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Abstract 

We propose an (a, q)-analogue of the Poisson operator on the Fock space of Bozejko­
Ejsmont-Hasebe [6] and discuss a probability law of the operator. We show that the prob­
ability law is expressed by the q-Meixner distribution. Our results contain not only sym­
metric distributions as in [6], but also non-symmetric ones such as free Poisson, q and q2-

deformations of Poisson, Pascal, Gamma, and Meixner distributions. This is the summary 
of the paper [4]. 

1 Introduction 

A deformation of the full Fock space with two parameters a, g E (-1, 1), namely, the (a, g)-Fock 
space (or the Fock space of type B) Fa,q(..:Ye) over a complex Hilbert space £ is considered 
by Bozejko-Ejsmont-Hasebe [6]. The (0, g)-Fock space is the g-Fock space in the sense of [7][8]. 
Their starting point is to replace the Coxeter group of type A, that is, symmetric group 6n 
for the g-Fock space by the Coxeter group of type B, B(n) := Z? ><I 6n, to construct Fa,q(..:Ye) 
equipped with the (a.g)-inner product(·, •)o.,q· This replacement allows us to define, for f E £, 
the (a, g)-creation BX,q(f) and annihilation Ba,q(f) operators acting on Fa,q(..:Ye) and leads us 
to the problem finding a probability distribution Va,q on lR of the (a, g)-Gaussian operator (the 
Gaussian operator of type B) with respect to the vacuum state. 

We propose an (a, g)-analogue of the Poisson operator on Fa,q(..:Ye) and discuss a probability 
law of this operator. We remark that the Poisson operator of type B by Ejsmont [11] is essentially 
different from ours if a # 0. In Section 3, we introduce a weighted (-g, g2)-Poisson operator 
Y -q,q2 after relationships between g-Meixner operator Xq of [17] and our ( a, q2)-Poisson operator 
arc explained. We show in our main Theorem 3.1 that the probability law of Y -q,q2 is equal to 

that of the scaled Meixner operator Yq = ~ with respect to appropriate vacuum states. As a 
result, one can treat not only symmetric distributions as in [6], but also non-symmetric ones such 
as free Poisson, g and g2-deformations of Poisson, Pascal, Gamma, and Meixner distribution. 
Consult our paper [4] in detail. 

2 (a, q)-operators and their distributions 

2.1 q-analogue of the Meixner class of orthogonal polynomials 

Let [n]q denote the g-number given by [n]q := 1 + g + • • • gn-l for n 2 1. For given con­
stants g, 1£1, 1£2, 1 , Ii with O :S g < 1, 1£2 > 0, Ii 2 0, let mq denote the probability measure 
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µ(q; K 1 , K 2 , 'Y, o) on lR such that the sequence of monic polynomials { Q~q) (x)} given by the re­
currence relation, 

is orthogonal with respect to the L2 (mq)-inner product. We shall refer the measure mq as 
the q-Meixner distribution. The existence of probability measure mq is guaranteed by Favard's 
theorem, for example, in [10][12]. It is known [10] that the classical Meixner class of orthogonal 
polynomials and distributions ( q = 1) can be classified into five types by parameters, 

{ 
0 := ~, T := : 2 , 

D := 02 -4T. 

A q-analogue of the classical case is discussed in [2] and characterized as well as q = 1 case 
by the same parameters [9][16]. See also [1][5][15] for the free case q = 0. More precisely, the 
q-Meixner distribution is classified into five types as follows: 

( i ) q-Gaussian: T = 0, 0 = 0. 

(ii) q-Poisson: T = 0, 0 i= 0. 

(iii) q-Pascal: T > 0, D > 0. 

(iv) q-Gamma: T > 0, D = 0. 

( v) q-Meixner : D < 0. 

Remark 2.1. For a, q E (-1, 1), let Va,q be the orthogonalizing probability measure of these­
quence of monic polynomials {P;;''q(x)} defined by the recurrence relation, 

{ 
p;,q(x) = 1, Pf'q(x) = x, 

xP;;''q(x) = P:+q1(x) + (1 + aqn-1)[n]qP:_'_q1(x), n 2 1. 
(2.2) 

The measure Va,q is symmetric and its explicit expression can be found in [3][6][13]. Since the 
equality 1 +aqn-l = 1 +a-a(l-q)[n- l]q holds, {P,;,'•q(x)} for a E (-1, O] can be considered as 

a special case of {Q~q\x)} in the sense of Definition 2.1. Hence the measure Va,q for {P,;,'•q(x)} 
coincides with µ(q; 0, 1 + a,0,-a(l - q)) for a E (-1,0]. 

