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On the Rational X(x,1l) - propefties

of Open Algebraic Varieties

Togshitake KOHNO

( University of Tokyo )

e

§ 1. Introduction

e In thls note we shall study the ratlonal K(Jr 1) - pro-
bertles of a complement of a lelsor. We shall say that a
s1mp11c1a1 complex X X is rational K(?Z 1) 1f 1ts mlnimal
algebra ls generated by the elements of degree 5;1

D Lt b A

By using the spectral sequence of Morgan.UlJ, we glve o
the explicit form of the minimal algebra of PZ minus curves

in 3§ 3. ?hevma;nithegrem‘infthis,note will be the following.

Theorem : - Let X ber P! minus a hypersurface D.

Then the l-minimal model of X, 77,(1), is formal. (i.e.

there exists a quasi isomorphism ¥ : M y(1) —> 1 (M x(1))

Applying this theorem and results in $§ 3, we have an
algorithm to study the gap between the 1l-minimal model 777Xf1)
and the minimal model ‘%WX » which is closely related to the
higher homotopy groups.
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2., Preliminaries

In this section we review an outline of Sullivan's De
Rham homotopy theory. For detafls, see [€], 18] and 03],

We denote by /\n(V). the free algebra on a vector space
V whose elements are of degree n . Then N (V) 1is the
polynomial algebra generated by V if n is even, and is the

exterior algebra if n is odd.

Definition (2.1). By a Hirsch extension of a differential
graded algebra ( d.g.a. ) A, we mean an inclusion A ¢«— B
of d.g.a, such that B is iSOmorphic to A.éblfgvd and the
| differential of B sends v ———9- Ak 1 » Where Ak+1 is the
degree kHpart of A ' '

Definition (2.2). A d.g.a. M is a minimal algebra

a) M is connected, i.e. M, = ground field.
b) There is an increasing filtration :
ground field = My € My C M, C auwues

such that Mj is a subalgebra of N, IVI‘_j C Mj+1 is a Hirsch
extention for each j, and \U. M;J = M, ‘

c) The differential of M, d, is decomposable, i.e.
d : I(M) —> I(M) is ' zero, where I(M) is indecomposable
elements of M,

Definition (2.3). Let A be a differential algebra.
An i- minimal model of A isamap S : M —s A of

d.g.a, such that :



a) M is a minimal algebra,
b I(M)= 0 in degree Z i+l.
c) §*: H(M)

and injective in degree= i+l.

H(A) 4is an isomorphism in degree < i

By the theorem of Sullivan [8] an i- minimal model exists

and is unique up to isomorphism,

Definition (2.4). Let K be a simplicial complex.
The Q- polynomial forms of K, ﬂ*PL(lKI ), are collections of
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forms, one on each simplex, «j on ¢ , such that Wslr = @r for

T a face of ¢ ( 7<o). Each &) can be written as:
2 P(Xy seeocee ,Xk>dX£|A - A dxg,
where X5, eeee » Xy aré the bary centric coordinates bfor o

and P is a poljrnomial with @ - coefficients,

Definition (2.5).  ILet X be a simplicial complex.

The minimal modelb of X = IKI, mX is defined to be a minimal

model of ﬂ*PL.(X,)‘,. |

Theorem ( Sullivan ) If X is nilpotent,
T (7y) = 7 (X)® Q fqr kK Z2,
where 7Z‘k( m X) is the degree k part of the indecompbsable
elements of mx . | :
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Definition (2.6) Ve ahall say that X is rational K(7z,1)
if ’mx(l) = ’mx- , where we denote Dby 7ﬂx(1) the 1 - minimal

model of X o

Let X be a plyhedron. We form the lower central series for

nl(X)DI— > 3/'_3 TR S

where /—2 = [ n, (X) nlﬁxl"]
and we define inductively ["1+1 [ nl(X) /" ]

We get the tower of nllpotent groups :
f* “1§X) /1"3 _’fq Fl(x)m/ F32 — e
It is a central extepSinn of»"nl(X)f//f’n_l by;ﬁhé abelian group
I v , , .
Then it is possible to " tensor " these nilpotent groups with

Q. This gives a tower of rational nilpotent groups, and is called a

rational nilpotentcompletion of ,ﬁi(X).

