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SOLUTIONS OF CERTAIN HOLONOMIC SYSTEM OF
RANK 8 ARISING FROM DIFFERENTIAL
OPERATORS ON SIEGEL MODULAR FORMS

TOMOYOSHI IBUKIYAMA
OSAKA UNIVERSITY

For a variable Z in the Siegel upper half space H,,, we fix sizes n; of
diagonal blocks of 7 with n = n; +---+n, and consider the restriction
of Z to (Z11, Zaa, - . ., Zyy) where Z;; are the i-th n; x n; diagonal block
of Z. We consider actions of Sp(n,R) and Sp(n;,R) x --- x Sp(n,,R)
associated with fixed automorphy factors. We consider linear differ-
ential operators with constant coefficients operating on holomorphic
functions on H,, so that operation is equivariant with the actions as-
sociated with automorphy factors under the restriction to the diagonal
blocks. Our problem is to describe such operators. We had a long
history on a theory on such operators and this is related to various
arithmetic problems which will be explained shortly later. Our aim of
this note is much more special. We consider a holonomic system of
three variables and of rank 8 whose polynomial solutions are associ-
ated with differential operators of the above type on Siegel modular
forms of degree three preserving automorphy under the restriction to
diagonal components. We will describe polynomial solutions of the
system (unique up to constant for each system for generic parameters)
and also a basis of its eight dimensional solutions including seven non-
polynomial solutions. This is a joint work with Don Zagier and it is
a part of a various theory independently done since 1990. The above
holonomic system appeared first time in [3] as a Pfaffian of rank 8 (in
Japanese). English explanation has been also in [5]. A general char-
acterization of the differential operators under the restriction to any
diagonal blocks was given in [3] and [4]. Universal generating functions
of such differential operators are in [7]. A completely different intrin-
sic characterization of the differential operators by the action on the
scalar valued automorphy factors with applications to pullback formula
of Eisenstein series has been given in [8]. Reference [6] treated another
kind of holonomic systems of rank 2 coming from the case of two
diagonal blocks of general size m.

In case of the diagonal restriction (not diagonal blocks), a detailed
explanation on polynomials which give the above described differential
operators on Siegel modular forms has been given in [9]. The details
of the theory including holonomic systems in the present note will be



written in [10]. This is still in preparation but mostly written and we
hope to publish it soon as a book.

1. INTRODUCTION AND PROBLEM SETTINGS

We start from a prototype of the theory.

(1) The classical Gegenbauer polynomials C3/>'(t) are defined by
the following generating series:

(d— 2)/2
(1—2ta:+g:2 )(d=2)/2 ZC

When d = 3, these are called Legendre polynomials.
(2) The associated Gegenbauer differential equation is defined by

2

d d
(1_t2>dt;’ —(d—l)td—ij+u(u+d—2)y:0.

For integral v > 0, a basis of this equation is spanned by C,(,dﬂ)/ 2(75)
and a Gegenbauer function.

To explain an application of Gegenbauer polynomials to differential
operators, we review Siegel modular forms. Let H,, be the Siegel upper
half space defined by

H,={Z € M,(C);Z="Z,Im(Z) > 0}.
The symplectic group of rank n defined by

Sp(n,R) ={g € GL2(R); gJug = Ju}.  Jn = (10 1}") 7
acts on H, as usual by
1 A B
9Z = (AZ+ B)(CZ + D)™ for g = c p)E Sp(n,R).
Let Hol(H,,C) be the space of holomorphic functions of H,. On F €
Hol(H,, C), the group Sp(n,R) acts by
Flilg] = det(CZ + D) *F(g2).

Let I' € Sp(n,R) be a discrete subgroup of covolume finite. We say
F € Hol(H,,C) is a Siegel modular form of weight & with respect to I
if F|k[y] = F for all 4y € I" (plus holomorphy at cusps if n = 1).

Now we explain the simplest restriction of domains. We have an
embedding

SLy(R) x -+ x SLy(R) < Sp(n,R).