2.2 (a, q)-Poisson operator on Fa,q(Ye) 

To make our point clearer, we put basic facts on the (a, q)-creation B1,q and annihilation Ba,q 
operators acting on Fa,q(Yr'). One can see Ba,q = (Bl,q)* with respect to the (a, q)-inner 
product (·, •)a,q For those who are not familiar with the (a, q)-deformation, refer Appendix A 
and also [6] written in detail. 

Let us consider a self-adjoint operator Pa,q(f) for f E Ye defined by the form, 

P a,q(f) := B1,q(f) + Ba,q(f) + c1Nq(f) + c2l, C1 2 0, C2 E lR 

where Nq is the q-number operator having &@n as the eigenspace with eigenvalue [n]q. More­
over, we find the probability distribution of this operator with respect to the vacuum state 
(D, ·D)a,q• We call P a,q(f) the (a, q)-Poisson operator (the Poisson operator of type B). In the 
case c1 = 0, P a,q(f) is denoted simply by Ga,q(f), called the (a, q)-Gaussian operator (the 
Gaussian operator of type B). 
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Remark 2.2. (1) It is easy to see that the operators Bi,q and Bo,q are the same as the q-creation 

operator b! and q-annihilation operator bq on the q-Fock space Fq(&) := Fo,q(&), respectively. 

That is, bq = (bt)* with respect to the inner product (·, •)q := (·, •)o,q- (see [8]). In [14], the 
q-Poisson operator ( the Poisson operator of type A) is examined as the sum of bt, bq and btbq and 
its distribution is identified with the q-Poisson distribution with [J = 0 ( T = 0) of the Meixner's 
classification. 
(2) In [11], Ejsmont introduced the Poisson operator of type B, but his operator is essentially 
different from ours if a #- 0. 

Definition 2.3. Fors E lR, we define the translation T8 of a probability measureµ by T8 µ(·) = 
µ(· - s). For>.. E lR, >.. #- 0, we define the dilation D>. of JI, by D>.p(,) = 1i(,j>..). 

Theorem 2.4. Suppose a, q E (-1, 1) and f E Ye with llfll = 1. Let Pa,q,f be the probability 
distribution of P a,q(f) with respect to the vacuum state (!1, -!1)a,q· 

{1) If q E (-1, 1) and -1 < a(j,1) :::; 0, then Pa,q,f is 

p(q;c2, 1 + a(f,]),c1, -a(l - q)(f, ])). 

{2) If c1 = 0, q E (-1, 1) and -1 < a(f, ]) < 1, then Pa,q,f is equal to Tc2Va(f,f),q' where it is 

the probability distribution of Ga,q(f) - c2l. 

2.3 q-Meixner operator on Fq(.Yt') 

Let us recall the double q-creation and annihilation operators, (bt)2 and (bq) 2 respectively, acting 
on the q-Fock space Fq(&) := Fo,q(.Yt') for f E Ye, defined by 

{ 
(bt)2 j®2n = j®2(n+l)' 

(bq)2 j®2n = [2n]q [2n - l]qf®2(n-l), 

btbq j®2n = [2n]q j®2n' 

n 2 0, 
n 2 1, 

n 2 1. 

Yoshida [16] considered a self-adjoint operator Xq(c3, c4) on Fq(.Yt') given by 

Xq(c3, c4) = (bt)2 + (bq) 2 + c3btbq + c4l, c3 2 0, c4 E lR, 

(2.3) 

and the probability distribution of this operator denoted by µx" with respect to the vacuum 
state (!1, -!1)q- In this paper, Xq, is called the q-Meixner operator acting on Fq(Yt"). 

It is our main concern in this section to clarify the relationship between probability distri­
butions of Xq and P a,q in a sense. Let us first recall the following Theorem. 

Theorem 2.5. The probability distribution /Lxq of the operator Xq(c3, c4) with respect to the 
vacuum state (!1, -!1)q is given as follows: 
{1) If c3 > 0, then 

for q E [0, 1). 
{2) If c3 = 0, then /Lxq = Tc4 V_q,q2 for q E (-1, 1). 

Proof. Due to the equality, 

1 
(1 + aq2(n-l)) [n]q2 = ( ) (a+ q - a(l - q) [2n - 1 ]q) [2n]q, 

ql+q 

a = -q implies 

Due to this identity, we get our assertion. 

(2.4) 

□ 
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3 Relationship between ( a, q2)-Poisson and q-Meixner operators 

3.1 The case a= -q 

To see relationships between the operator Xq and with (-q, q2 )-operator, we shall define a scaled 
operator Yq of Xq for O ~ q < l , 

1 
Yq := --Xq, 

l+q 

and a weighted Poisson type operator Y -q,q2 defined by 

We remark here that if c1 = c3 = 0, the condition on q can be relaxed to q E (-1, 1). 