The 1 - minimal model of X , My(1) ha s the following

canonical filtratibn H
. 2
Q=M (1)° ¢ MCM 1) C .o
where ’%ﬂ (1)1 is the subalgedra generated by closed 1 - forms

and ’”7 (1)2 is the subalgebra generated by the elements

1
whose image under d is contained in %ﬂx(l) and so on.
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By dualizing, we get a tower of Q- Lie algebras ;
i S G
2 1

From the Sullivan's theorem [13 ] , this tower of rational ILie
algebra is the tower of nilpotent ILie algebra associated to the

rational nilpotent completion of =;(X).

Proposition (2.6) If X is rational K(?Z 1), X tas

a rational principal Postonikov decompositlon :

&
K(vz.(*h‘;,pa . Do

X fa
> K(?!S“%,QQ.J)
which induces: H(X) & 11m B (ﬂ’b%-ao ,Q) = H( 7r,(X), Q)

where 7Zl(X) is a rational nllpotent completlon of 7t (x).

This is the direct consequence of Sullivan's de'Rham'

homotopy theory and we omitt\the proof.

§ 3 The structure of the minimal algebras of

affine algebraic varieties

In this section we consider the following situation.
Let V  be a smooth projective variety ,and let D be a divisor
with normal crossings. We shall study the minimal algebra of
X =V - D. First, we fllter D in the follow1ng way.
We denote by DP the set of poits x € D such that ‘mult D3 D-

0

Let us denote by D~ the variety V itself.

5
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Let DP — DP be the normalization of DP and let €f be
the @ - local system over DP defined by the numbering of the

divisors.

We denote by A )Ié the @ - vector space :

8 HIFPC P 5 P

We introduce the Q- differential graded algebvra‘structure in the

direct sur :

Ry BA%

n n+l . . . '
Namely, d; : A X—-)ﬂ x  is defmed to be the d.g.a. homo-

morphism such that the following diagram is commutative.

q-2p -d : q-2p+2 e
H (Dilr\ -~ Dy ) 1 s ?H (Diln  SRAR ] )

P P
' Lo |
DI 2Py, ¢ -0 ) j*
R , ‘
q-2p+2 N .. ~AD)
?H (Diln ~ ,\Dip , Diln ~ i

where J: D.n-unlDf | D,\ "...,\D.
ot 1p 117 & 1

is the inclusion map with the tubular neighbourhood SV x and

Thom class T,, and o is a Q- homomorphism defined by :

ol (x) = I (—l)q_szv'l'k

for x € Hq_gp(D. A ---NnND. ).
iy " p

The product structure is induced from the wedge product of
PL forms, namely:'

for [wl] € Hq—2p(Di A --nD. ) and

[w,] e B3 2P (D i oo~ D))
1 P

6 -
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the product [wi]'[we] 'is defined to be

H(q+q')—2(p+p')(Di,\' oA D)

¥ ¥ ]
[lelAJ2w2€ 1 lp'

where ;jl and 32 are inclusions :

i~ i e S |
Pl D. D D

—5 inenPipn Pinaenli
n.--r\D-, 32 ) ) )

By calaulating the Morgan's spectral sequence [3 ] e‘xplicitly,

we have the following structure theorem for mX'

Theorem @ [1 4]
Let M — A x be the minimal model of "QX'

Then 777 is isomorphic to the minimay\algebra of X as. Q~differen-

tial graded algebras.

By using these methods we shall study the minimal algebra

of P2 minus curves. Let C be an algebraic curve in P2.

an A >
Let x: (E ,C) —> (P

In this case ﬂX can be calculated in the following way :

4 C) be its minimal resolution.

A o - ) |

A, =@Ci ® ( l‘ng"(ék'))

A,= ()@ (@8 Tir THB(DE e, @ @HE))
Ay-@HEy BTG

A H‘*&E) & . exaptional | div'son
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o . .
Let {bj} ‘be basis of H ('éj)_ and let {ek} be a basis of

Ho(fk). Hz(iz) has (l.-_l-l) bases :

d’.ﬂla"ﬂl

where S , corresponds to an exceptional divisor € -

Tet {c. «....c. |} TDe a basis of HY(C.).
J1 Jog o

We observe that :

1) A is generated by

{ bj}a iek}’ ol 2 {Fk}’ { cji.... '0323}

ii) fThe differential d satisfies ;
dey= By

dol = d B = - ='dﬁ£= 0

by =8 jo =—mfy ~mypo - cc-myfy

where S = deg C j and m'j is the multiplicity of an infinitely

near singular point.

iii) The product structure is induced from the intersection forms.