() (i) - (29

by setting
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where A, B, C, D are diagonal matrices A = diag(a;), B = diag(b;),
C = diag(c;), D = diag(d;). For F(Z) € Hol(H,,C), we write

211 0 0
(Res(F))(z11,---y2mm) =F | 0 . 0
0 0 zm

Then for g = (g1,...,9n) € SLa(R) x --- x SLy(R) C Sp(n,R), we
have

Res(F|ilg]) = H(Cizn‘ +d;) *Res(F)(g12115 - - - GnZnn)
i=1
Now we would like to consider a differential operators such that the
above relation holds also for DF' (details will be explained later).
First we consider the case n = 2 for simplicity. For a 2 x 2 symmetric

matrix T = (11 h2 , we define P,(T) by
tiz lao

1 00
N P(T)2.
(1 — 2t12$ + 7f11t22:IJ‘2>(C172)/2 VZ:O ( )x

For Z = (2’1]) € H,, put

9 19
aZ — 1822)1 2 8212
20z, Oz

Put D = P,,(@Z)

Proposition 1.1. For g = (g1,92) € SLa(R) x SLy(R) C Sp(2,R),
F € Hom(H,,C), and k = d/2, we have

R@é(D(ic[g]) = (61211 +d1)7k71/<(}2222—l—dg)ikiuR@S(DF) (91211, 92222).

This is essentially due to Eichler and Zagier [2]. (They treated Jacobi
forms instead of F'.)

Now we shortly explain what happens when we consider the same
problem for

Sp(nlvR) X X Sp(nraR) - Sp(n’ R)

and the corresponding diagonal block restriction.

(1) For any irreducible representations (p,,, V;) of GL,,(C), we define
automorphy factor of Sp(n;,R) by J;(g, Zi;) = pi(CZ + D) and put
V=Vi®- - ®V,. We consider V-valued differential operators on
Hol(H,,, C) which commute with the automorphy factor det(CZ + D)*
and det(CIIZH + Dll)kJI (917 le) & det(Crrer + Drr)kjr(gr; er)
under the restriction to the diagonal blocks. We can give a complete
description of this kind of vector valued differential operators for gen-
eral n, representations p;, and arbitrary diagonal block restrictions ([7],
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[8]). This has an application to doubling method(=pullback formula
of Eisenstein series), explicit calculation of critical values, Harder con-
jecture on congruneces, and so on ([1], [8]).

(2) In particular, we can give an explicit generating series of polynomi-
als P(T) so that P(0y) gives the differential operator associated with
diagonal restrictions, where we put

(191, [71-)

(3) We can give a system of differential equations whose polynomial
solutions give our differential operators.

(4) In some cases, this system is holonomic, in particular, when n =
r =3, ny =ny =ng = 1. This case is a subject of this note.

2. THE CASE OF THE DIAGONAL RESTRICTION

Now in order to make the Gegenbauer polynomials associate with our
differential operators, we explain a modification of the usual definition.
The Gegenbauer polynomials are often explained as harmonic polyno-
mials on the sphere S = SO(d)/SO(d — 1) invariant by SO(d — 1).
But our interpretation of the Gegenbauer polynomial is as follows.
Let f(z,y) be a polynomial in 2d variables (z,y) € RYxR¢. We impose
the following three conditions.

(1) f(z,y) is homogeneous for each z and y.
(2) f(z,y) is harmonic for each z and y, i.e.

Z 5yz

(3) f(zh,yh) = f(:c,y) for all h € O(d).

By the fundamental theorem of invariants, (3) means that for d > n,

there exists a polynomial P(T) in ¢;; with T = (7{11 ?2> such that
PR

(z.2) (2,9)) _ re (*,*) is the inner produc
P<($7y) (yy)>—f(x,y) (Here (x,x*) is th product.)

If we restrict f(z,y) to (z,z) = (y,y) = 1, then this is the usual
Gegenbauer polynomial in one variable (z,y).

