modified velocity distribution function has been also obtained and used by
Fort and Cukrowski.[100] We have confirmed that the modified velocity dis-
tribution function still satisfies constraints (4.4) and (4.5), while the correc-
tions appearing in eqs.(4.7) and (4.8) no longer appear in the density (4.2)
and the temperature (4.3) with the modified velocity distribution function
expressed in eq.(4.9). We adopt this modified velocity distribution function
instead of the velocity distribution function shown in eq.(4.6) to calculate
macroscopic quantities in this thesis. This adoption is based on the fact
that the corrections in egs.(4.7) and (4.8) are not significant, although Jou et
al. believe that the correction appearing in eq.(4.8) has important physical
meaning. (see also Sec.4.4) We mention that the first-order velocity dis-
tribution function for information theory in eq.(4.9) is identical with those
for the steady-state Boltzmann equation for Maxwell molecules in eq.(2.41)
and for the steady-state BGK equation in eq.(2.47), while those second-order
velocity distribution functions are different from each other.

4.2 Nonlinear Nonequilibrium Thermodynam-
ics
4.2.1 Extended Irreversible Thermodynamics(EIT)

Let us introduce one of the nonlinear nonequilibrium thermodynamics based
on the local nonequilibrium hypothesis, extended irreversible thermodynam-
ics(EIT) proposed by Jou et al..[110, 111, 112] Note that all the notations
below are valid only in this section.

EIT extends the Gibbs equation as

ds(r,t) = T (r,t)de(r,t) + T (r,t) P(r, t)dve(r, t) — ae(r, t)j(r,t) - dj(r, 1),
(4.10)

where the nonequilibrium entropy per unit mass s(r,¢) is assumed as an ad-
ditive quantity with T'(r,t) the temperature, €(r,t) the inertial energy per
unit mass, P(r,t) the pressure, ve(r,t) volume per unit mass and j(r,t) the
heat flux per unit mass. The heat flux is treated as an extensive thermody-
namic variable in EIT. The explicit form of the coefficient «, is determined
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as follows. Equation (4.10) with the balance equations of energy and mass
leads to an equation of time evolution of the nonequilibrium entropy,

0s(r, t) j(r, 1) . 1 dj(r,t)
n(r,t) Y +V- (T(r,t)) = j(r,t)- lV (m) —n(r, t)ae(r,t) 5t
> 0, (4.11)

where n(r,t) is the density and j(r,t)/T(r,t) represents an entropy flux,
so that the left-hand side of eq.(4.11) corresponds to the production of the
nonequilibrium entropy which must be always positive. In order to satisfy
the positivity, one may assume

he(r, )(r, 1) = V (ﬁ) ~ n(r, Ha(r, 1) 8jgt’ 23 (4.12)

The undetermined coefficient y, which must be positive is obtained as follows.
Comparing eq.(4.12) with the relaxation law of heat flux called Maxwell-
Cattaneo’s law:

0j(r,t
T (r, 1) Jg;; ) +j(r,t) = =A(r,t)VT(r, 1), (4.13)
one can obtain the explicit forms of a, and . as
(r,t 1
o(r, t) = T (r, ) and  pi(r, t) = (4.14)

n(r, t)Ae(r, t)T2(r, t) Ae(r,t)T%(r,t)’

respectively. Here 7.(r,t) represents a relaxation time, and A.(r,t) denotes
a thermal conductivity. Finally, the nonequilibrium entropy is determined
explicitly as

B Ve(r, 1) Te(r, 1)
2 (1, 0)T?(r, t)

S(r,t) = seq(r, 1) i(r,t) - j(r, 1), (4.15)
but this expression still contains the relaxation time 7.(r,¢) and the ther-
mal conductivity A(r,t) which depends on the characteristics of microscopic
materials and should be calculated from other microscopic theories. For
example, if one adopt 7.(r,t) = 2mA.(r,t)/5n(r, t)xk*T (v, t) from the steady-
state BGK equation, the nonequilibrium entropy (4.15) agrees with that of
information theory as will be shown in eq.(4.31). In EIT, the nonequilibrium
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temperature and the nonequilibrium pressure are defined thermodynamically

as
1 [0s(r,1) w(r,t) [ 0s(r,t) (4.16)
O(r,t) ~ \ Oe(r,t) o] O(r,t) — \Ove(r,t) eni ’
respectively. The nonequilibrium entropy (4.15) with 7.(r, t) = 2mA.(r,t)/5n(r, t)x*T (r, )
leads to the fact that the former is identical with the nonequilibrium tem-

perature (4.8) from information theory, while the latter is not quantitatively
but qualitatively the same as that predicted by information theory.[119]

4.2.2 Steady State Thermodynamics(SST)

We introduce another nonlinear nonequilibrium thermodynamics based on
the local nonequilibrium hypothesis called steady-state thermodynamics(SST)
which we will test in this thesis. Note that all the notations below are valid
only in this section.

In SST, the nonequilibrium pressure P(T, J|V, N) and the nonequilibrium
chemical potential p(T, J|V, N) are defined as

_OF(T,J|V,N)
Pl%

OF (T, J|V,N)
oN
(4.17)

P(T, J|V,N) = and (T, J|V,N) =

respectively. Here T' the temperature of heat bath, J the heat flux, V' the
volume of nonequilibrium cell, N the number of particles in the nonequilib-
rium cell. SST assumes the existence of an additive thermodynamic potential
F(T,J|V,N), and that the heat flux J is the intensive thermodynamic vari-
able. The additivity of F(T, J|V, N) leads to the extended Euler equation:

F(T,J|V,N)=—VP(T,J|V,N) + Nu(T, J|V,N). (4.18)

SST has considered a nonequilibrium system in which an equilibrium cell
and the nonequilibrium cell under steady heat conduction connected by an
unmovable porous wall.(see Fig.2 in ref.[138]) In a steady state, SST has
identified the chemical potential in the nonequilibrium cell with that in the
equilibrium cell:

w(T, J|V,N) = u(T,0|V", N"), (4.19)
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with V' the volume of equilibrium cell, N’ the number of particles in the
equilibrium cell.

The most important points in SST is that SST can make some predictions
which can be examined by other microscopic theories. The first is that an
order ¥(T, J|V, N) is caused by the heat flux:

OF (T, J|V, N)
0J ’
which depends on the direction of .J, because F'(T, J|V, N) is an odd function
of J.
The second is that the osmosis, defined as the difference between the

pressure P (T, J|V, N) of the nonequilibrium cell and the value P(T,0[|V’, N')
of the equilibrium cell, namely

W(T, J|V,N) = —

(4.20)

AP = P(T, J|V,N) — P(T,0|V',N"), (4.21)

always becomes positive, regardless of the direction of J. This prediction is
made from the inequality,
P(T,J|V,N) _W(T,J|V,N)
= 0 4.22
a7 v (4.22)
which is derived from eq.(4.18) with fixed u(7,J|V, N) and eq.(4.20) with
the fact that F/(T,J|V,N) is concave in intensive variables J. Note that
P(T,0/V',N") = P(T,0|V,N), and that u(T, J|V, N) can be a constant since
w(T,0/V', N') is constant when 7" and P(T,0[V’, N') are fixed.
The third is that there is the following simple relation:

un 6P0 (T, J, P)

= 3P , (4.23)
among the density n and the pressure P(7,J|V,N) of the nonequilibrium
cell, and the density ng and the pressure Py(T, J, P) of the equilibrium cell.
Here we have changed the variables (7,V, N) in the equilibrium pressure
P(T,0|V,N) to (T,J, P), and express it as Py(7T, J, P). The relation (4.23)
is derived as follows. The intensivity of the pressure is expressed as

P(T, J|V,N) = P(T, J|V/N, 1), (4.24)
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which leads to
OP(T,J|V,N) _K OP(T,J|V,N)

ON TN oV (4.25)
Additionally, from eq.(4.17), one can obtain
OP(T,J|V,N) ou(T, J|V,N)
=— : 4.2

ON ov (4.26)

Using eq.(4.19), one can perform the following deformation
au’(TaJap) _ (9,u(T,0,P0(T,J,P))3P0(T,J,P) (4 27)

oP B OP, oP '
1 0Py (T, J, P)

= ——— 4.28

This equation with eqs.(4.25) and (4.26) results in the relation (4.23).

4.3 Examination

We examine both of information theory which corresponds to EIT and SST
by the microscopic kinetic theory. Note that ET is not examined in this
thesis, because ET does not predict any explicit forms of thermodynamic
quantities such as the pressure tensor.

4.3.1 Test of Information Theory

Now the nonequilibrium velocity distribution functions to second order given
in egs.(4.9), (2.40) and (2.41) shall be applied to the nonequilibrium steady-
state system. We note that we adopt only the result in eq.(2.40) for 7th
Sonine approximation in this section. All the definitions of physical quantities
in this thesis are the same as those in Sec. 2.5.

To begin with, the pressure tensor in the nonequilibrium steady state Pj;
becomes

-
Pij = nkT [5@'4‘)\” MJa ], (429)

P
n2K3T3
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with the unit tensor d;; and the numerical tensor components M4 shown in
Table 4.1. Note that the off-diagonal components of M4 are zero and that
MY = N\¥ is satisfied. We have found that A for information theory is
qualitatively different from those for the steady-state Boltzmann equation
for both hard-core and Maxwell molecules: P, becomes larger than P, and
P,, for information theory[119, 121], while P,, becomes smaller than P,
and P,, for the steady-state Boltzmann equation for hard-core molecules,
and no second-order corrections appear in P;; for the steady-state Boltzmann
equation for Maxwell molecules.