(3.1) 

(3.2) 

Since Y -q,q2 is not self-adjoint with respect to (·, ·)-q,q2 due to the second term in RHS of 
(3.2), which is a counterpart of (bq) 2 in (3.1), we need to modify (a, q)-creation and annihilation 
operators by adding a weight /3 > 0 as follows: 

Let BJ,a,q(f) be the ,B-weighted (a, q)-creation defined as the (a, q)-creation operator Bl,q(f) 
and B13,a,q(f) be the ,B-weighted ( a, q)-annihilation operator given by 

B13,a,q(f) := ,BBa,q(f), ,B > 0. 

The above two ,B-weighted operators are adjoint each other with respect to the /3-weighted 
(a, q)-inner product, 

(!1 ® · · · ® fm, 91 ® · · · ® 9n)f3,a,q := Dm,n/3n(J1 ® · · · ® fm, 91 ® · · · ® 9n)a,q, fk, 9k E £. 

By setting ,B = ~' the operator Y -q,q2 can be expressed as 

and hence Y-q,q2 is the self-adjoint operator with respect to the inner product (·, ·)f3,-q,q2. 
Then we can clarify the relationship between probability distributions ofYq and Y -q,q2 with 

respect to the vacuum state. 

Theorem 3.1. Suppose c1 = c3 and c2 = c4. Then the probability law of Yq with respect 
to (n, -!1)q is equal to that of Y -q,q2 with respect to (!1, -n) /3,-q,q2 with /3 = ~~~. In fact, the 
probability distribution py of these operators is given as follows: 
{1) If c1 > 0, then py is 

1 
a=--

l+q 

for q E [O, 1). 
{2) If c1 = 0, then py is Daµxq = DaTc2V_q,q2 for q E (-1, 1). 

Moreover, the classification parameters 0 and T under c1 = c3 for the Meixner class are given 
by 

{ 
0 = c1 y'T+q, 
r = q(l + q) 2: 0, 

D = (l + q)(ci - 4q). 

(3.3) 

Therefore, we get 
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Proposition 3.2. {1) If q = 0 (T = 0) and c1 = c3 = 0 (0 = 0), then µx0 = Tc2vo,o and 
Daµx0 = DaTc2Vo,o are the free Gaussian. 
{2) If q = 0 (T = 0) and c1 = c3 =/- 0 (0 =/- 0), then µx0 and Daµx0 are the free Poisson. 
{3) If 0 < q < l (T > 0) and ci = c3 > 2.jq_ (D > 0), then µxq and Daµxq are the q2-Pascal. 
(4) If 0 < q < l (T > 0) and c1 = c3 = 2.jq_ (D = 0), then µxq and Daµxq are the q2-Gamma. 
{5) If 0 < q < l (T > 0) and 0 =I- c1 = c3 < 2.jq_ (D < 0), then µxq and Daµxq are the 
q2 - Meixner. 

We have shown by introducing the (a, q2)-Poisson and the q-Meixner operators that non­
symmetric probability distributions such as (2)(3)(4)(5) in Proposition 3.2 can be treated within 
the framework of the Fock space of type B. In [6], non-symmetric cases are not treated. 

3.2 The case a = q 

Due to Proposition 3.2, Xq and Y -q,q2 do not provide the q2-Gaussian and q2-Poisson laws. In 
particular, the Yq,q-operator given by 

1 
Yq,q := aPq,q, a= --

l + q 

has these probability laws for q E (-1,1). It is the self-adjoint operator with respect to the 
inner product (·, ·h+q,o,q2. It is easy to see that if c1 = 0, then Yq,q = a(Gq,q + c2l). Hence we 
have 

Proposition 3.3. For q E ( -1, 1), the probability law of Yq,q with respect to (!1, ·!1)1+q,o,q2 is 
as follows; 
{1) c1 = 0 ===} the q2 -Gaussian, DaTc2v0,q2· 

( ) h 2 . ( 2 c2 1 ) 2 c1 > 0 ===} t e q -Poisson, µ q ; --, --, c1, 0 . 
l+q l+q 
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A Appendix 

This appendix is referred from [4]. Let B(n) be the set of bijections (7 of the 2n points 
{±1, ±2, · · · , ±n} with (7(-k) = -(,(k). Equipped with the composition operation as a product, 
B(n) becomes what is called a Coxeter group of type B. It is generated by 1ro := (1, -1) and 
1r; := (i, i + 1), 1 :::; i:::; n - l, which satisfy the generalized braid relations 

0:::; i:::; n - l, 

1:::; i:::; n - l, 

li-jl~2, 0:::;i,j:=:;n-1. 

