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Weighted Strichartz estimates and existence of self-similar
solutions for semilinear wave equations

tEARERER HEEHER I F (Jun KATO')
tERFRFERE BEEMER /FE M (Tohru OZAWA)

1 Inrtoduction and niain result

We consider the existence of self-similar solutions for the Cauchy problem of semi-

linear wave equations

Ou = klul’, (t,z) € (0,00) x R* = R, (1.1)
u|t=0 = E¢, atU|t=0 = 61[), S Rn, (12)

where O is the d’Alembertian, p > 1, K € R, and € > 0 is small.
If u is a solution of the equation (1.1), then u,, defined by

ux(t, z) = ArTu(At, Az),

is also a solution of (1.1) for any A > 0. That is to say, the equation (1.1) is invariant
with respect to the scale transform u — u,. In particular, a solution u is called a
self-similar solution if uy = u for all A > 0. From the definition, the Cauchy data
of self-similar solutions must be homogeneous functions. In other words, we need
to treat homogeneous functions as initial data to construct self-similar solutions to
the Cauchy problem (1.1), (1.2). In this note, we consider the data of the form

$(z) = Ci|z| 71, ¥(z) = Cylz| 717, (1.3)

for Cy, C; € R, where p is that of (1.1). We notice that these Cauchy data cor-
respond to the critical case concerning the decay rate at infinity in space. See
Takamura [13], for example.

As for the existence of self-similar solutions to the Cauchy problem (1.1), (1.2),
several results are known. First, Pecher [8] showed the existence of self-similar
solutions for p > (4 + v/13)/3 when n = 3. This lower bouned on p, which is
denoted by p;(n) in general dimensions n, is the one appeared in Mochizuki-Motai
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[7] concerning the scattering theory. It is known that p,(n) is given by the positive
root of the following quadratic equation in p:

n(n—1)p* — (n* +3n—2)p+2=0.

Pecher’s result is extended for general dimensions by Ribaud-Youssfi [10].

Next, Pecher [9] also showed the existence of self-similar solutions for 1 + /2 <
p < 2 when n = 3 and indicated, giving a counter-example, that the lower bound
on p is sharp. This lower bound, which is denoted by py(n) in general dimensions
n, is known as the critical exponent concerning the existence of global solutions for
compactly supported, smooth, small data. It is known that py(n) is given by the
positive root of the following quadratic equation in p:

(n—1)p’ - (n+1)p—2=0.

Note that po(n) < p;(n) holds in all dimensions. Hidano [3] also showed the existence
of self-similar solutions for po(n) < p < 22 when n =2, 3.
The purpose of this note is to construct radially symmetric global solutions of the
Cauchy problen (1.1), (1.2) with (1.3) for py(n) < p < 223 in 0dd space dimensions.
Before stating our main result, we introduce weak Lebesgue spaces. Weak

Lebesgue spaces are denoted by L? | and are defined by
1
Ly = {1 € Lioci 11z = sp A [{z; /()] > A} " < oo},

for 1 < p < 0o, where | - | denotes the Lebesgue measure. Although |- || 2 does not
satisfy the triangle inequality, there exists a norm equivalent to || - ||,z and with this
norm the space L2 becomes a Banach space.

Now we are in a position to state our main result.

Theorem 1 Let n > 3 be an odd number and let po(n) < p < Z—i’? Then, there ex-

ists a unique solution u of the integral equation corresponding to the Cauchy problem
(1.1), (1.2) with (1.8) such that

[t? — |z*"w € LEFH(RY™),

if € > 0 is sufficiently small, where v = zﬁ - 2(';;111) .

The norm of the weighted weak Lebesgue space to which the solution u belongs is
invariant with respect to the scale transform u — wu,. This invariance is important
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to treat self-similar solutions and requires a direct use of the weight of homogeneous
type. Since self-similar solutions u of (1.1) are to be homogeneous functions in time
and space variables by definition, we observe that [t — |z|?|” u does not belong to
the usual Lebesgue spaces, so it is natural to use weak Lebesgue spaces instead.