Table 4.1: The numerical constants for the macroscopic quantities: the pre-
cise values for information theory, the 7th Sonine approximation values for
hard-core molecules and the exact values for Maxwell molecules.

Az Y g

information % — % — %
hard-core  —4.600 x 1072 2.300 x 1072 —2.035 x 107!

Maxwell 0 0 —1

5

Each component of the kinetic temperature in the nonequilibrium steady
state, i.e. T; for i = x,y and z is also calculated as

. mJ?
T, = T[1+ A;‘,Wg%g
for i = x,y and 2. Numerical values for the constants in the second-order
term AL are the same as A} for i = j given in Table 4.1. It is found that
T, becomes larger than 7, and 7, for information theory, while T becomes
smaller than 7T, and T, for the steady-state Boltzmann equation for hard-core
molecules, and no corrections appear in 7; for the steady-state Boltzmann
equation for Maxwell molecules.
The Shannon entropy in the nonequilibrium steady state becomes

1, (4.30)

3
m \2 3 mJ?
= —nkl — — Ag—— 4.31
S(x) nk log [n (27mT) ] + 27m+ ST (4.31)
to second order with A\g = —1/5 for information theory and for the steady-

state Boltzmann equation for Maxwell molecules. (see Table 4.1) It is found
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that Ag calculated from the steady-state Boltzmann equation for hard-core
molecules slightly deviates from the others. This is because the correction
term for the Shannon entropy is determined only by the first-order velocity
distribution function, as was indicated in ref.[110].

4.3.2 Test of Steady State Thermodynamics(SST)

Let us introduce a simple nonequilibrium steady-state system shown in Fig.4.1.
The cell on the left-hand side is at equilibrium at temperature 7. The cell
on the right-hand side is in a nonequilibrium state under a temperature gra-
dient along the z-axis caused by the right wall (at z = Ly) at temperature
Ty and the thin mid-wall (at x = 0) at temperature Ty, of thickness less
than or equal to the mean free path [ of the dilute gases. Both cells are
filled with dilute gases and connected by a small hole of diameter dj, on the
thin mid-wall. The diameter of the small hole dj is much smaller than [, i.e.
dp < I. Molecules which have passed through the small hole are relaxed into
the state of the cell they go into after a few interactions, so that they do not
affect the macroscopic state of that cell.

I
|
T T To+6T
|
|
|

I I — X
- Lo 0 L

Figure 4.1: A simple nonequilibrium steady-state system. The mean mass
flux at the small hole is zero in the nonequilibrium steady state.

This system is inspired by SST suggested by Sasa and Tasaki.[138] We
examine SST in this system from the microscopic viewpoint, that is, by
applying the velocity distribution function for the steady-state Boltzmann
equation for both hard-core molecules and Maxwell molecules to the cell on
the right-hand side in the system illustrated in Fig.4.1. We also use the
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velocity distribution function for the steady-state BGK equation to second
order in the test of SST.

SST predicted the following results. When the system shown in Fig.4.1 is
in a steady-state, the osmosis, defined as the difference between the pressure
P, of the cell in the nonequilibrium steady state and the value P, of the cell
at equilibrium, namely

AP = P,,— P, (4.32)

always becomes positive. ( see eq.(4.21)) Additionally, there is a relation

n0) _ (aP”) (4.33)
T 6P0 ToJu ’

connecting n(0), P,., ng and Py, where n(0) is the density of the cell in the
nonequilibrium steady state around the hole and ng is that of the cell at
equilibrium. ( see eq.(4.23))

We consider the nonequilibrium steady-state where the mean mass flux
at the hole is zero:

00 o) 0 [e'e}
/ dcw/ d?c meg fo + / dcw/ d*cimey fle—o = 0, (4.34)
0 —0 —o0 —00

where ¢, represents the components of the velocity which are orthogonal
to cg, i.e. ¢, and c,. Note that we consider the mean mass flux at the
hole, so that we put z = 0 in f. fo = ng(m/2wkTy)¥?e~™*/26T0 is the
velocity distribution function of the cell on the left-hand side at equilibrium
at temperature T; and density ng. From eq.(4.34), the relation between n(0)
and ng is obtained as

2
mJ;

0) = ng[1 + A, 2
n(0) = mo[1 + ngk3Ty

], (4.35)
to second order. The value for the constant )\, is given in Table 4.2. The
density of the cell in the nonequilibrium steady state around the hole 7(0)
is greater than that of the cell at equilibrium ny regardless of the sign of
J;. We emphasize that A, could not be calculated if we did not derive the
explicit form of the velocity distribution function f to second order. We
have adopted the boundary condition around the hole, T(0) = T, in order
to examine SST.
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Although it is believed that the Knudsen layer effect, i.e. the slip effect
is dominant around the 'wall’[5, 26, 61], for reasons of simplification, we do
not consider the slip effect around the ’hole’ in this paper. If the slip effect is
not dominant, the density of the cell in the nonequilibrium steady state will
always be larger than that of the cell at equilibrium, regardless of the sign
of J,. This can be tested by experiments on the nonequilibrium steady-state
system shown in Fig.4.1.

We also calculate the osmosis AP in eq.(4.32) as

2
mJ;

AP = Mp——
APTLOKZZTO?’

(4.36)

to second order, using egs.(2.50), (4.35) and Py = ngkTp. Values for Aap are
given in Table 4.2. We have found that Aap is always positive, which agrees
with the prediction by SST[138].

Table 4.2: Numerical constants for the macroscopic quantities: the ith
approximation quantities for hard-core molecules and the exact values for
Maxwell molecules and the steady-state BGK equation. The values of \,,
Aap and Ay for hard-core molecules has not yet converged to 4th approx-
imation by, and bg, values. The ratios of the 7th to the 6th approximation
An, Aap and Ay are 1.011, 1.023 and 1.004, respectively, so that the errors
included in the 7th approximation A,, Aap and A« appear to be less than
about one or two percent. Note that n(0) = ng to first order, and that
osmosis does not appear to first order.

ith An AAp A
4th 0.255 x 1072 4.608 x 1072 —3.237 x 107"
5th 8528 x 1072 3.917x 1072 —3.109 x 1071
6th 8.296 x 1072 3.694 x 1072 —3.073 x 107!
7th 8.210 x 1072 3.609 x 1072 —3.060 x 10 '
Maxwell 12% 12% —%5
2 2 11

BGK equation % > =

Furthermore, we are able to test the relation (4.33). Though substitution
of egs.(2.50) and (4.35) into eq.(4.33) leads to the relation AJ"/A, = —2,
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our numerical results conflict with this relation: our results give A%"/\, =
—0.5604 for 7th approximation by, and by, for hard-core molecules and A&/ )\, =
0 for both Maxwell molecules and the steady-state BGK equation. We have
also confirmed that the relation A% /), = —2 predicted in SST[138] is not
modified if the boundary condition around the hole can be written in the
form:

J2
T(0) = To[1 + ,\Tnm z

—_ 4.
) (437)

where the constant \r represents the difference between the temperature of
molecules around the hole and that of the mid-wall. Our boundary condition
T(0) = Ty corresponds to putting Ay = 0 for any kinetic models. It can be
concluded that, although we regard a state in which the mean mass flux at
the hole is zero to be a nonequilibrium steady state, as in eq.(4.34), this state
has yet to be interpreted phenomenologically.

On the other hand, by virtue of the derivation of the explicit form of the
velocity distribution function f to second order, we can also calculate the x
component of the heat flux at the hole as

25T 25T
F e () [ e e (S [ [ e
Jy mJ? 2kTy >
— 22 1. z 4.38
g TN nok2T§ (Wm ) ’ (4.38)

to second order using eq.(4.35). Numerical values for the constant A« are
given in Table 4.2. The first-order term on the right-hand side of eq.(4.38)
is from Fourier’s law, while the second-order term also appears on the right-
hand side of eq.(4.38), though the second-order heat flux J® does not exist
in the cell in the nonequilibrium steady state. This fact indicates that 7'(0)
is not appropriate for the nonequilibrium temperature, if J* suggests the
existence of the nonequilibrium temperature.

4.4 Discussion and Conclusion

It is seen that the first-order velocity distribution functions for the steady-
state Boltzmann equation for both hard-core and Maxwell molecules, i.e.
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the first-order terms in egs.(2.40) and (2.41), are consistent with that de-
rived by expanding Zubarev’s velocity distribution function[33, 116, 117].
This consistency is attributed to the fact that a nonequilibrium correction
in the nonequilibrium entropy should appear to even order of a nonequilib-
rium flux, e.g. §S o« —J2, in order that the nonequilibrium entropy has a
maximum at J, = 0, and that a thermodynamic force F = 06S/0J, which
drives a nonequilibrium system towards the state of equilibrium is propor-
tional to the nonequilibrium flux.[44] This fact leads to a conclusion that
the nonequilibrium entropy is not modified from the local equilibrium en-
tropy to first order, and that the Shannon-type entropy is appropriate as the
nonequilibrium entropy to first order.