An element (7 E B(n) expresses an irreducible form, 

(A.1) 
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and in this case 

£1(0-) := the number of 1r0 in a-, 

£2(0-) := the number of 'lri, 1 :Si :Sn - 1, in a-

are well defined. 
Let Ye be a complex Hilbert space equipped with the inner product (·, ·) and norm II · II, 

where the inner product is linear on the right and conjugate linear on the left. For a given 
self-adjoint involution f >-+ 1 for f E Ye, an action of B(n) on &®n is defined by 

{
1ro(J1 0 · · · 0 fn) = Ji 0 h 0 · .. 0 7 n, 

'lri(jl 0 · · · 0 fn) = Ji 0 · · · ® fi-1 0 fi+l ® fi 0 fi+2 0 · · · 0 fn, 

n 2 1, 

n 2 2, 1 :S i :S n - 1. 

Throughout this paper, we assume the involution 7 off E Ye is defined in such a way that 
(J, 7) E lR holds and (J, 7) = 0 is equivalent to f = 0. 

Let Flin(&) denote the algebraic full Fock space over Ye, 

00 

Flin(&):= <CO EB E9&®n, 
n=l 

where O denotes the vacuum vector. We note that elements of Flin(&) are expressed as finite 
linear combinations of the elementary vectors Ji 0 · · · 0 fn E &®n. We equip Flin(&) with the 
inner product 

n 

(Ji 0 · · · 0 f m, 91 0 · · · 0 9n)o,o := Om,n IT (Jk, 9k), fk, 9k E Ye. 
k=l 

For a, q E (-1, 1), define the symmetrization operator of type Bon &®n as 

p(n) = ~ al1(u)ql2(u)O" > 1 a,q ~ ' n_ ' 
o-EB(n) 

P,(n) = ~ ql2(u)~ > 1 
O,q ~ v, n _ , 

Pi~J = 1£00, Pci~ = I£@n, 

where we put o0 = 1 and &®0 = <CO by convention and 

00 

P, _ ffip(n) 
a,q - Q7 a,q 

n=O 

be the symmetrization operator of type B on Flin(&). Since PtJ is known to be strictly 
positive, 

becomes an inner product and (·, ·)a,q is called the (a, q)-inner product with the convention 
o0 = 1 and 9-k = 9k, k = 1, 2, ... , n. 
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Definition A.1. (1) For a, q E (-1, 1), the (algebraic) full Fock space Flin(&) with respect to 
(·, ·)o:,q is called the (a, q)-Fock space (the Fock space of type B) denoted by Fa,q(&). In this 
paper, we do not take completion. In particular, Fo,q(&) is nothing but the q-Fock space (the 
Fock space of type A) Fq(&) equipped with the q-inner product (·, ·)q := (·, ·)o,q of Bozejko­
Speicher [8]. 
(2) Let B1,q(f) be defined as the usual left creation operator, 

Bl,q(f)O = f, 

Bl,q(f)(f1 0 · · · 0 fn) = f ® Ji 0 · · · 0 fn, n;::: 1 

and Ba,q(f) be its adjoint with respect to (·, ·)o:,q, that is, Ba,q = (B1,q)*. EL and Ba,q are 
called the the (a, q)-creation and (a, q)-annihilation operators, respectively. 

The following proposition is a direct consequence of the definition. 

Proposition A.2. (1) The (a, q)-annihilation operator Ba,q acts on the elementary vectors as 
follows: 

where 

Ba,q(f)O = 0, Ba,q(f)fi = (f, Ji) 0, 

Ba,q(f)(f1 0 · · · 0 fn) = L + R 

n k-1 V 
L=Lq (f,fk)Ji®···®fk®·"®fn, 

k=l 
n V 

R = cv.qn-I L qk-I (f, f n-(k-1)) Ji 0 · · · 0 f n-(k-1) ® · · · ® f n, 
k=l 

V 

for n ;::: 2 where fk means that f k should be deleted from tensor product. 
(2) The (a, q)-creation and the (a, q)-annihilation operators satisfy the commutation relation, 

The readers can refer to [6] for details. 

Corollary A.3. {1) The q-annihilation operator bq(x) acts on the elementary vectors as follows: 

bq(f)O = 0, bq(f)fi = (f, Ji) 0, 

n k-1 V 
bq(f)(f1 0 · · · 0 fn) = L q (f, fk) Ji 0 · · · 0 fk 0 · · · 0 fn n;::: 2, 

k=l 

V 
where f k means that f k should be deleted from tensor product. 
{2) The q-creation and the q-annihilation operators satisfy the q-commutation relation (q-CCR) 

f,gE£. 
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