Only non trivial parts are :
A

b -by #0 iff C.m c:j # &
. A
b . #0 iff Cknem £ g

d2+ﬂ32=0
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. 2 P - Pz | s W/ \/.
Let X be €% - LV 'V Iy =P - LV-VLVY I

where |{ LJ.} are lines and L, is a line at infinity.
By blowing up at the poits 'p such that multp Lj> 2

we may assume that each singular point is a node.,

Let f be the proper transform of L. and we denotAe‘ by

dJd
b. . . 1
j the corresponding basis of A~ .

j .
‘Iet m;; Dbe the multiplicity of LinLjand we put

ai ‘= bi + Ej mij':ij

~ where .ei-,j. is the corresponding generatoi“of the exoeptional divisor

of the blowing up at L; ~ L.

dJ
Let 'Fi be a defining _\eQuatidn‘of L;j and let:._"‘-’i be
' d log £,
2nf-1 1

The following theorem describes the structure of the 1- minimal

algebra of X.

Theorem (3.1)
The 1l- minimal model of X , mx(l) " is constructed in the

following way :
.. \k
M Q) = Lig M x(1)

where M X(l)’O

M

M 5 (1)?

Q
N (w,--- )

M) @ N {a®} )

?
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2

du )equals one of the elements of

w W AW 4 © AW
WpAWa+ “g rt % P

( for L.~

p Lnal, # &)

q

w A wb ~ ( for I’af‘% = g)

k+1 k (k+1}
M 5 (1EH= M@ ({ ™))

dw‘k*'l) = closed form of degree 2 in "}ﬂx(l)k
not in M (1)< (kz2)
proof We study the @- ~d.g.a. AX' "QX is generated by;

(b5} e o, 1B

and they satisfy the following equations :

dek= ﬁk
dd: dﬁ1= . e . =dﬂ1=0
dby = o = Iymisp;

Let MX(l)zA(‘os--wm)y d.ai= - - - . =da/= 0 .
We define £ mx(l)l —-—)_AX
by P(w)) =o; = a-a

J (==

To show that §is a d. g. a. map we shall compute d?(wj‘)

10
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d .? (wj ) = daa - daw
= d( bj + Zl mijEI ) - &
= - . -
ol z m; 5 ﬂi.-!-. z mij ﬂi

0

Therefore § is a d.g.a. map.
We define ’n’lx(i)2 as in the statement of the theorem and

we define f (™) = O. To prove that £ is a d.g.a. map , we

claim that § ( dw®) = O.
If LPnLqr\ L.# 4,

f(dw®) = wp’\wq*' qu\wr+wrnwp

which is zero because we have the relation

(olp-_c(r)°(o(q - &) =0

In this way we define § (g.fk+l')) = O and we have a d.g.a.

homomorphism

P tim My — Ay

From the calculation of betti numbers it can be shoh that
® is a quasi isomorphism up to dimension 2, which compl~tes-

the proof.

11
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8 5. On the formalitv of 1~ minimal models

The main theorem in this section is the following:

Theorem(5,1) Let X be P minus a hypersurface D.

Then the 1 - minimal model of X , My(1) 1is formal,
(i.e. there exists a quasi isomorphism :

¢ 1 M) —  H (M) .

By the theorem of Zariski, [I4) , we can take géneral P
such that :
T (PP -C) —s T (P"-D)

is bijective, where C= PZAID o Applying the theorem of

Sullivan (§ 2), We have the following LEfshetz type theorem.

Theorem (5.2) Let X be P" - D, For a general p°

Mp2_o(1) «=— 7,(1),

where C = Pzn D,

Therefore it is sufficient to prove theorem (5.1) in the

case of P2 minus curves,

Cororally (5.3) Let X be C" minus hyperplanes

H. Let w. be . d log fj where fj is a defining

Jde J 215

equation-of Hj. Then the cohomology ring of the rational

e
nilpotent completion of 7 (X), H (7(X);Q), is generated by

[w j]o

12
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proof of Cor, (5.3) Since mx(l) is formal, we have a

formal structure :
v omy() — B (7 (1))

such that “I’(a)j) = [w j]' and ¥(x) = O for x suzh that
1
p.& Q‘ mx(l).

. : * B
V¥ is a quasi isomorphism, hence H ( 71 4(1)) is generated
by [w JJ.

Tet X be €2 minus lines.

Cororally (5:4) X is rational X(m,1) if and only if

1 > :§.3 is exact for each «w i, wie , W i5
: 1 ' '
e M (1)
‘proof . As we proved in the previous section

) 5 Ax
induces an isomorphism up to dim. < 2. Therefore mx(l) —-——éﬂx

is a minimal model if N (1) is acyclic in dim. > 3.