On the other hand, we have confirmed that both forms (2.40) and (2.41)
of the second-order velocity distribution functions differ from that suggested
by information theory. Although Jou et al. have applied information the-
ory to nonequilibrium dilute gases[60, 100, 118, 119, 120, 121, 122|, we have
found that information theory contradicts the steady-state Boltzmann equa-
tion: all the macroscopic quantities for information theory except for the
Shannon entropy S in eq.(4.31) are qualitatively different from those for the
steady-state Boltzmann equation for both hard-core and Maxwell molecules.
These qualitative differences between information theory and the steady-
state Boltzmann equation still appear no matter which boundary condition
is adopted. It is conjectured that the entropy defined in eq.(4.1) is not appro-
priate as the nonequilibrium entropy to second order, though the Shannon-
type entropy has been widely used as the nonequilibrium entropy to any
order[33, 44, 107, 108, 109, 110, 112, 116, 117, 128, 129, 149|; some nonequi-
librium corrections dependent on microscopic models are necessary for the
nonequilibrium entropy to second order. We emphasize that it is probably
the first time to find qualitative differences between information theory and
nonequilibrium microscopic theories and demonstrate that information the-
ory is inconsistent with the nonequilibrium microscopic theories. It can be
also stated that EIT which corresponds to information theory also conflicts
with the microscopic kinetic theory. We conclude that, although many sta-
tistical physicists have believed the existence of a universal nonequilibrium
velocity distribution function in the nonequilibrium steady state by maxi-
mizing the Shannon-type entropy[33, 44, 107, 108, 109, 110, 112, 116, 117,
128, 129, 149], the universal nonlinear nonequilibrium velocity distribution
function does not exist in the nonequilibrium steady state. It is also worth
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mentioning that, although information theory based on the Tsallis entropy
has been also developed[150, 151], the general form of the velocity distribu-
tion function cannot be expanded even to first order because the expanded
velocity distribution function diverges.

We have also confirmed that, in all the macroscopic quantities calculated
in the present thesis, there are no differences between the results from the
modified velocity distribution function given in eq.(4.9) and those from Jou’s
velocity distribution function shown in eq.(4.6) so long as the same boundary
condition is adopted. This suggests that the nonequilibrium temperature 6
has no physical significance in the phenomena treated in this thesis, except if
f corresponds to the temperature of a heat bath at boundary. We emphasize
that the identifications of the density, the temperature and the mean flow (
see egs.(2.10), (2.11) and (2.12)) do not affect the physical properties of the
velocity distribution function for the steady-state Boltzmann equation|59],
and that those identifications must be satisfied for the conservation laws in
the case for the steady-state BGK equation.[66, 67|

All the values of our results in this thesis can be determined by specify-
ing the boundary condition 7(0), whether 7°(0) = Tj or not. Therefore, as
was discussed in Sec.3.3, a nonequilibrium temperature which does not corre-
spond to Ty has no physical meaning in simple nonequilibrium dilute gas sys-
tems. In other nonequilibrium phenomena such as sound propagation[121],
radiations[123, 124, 125, 126, 127] and sheared glasses[152], “nonequilibrium
temperature”’s defined by different ways may exist, but they might depend
on properties of the phenomena and may not be universal. In fact, it is
thought that the “nonequilibrium temperature” for sheared glasses appears
because of separated multiple time scales which simple nonequilibrium dilute
gas systems do not possess.

The discrepancy between SST and the microscopic kinetic theories leads
to the following possibilities.

(1) The type of connection between both cells as in eq.(4.34) may
not correspond to the relation shown in eq.(4.19).

(2) The order ¥(T, J|V,N) in eq.(4.20) caused by the heat flux
J in the local nonequilibrium state may be proportional not to J
but to J2.

(3) Because the temperature profile becomes definitely nonlinear
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as the heat flux becomes larger(see eq.(2.49) ), the assumption of
uniform additivity may break down.

(1) is indicated by Sasa and Tasaki and most possible. The connec-
tion (4.34) has yet to be interpreted phenomenologically. We think (2) is
also crucial. No order proportional to J has been found through all the
nonequilibrium phenomena considered in this thesis. On the other hand, the
order proportional to J? has been detected in the anisotropic pressure (2.50)
and the anisotropic kinetic temperature (2.52). This nonlinear anisotropism
means that motions of molecules along the heat flux become ordered not
linearly but nonlinearly, which is never obtained in SST.

(3) is also applicable to ET and EIT. (3) means that a thin system in the
local nonequilibrium state without any macroscopically observable changes
cannot be obtained by arbitrary splitting of a nonequilibrium steady-state
system. We emphasize that the characteristic length where the macroscopic
observables such as the temperature can be constant changes and has a cor-
relation along the nonlinear temperature profile. Therefore, for the case of
the local nonequilibrium state with the nonlinear temperature profile, at least
uniform additivity breaks down and another proper additivity may be needed
even in non-correlated dilute gas systems. We also propose that, even in the
local nonequilibrium state, the uniform additivity holds for the case of spe-
cial molecules which reproduce a linear temperature profile, that is, eq.(2.49)
with ¢ = 0.

At least in three dimension, the long-range and long-time correlations
appearing in linear transport phenomena of dense gas does not disturb fluid
dynamics and the uniform additivity, which assures the existence of the linear
nonequilibrium thermodynamics based on the local equilibrium hypothesis.
However, in a “bounded” dilute gas system, spatial correlation of fluctuations
of conservation quantities under linear temperature profile does not disappear
through the entire system.[153, 154] Of course, at least in the thermodynamic
limit system, the spatial correlation should disappear and restore the local
equilibrium state. However, for the case of nonlinear temperature profile,
such the system size spatial correlation of thermodynamic fluctuations might
appear even in the thermodynamic limit, because the nonlinear temperature
profile would cause the further correlation which we have suggested in the
previous paragraph. The existence of such the spatial correlation means the
breakdown of the uniform additivity.
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Chapter 5

Summary

5.1 Kinetic Theory

The velocity distribution function of the steady-state Boltzmann equation
for hard-core molecules subject to a temperature gradient has been derived
explicitly to second order in the temperature gradient, as was shown explic-
itly in eq.(2.40) and graphically in Fig.2.3. The validity and the efficiency
of our second-order solution has been demonstrated by Fushiki’s numerical
experiment. It can be concluded that the assumption of molecular chaos and
the Boltzmann equation are valid so long as the scale separation d < [ < L
holds. We believe that the second-order solution of the steady-state Boltz-
mann equation which produces nonlinear nonequilibrium phenomena reflects
the local nonequilibrium effect.

In the nonequilibrium transport phenomena of gases which reflect the local
nonequilibrium state, we have found qualitative differences between hard-
core molecules and Maxwell molecules in the pressure tensor (2.50) and the
kinetic temperature (2.52). The qualitative differences between hard-core
molecules and Maxwell molecules still appear no matter which boundary
condition is adopted. This qualitative difference is attributed to the special
nature of Maxwell molecules that the collision frequency is independent of the
magnitude of the relative velocity g. Therefore, it appears that, in the local
nonequilibrium state, Maxwell molecules do not possess the characteristics
of other models of molecules which interact with each other by other central
forces.
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We have also demonstrated that the steady-state BGK equation belongs
to the same universality class as Maxwell molecules, and that it does not
capture the essence of hard-core molecules. The qualitative agreements be-
tween the steady-state BGK equation and Maxwell molecules are due to the
fact that g-dependency cannot be absorbed in the single relaxation time of
the BGK equation. We conclude that microscopic models which possess the
following properties could not be applied to describe the local nonequilibrium
state.

(1) Collision frequency of particles does not depend on g.

(2) Relaxation to local equilibrium state is described only by a
single relaxation time.

We can conclude that any universal nonlinear nonequilibrium velocity
distribution function does not seem to exist, even when the velocity distribu-
tion function is expressed only in terms of macroscopic quantities. In fact, as
mentioned above, we have detected the significant qualitative differences in
the thermodynamic quantities dependent on the microscopic kinetic models.
These results indicate that the characteristics of microscopic models appear
in the local nonequilibrium state and affect even qualitatively the macroscopic
quantities.

5.2 Chemical Reaction

The second-order solution of the steady-state Boltzmann equation for hard-
core molecules is indispensable for the calculation of the nonequilibrium ef-
fects on the rate of chemical reaction. This indicates the significance of the
second-order coefficients as terms which reflect the local nonequilibrium ef-
fect. The nonequilibrium effect on the rate of chemical reaction will substan-
tiate new significance of the second-order coefficients, besides descriptions
of shock wave profiles and sound propagation phenomena. We have also
compared our result with those from the steady-state BGK equation and
information theory, and confirmed no qualitative differences among them.
We also suggest a thermometer of a monatomic dilute gas system under
steady heat flux: one can measure the kinetic temperature around a heat
bath in the nonequilibrium steady-state system indirectly with the aid of
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the nonequilibrium effect on the rate of chemical reaction. We have found
that there is a significant difference between R with T = T, and that with
0 =T,. The latter case indicates that the nonequilibrium temperature 6 has
an important physical meaning as the temperature which corresponds to the
temperature of the heat bath, otherwise # has no physical meaning in the
local nonequilibrium state of simple dilute gases.

5.3 Nonlinear Nonequilibrium Statistical Me-
chanics and Thermodynamics

The first-order velocity distribution functions for the steady-state Boltzmann
equation for both hard-core and Maxwell molecules are consistent with that
derived by expanding Zubarev’s velocity distribution function. This con-
sistency is attributed to the fact that a nonequilibrium correction in the
nonequilibrium entropy should appear to second order of a nonequilibrium
flux, and that the Shannon-type entropy is appropriate as the nonequilibrium
entropy to first order.

