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ON NAGUMO'S EQUATION OF A NEURON

Norio KIKUCHI

(Keio University, Yokohama, Japan)

1. Introduction
In this lecture we shall consider an equation of the type
a"u/_ _ 2%u + 2 :
This equation is a general form of the equation
2*u . 2*uy/ . U - 2y
/m'zz = A’czf fw(\ “ee W) e U,
}A >0, & >0,
which was proposed by J. Nagumo(1962) as an equation of a neuron.
R. Arima and Y. Hasegawa(l1963) have proved that there exists a unique

solution of (1) with the initial and boundary conditions:

Ulx, 0> = Uyd), 29fe(nod = um> fov x20

(2) , >
Ulotd = L\/d—) Loxy T zoO,

under suitable conditions.

Here, we shall consider the equation (1) with the conditions:

U 0> = Y@ € c*le1], au/aic(u;w = ‘-\/uw:; C*te.11,

(3) .
Ulet) = Q& e C3lo o), ULt = b e C3[o,z>e)

Now, we put the following assumptions on £, g:

1, G € Clleeo, 00D,

(%) “ P (uw+1) £ L = T,
‘3(u>| < G \ul

The compatibility conditions are the following:

Aled = Slod | be> = (L),
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Qo> = Yoy, Y = NI
a“te> = \-\///(o) + F(aw) ated + ‘g(acm),
b o> = «.\/’(‘) A ;F Cbeor) bed ~+ i(b(;,))’

(5)

Under the assumptions (3),(4),(5), we have the following result. Let T
be any positive number.

Theorem. There exists a solution u(t,x) € d%[O,T];dﬁo,l]) satisfy-
ing (1) and (3). |

By using the fundamental solution of heat equation R. Arima and Y.
Hasegawa have obtained the integro-differential equation associated with
(1),(2) and obtained apriori estimates. They have constructed a local
solution of the integro-differential equation by the method of successive
approximations and obtained a global solution by using apriori estimates.
Our existence proof of a local solution is achieved by replacing afyét
by a difference scheme and by a compactness argument. In the'construction
of a iocal solution we don't use any particular properties of heat equation,
However, we ceuld'nt simply obtain global apriori estimates, unless the bouﬁdary
condiﬁions are homogeneous. Hence, in order to obtain a global solution
we use an energy form for our problem, which is similar to that given by

R. Arima and Y.Hasegawa for the problem (1), (2).

2. A construction of a solution
We transform the equation (1) to a system of equations
VU - K4
© A vl Ao v gL,
}‘*/STT = .
Let N be a positive integer sufficiently large and let us divide

the interval [O,To] (To < T) by points tn=nh (h-_—-.TO/ZN, n=0,1,...,

N N)

. . N
27). We define functions {un) (n= -1,0,...,27), {vn} (n =0,1,...,2
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inductively as follows:

uo = (f
Vo {d_x)_""ai) X ;E—‘b/to)})
\J. — U - ; - .
) U, — Un
,____zs:t.‘__\i__:*__ = U,
Un(od = @ctd. U = bd.d,
U_‘ = U, — 4 \j—ol

vy = v, — & v, f&:(.(u._«)\fc—"a%(uc)

Further, we put

\ffs - Uy o :
(8) z = 7 = v, + f£lu dVo ~ }(.M_»\)

-]

and for each n (n:l,Z,...,ZN)'
N — Vg

(8") z, = . W, = Zw = 2oy
© -
In the Banach space X =C(C[0,1] with the supremum norm
ftug =— < w?p \ x> \
csx={ 2

we construct Cauchy polygons by

.\?ﬂ &> = S 22 Y Tt g
Qs = 6 =t,2) Un + (B =t> U, Lovtelt,, t.,])
P’ 3

(12w N),

Suppose, for a moment, that there exists a compact set K ¢ €[0,1] (inde-
pendent of N) such that

{fud (i (z) C K,
and {\JM} is equi~bounded (independent of N). Then, noticing that

AT L = =,

Pl

A*Queo fyt = U Lov *T e \:"TM_4 t. ),
we can conclude that the sequences %PN(«-)} {@ &, {d"’ ?N(*D/ }
4
+
and {‘A Q"&Z—b} are equi-continuous in t and hence are normal

families in X. By the construction (7) we have that
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d*"ﬂ“’éﬂr - ?“’/cfn -+ 4( Queh) Riknd « @QQN&M.‘Q)

d’-‘-Qﬂe*)/d"" ) ?N CJ\"'V\) -—(—O\/ _t & {;V‘tm—\, t‘\r\))
?,4 ted> = »-\/ —_ {(\—1) ;&-ai’ic,) — x 2‘_ beo> },
le (ed = ? .

Noticing the closedness of the Laplace operator and d/dt, we have by the

continuity of £ and g that

d P&"Av = P> + £(Qa) P> + 4( Q) ,
d Qo fi— — Pee> Lov T & Lo, 771,
‘P(o) — \-", @(o) — Cf -
where
By the construction of uw we have that P(t)(.) & C[0,1]
satisfies

E<+> (o) = Qebd, Pee>(1) = bad fov t2zo.
Consequently, we shall construct {UMS, {U‘“} , which satisfy (7) and
prove the equi-boundedness of {U“} R {\)’M} s {ZM} N {\;J'“})which implies the
existenvce of such a compact set K as stated above.