Our method to prove Theorem 1 is based on the use of weighted Strichartz
estimates. Since we only obtain weighted Strichartz estimates in odd dimensional
and radially symmetric case, our main result is also restricted to these cases. As for
weighted Strichartz estimates, we refer to Georgiev-Lindblad-Sogge [2].

2 Estimates of solutions for free wave equation

In this section, we show that solutions of the Cauchy probrem for the free wave
equation belong to some weighted weak Lebesgue spaces.
Let v be a solution of the following Cauchy probrem of the free wave equation

Ov=0 inR™, (2.1)
V|t=0 = ¢, Ow|i=o =% in R". (2.2)

Throughout this section, we suppose that the Cauchy data ¢ and % are smooth
functions away from the origin and are homogeneous of degrees —a and —a — 1,
respectively, where 0 < a <n — 1.

Theorem 2 Let 25! < a < min(%,n —1). Then, for 1 - 22 < s <1=3:%, the
solution v of (2.1), (2.2) satisfies

|£? — |2’y € L, (RY™),

n+l
2q °

where vy = 3 —
Remark 1 (1) If we define the dilation operator D$ by
Svu(t,z) = A%(AE, Az), A >0,

n+1
2q

then D} v = v holds for all A > 0 by homogeneity. The condition v =
makes the norm of the function space to which v belongs invariant, i.

NIR

]

.

1 - le2|7D§v||L&(Ri+,,) = |1e? - |$|2|7"’”L2,(RL+")’ A>0.
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(2) When we apply Theorem 2 for nonlinear problem (1.1), (1.2) with'q = p +
1 and o = 2/(p — 1), the condition 25+ < a < min(*,n — 1) implies

max (22, 240) < p < 282 Note that the critical exponent po (n) is greater than

the lower bound of thzs mterval, while the condition 1 — 212 < E <1-:2

n+1
implies po(n) < p < 23

To prove Theorem 2 we use the following pointwise estimate of v.

Lemma 2.1 Let %' < o <min(®,n —1). Then v satisfies the estimate |
[(t, @) < C(t+|al) "% |t — [a|| ™+, (¢t,5) € RY™
Idea of Proof. We use the following representation of v:
v(t) = cos[(—A)2t]¢ + (—A) "2 sin[(—A) 2t]sp.

By the homogeneity of the data ¢, ¥ and the relation between Fourier transform F
and the dilation DY, we have

v(t,z) =t (1, z/t),

and therefore it is sufficient to consider the case ¢t = 1.

Here, we explain the estimate on cos[(—A)z]¢. Using radial cut-off functions p,
n which satisfy p € C(R®), 0 < p < 1, p(€) = 1if |¢] < 1, p(€) = 0 if |¢] > 2, and
n=1— p, we devide cos[(—A)z]¢ as

cos[(—=A)#]g =lim 2™ F~ e~ Kl n(e)lg| " g(e/I¢]) €]
+lim27! F e n(e)le g/l e (23)
+ F (€)= B(€/[€]) cos e]]. |

Note that a is homogeneous of degree —n + a.

Then, the first and second terms of the right hand side of (2.3) contribute to the
singularity around the unit sphere S®~! = {|z| = 1} and the third term contributes
to the decay rate as || — co. We briefly explain these facts below.

In terms of polar coordinates, the first term on the right hand side of (2.3) equals

lim2-3~173 /0 —estis py(5) 50- l( /S _le“?"aa(a)da(ﬂ)) ds,  (24)

el0
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where do is the surface element on S"~!. Then, by asymptotic expansion
‘ isz-0 7 : n=l _n-l_ . o i|$|-§ _n-1
e §(0)do(8) = (2m) 7 e T ™ {d(z/|z]) €W (|z]s) "
Ssn—1
+¢(~a/lzl) e (jals) %" } + o((le]s)~*F"), as s — oo,
the main contribution of (2.4) is given by