On the other hand, we have confirmed that both forms (2.40) and (2.41)
of the second-order velocity distribution functions differ from that suggested
by information theory. Although Jou et al. have applied information theory
to nonequilibrium dilute gases, we have found that information theory con-
tradicts the steady-state Boltzmann equation. The qualitative differences
between information theory and the steady-state Boltzmann equation still
appear no matter which boundary condition is adopted. We suggest that
the entropy defined in eq.(4.1) is not appropriate as the nonequilibrium en-
tropy to second order, and that some nonequilibrium corrections dependent
on microscopic models are needed for the nonequilibrium entropy to second
order. It can be concluded that, though quite a few statistical physicists
have believed the existence of a universal velocity distribution function in
the nonequilibrium steady state by maximizing the Shannon-type entropy,
the universal nonlinear nonequilibrium velocity distribution function does
not exist in the local nonequilibrium state.

We have found that, in the simple nonequilibrium steady-state system,
SST conflicts with the steady-state Boltzmann equation and the steady-state
BGK equation. We have considered the grounds for the discrepancy between
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SST and the microscopic kinetic theories , and concluded that, for the case of
the local nonequilibrium state with the nonlinear temperature profile, at least
uniform additivity breaks down, and that another proper additivity may be
needed even in non-correlated dilute gas systems. This conclusion is also
applicable to ET and EIT.
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Chapter 6

Future Perspectives of
Nonequilibrium Statistical
Physics

The present thesis does not discuss any boundary problems as was men-
tioned in Sec.4.3.2. Those problems are physically important in nonequilib-
rium transport phenomena of gases, because all the values of thermodynamic
quantities can be determined by specifying the boundary conditions. Previ-
ous studies on the boundary effects have reported that, under nonequilibrium
heat conduction, there is a difference between the temperature of a heat bath
wall and the kinetic temperature of gases in the system. They have also be-
lieved that the temperature gap called “temperature slip” is proportional to
the heat flux in the system of gases. However, almost all those studies have
assumed the following interaction rules between the heat bath wall and gas
molecules.

(i) Diffusive reflection : once a molecule collide with a heat bath
wall, the molecule is distributed at the wall by an equilibrium
velocity distribution function at the temperature of the heat bath
wall.

(i) Elastic reflection : once a molecule collide with a heat bath
wall, the molecule is reflected elastically on the wall surface.

(iii) Maxwell reflection: once molecules collide with a heat bath
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wall, some of the molecules are distributed by the rule (i), while
the other of them are reflected by the rule (ii) on the wall surface.

The rule (i) is based on the speculations that a state inside the heat
bath wall must be perfectly equilibrium even when the system of gases is
in any nonequilibrium states, while this speculation has not been confirmed
yet. The rule (ii) implicitly assumes that a reflection rule has been already
determined regardless of a state inside the heat bath wall. The rule (iii) is
used most often in the previous works, because one can fit the theoretical
results to numerical results by determining the mixing rate of the two rules
(i) and (ii).

However, the validity of the reflection rules mentioned above has not
been confirmed yet, especially in the local nonequilibrium state under heat
conduction. We believe that it is necessary to investigate the boundary
effect without the reflection rules. This is because we suppose that, when
the system of gases is in the local nonequilibrium state, the heat bath wall
may not be in a perfectly equilibrium state, and that the reflection rule of
the gases on it may be affected by the state of the heat bath wall. We also
conjecture that, in that case, there may be a thin transition regime in the
wall surface where the state of the wall compositions changes from the local
nonequilibrium state to the perfectly equilibrium one along the depth from its
surface. In the near future, we will perform a numerical experiment without
any reflection hypotheses such as (i)-(iii) on the heat bath wall.

On the other hand, the author conceive that a chemical reaction inside
a biochemical molecule such as a protein is interesting from the viewpoint
of the nonequilibrium statistical physics of local nonequilibrium states. It
has been reported that strong heat fluxes flow inside the protein molecule
when the molecule is in the reaction. Such the chemical reaction phenom-
ena cannot be described by the nonequilibrium statistical mechanics or the
nonequilibrium thermodynamics based on the local equilibrium hypothesis.
These previous reports make the author believe that the strong heat fluxes
inside the reacting protein essentially operate the processes and the rates of
the reactions, and that the local nonequilibrium effects play an essential role
also in such the small nonequilibrium system as the reacting protein. For a
usual large nonequilibrium system such as a nonequilibrium gas system un-
der a heat flux, we have already found that the macroscopic heat flux affects
the rate of chemical reaction of gases, and that the second-order solution of
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the Boltzmann equation which reflects the local nonequilibrium effect plays
an essential role for estimating it. The author trusts the significance, the
necessity and the possibility of constructing the nonequilibrium statistical
mechanics and thermodynamics of the local nonequilibrium state through
the small and strongly nonequilibrium system such as the reacting protein
molecule.
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Appendix A

Calculation of (),

From the definition of Qk,, 2, can be calculated using the mathematical
properties of the spherical harmonic functions and Sonine polynomials.[25,
26] For example, ¢1,Qg, can be rewritten as

1
2kT\ ? VT,omok o, 2kT
(55) e = o) St (@ o) - ——ev B @), (A1)
using the recurrence formula[155]:
1
2T 2 25T
@k+1) () ntile) = Vi) - -dvBe).  (A2)

Integrating eq.(A.1) over (2x7/m)*/?c; with f; from eq.(2.13) can be per-
formed by using the orthogonality properties of the spherical harmonic func-
tions and Sonine polynomials such as

J

¥ XX SP(X)SY(X)dX = b4 A3
Jy XrTRSUX)SHK)AX = g (43)
with the Kronecker delta 6,4,
/ P Xk X g (X)87 L (X)dX = — D" (A.4)
1 3 - ] .
0 kt3 k+s L(p+k+2)g!
for p =q and p = ¢ + 1, and is zero otherwise, and
1 20m.n !
[ PO)PP (X)X = = (m+p)! (A.5)
-1 2m+ 1 (m — p)!
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(see refs.[25, 26, 155]) Finally, we can calculate Dy ,, Ej, and Gj, defined
as

(1)
k—1,r+1

(A.7)

(A.8)

1— 1— 11—
ch,r = _Clekr; Elc,r = —Clka,,- and Gk,r = _Clekr- (AG)
n n n
The results can be written as
1 3 1
D = sl(b+r+ B0 — B, b= s B0, — (r+ 1B
and
1 1 1 1
B = sosllb+r+ 500, — O, b= 5 {00, = 100,
and
k+1 3 k
Grr = Sy 3{(/f +r+ §)Bk+1,r — By} + % 1{Bk—1,r — (r+1)By_1,11}-

Additionally, ¢1,0,Q- can be rewritten as

£ 0, T k
e N Velenl(r+ 5)87,2(¢D) — S (D)

2 2/£T) T

(A.10)
using the formulae[155]:
Ox SE(X) = —STH (), (A11)
and
XSHg( ) = S,f;;(X) - Sy (X). (A.12)

(A.9)

Therefore, by integrating eq.(A.10) over (25T/m)'/%c,, with f; from eq.(2.13),

it is found that

_ 8,T k
Clzaszr =N

71+ 5) Dy = Diya ) (A.13)

Similarly ¢1,0,Qkr and ¢;,0,Qk, are obtained by replacing the differential
coefficients with respect to = by the corresponding differential coefficients
with respect to y and z, the Dy ,’s by the corresponding Ej,’s and Gy ,’s,
respectively. Substituting these results into eq.(2.23), (%, finally becomes
eq.(2.25).
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Appendix B
Details of F}.(x)

The details of F}. (x) are as follows. Substituting the general forms of fi,
f2 in eq.(2.13) and @}, in eq.(2.21) into F},.(x) in eq.(2.28), Fi.(x) can be
written as[25]

FL00 = > WIS, (B)
n1,n2,k1,k2,k1>p1>0,k2>p2>0

where the summation with respect to p; and p, is performed from 0 to k; and

ks, respectively as seen in eq.(2.15). Here Z%"/>"""?(x) is the characteristic

integral defined as

S 3 25T
\:k”k:kj’pl’m(x) = P(lﬁ +ni+ 2) (kQ +no + = ( ) ///eXp[ Cl + 02)]
x Yk(cl)ym)(cl)y,§52>(c2)s,:+% (e?)Sp, 1 () Spz, s (c5)gdedeader.
(B.2)
Note that the integrals containing products like Y} ) (c)ZP 2)(c2) are zero,
owing to the orthogonality properties of the spherlcal harmonic functions,

while those containing Z; » 1)( )7 ,§ )(cg) are identical with the corresponding
integrals =/} 02 P12 (x ). The factor Wikl al P in eq.(B.1) is defined as

k+kq1+ko

m 3 m 2 1
Wiy = " (27mT> (2/$T) nl!n2!(k * 5)\/7?
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which is obtained from the prefactors and the coefﬁments 1n the general form
of fi, fo in eq.(2.13) and @)}, in eq.(2.21). Note that Ck1n10k2n2 appear from

the integrals containing Z,g’fl)(cl)Zgﬂ(cQ), and that B\ = By, and C) =0
from eqs.(2.15), (2.16), (2.17) and (2.18). The constant ¥}}” is defined as

U =1 for p;=p;=0, (B.4)

and

p1,p2 4(/€1 _pl)!(k2 _pl)!

= for = 0. B.5
kiok2 (kl + pl)!(kg + pl)! P1 P2 7£ ( )

Here W} "7 for p; # pa is not necessary for our calculation.[25] It is found that

we need only to evaluate the characteristic integral =7, ";>*""*! (x) in order to
calculate Fy, (x). Our calculation of Z;'%>"** () is written in Appendix C.

Our calculation has been performed mainly based on Burnett’s method[25].
We have, however, made some modifications on his method, which make the
calculation of = 7,?12;” “P1(x) much easier. (see Appendix C) We emphasize
that our calculation could not be carried out completely if we did not make
the modifications on Burnett’s method.