If we could find {w:\}, we can find {'UM}, {U'“} and a?“}as follows:

,ZM = g“_‘.(_/e\\»fm — "ZM~2+ -’e\w,,\__‘_-e- «Ew‘m
Z, -\-*B\(W\-‘t—w‘g_—k-... e wm‘),

i

V. = Vo """e\("—-‘\"*' Ea2 *+ - A g,“,))
U, = U, + Alv, ~ Vv, + - - . + UL).
The equation that \WJ_ (n22) should satisfy is the following:

_&1 '\Ar“// —_— ’g (\ATM—‘ w—v\.‘\.) — & ’—f—('\w\,\._\) W,

(%) - [:?(\AM_‘)—Z ’-{—Qb\ﬁ_z) ~* i(‘-&“-;)] l-Y;\u—-\

— AU - R Z Uy —2 §lund + ),



a’h - 3 GM—-\ -+ 3 aM—z —— a4“3

W, (o> = 3 >
o
b. —3 &\«-\ * 3 \om-z ——\DM.—g
Wa (VD = PE .

The equation that L»J_‘ should satisfy is the following:

s = By — RO Vi- ) + (e - L) vl
(10) — C C&Luo) —_— C&Lu‘:‘)D — £ izol;;
u)"\ (D) —_ ‘Z‘ (.U) - 20(0) \ l}.}‘(\) _ 21(-\) —-%D(‘)

- 4
In order to find a solution of (9) and (10), we shall construct majorant

and mimorant functions for (9) and (10). By the compatibility condition
(4) and the smoothness condition (3) of £, g there can be shown that
there exists a positive constant M, such that
[ U oo, \UMC\)\) | Vicor L Vuwcol Zael, 1zl
Lwieol, (wawml = My (mz)) , Ui, vl =2 /M
The functions _«.5\(7» zMg’X\, De=-M ~ K‘ and ¢, (x> =Mx (s L ==M - X'ﬂ)
X\ = wax { o, W £ “Mo“ Fh o+ -_€/|\M: u-auza- “‘3/“,\4:"0“ +\\z‘;’u~—'\<})
(11) ({-m 2o Y, =8, + "LT“ FUD—2 £U, D+ £u > 1Vl
4R~ £, pEEE + G W) = 2§ Unad+ §Lihn )
can be shown to be majorant, minorant functions for (10) and (9),
respectively. Hence, there exists {\JM> (n Z 1), each of which satisfies (9), (10).
Next, we shall show that (\UM},‘{\U}}) (i’“} and {w;} are equi-

bounded. If we put

- - - X U0 | < < oV
v, = VY, — {(J =) VU, lo) x )} (V€ nwg 2 >)
‘—\}; satisfies
p—— —_— | R — —_—
v ____\5\__ V. = — ¢ Ven, — FLU O

-—{(\—1) £lu, D I ted + x £lu, > \)‘“L\)}
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— q(u,> — { (=2 Z (D> + X Z, })

From the property of the Laplace operator we have

(12) | Uul 20,0+ AT WL+ LGN Ul + ’&M;F('\tm_‘\az+\)+1&/\/\o,

From
Uy = VUV, —+ £ {VM e (V=D Vued « x Ul },

we have for 1 gniZN

(13) Fu, o= Vu v~ AWy /\/\o) .

Determine successively &, and @M by
o<, = |\ @\,
@a = ‘\’\\ -~ ‘:L)

{3“ = 8. -\-‘&”\:%M"‘ ‘&Gro(,“_\—\—’e«/vg(_‘-(o(mi*\)-k’&/\/\o’
o = Sy T (B MY

Then the inequalities (1Z) and (13) imply the estimates ,

bl = ot v UL = B foxr o =m= z“l;
which éan be verified by the induction with respect to n. Denote by o)
ENG,-) polygonal functions with their vertices (nh,oQ, (nh, @M). If we
have WN—> o . {‘Xv\(ﬂ} s {?N&)} converge to continuous functions sAct),
@c«t) , which éatisfy the following differential equations

dXfr = B+ M

a\@[m_ - '\:(i; o x21) * Crot + M

‘with

Kied> = Wl @Lco = g —+ .
If we put

2 2
Yeer = o« B,

\(647) satisfies the following differential inequality

d‘%t = CCY-
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where (:, is a positive constant depending only on F?G,M& ThiS‘inequality

has a continuous solution on [O,To], where

= 3

C{l+vg® + (ugued® } _
which means the equi-boundedness of %x“&éh . {@&u>) and hence of {lka

1. 1

{U}} The method of such estimates as stated just above is due to that by

M. Hukuhara, which simplifies the estimation for the system of such
inequalities as the type (12)3(13). By noticing the eqztalities (898') and (ll)
we can similarly conclude that {z;}, %\J;}are equi-bounded(that is, “LMA;ﬁU;K

“ﬁj&)\ﬁ,ﬁ < M) . Consequently, the following estimates

v , : 4 4
b U, SWEN +u Fhy v Val Vg, _ﬁ_M»«M\\;(.\\M—x—\\g\\M =M,

,
LR Y T N Y S A N E o T S UL PV I w AV W

A A T A T L LR AR (VY
—z‘\r\—'\ = %kuu—z) v"\-‘l‘b 3’(“’“‘2“

e e . e
2 (6t wult «u £ O x),‘“_‘\\z' e R +“ﬁ/“l\/\“ )
= B(M + M2+ MmN Mgy )

({ a = Yu . ("‘3‘
(\ {;\‘M , for example, means that :(L(EM am«‘fA £ )

imply that there exists a compact set K ( C[0,1] such that
{UM}) {UX}) {zm} < K.
Hence, we can construct a solution of (1) and (3)‘ on [O,To].
Similarly as R. Arima and Y. Hasegawa have done, we can construct én

energy function to our problem and have a global solution.
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