' 00
lilr(r)l 2_% 7;-_% e_nT—lﬂ{(ﬁ(IL‘Axl) / e—esti(l+iz))s T](S)s_ﬁ?i_a ds
¢ 0

+3(aflal) [ enersioe pe)e-2ion gg)
0

n"1e" (o - n—;i)q“s(—z/|¢|)(1 — |z +30)7F" T as |z| — 1,

Niw

~ 27

where I is the gamma function. Similarly, the second term on the right hand side
of (2.3) behaves like - ’

1 i

23172 T(a = 251)§(a/|z])(1 — |z| — i0)=+"F as |z| — 1.

Meanwhile, the third term of (2.3) equals a constant multiple of

r® /02r p(s/r)s®! cos(S/T)(/Sﬂ_l et $(O)do(0)) ds, (2.5)

where we set z = rw, T = |z| >0, w = z/|z| € S™~1. By the sta@idnary phase
method, we have
_‘_l_ k isw0 7, —a=l g
e’ P(0)do(0)| < C(1+s) 7 % s>0,
ds Sn—1
for each k € N. Thus, using integration by parts, we observe that the integral part
of (2.5) is bounded with respect to r > 0 and w € S®!, and therefore the third term

on the right hand side of (2.3) is estimated by a constant multiple of (1+ |z])~e.
u S S

Proof kof: Theorein 2. From the definition of weak Leb,esgué spaces, it suffices to
show that

‘sup M{(t,z) € RY™; |2 — |z |v(t, z)| > A}YI <00, (2.6)
A>0

Now we fix A > 0 and we estimate the distribution function in two parts 0 < t <
A7 and t > A7R,
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We first consider the case t > A\~ #+1. By Lemma 2.1 we have the estimate
[t = [&|[” [v(t, z)| < C 5+t — g |7ot =5+, (@27

Note that
—21l49<0, —a+3l+9<0
-1

holds by assumption. Since =" 7 |t — |z||~®+"T 7 > ) is equivalent to

It — ||| < A V(e=25 - (5 - /(e= 251 —7) = Ri(t, ),

we estimate
1{(t,z) € (A7, 00) x R™; |2 — |z [u(t, z)| > A}

<c [ ( / e el dr)dt
t

A—a/(n+1) —R1(t,\)
oo .
<C "~ Ry (¢, \)dt,
A—a/(n+1)

where we have used the fact that Ry(¢,)\) < t, which is equivalent to ¢ > )\_Egﬁ.
The last integral converges and is evaluated by a constant multiple of A79, since the
assumption % < 1— -2 implies

n—1- (7 -7)/(e-2%5 -7 < -1
In the case where 0 < t < )\-;’1—1, we use the estimate
[t — " [v(t,2)] < C (¢ + |2]) "5 T74 |t — || |70 T 40, (2.8)

which follows from Lemma 2.1 for some § > 0, since |t — |z|| < (¢ + |z]).
Now we set § = —% + 21 4 35 Lhen

By +d=—5 <0, —a+ 4y -d= -2 <,
and the right hand side of (2.8) is bounded by a constant multiple of
T |t — |z

Since ¢~ % |t — |:z:||_2'54<11 > ) is equivalent to

|t — |z|| < A\ 35T = = Ry(t, x),



we estimate

{(t,z) € (0,A"71) x R™; |2 — |z|" Ju(t, z)| > A}
A—9/(n+1) t+Ra(t,)

< C’/ / r"‘ldr)dt
A~/ (n+1)

<C / Ry(t, \)dt,
0

where we have used the fact that R,(¢,A\) > t, which is equivalent to t < A™#%7.
The last integral also converges and is evaluated by a constant multiple of A~9.
Therefore, combining the above estimates, we obtain (2.6). O

3 Weighted Strichartz estimates

In this section we show the weighted Strichartz estimates between weak Lebesgue
spaces.

Let w be a solution of the following Cauchy probrem of the inhomogeneous wave
equations with zero data:

Ow=F inR™", (3.1)
W|i=0 = Qw|i=o =0 in R". (3.2)

Throughout this section, we suppose F' is a radial function in space variables.