Once the characteristic integral Z/,12>"""!(x) has been derived, F}..(x)

is now calculated from eq (B.1) with W,f}g’ln,“;;p “P1in eq.(B.3). Note that the

coefficient term B! B®?) 4 o) ¢p2) iy Wil ePtPt can be determined for

each order when the suffices k1, k2, n1, no, p1 and po are specified.
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Appendix C

Calculation of =} 2PLP2(y)

k1,k9

In this appendix, we explain how to calculate 2} "2>""**(x) which appears

in eq.(B.2). As is mentioned in Appendix B, we need only to evaluate the

characteristic integral Z},)2>"""! (x) in order to calculate Fy,(x): M{:?,})’O’O’O
can be calculated from eq.(D.3) with Z775"%(y), M;:Zl_’g,f()o can be cal-
culated from eq.(E.9) with E;’;zgﬁf(x), M,::ill’"?’o’o can be calculated from
eq.(E.10) with Z1"%(x) and M T{">"" can be calculated from eq.(E.11)

. —r,n1,n2,1,1
with =7 (x)-

C.1 Introduction of 07",

The relative speed g can be represented as

LE) @ o+ dA mAg?
1o Lo et

m_\2 &T Joo (—A)2 25T

(2nT)

Equation (C.1) is known as Hankel’s contour integral.[25, 155] Therefore,

—=7n1,12,P1,P2

using eq.(2.14), the characteristic integral ="} "}” (x) corresponds to the
coefficient of s"1¢"?u" in

O
i, = ankz:kﬁ%/ / [ [V @ e
26T

x exp{—(act + Bc; + yc}

). (C.1)

mAg?
2}; )}dedesdey, (C.2)
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that is,

Ok = 2 B 00sM (C.3)

r,ni,n

In eq.(C.2) «, B and +y are defined as

1 1 u
= =— = , C.4
a=s— B=7—p 1=E7, (C.4)
and v, r, % 1S given by
1—s) ®3(1—t)R 51 —u)~*3
R T )

F(k+7‘+§)

It should be noted that the integration in eq.(C.1) does not appear for
Maxwell molecules. This is why calculation of the velocity distribution func-
tion for Maxwell molecules becomes much easier than that for hard-core
molecules. [25, 26] Finally, we need only to evaluate the characteristic inte-

D1,P2 3 —=7,n1,n2,p1,P2
gral ©3"% in order to calculate =/, >P1P2 ().

C.2 Derivation of the Inductive Equation

In order to evaluate ©}';"%, in eq.(C.2), let us derive an inductive equation

\P1,P2 shd D1,D2
for © %, , which is related to ©y ;% by

P1,P2 01,02
O, = Vi kORI, (C.6)

By replacing ¢;, and ¢y, by ¢1, —w and cg, — w, respectively, ¢}, and ¢, will
be changed to ¢}, — w and ¢}, — w. At the same time, the relative speed ¢

is not modified, and the value of ©};"% is unchanged. Therefore, @ﬁl,fl’zkz is

independent of w and dlfferentlatlon of @ifffl’f’kz with respect to w gives zero.
After this differentiation has been performed and w has been set to zero, it

is found that

Le) ¢ so+
wcl,/@,kﬁ%r/ %///exp{ acl+6cz+701

25T

2
) }deCg dCl X
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1
2m\ 2
25)" ot i i = vy o

(k1 + )Y Y8 — (ks + po) YY) ) = 0,
(C.7)

employing the formulae[25, 155]:

m \z m \3 . .
(o) 0 Vi) = Wi 1(e), (50) B Vi (1) = (i )V (),
(C.8)

for i =1 and 2. Then, by using the formulae[25, 155]

2kT\ ? 2kT

(Z25)" @6+ DebYilel) = (b + DYina(el) + ——keVioa(ch),  (C9)
and
2kT\ , , 2T ,
(Z55) @hi+ Dt () = (k= pro+ DYZ () + = (i + )PV (e,

(C.10)
for i =1 and 2, eq.(C.7) becomes

F(%)7 i /0+ - ///exp{ (ac] + e + 77 +

g2
i ) }dedeode; X

()" 277 (A
{M?”[%{(kl p1+1m&+’1+£(k + )Y} — (ky+p) V)
+ka,§§’1>[#§+1){(1@ e+ Y 4 ﬂ(k + )Y 2} — (ko + pa) Y22
+Y;§f’“lﬁ§52)[${(/€+1)Yk+1+£m 12} — kY, 1]}

(C.11)

From eqs.(C.2) and (C.6), eq.(C.11) leads to the inductive equation

moa(ky —pi+1) pp 20k + 1) ORI 14,
KT (2ky +1) FRtbke o (9p, 1 1) O

— (k1 + p1)ORE 1,
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mBky =2+ 1) s 200k £ 12) b e
K)T(sz + 1) k,k1,k2+1 (2k2 + 1) aﬁ k,k1,ka—1
my(k +1) QP1:P2 27k 66?—,1{,2161,162 LOPLP2 -0
m k+1,k1,ka (2]{) + 1) a,y - k—1,k1,ks —

(C.12)

for ©74%%,. Because of this inductive equation, once the initial value ©F}"%

is known for all &k, ko, p1 and p,, then the values of the integral éi}lﬁ?kz for

any k, ki, kz, p1 and po, can be obtained, and ©};%%, is then obtained from

eq.(C.6).

(Burzlett[%] chose to work with ©54%%, (A) (i.e. before integration by A )
rather than (:)ﬁf,fz *ty» and he derived an inductive equation for that quantity;
he then calculated ©}'”%, by integrating his result over A. We, however, have
chosen to work with (:)ﬁj,;’l’fh in our calculation. As a result, the calculation
of ©}}%, becomes much easier.

C.3 Calculation of the Initial Value

The initial value of the inductive equation (C.12), i.e. ©f}P%  has been

calculated and written explicitly in ref.[25], so that we do not carry out the
derivation of the initial value here. We note that, although Burnett chose
t~he value of ©7}",(A) as the appropriatejnitial value, he also calculated
©047%,- The result is that the initial value ©f}~?%, is zero unless k; = k; and
p1 = pq, in which case it is the coefficient of y*! in

. dé
T”lszlaﬁ——l——%/ ’
o = Ot BT ey E 4 Brcos § — Liypsinxcosd)?
(C.13)
that is,
S
o= ey (C.14)
k1 1
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where the prefactor ¢! is given by

nojot

o (ki4+p)! k! ™
= 1
Lkl n(kl . pl)! kl + % (ﬂ)kl+%’ (C 5)

26T

with 7 = 1+0¢,,. It is convenient to expand the integrand in powers of cos £
before carrying out the integration with respect to & in eq.(C.13). [25] Note
that ©f}"%, is obtained by v, k, 0005 %, from eq.(C.6).

C.4 Evaluation of Z;}V2""" ()

Using the inductive equation (C.12) and the initial value égj,;fjkl calculated

in section C.3, the values of the integral ©}"% for any k, ki, ko, p1 and p,,

can be obtained with the relation (C.6). The result is that ©}}?,, vanishes

unless p; = po and k = |k; — ko| + 2¢, where ¢ is a positive integer or zero.
—=7T11,12,P1,P1 P1,P1

In order to obtain Z/\7>"""(x), it is sufficient to have ©}}"", only for

ki > ko. This is because the value of EZ%Z;” YP1(x), with k; and ks, n; and
ny interchanged, corresponds to the value of Z3 /""" (x) with x replaced
by m — x. Thus, if k1 # ky or ny # ng, Z k2P (x) for any set of &1 and

ks, nq and ny corresponds to
—=7,n1,12,p1,P1 _ —=rni,n2,p1,p1 —=7,n1,12,p1,P1 _
Sk k1 ko (x) = Sk k1, ko (x) + Sk k1, ko (m = x), (C.16)

for ki > ky ; if ky = ky and ny = ny, then Z710%P1P1(x) gives the required
value at once.[25]
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Appendix D

Calculation of the First Order
Coefflicients B/IW

Let us explain how to obtain the first-order coefficients, that is, how to solve
the integral equation (2.4). To begin with, we calculate Q} in eq.(2.25) to
first order; Q. for first order corresponds to the right-hand side of eq.(2.4).
For first order, Q}. in eq.(2.25) can be calculated by substituting By = 1

into the expressions of Dy, Ey, and Gy, in eqs.(A.7), (A.8) and (A.9): the
(0)

coefficient Byy = 1 corresponds to f; = f;’, and higher-order terms do not
appear in QL for first order. Q. for first order finally becomes
1
n/ m)\ 20T
o= n ()T, b
=T \2kT) 92 ¢ (D-1)

Now . for first order is found to vanish unless k& = 1, so that we need
calculate only AET for first order; as was mentioned in the end of §2.1, we
do not need to consider the case in which the right-hand side of eq.(2.4)
becomes zero.[3] To derive AT, in eq.(2.27) for first order, we must calculate
both W' PPP and ZP%02 PPt in FY (x) of eq.(B.1) for first order as was
shown in the previous subsection. The result for A{! to first order can be
written finally in the form