This formulation can be easily generalized to general setting. Let
f(x1,...,2,) be a polynomial in x; € R? homogeneous of degree a;,
and harmonic for each z;, such that

f(zih, ... ;z.h) = f(xy,...,2,) forall h € O(d).
If d > n, then there exists P(T) (T = (t;;) = 'T) such that
f(z1, ..., xn) = P((x;, 25)).
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Proposition 2.1. For a holomorphic function F : H, — C, g =
(g1, --+9n) € SLy(R)™ C Sp(n,R) and a differential operator

= P(9z) for P(T) as above,

we have

Res(D(F|[g]) = Res(DF)(g1211, - - - gnznn) | [ (ci2is + di) />
=1

In order to develop more general theory, it is indispensible to consider
everything in T" variable and not in x variable. We describe this coordi-
nate change. For an n x n symmetric matrix 7" = (t;;) of variables, we
consider the polynomial ring C[T] in variables ¢;; (1 <i < j <mn). We

consider amap x = (r1,...,2,) € (R)"to T = ((x;,x;)) = (t;;), where

(x;, z;) are the usual inner product of x; and x;. Put 9;; = (1 +5ij)y
ij

and

(1) Dij = ddg + Yt

k=1

Then we have
((wi, x;
Z ()

We call a polynomlal P(T) such that D;;P =0forali=1,...,na
spherical polynomial. In z-coordinate, this just means that P((x;, z;))
is harmonic for each x;. Although d was originally the length of the
vectors x;, once we define D;; by (1), we can forget xz;, and d can be
any complex number.

In order to describe the dimension of P, we prepare notation. For any

diagonal matrix ¢ = diag(cy,...,¢,), we say P(T) is of multi-degree
a=(ay,...,a,) if P(cTc) =], " P(T).
For a fixed multi-degree a = (a;. ..., a,), the dimension of the space

of spherical polynomials P(T') is equal to the cardinality of the following
set NVp(a):

No(a) :{V = (Vij)1<ij<n © Vij = Vji € Lo,

vy =0(0G=1,...,n), Zyij = a; for each 2}
j=1
We call an element v € Ny(a) a multi-index.
When d is generic (which is defined that d is a complex number
which is not an integer less than n), there exists a nice basis P, (T") of
spherical polynomials such that

P,(97) det(Z)* = ¢ (Z71) det(2)?



where ¢, is an explicitly written monomial in variable T, where we do
not explain here (See [8]).

Now when we consider the Gegenbauer polynomial, we usually con-
sider not a polynomial f(xz,y) in z, y € R%, but take the restriction to
(x,z) = (y,y) = 1 and regard f(x,y) as a polynomial in one variable
(z,y). This polynomial in one variable is usually called a radial part
of f. We consider the same thing in general case.

Let P(T) be a polynomial of a multi-degree a, and we put §(7")
T, t%/% Putr; = wjﬁ Then we have P(T') = [T, 8(T)*2Q(r;;)
for some polynomial Q(7) in 7;; for 7 = (7;;). Then there exists a linear
differential operator I;;(a) with respect to 7;; such that

D P(T) = 6(T)@~2)2D(a)Q(r) (1 <1i,j < n),

a/2 .

where e; are unit vector whose ¢-th component is 1 and the other com-
ponents are 0.
Example: If n = 2, then for generic d, there exists a non-zero

t12
. Then
Vit

the differential equation D11 P = Doy P = 0 can be written as a constant
times of the Gegenbauer differential equation
d*Q dQ
-t —2+4+d-Dt—+v(v+d—-2)Q =0,
ks e Q
where v = a; = ay. (Two equations D;; P = 0 for i = 1 and 2 gives the
same equation up to constant.)
In case of n = 3, for a 3 x 3 symmetric matric 7' = (t;;), we put

spherical polynomial P if and only if a; = as. Put t =

t23 t13 t12

tl = T ) t? = ) Z:3 - .
Vi2atss Vitiitss Vitiitas
For each a = (ay,a,a3) € C* and d € C, we denote by S(d,a) the
radial part of the system of the differential equation D11 P = Dy P =
D33 P = 0 in variables ¢;. This can be written as the system of following
three equations.