Theorem 3 Letn > 3 be an odd number and let2 < q < 3(,%2 For “—q‘l <a< "q—‘,l

we set
—a _ ntl —a_ g ntl  n-l
=73~ Toq b—2+2q 7 -

Then, there exists a constant C > 0 such that

11£2 = 2P|y isny < CHIE = P F]| g iy,

for any function F' satisfying the following conditions:

F(t,-) is a radial function in space,
F(Xt,Az) = A"*%F(t,z), (t,z) € RX™ X>0. (3.4)

234



Remark 2 (1) The exponents a and b are determined to make both norms in
(3.8) invariant with respect to the following scale transforms which preserve
the equation (3.1):

w(t, 1) — Nw(t, Az), F(t,z) — X2 F()t, Az).

This fact is consistent with the assumption (3.4) which ‘implies the solution w

is also invariant with respect to the scale transform above.

(2) When we apply Theorem 3 for nonlinear problem (1.1), (1.2) withq=p-+1
and a = 2/(p—1), where p is that of (1.1), then the condition a < -’3;—1 implies

p > po(n).

In what follows, we explain the outline of the proof of Theorem 3. To prove Theorem
3 we first prepare the following lemma.

Lemma 3.1 Let n > 3 be an odd number. For 2 < q < 25:—_4’1—1) we assume a and b

satisfy the following conditions:

+1 _ n-1 -1 1
a—b+"—q——"—2—, %—nT<b<a.
Then, there exists a constant C > 0 such that
2 2 2 b
“lt - le |aw“Lq(R:_+") < C“'t - |:L“2| F“Lq’(an)a (3'5)

for any function F with radial symmetry in space.

A similar estimate to Lemma 3.1 have been shown by Georgiev-Lindblad-Sogge ([2],
Theorem 1.4 ). In the above lemma their support condition supp F' C {lz| < t} is
removed at the cost of an additional lower bound b > ;—‘ - "T‘l Since the proof is
essentially the same as theirs, we omit the proof except that we use the following
lemma. to overcome the difficulty caused by the lack of assumption concerning the
support on F.

Lemma 3.2 ([11], Theorem B}) Let 0 <A< n,1<p<g<oo. Let a <n/p' and
B < n/q satisfy 1 +1/q —1/p= (A+ a+ B)/n. Then the operator T given by

_ f(w)
T = [ 2Pl - yP e

satisfies the estimate
ITfllzamn) < Cliflle(r)-
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Let us return to the proof of Theorem 3. Basically, Theorem 3 is derived interpo-
lating the estimates of Lemma 3.1. To describe the interpolation spaces of weighted
Lebesgue spaces we prepare some notation.

We call a measurable function w a weight function if w is nonnegative and satisfies
Hw(z) = 0} U {w(z) = oo}| = 0, where | - | denotes the Lebesgue measure. For a
o-finite measure p and a weight function w, we define weighted Lebesgue space
L?(w, p) and weighted weak Lebesgue space L (w, 1) by

22w ) = {F: 1Pl = ( [ w11Pd) " < o0},

L (w, ) = {F; Ifllee(wm = il;l;z\u({x;w(x)lf(x)l > AN < o0},

for 1 < p < 00. In the case w = 1, we denote

DP(w,p) = LP(p), LE(w,p) = L ().

Then, the real interpolation spaces of weighted Lebesgue spaces are characterized
by weighted weak Lebesgue spaces as follows.

Lemma 3.3 ([1], Theorem2) Let wy, w; be weight functions. Let 1 < Po < p1 < 00,
1/p=(1-0)/po+0/p, with0 < @ < 1. Then the real interpolation space of weghted
Lebesgue spaces is realized as

P1 1
“i

R S w PoP]
(Lpo(w01 p‘)’ Il (wla .u))g o Lﬁ, (( Po ) P17Po , (__0) P1-Po “)
' Wo w1
with equivalent norms.

It seems difficult to apply this lemma for our purpose, because part of weight function
influences the measure of the weighted weak Lebesgue space above. To settle this
difficulty we use the following lemma.