) ’050’0
AII_IT == BOO z B{nl M{,ib , (DQ)
ni
where the set of the coefficients By, By is obtained from W7’ }:8’0’0 in eq.(B.3).
f1 in eq.(2.28) contains only By = 1 and the first-order coefficients, i.e. the
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family of B,Icm1 to first order; f, in eq.(2.28) also contains Byy = 1 and the
family of B,IML2 to first order. Thus, we obtain only the term B{mBOO from
Wffi:g’o’o to first order using the fact that F}..(x) = 0 unless k = |k; — k| +2¢.
Note that it is sufficient to consider only the case for k1 > ky as is explained
in ref.[25] and Appendix C, and that we set ¢ = 0. The matrix M{T5** is

thus obtained

r11,0,0,0 3n20mn,!
o 6473 4T
Ko
x[TERO00 - SR 0)]sin S cos Sy, (D3)
0

using eqs.(2.27), (B.1) and (B.3).
For k = 1, eq.(2.31) gives simultaneous equations determining the first-

order coefficients Bj, , i.e.

of, = Y B, M"Y, (D.4)

Iny
ni>1

from eqs.(D.1) and (D.2). Note that we need only to obtain the first-order
coefficients B}, for ny > 1, because Bjy = 0 from eq.(2.19). We have
calculated the matrix M{«:%,o,o,o for 1 <r <T7and1<n; <7 from eq.(D.3),
and we have confirmed that Mﬁ’ln,(l)’o’o’o for 1 < ny < 7 calculated from eq.(D.3)
vanishes. Our result for er,,%,o,o,o forl1 <r<7and1<mn; <7Tis given
in Appendix F. At last, we can determine the first-order coefficients B{m by
solving the simultaneous equations (D.4), that is, Bj, can be obtained as

Bi,, = > Qi(M{T5") 7, (D-5)

r>1

where X ! represents the inverse matrix of a matrix X. Note that we have
confirmed, using egs.(D.1) and (D.3), that both sides of eq.(D.4) for r = 0
vanish, so that we need only calculate both sides of eq.(D.4) for r > 1.
Finally, the results of the first-order coefficients By , , i.e. By, in eq.(2.15)
can be calculated as in eq.(2.32).
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Appendix E

Calculation of the Second
Order Coeflicients B]ICIT

Let us explain how to obtain the second-order coefficients, that is, how to
solve the integral equation (2.5). The coefficients of first order, i.e. the family
of Bj,., have been obtained as given in eq.(2.32), so that we can employ them
to determine the second-order coefficients, i.e. the family of Bj..

To begin with, we calculate QF. in eq.(2.25) for second order; Qi for
second order corresponds to the first term on the right-hand side of eq.(2.5).
For second order, Qi in eq.(2.25) can be calculated by substituting the family
of By, into the expressions of Dy, E, and Gy, in egs.(A.7), (A.8) and (A.9);
other terms do not appear in Q}} for second order. The results of the tedious
calculation of Q). to second order finally become as follows. For k = 0, Qf.
becomes

Qf =0, (E.1)
for r =0 and 1,
3% 1 m \ "3 21 7
H _ Y 2 (2= _ 2 _ _
02 = 39 o (%T) {(VT) ( e 4b”> +IV) (2b12 bll)} ’

(E.2)

for r = 2, and

N

5 ]. m - 3
QH = — ( > {T 2T [ Yoy — by, ]
T 16 \2ro2T? \ 26T (V*T) |(r + )b = by

91



3
+ (VT)2 |:(7“2 +r— Z)blr — 2Tb1,r_1 + bl,r_2:| } 5 (E3)

for r > 3. Note that values for the constants by, are summarized in Table
2.1. For k = 2, Qi becomes

Oy = %Vﬁ;P(igfa{gﬂ(an — (3,T)* - (8,T)*]

— T 20T — 2T — 32T|}, (E.4)

o = 2L () 0y - 1) = 0,177 [Shn— 30

16 /270272 \2kT
+ T [20°T — 2T — 32T [byy — 2bsa]} (E.5)
and
i _ 51 (m)%
T 16 2102T? \2kT

x {1 = @T) = @] [~ + 1)+ Hbirss + (2r + )b, -
+ T [20°T — 82T — 82T [~ (r + brrsr + blr]} :
for r > 2. For k =1 and k > 3, we find that Q} becomes
Q. = 0, (E.7)

for any value of r.

Next let us calculate A}l in eq.(2.27) for second order. In order to derive
A} for second order, we have to calculate W}' }6’1"2”’ PPt and PR VERPLPL in
FkT( ) of eq.(B.1) to second order, as was shown in Appendix B. For even £,

Al to second order results in the general form:

,0,0,0 ,n2,0,0
Agr = BOO Z Bk 2q,n1Ml: Zl 2q,0 + Z Blm lngMI: ?117L2
n1,0<g<% n1,M2
(1)1 DI 1,1
+ Z [Bgn)l Bln)2 + Clnl C§n)2 ]MI: ?11 e . (E8)

n1,m2
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Here the set of the coefficients Bl 9q.n; Boo can be obtained from W"“OOO

2¢,0
in eq.(B.3). The set of the coefficients B} B]

1n, B1n, 1s obtained from Wn1,n2,00
in eq.(B.3); By, from f and By, from f; are the first-order coefficients

obtained in eq.(2.32), so that Bl Bi is second order. Similarly, the set of

1ni1~1ng

the terms B BU! 4 Clm Cm is obtained from W} in eq.(B.3); B!

1ny lnz 1lny»

1ns

le from f; and Blnz, Cln2 from f2 are the first-order coefficients obtained
in 2.2.3, so that BMI B§n)2 nd le C1n2 are also second order. To second
order, f; of eq.(2.28) contains only Byy = 1, the family of B}, obtained as
eq.(2. 32) and the family of Bjl, to be determined here; f, of eq.(2.28) also
contains only Byy = 1, the family of B}, ,,, and the family of By, to second
order. Thus, we can only obtain the sets of the terms in eq.(E.8) for second
order by using the fact that F}! (x) = 0 unless k = |k; — ko| + 2¢: the second
and the third terms on the right-hand side of eq.(E.8) do not appear for odd k.
Note that it is sufficient to consider only the case for k; > ko, as is explained
in ref.[25] and Appendix C, and that B1n1 011)1 or C&)IIB&)QI does not appear
owing to the orthogonality properties of the spherical harmonic functions.
(see Appendix B) The matrix M,;’ :1’3;’00 in eq.(E.8) is thus obtained as

2 52 3 k—gq 1
Mrm,OOO _ n-o ( m ) (m) 1k 1
kik=20,0 > \anwr) \aur) ™+ IVT
i = 707070 —T, ,0,0,0 . X X
[ Es 00 — SRhes ()] sin S cos 2dx,  (E)
using eqs.(2.27), (B.1) and (B.3). Similarly, the matrices M,::?H"”Oﬁ and
My ?11’"2’1’1 in eq.(E.8) are derived as

. 3 kg 1

Mr,nl,nz,O,O — ng < ~ > ( . )2 e 2

e 9 o kT 25T ni!no!(k + 2)\/77'
o ‘/0 [Ez,ﬁ,ling,o,o (X) o EZ:"{HN%O;O(O)] Sin % COS %dX)

(E.10)

and

2 2 3 LN 1
Mrn15n25151 — n-o ( m ) ( m )2 ! ! k _
k1 2 \omer) \gup) Ml g)vm

Ko
y / [EZ,Tim,l,l (X) o EZthl,m,l,l(O)] sin X COS ng;
o h

2
(E.11)
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respectively.
For even k, eq.(2.31) finally leads to simultaneous equations to determine
the second-order coefficients By, :

H _ r,n1,0,0,0 r,n1,n2,0,0
ri - Z Bk 2qn1Mkk 2q,0 + Z B1n1 lnngll
n1,0<q<k n1,n2
(Wl p (1 T nl,nz,l,l
+ Z [B1n1 lnz + Clnl Clnz ]M (E12)
ni,n2

from eq.(E.8). The second and the third terms on the right-hand side of
eq.(E.12) correspond to J(fl(l), fz(l)) in the integral equation (2.5). Thus, it
had been believed that eq.(E.12) should be considered for all even & because
the contribution from the right-hand side of eq.(2.5) would not become zero
even when QF which corresponds to the first term on the right-hand side
of eq.(2.5) is zero.[25] However, for £ = 4, 6 and 8, we have confirmed that
the second and the third terms on the right hand side of eq.(E.12) disappear,
which leads to the fact that it is not necessary to consider eq.(E.12) for k = 4,
6 and 8. Therefore, it is natural to expect that we do not need to consider
eq.(E.12) for even k furthermore. Our contention that the second and the
third terms on the right hand side of eq.(E.12) will disappear for k& = 2n
with the integer n > 2 should be demonstrated by a mathematical proof in
the future. It should be mentioned that the second and the third terms on
the right-hand side of eq.(E.12) do not appear for odd &, and QI to second
order is found to be zero for odd k, so that we do not need to calculate AL
for odd k; it is not necessary to consider the case in which contribution from
the right-hand side of eq.(2.5) becomes zero.[3]

Now, we need to consider eq.(E.12) only for £ = 0 and 2. If £ = 0,
eq.(E.12) leads to simultaneous equations to determine the second-order co-
efficients B} :

Onq*
H _ 11 r,n1,0,0,0 rn1n200
Q, = > Bo, Mooy 7+ > Bi,,Bl,, My
n122 ni,n2
(1 ) (I (1)1 M n1 na,1 1
+ Z [Blnl 1ns + Clnl Olng] Y (E]‘3)
n1,n2

that is,

I _ H T' ,n1,n2,0,0
Bonl - Z {QOT Z Bln1 1ns 0 1,1

7'22 ni,n2
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1ni n1 1n2

. Z [B(l) B1n2 + Cll)I (1)1] rn’ll,nz,l,l} (MS:S,B,O,O,O)—l’ (E14)
ni,n2

with Qf in eqs.(E.1), (E.2) and (E.3). We should derive the second-order
coefficients By, only for n; > 2, because By = 1 and By; = 0 from eq.(2.19).
We have calculated the matrix Mg{;};" 00 for 2 <r <6 and 2 < ny < 6 from
eq.(E.9), and we have confirmed that Mg’ 35’0 %0 vanishes for = 0,1 and
2 < n; < 6. We have also calculated the matrices Mg’ {“1’"2’0’0 for 2 < r <6,
1 <ny <7and 1< ny <7from eq.(E.10), and we have confirmed My} 1,020, 0
vanishes for r = 0,1,1 <n; <7 and 1 < ny < 7. Our results for MT "1’000
for2§r§6and2§n1§6andMg{“1’"2’O’0for2§r§6,1§n1§7and
1 < my <7 are given in Appendix F. The matrices Mg:ﬁll’m’l’l for 2 < r <6,
1 <n; <T7and 1< ny <7, which can be calculated from eq.(E.11), are also
obtained from the symmetric relation M3 %0 = My ”1’"2’11 arising from
properties of the spherical harmonic functlon. Finally, we can determine the
second-order coefficients B, in fi, i.e. Bj. in eq.(2.13) as in eq.(2.38).