79
ot;

02Q
o0t

Dir(a) =(1 — tf)aQ—Q + 2(ty, — tit))

ot?
Q  0Q _

+(1—1)

where {7, 7, k} = {1,2,3}. This is the equation to treat in this note.

Theorem 2.2. For any complex parameters d, a1, as, as, this system
S(d, a) is holonomic and equivalent to a Pfaffian system of rank eight.

Originally, d and a; are positive integers, but here we do not assume
that at all.
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Here the Pfaffian system can be written as follows. Let Q(t1,s,t3)

be a solution of the system S(d,a). We write ; = o (i =1,2,3),
0 o Z
Qij = 8t¢§j (1<i<j<3), Qa3 = 81518—38753 and define a vector u

by u = t(@ Q1, Q2. Qs, Q12, Q23, Q13, Q123)-

Theorem 2.3. There exists an explicitly written 1-form Q = Qy(t)dt,+
Qo (t)dty + Qs(t)dts of variable t = (t1,to,t3), where Q;(t) are 8 x 8
explicit matrices of rational functions of t that are holomorphic at
(t1,t9,t3) = 0 such that

du = Qu.
This system is integralable, i.e. d$2 — QA€ = 0.

Explicit shape of €) is a bit too long to write here and omitted, but
the integrability is explicitly checked by using a concrete formula for
Q.

As a conclusion, there exist 8 linearly independent solutions holomor-
phic arount ¢ = (0,0, 0) which is determined by its Taylor coefficients
at 1, ty, ta, t3, t1ta, tats, t1t3, titats.

(By the way, for n > 4, the radial part of the system Dy P = -+ =
D,,P = 0 for a fixed multi-degree is not holonomic, and we do not
know how to define a holonomic system. For other examples, see [6].)

Next we would like to describe solutions of the system S(a,d). First
we consider polynomial solutions. Here we assume that a; are non-
negative integers. Assume that d is a complex number such that

d g QZ<0 N U 2&1, CLZ'].

a; >2

Then the system D11 P(T) = Dy P(T) = D33 P(T) = 0 has a polyno-
mial solution if ant only if there exist integers v; > 0 (i = 1,2, 3) such
that a; = v; + v ({4,4,k} = {1,2,3}). This is a condition such that
INo(a)| = 1. So in this case, for each such multidegree a, polynomial
solution of multidegree a is unique up to constant.

Naturally, for such solution P(T'), a polynomial Q(7) defined by

H tal/Z

is a solution of S(d, a), again a polynomial in 7;;.
For example, when a = (0,0,0), then 1 is the unique polynomial
solution up to constant for generic d.
We give a generating function of polynomials solutions P(T') for a
0 z3 m tir tiz i3
such that My(a) # 0. Put X = (23 0 a1 |, T = [tz tan to3
r9 71 0 tiz Tog 133



and define polynomials o;(7', X) in ¢;; and x; by the following relation.
det(\ls — TX) = X* — o (T, X)A2 + oo(T, X)A — 03(T, X).

For the multi-index v = (1;) such that a; = v; + 14, we define polyno-
mials P,(T") as coefficients of the following formal power series in xy,
To, X3.

—(d—1)/2
1 No+ AL —8
G — 0o+ o — 803 _ ZP,,(T)QZ?ZU;QQC?,
\/ A% - 803 2 v
where Ag = (1 — 01/2)? — 03. Then the radial part of B,(T) is the
solution of the system S(d,a) for a such that Ny(a) = {v}.