Cororally (5.5) We

assume that if - three lines I , I’q’ L

are in general position , there exists a line I’s such that :
Lsn LI_=¢ and LSD Lpn'Lq'

Then X is rational X(=m,l1).

13
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proof A First we consider the case that three lines Li), Lq,

Lr are not in general postion. Then the following two cases occur.

casel : Lp" Lq o) I'r Z 8
In this case :

= w AR )
w /\wq/\wr d(« ).

P pqr T
case 2 : There exist Lp and Lq such that LP,-\_Lq = 4.
In this case ;
w w W = d(w AW
P qQ T ( pg r )
If LP Lq Ii are in general position , from hypothesis
9 ? .
we have wpqs’ and wsr such that :
W = W_ Aw W AW+ WAL
4 “oqs p" Tat Y™ s T 5D
d g = w gn@,

Therefore we have the following equation

d( w

- w =
Acura-cuqncu WA sr) w

sp b /\‘(-Oq/\ @ ..

pgs Y

This completes the proof of the cororally.

1

Remark :If X is an S'V..V s’ -bundle over s}v--- v s )

X is K(w,1) and it is rational K(i,1) by this coroXally.

We divide the proof of the main theorem into several

steps.

14
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Step 1 By [It], we have a mixed Hodge structure on
the complexified minimal model mx(l)c such that the: diff‘efential

d, preserves the bidegrees.. In particular mx(ll);_-.:ﬂ N\, ()

where A = H'(v;¢) ® Ker ( HO(B*;¢) —> H®(V;€)) and A has
the following decomposition in the category of mimed Hodge struc-

ture :

1,0

A = als 0 1(9 A1 1

® A
. A :
The dual Lie zlgebra of My (1), 7T , has the following

presentation: ' ~
0 — 4 » F(AY) — It —0

where F(A') is a free Lie algebra generated by the dual of A4,
and J 1is a homogeneous ideal generated by the elements of

type : ("1, "l)’ ("2’ "1),' (-lv "2) ("2 "'2)-
. ' 1,1

If we assume that (V) = 0, then A = A ‘and J  is
generated by the elements {of type; (. =2, —2) .
Moreover (1) has the bigrading : o

M (1), = D M by
Pz

Step?2 By uskng'the fact: “that if-2L is a free Lie

algebra over k, Hj(o(f V) 0 for any k - module V

and iz 2, [9]_[!0] , We have a vanishing e

H(??Zp’p)-o‘for,p> k., o
where M is the-.dual of the free Lie algebra = F (&). . -
We Lave an injective homomorphis;m-:

7774}((1)?,? —_ M‘P,P o

15
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Let QPP ve its cokernel.
Ve have an exact sequence:
0 —> mx(l)g,p_, mv® — A P —o

Since d presermes the bidegrees , we have the following commu-

tative diagram :

k k -k
4| al dl

0 > M1, PrP PsD PsD ,
A | m k+1 i Qk+1 ©

From the long exact sequence we have &n isomorphism:

HY (M x(1)PP) = B (PP P>k

Step 3 We have a following proposition :
Proposition (5.6)

If Hk(’mx(l)g’p) =0 for p>k, mX(l) is formal.

proof We defime Vk by the extention:

M (V)* =MW e A (v,)
In particular V; = A. Let N=@D v, .
. jz2
Let x ©be the elément of degree k in the ideal
J (W) ( ideal generated by N ), Then x has a bidegree
(p,p) such that p>k . Therefore under the assumption
every closed form if degree k in J N is exact.
Hence M (1), is formal., The deggent from € to Q

is due to Sullivan (131,

16
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Step 4 We first claim that :
12 ( MyWPP) =0 for p>2
Let x¢ %ﬂxﬂl)g’p be a closed form of degree 2 such

that p > 2 . Then x has a bidegree (3,3), (4,4).....
By definition of %”X(l),

2 2

HO( M (1)) —> H(X)

is injective. But A(X), = H:(v) ® H'(P?) @ it (B1)

therefore HZ(X) has the following decomposition.

H2(X) - H2,0 ® Hl’]‘@ H0,2 @ H2’2@' Hl,Z@ H2,l

Hence x must be exact.

Finally we have the following reduction lemma:

Lemma (5.7) Let V. be a smooth projective variety

such that Hl(V;Q) = 0, Let D be a divisor with normal crossings
The 1l-minimal model of X = V=D, ’”Yx(l) is formal if each
closed form x € M X(1)2 such that x th(l)] is exact.

We can show directly in the case of the non-singular model

>the above x is exact} which completes the proof of fhe

main theorem,

17
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