If £ = 2, eq.(E.12) leads to simultaneous equations to determine the
second-order coefficients Bl :

2n1*
H _ I 7,m1,0,0,0 11 T,n1,0,0,0 r ,n1,12,0,0
QQ'I‘ - Z [B27L1 M2 2 0 + BOn1M2 0 0 ] + Z Blnl 1n2 2,1,1
n120 ni,n2
Wl p DIy A r m,m,l,l
+ S BBY 4 oot My (E.15)
ni,n2
that is,

I __ H rnl,nz,0,0
B2n1 - Z {QQT Z Blm 1ns 2,1,1

r>0 n1,n2

1ny 17L2 1nso

_ Z [B( M p (LI + Cln1 C’(I)I]Mgﬁll’"z’l’l} (Mr n1,000) ’ (E.16)

n1,m2

with QI in eqs.(E.4), (E.5), and (E.6). Note that we have confirmed M;g})’o 00
in eq.(E.15) becomes zero, which had been also confirmed by Burnett[25].
We should derive the second-order coefficients By, for n; > 0. We have
calculated the matrix M’“"l’0 %0 for 0 < r < 6and 0 < n; < 6 from

eq.(E.9), and also the matrices M;?II’M’O’O for0 <r<6,1<n <7
and 1 < ny < 7 from eq.(E.10). Our results are given in Appendix F. The
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matrices M;“;{?f"%l’l for 0 <r<6,1<n <7and1 <ny <7, which can
be calculated from eq.(E.11), are also obtained from the symmetric relation

Mg;?}f"%o’o = —ZMQT:?j’”Z”l’l arising from properties of the spherical harmonic
function.[25] The second-order coefficients By, in fi, i.e. Bi. in eq.(2.15)

can be written in the final form shown in eq.(2.39).
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Appendix F

Matrix Elements

F.1 Mrnl,OO,O for 1<r<7and 1<n; <7

The matrix elements M”“’0 Wior1 <r < 7and1 < n < 7 divided

by M};};S’O’O = 18 (2’:T) \/27m202 calculated from eq.(D.3) are given as
follows.

1 —5.000 x 1071 —1.875 x 107! —1.875x10"! —2.930 x 10~! —6.152 x 107!
—7.143 x 102 1.607 —1.379 —7.902 x 101 —1.117 —2.342
—1.984 x 10-3 —1.022 x 10~ 2.105 —2.523 —1.932 —3.516
—9.019 x 1075 —2.661 x 1073 —1.147 x 101 2.532 —3.883 —3.717
—4.336 x 1078 —1.158 x 107% —2.702x 1073 —1.195 x 10~1 2.911 —5.431
—2.023 x 1077 —5.391 x107% —1.093 x 10~¢% —2.542 x 1073 —1.207 x 107! 3.254

—8.927 x 1078 —2.455x 10~7 —4.808 x 107% —9.497 x 10~° —2.330 x 10~3 —1.201 x 107!

F.2 Mml’oo’0 for 2<r <6and 2<n; <6, and
M&ﬂm’o’o for 2 <r <6,1<mn <7 and
1 S D) S 7

The matrix elements Mg 6‘})’000 for 2 < r <6 and 2 < n; < 6 divided by

Mggg 00— _16 (%T) 2mn%0? calculated from eq.(E.9) are given as
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1 —7.500 x 1071 —3.750 x 10~ —4.688 x 10~! —8.789 x 10!
—7.143 x 1072 1.661 —1.795 —1.239 —2.047
—1.984 x 1072 —9.970 x 102 2.179 —3.068 —2.699
—9.019x107% —2.503x 1073 —1.116x 101 2.616 —4.537
—4.336 x 107 —1.060 x 107* —2.517x 1073 —1.163 x 10! 2.998

The matrix elements

2,1,1,00 _ 2 ( m
by M0,1,1 =15 (%—T
1 0.500
0.500 3.750 x 10~1
0.000 9.375 x 101
—9.375 x 10~1  8.203 x 101!
—4.10156 —1.8457
—1.661 x 10! —2.030 x 10!
—7.106 x 101 —1.320 x 102

The matrix elements M,

2,1,1,0,0 .
by My are given as

—2.143 x 101 1.107
1.107 3.125 x 101
4.286 x 10~1  8.438 x 10!
—2.009 x 10-1 1.364
—2.804 1.421
—1.534 x 10! —6.724
—7.890 x 100  —8.339 x 10!

The matrix elements
by M21h100 .
y Moh are given as

—9.921 x 1073 —1.994 x 101
—1.994 x 10~ 2.344 x 10~
7.381 x 101 4.297 x 1071
3.679 x 10—1 7.939 x 101
—4.429 x 101 1.640
—5.552 1.920
—3.669 x 10! —1.535 x 10!

g,,lnj,nz,O,O for 1 <ny < 7and 1< ny <7 divided

1

0.000 —9.375 x 101
9.375 x 10~ 8.203 x 10!
1.230 5.537

5.537 1.015 x 10!
1.015 x 10! 6.598 x 10!
0.000 1.856 x 102
—1.856 x 102 2.629 x 102
g’aﬁllan27050 for 1 S nl S
4.286 x 10-1  —2.009 x 101
8.438 x 101 1.364
8.412 x 101 4.175
4.175 6.526
1.127 x 101 4.604 x 10!
2.610 x 101 1.723 x 102
—2.651 5.998 x 102

4,n1,12,0,0

7.381 x 10~!  3.679 x 10!
4.297 x 101 7.939 x 10!
3.472 x 107! 1.709
1.709 2.458
5.241 1.759 x 10!
1.727 x 10! 7.272 x 10!
4.837 x 10! 3.209 x 102

. 5 0,0
The matrix elements My7' """ for 1 <ny <

2,1,1,0,0 .
by My;’y™" are given as
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)_5 2mn?0? calculated from eq.(E.10) are given as

—4.102 —1.661 x 101 —7.106 x 10!

—1.846 —2.030 x 100  —1.320 x 10?2
1.015 x 10! 0.000 —1.856 x 102
6.598 x 101 1.856 x 102 2.629 x 102
1.547 x 102 1.315 x 103 4.995 x 103
1.315 x 103 3.746 x 103 3.934 x 10
4.995 x 103 3.934 x 104 1.319 x 10%

7 and 1 < ny < 7 divided

—2.804 —1.534 x 101 —7.890 x 10!

1.421 —6.724 —83.39 x 10!
1.127 x 101 2.610 x 10! —2.651
4.604 x 101 1.723 x 102 5.998 x 102
9.647 x 101 8.782 x 102 4.188 x 103
8.782 x 102 2.296 x 103 2.556 x 104
4,188 x 103 2.556 x 10% 7.990 x 10%

7 and 1 < ny < 7 divided

—4.429 x 1071 —5.552 —3.669 x 10!
1.640 1.920 —1.535 x 10!
5.241 1.727 x 101 4.837 x 101

1.759 x 10! 7.272 x 101 3.209 x 102
3.502 x 10! 3.241 x 102 1.675 x 103
3.241 x 102 8.171 x 102 9.241 x 103
1.675 x 103 9.241 x 10> 2.809 x 10%