3. NON-POLYNOMIAL SOLUTIONS

Next we return to general solutions. Let d be any complex number
as before and assume that a = (ay, a9, a3) are non-negative integers
and a; = vy + 13, ay = v3 + 11, ag = V1 + v, for some non-negative
integers ;. Under these conditions, we see that the space of solutions
of §(d,a) is reduced to solutions of S(d,0) where 0 = (0,0,0). That
is, we have an explicit linear isomorphism from S(d,0) onto S(d,a).
This is actually given as the iteration of operators from S(d,a) to
S(d,a+ e; + e;), where e; are the unit vectors. We explain this now.
First we fix generic d. Denote by F(a) the 8 dimensional vector space
of solutions of the system S(d,a). We define D;;(a) as a radial part of
D;; for a fixed a as before. Put 1 = (1,1,1). Then we have

This inclusion is proved by the following relation.
Dg((a +e; + e]-)]D)ij((Q — d)]_ — a) = DZ]((Q — d)]_ —a— 26@)@@(&).

These relations are easily proved by rewriting the trivial relations
D;; Dy, = Dy D;j of operators in " by the radial part. We put

Rij(a) = Di;((2 — d)1 — a)

and call these raising operators. Under the assumption that d is generic,
we can prove the surjectivity of the raising operators as follows.

By using the Pfaffian system, we identify F(a) as 8 dimensional
vectors of coeflicients of 1, ¢, to, t3, t1ta, tots, tits, t1tats. Then we can
write down an explicit representation matrix of the raising operator
R;;(a) :=D;;((2 — d)1 — a) on these vectors and its determinant:

detRij(a) = (2 + a; + a; — Clk;)Q(CLZ' + a; — A + d— 2)2
X (a1 + ag + a3 + d)Q(Ch + ag + a3 + 2d — 4)2/256

So if a; = vj + vy for v; > 0 and d is generic (for example if d > 2),
then the raising operators are all surjective.
Actually, as far as a corresponds with a multi-index v, then for any
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(non-generic) d, by a suitable base change, we can define a modified
surjective (and injective) raising operator.

So from now on we consider solutions only for the case a = 0.

The easiest solution in case a = 0 is the constant 1. We explain next
casy solutions for a = 0 (called bottom solutions). We define a one
variable function f4(t) by

t
1 3
This is a classical solution of the Gegenbauer differential equation
(1—t)y" — (2s+3)ty' =0 for v = 0.

If we put s = (d — 4)/2, then we see that f,(¢;) are solutions in F(0).
So we get four simple linearly independent solutions 1, fs(t1), fs(t2),
fs(t3) whose coefficients at tito, tots, t1t3, t1tats all vanish.

Remark. In general, there is no one variable solution in F(a) for a
multi-degree a # 0.

Another special case is the case d = 4 (i.e. s = 0). In this case,
we can give all eight linearly independent solutions explicitly. We put
A=1—1t] — 13— 13+ 2t1tst3 and

ti — tty

NCEAIEET

When d =4 (s = (d —4)/2 = 0), a basis of F(0) will be given below.
(1) Trivial solution: 1,

for {i,7,k} ={1,2,3}.

vV =

ti :
(2) Three Bottom solutions: fo(t;) = T (1=1,2,3).

(3) Three Middle solutions:

sin™ (t;) — fo(t;) f-1/2(v) — fo(te) f-rja(vy) = t; — 25tk + - -

for all {7, j, k} = {1,2,3}. This is invariant if we exchange j and k.
(4) One Top solution

3
ti .
log(A) + Z g sin Y(t;) = 2t1tots + - - -

i=1 ¢

For general d or s, solutions are much more complicated, so we need
more explanation. We need to describe solutions whose coefficients at
tth, tgtg, tltg, or t1t2t3 do not vanish.

We can show that there exists a middle solution G,y (t) invariant by
(tj,tk) = (t, tj), and (—t;, —tx) such that

Gu(t) =t —2(s + Dtjty +--- .



We can prove that the Taylor coefficients c¢;;x(s) of G;;(t) around t = 0
defined by
_ st
Gi;(t) = Z Cijk(S)Wa
1,7,k>0

are given by
Cijr(s) = (1) (i +5 =2+ k=225 +2)(25 +4) -+ (25 + j + k).
if j=k=4+1mod 2, and

ciin(s) =0, otherwise.
Here we put n!! =n-(n—2)--- and (=1)!! = 1, as usual.
When s # —1, this is a new solution different from 1 and fs(¢;), but
when s = —1, this degenerates to the bottom solution f_;(t;). so

to obtain a new solution, we must modify the solution by taking a
derivative with respect to s.