Lemma 3.4 Letn € N, 1< ¢g<o0. Fora, B€ Ruwitha # 0, g+ 8 = n,
we assume that f and weight function w are homogeneous of degree —& and — g3,
respectively. Then there ezist constants C', C" > 0 which are independent of f and
w such that

C'll fllLg,waz) < I Sfll2g, v, azy < C"I| Il 28, (wz)»

where dx denotes the Lebesgue measure on R™.
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Now let ¢, a, a, b satisfy the assumptions of Theorem 3. Then we take g;, a;, b;,
i = 0, 1, satisfying

—=10+0 a=(1——9)ao+0al, bz(l—o)bﬂ_*_gbla

q g0

. —p g ntl _n_l n_n-1 e L
a; bz+ & 20 p b) <b-,,<q‘,

for some 6 € (0,1). By Lemma 3.1 we have

112 = 721057 5 ]|y gy < 12 = 7257 % | i=0,1,

(dtdr) — i(dtdr)’

using polar coordinates.
Then, by Lemma 3.3, interpolating the above inequalities, we have

2 2 ¢191-20490
” |t - T I q1—490 'U)”Lzzu(ltz__r”qo q1 (ag—a1)/(91-490) T”_ldtd’l')
b1 97 —bo q

<ol ) A

9 (|$2—r2|% 91 bo=b1)/(2] ~90) pn—1gtdr)"

Finally, from the homogeneity of w, F', and weights we apply Lemma 3.4 to obtain

2 .2 2 .2b
[[t* =~ |aw“L3,(rn—1dtdr) < C|ie? = F”L‘,’,,’(r"—ldtdr)’ (3.6)
since
mq—tq 1don (@-a) _ bha-ba + L 0% bo—b) _,
01— 9 @—q G- 7 a-o

The inequality (3.6) is equivalent to the inequality (3.3) and this completes the proof
of Theorem 3. |

4 Proof of Theorem 1

In this section, we give a proof of Theorem 1. We define the sequence {u;} induc-
tively by

uj(t) = uo(t) + £ / (—A) " sin[(—A)} (t — )] [uj_1(s)Pds, > 1,
uo(t) = cos[(—A)2t]ed + (—A) "2 sin[(—A) 2t] ep.

Then, we observe that u;(At, /\a:) = A2y, (t :c) holds lnductlvely for j > 0.
This enables us to apply Theorem 3.
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By an equivalent triangle inequality we have
122 - |$|2|"U1'“L5+‘(Rl++") <Cl- |$I2I7“0”L5+‘(RL+")

+C e = 1a [ (a)sinl(-2)¥¢ - )] uy-1(s)P ds

(4.1)

LG R
where v = -1 - T’;‘_&l). The first term on the right hand side of (4.1) is finite by
Theorem 2 and we set

C|I1¢? - 'x|2|7u0”L.’;+1(R1++") = Cye.

In fact, the assumptions of Theorem 2 is satisfied as long as po(n) < p < 2£3, when

we set @ = 2/(p—1), ¢ = p+1 (see Remark 2 (2)). Applying Theorem 3, we see that
the second term on the right hand side of (4.1) is bounded by a constant multiple
of

”lt2 — |z |uj—-l|p“L3:+l)/p(Ri+n) = ”It2 — |z|?|” u,‘i—l“iﬁ’+l(R_l‘_+n)-

n+3

In fact, the assumptions of Theorem 3 is also satisfied as long as py(n) < p < o

when we set o =2/(p — 1), ¢ = p+1 (see Remark 3 (2)). Thus, we obtain
2 2
[1£2 ~ || |7“1'”L5+1(R;+") <2Coe
for all j > 1, if ¢ is sufficiently small.
On the other hand, applying Theorem 3 and Hélder’s inequality, we obtain
”|t2 - |x|2|7 (uj+1 - uj)“L&+l(R-l++n)
< C[IE7 = =P (fusl? = lu1)| ygrorrm g,
<C ”It2 — |x|2|(p—1)‘7 (|uj|"‘1 + |uj_1IP—1)||L$+1)/(p—1)(R:L+..)
< CH[I2 = 12l (w5 = 1) || s aeny.

Thus, we conclude that {u;} is a Cauchy sequence in the weighted weak Lebesgue
space for sufficiently small ¢ and that the limit u is the desired solution. [J
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