7 and 1 < ny < 7 divided



—6.313 x 1074 —8.342x 1073 —1.088 x 10~! 5.386 x 10~! 3.223 x 10~! —6.974 x 10~! —9.148
—8.342 x 1073  —3.906 x 1072 2.539 x 10~!  3.149 x 10! 7.379 x 10~ 1.853 2.361
—1.088 x 10~ 2.539 x 10! 1.209 x 10~ 5.284 x 10~ 1.632 6.046 2.361 x 101
5.386 x 10~1 3.149 x 101 5.284 x 1071 6.993 x 1071 4.906 2.087 x 101 1.008 x 102
3.223 x 1071 7.379 x 107! 1.632 4.906 9.396 8.670 x 10! 4.612 x 102
—6.974 x 101 1.853 6.046 2.087 x 101 8.670 x 101 2.133 x 102 2.417 x 103
—9.148 2.361 2.361 x 10! 1.008 x 102 4.612 x 102 2.417 x 103 7.216 x 103
. 6 0,0 ..
The matrix elements My1'7™™" for 1 < ny <7 and 1 < ny < 7 divided
2,1,1,0,0 .
by My}’ are given as
—3.902 x 1075 4947 x10~% —-3.850 x 103 —6.637 x 1072 4.158 x10~1 2.872x10~! —9.554x 101
—4.947 x 1074 —1.628 x 10~3 —3.662 x 10~2  1.559 x 10~!  2.430 x 10~! 6.887 x 101 2.033
—3.850 x 1073  —3.662 x 1072  5.814 x 102 1.499 x 10~1  4.137 x10~! 1.542 x 10~ 6.713
—6.637 x 1072 1.559 x 10~! 1.499 x 10~1 1.698 x 10~1 1.124 4.730 2.351 x 10!
4.158 x 101 2.430 x 101 4.137 x 10~1 1.124 2.055 1.864 x 10! 9.971 x 10!
2.872 x 10~1 6.887 x 101 1.542 4.730 1.864 x 101 4.477 x 10t 5.042 x 102
—9.554 x 10~1 2.033 6.713 2.351 x 101 9.971 x 101 5.042 x 102 1.483 x 103
r,n1,0,0,0
F.3 My, for 0 <r <6 and 0<n; <6, and
1= - - - -
r,n1,12,0,0
Myyi for 0 < r <6,1<n <7 and
1 S % S 7
. 0,0,0 ..
The matrix elements Myyy " for 0 < r < 6 and 0 < ny < 6 divided by
1
0,0,0,0,0 —3 .
Mynpy " = -2 (—ZL”T) V2mn%0? calculated from eq.(E.9) are given as
1 —2.500 x 1071 —6.250 x 1072 —4.688 x 1072 —5.859 x 10~2 —1.025 x 10~! —2.307 x 10~!
—7.143 x 10~2 1.220 —7.277 x 1071 —3.203 x 10~ —3.686 x 10! —6.519 x 10~! —1.529
—1.984 x 10~3 —8.085 x 102 1.474 —1.399 —8.883 x 101 —1.385 —3.177
—9.019 x 1075 —2.157 x 1073 —8.479 x 10~2 1.720 —2.228 —1.847 —3.629
—4.336 x 1076 —9.546 x 10-% —2.071 x 10~3 —8.568 x 102 1.950 —3.190 —3.263
—2.023 x 10-7 —4.502x 10-% —8.606 x 10~% —1.894 x 10-3 —8.508 x 102 2.164 —4.272
—8.927 x 1072  —2.071 x 10~7 —3.872x107% —7.299 x 10-% —1.706 x 10~3 —8.376 x 102 2.364
. 0 0,0 ..
The matrix elements M,7'7"*™" for 1 <ny < 7 and 1 < ny < 7 divided

1
) > V/2mn20? calculated from

0,1,1,0,0
by Miia ™" = 5 (55
1 1.500 1.875 3.281
1.500 9.375 x 1071 3.281 7.383
1.875 3.281 3.691 2.030 x 10!
3.281 7.383 2.030 x 101 3.299 x 10!
7.383 2.030 x 101 6.598 x 101 2.474 x 102
2.030 x 101 6.598 x 101 2.474 x 102 1.052 x 103
6.598 x 101 2.474 x 102 1.052 x 103  4.995 x 103
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eq.(E.10) are given as

7.383 2.030 x 101 6.598 x 101
2.030 x 101 6.598 x 101  2.474 x 102
6.598 x 101 2.474 x 102 1.052 x 103
2.474 x 102 1.052 x 103 4.995 x 103
5.258 x 102 4.995 x 103  2.622 x 10*
4.995 x 103 1.311 x 10* 1.508 x 105
2.622 x 104 1.508 x 105 4.712 x 105



. 1 0,0 ..
The matrix elements M21"11"2 “forl1 <n; <T7and 1< ny <7 divided
0,1,1,0,0 .
by M27’1,’1’ " are given as
2.119 2.060 3.080 6.752 1.861 x 101  6.104 x 10 2.312 x 102
2.060 7.545 x 1071 2.824 8.301 3.010 x 101 1.248 x 102 5.770 x 102
3.080 2.824 2.432 1.463 x 101 6.103 x 101  3.005 x 102 7.988 x 102
6.752 8.301 1.463 x 101 1.988 x 101  1.622 x 102 8.616 x 10> 2.230 x 103
1.861 x 101 3.010 x 10  6.103 x 10!  1.622 x 10> 3.012 x 102 3.086 x 10 8.499 x 103
6.104 x 101 1.248 x 102 3.005 x 102 8.616 x 102 3.086 x 103 7.270 x 10% 4.187 x 10*
2.312 x 102 5.770 x 102 1.639 x 103  5.289 x 103 1.977 x 10* 8.945 x 10* 1.235 x 105
. 2 ..
The matrix elements M27’1",11’"2’0’0 for 1 <my <7and 1< ny, <7 divided
0,1,1,0,0 .
by M27’1,’1’  are given as
—3.208 3.723 2.353 4.680 1.408 x 101 5.246 x 101 2.261 x 102
3.723 7.839 x 101 1.930 4.372 1.543 x 101 7.100 x 10!  3.800 x 102
2.353 1.930 1.639 8.168 2.855 x 101 1.354 x 102 7.988 x 102
4.680 4.372 8.168 1.142 x 101 8.268 x 101  3.816 x 102  2.230 x 103
1.408 x 101 1.543 x 101  2.855 x 10 8.268 x 10!  1.590 x 102 1.494 x 10%  8.499 x 103
5.246 x 101 7.100 x 101  1.354 x 102 3.816 x 102 1.494 x 103 3.642 x 103  4.187 x 10%
2.261 x 102 3.800 x 102  7.988 x 102 2.230 x 103 8.499 x 103 4.187 x 10% 1.2345 x 105
The matrix elements M237’1",11’"2’0’0 for 1 <mny <7and 1< ny, <7 divided
0,1,1,0,0 .
by My ;™" are given as
2.316 x 107! —3.556 2.962 2.416 6.145 2.369 x 101 1.115 x 102
—3.556 1.270 1.419 2.159 5.757 2.388 x 10! 1.323 x 102
2.962 1.419 9.495 x 101 4.013 1.170 x 101 4.614 x 101 2.451 x 102
2.416 2.159 4.013 5.255 3.507 x 101 1.441 x 102 7.320 x 102
6.145 5.757 1.170 x 101 3.507 x 101  6.573 x 101  5.863 x 102  3.063 x 103
2.369 x 101 2.388 x 101  4.614 x 10!  1.441 x 102 5.863 x 102 1.414 x 103 1.566 x 10%
1.115 x 102 1.323 x 102 2.451 x 102 7.320 x 102> 3.063 x 10> 1.566 x 10* 4.598 x 10*
3 47 b 1070 . .
The matrix elements M21"11 25 for 1 < ny < 7and 1< ny <7 divided
0,1,1,0,0 .
by My}’ are given as
6.619 x 1073 2.151x 10! —2.217 2.385 2.398 7.504 3.549 x 10!
2.151 x 10~1  —8.309 x 101! 1.685 1.211 2.238 6.959 3.336 x 10!
—2.217 1.685 5.252 x 10~1 1.737 4.391 1.488 x 101  6.628 x 10!
2.385 1.211 1.737 1.982 1.219 x 10'  4.681 x 107 2.172 x 102
2.398 2.238 4.391 1.219 x 101 2.157 x 101 1.843 x 102 9.230 x 102
7.504 6.959 1.488 x 101 4.681 x 101  1.843 x 102 4.308 x 102 4.644 x 103

3.549 x 10! 3.336 x 10! 6.628 x 101 2.172 x 102 9.230 x 102 4.644 x 103 1.337 x 10*

The matrix elements Mg’,’{ﬁ’m’o’o forl1 <ny <T7and1<ny

0,1,1,0,0 .
by My}’ are given as

100

< 7 divided



3.0725 x 10~4  5.543 x 10~3 1.139 x 10~1 —1.491 1.962 2.350 8.783

5.543 x 1073 4.365 x 102  —8.964 x 10~ ! 1.169 1.029 2.246 8.021

1.139 x 1071 —8.964 x 1071 4.822 x10"1  7.664 x 10! 1.534 4.554 1.770 x 101
—1.491 1.169 7.664 x 10~ 6.762 x 101 3.673 1.312 x 101 5.745 x 10!
1.962 1.029 1.534 3.673 5.965 4.841 x 101 2.340 x 102
2.350 2.246 4.554 1.312 x 101 4.841 x 10! 1.083 x 102 1.135 x 103
8.783 8.021 1.770 x 101 5.745 x 101 2.340 x 102 1.135 x 10° 3.182 x 103

The matrix elements M261" 11’"2’0’0 for 1 <ny <7and 1< ny <7 divided
0,1,1,0,0 .
by My,y"" are given as

1.499 x 1075  2.398 x 104 2.580 x 10—3 6.649 x 102 —1.060 1.646 2.293
2.398 x 10-%  1.062 x 10—3 4.099 x 102  —5.314 x 10~  8.456 x 10~1 8.811 x 10! 2.222
2.580 x 1073 4.099 x 102  —2.132x 10~! 5.888 x 10~!  5.703 x 10~ 1.346 4.602
6.649 x 1072 —5.314 x 10!  5.888 x 10! 2.452 x 101 1.044 3.317 1.358 x 10!
—1.060 8.456 x 10! 5.703 x 101 1.044 1.483 1.115 x 101 5.149 x 10!
1.646 8.811 x 101 1.346 3.317 1.115 x 10! 2.355 x 101 2.379 x 102
2.293 2.222 4.602 1.358 x 10! 5.149 x 10! 2.379 x 102 6.454 x 102
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