Although Taylor coefficients are explicitly written as above, it is a
different matter to write down a (kind of algebraic) closed formula.
Now we would like to write down a formula for G, (t) more concretely.

As before, we put A =1 — 2 — 12 — 2 + 2t,tyt3 and put
Lty — L o

u = 2 ——— for {i,4,k} = {1,2,3}.

= {0 k) = (1.23)

We also put

t u (1 ‘/2 s+1/2
hs(t,u) = (1427 dzx.
(1 _ t2)5+1/2 0 12 4 2

Theorem 3.1. For {i,j, k} ={1,2,3}, the function
G jk(tr, ta, ts) = hs(tj, ur) + hs(te, uj) = t; — 2(s + D)tjtgp + - - -

are middle solutions of the system S(0,d) for any d = 2s+4 except for
s=—1. If s = —1, take (G j(t) —sin™'(t;))/(s + 1) instead.

As for top solutions, the Taylor expansions are known (omitted since
complicated), but general closed formula is not known. If we consider
the case of integral s = (d —4)/2 = m > 0, then we can give a closed
formula, and the formula is described by using the polynomial solution
of non-zero multi-index as follows.

For s = (d — 4)/2 and multi-index v, denote by P, (T") the polyno-
mial solution defined by the generating function (??) as the coefficient
of #{'x5?x%?. Let @, 5(t) be the inhomogeneous version of B, ((7"). For
any integer m > 0, define

_ dcg(m,m,m),s

() ds

s=—m
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Also define

S(t) = 2t = L dydux.
9:(1) Z(2n+2)< n // _ s+3/2 yar

Theorem 3.2. For any integer m > 0, the function
Fo(t) = log(A) + (2m + 2) ng ) 427 m

s a top solution for d = 2m + 4.

When s is not a non-negative integer, we have several sporadic ex-
plicit examples of top solutions for various s, but log(A) does not ap-
pear there, and we do not have general idea how it is like.

4. HOwW TO OBTAIN THE GENERAL MIDDLE SOLUTION.

In the above explanation, we gave the result on middle solutions
without explanation. But it was very hard to get the theorem, so it
would be interesting to explain how we could reach the solution. We
will give a very rough sketch of our ideas. (For details, see [10]).

e First we consider the case integral s = m > 0. By examples of
small m obtained by brute force, we can guess that the solution
is

Grn =fm(t2) [<1/2(v3) + [ (ts) f-1/2(v2) + dpyysin ™" (1)
+ V 1— t%(Hm(fla t27 t3) + Hm(t17t37 t2))
Am
for some rational function H,,(t) and a constant d,,, where
v = (t; — tjtk)/\/(l —13)(1 — t3) as before.

e We put D;(v,s) = D;(a) for d =2s+4 and a; = vj + vp,. We
first consider the condition D;(0,s)G,, = 0, neglecting other
Dy and Ds. Here note that

D1(0, s)(sin™!(t,)) = 0,

Dy (0, 5)(fm(tj)f—1/2(vk)) = %@2)

Ansatz for integral m. By our demand, the denominator A™ of

1 —t3H,,(t)/A™ should become A under D;(0,s). This seems very
strong condition. So we consider how we can erase the denominator in
a neat way. To see this mechanic, we consider Ansatz that we have

VI =B Hy(ty, oy ts) = hy(t)

Am e Amd

J=0
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for some suitable h;(t) and then try to give suitable h;(t) by recursion.
Here we note that we can prove the following inversion formula to
change the denominator of powers of A.

Lemma 4.1 (Inversion formula of A).

AIN(s +N)(1 —t2)Q(t)
X )

This is a powerful trick and by vanishing under D; (0, m), the follow-
ing recursive relations are expected.

D1(0,m) (Zég) _ D;((m — j)1,2j —m)h;(t)

Another trick is a separation of variables giving the operation of
Dy (v, s) on special product of functions.

A Dyi(v, s)A*Q(t) = Di(v — A1, 5 +20)Q(t) +

(1= 17)hy(t)
Am—j —4(m—3>]w-

Lemma 4.2. For a function F(t) = f(ta)g(vs) for some functions f
and g in one variable, where v3 is as before, we have

Dy(v.s)F = ((1 ) () — (25 + 2>v39’<v3>)f<t2>/<1 )

+g(vs) ((1 SR (t) — (254 B)taf(t2) + ar(ay + 25+ 2)).

So if we put ho(t) = wvsno(ta), then hy,—1(t) = v3n,_1(t2) for some
Nm—1, Which fits our condition since the final term should be

IMQme%ﬁqdwbz—%%%@ﬁ.

By using this, we guess what should be suitable A(t) for us. If we put
a “half of” h;(t) corresponding to f,(t2)f-1/2(vs) by (1 — ¢1)™ (1 —
t3)™ I v3th, j(t2), then we should expect the following recursion:

(1= )00 (t2) — (2m + )t (1) + 2(j + 1)1(%;223' —1)
2

_ { A(m = j = 1)(J + Dt jia(t2) /(1 = £3) j<m=2,

wm,j (tQ)

2 fon(t2)/ (1~ ) j=m—1.

We must solve this equation. By the parity condition of the middle
solution, the function 1, ;(t2) be an odd function with respect to t,.
Then a basis of solution of this second order equation is given by

o .fm(tZ)

Um,j(t2) = = , or const - fo(t2)
Cm—j—-1

where ¢,, = (”t:/ 2). These are conditions for D1G,, = 0 and we have
not yet considered the other conditions DyG,, = D3G,,, = 0. Applying
Dy(G,,) = D3(Gy,) = 0, we can determine remaining constants d,,.
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By these considerations, for any integral s = m > 0, the middle
solution G, can be given as follows, defining u; and v; as before.

— G/ = = Con(fin(t2) f-1/2(v3) + frm(ts) f-12(v2)) + sin ' (t)

* Z( fm t2 fn(t2)>u3(1 + u§>”+1/2

=0

,_.

m—

3 () = ol a1+

n=0

Now in order to treat the case of general s, we must interpolate
integers s = m to a variable s. We see this now. Put

B (ts 1) = = fon(8) f1/2(v) + Z( — fult ))u(l + u?) 2,

for variables ¢, u, v. Here we assume v(1 — v?)™""! = —u(1 4 u?)" /2
and t and u are independent variables. We also put

u2n+1

Fy(u) = i <5 _nl/Q) I+ 1

n=0

Then we have following relations.

2sFs(u) — (2s — 1) Fy_1(u) = u 1+u2)5_1/2,
Fat/ (",

m

P (8,10) — By (t, 1) = Fp(u)(1 — t2) "™ Y2,

Cn

) =it + Y M

By these, we can show that

T (6, 1) =(20m0 4 1) fo () Fon () — u Y o (8)u(1+ w?) 2

n=0
“ t
- Z (1 — ¢2)nti/2 Fu(u).
n=0

Since we have

we have

dhy(tu)  t 1+ u2\™2 1— 2\
du 2+ u? 1—¢2 1+ u? '




In this last formula, we can change m to s. This is a key for our
interpolation. Now for variable s, we define

~ u 1 2\s+1 __ 1 — 2\s+1
hs(t,u) = ! / (1+v7) (1-1) du
(1 _ t2)s+1/2 0 (t2 + 'LLQ)‘ /1 + u2

i [[
s (1, 1) —
o (B2 +u?)V1+u?

The integral of the second term can be directly calculated and using
the addition formula of tangent, we have

_1 Ug\/l—t% —|—tan71 Ug\/l—tg
tor/1 + ul t3y/1 4+ u3

tan = —sin"(t).

This proves Theorem 3.1.

1]

[9]

[10]
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