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1. Introduction

A cellular automaton (CA) is a discrete dynamical system composed of regularly ordered
cells. The state of each cell takes values on a finite set. The cells simultaneously update
their states in discrete time according to a deterministic local rule. Since Wolfram’s
work [1], CAs are not only studied in traditional computation theory and mathematics
but also widely applied in various fields of science including fluid mechanics [2], reaction-
diffusion systems [3], and integrable dynamical systems [4].

One of the authors studied one-dimensional reversible CA of the form [5, 6, 7]

A = fat et et @t (1)

where i and ¢ denote integers representing cell and time, respectively, 2t € {0,1} means
the state of cell ¢ at time t, and @ the exclusive OR operation; 00 =141 =0
and 01 =160 = 1. This CA is time-reversal invariant because the time-reversed
evolution follows the same rule as

v = flaiig 7 why) @ gt (2)

This type of CA is the second-order variant of Wolfram’s elementary CA, so is
called elementary reversible CA (ERCA). Each rule is referred to as Wolfram’s code
D eya=0.1 f(x,y, 2)2%2v+= appended by an ‘R’. For example, if f(000) = f(010) = 0
and f(z,y,z) = 1 for other configurations, the rule is called 250R. Due to the discrete
nature of CA, the time-reversal invariance readily means the preservation of phase
volume like Liouville’s theorem in statistical mechanics. Thus, if an ERCA has an
additive conserved quantity, we can define time-invariant Gibbs measure by considering
the conserved quantity as energy. A necessary and sufficient condition for a CA to have
an additive conserved quantity was derived and it turns out that some rules in ERCA
certainly have such conserved quantities [8]. Thus ergodic properties and phase space
structures are examined for some rules [5, 6]. Moreover, we can attach a heat reservoir to
either end of the system by devising some stochastic update rule for the cell at the end.
When the reservoirs at the left and right ends have different temperatures, there occurs
transport of energy. It was numerically revealed that rule 90R shows ballistic transport,
while rule 26R shows diffusive motion of energy, which leads to the Green-Kubo formula
for thermal conductivity [7].

Recently, Prosen and Mejia-Monasterio [9] proposed a similar reversible cellular-
automaton model with stochastic boundary conditions which represents chemical baths
for absorbing and emitting particles. Their model is based on rule 54 (RCA54) presented
by Bobenko et al [10] which is defined on a one-dimensional zigzag chain. At first glance,
ECAb4 is different from ERCA, but it is related to rule 250R in ERCA as we will see
afterwards. Prosen and Mejia-Monasterio not only proved the existence and uniqueness
of a nonequilibrium steady state (NESS) for RCA54, but also explicitly obtained an
exact solution using a form of matrix product ansatz called the patch state ansatz.
This is the first time that an exact NESS is obtained for nontrivial boundary driven
CA models. Prosen and Buca [11] introduced a different kind of matrix product ansatz
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to discuss the NESS and decay modes for the same CA with two kinds of boundary
conditions; One is the same as in [9] and is called the Bernoulli driving in [11], and the
other is called the conditional boundary driving.

It is worth studying how far the method, the model and the boundary conditions
can be generalized. In this paper, we explore the possibility of extending Prosen and
Mejia-Monasterio’s method by devising novel boundary conditions for the same model
as in [11]. As the result, we find two generalizations as follows. One is the case where
parameters for absorption and emission satisfy a special relation, while probabilities for
virtual cells are generalized. This is essentially equivalent to the conditional boundary
driving in [11]. However, we provide an exact solution in a different form from that
given in [11] using the patch state ansatz. The other generalization is obtained by
employing the boundary conditions similar to that for ERCA. In fact, it turns out that
this boundary condition includes both the conditional boundary driving and Bernoulli
boundary driving as special cases. We explain the former in the following section and
the latter in Section 3. Section 4 is devoted to summary and discussion.

2. Boundary driven cellular automaton model

2.1. Definitions

Though our model is the same as that in [9] except the boundary conditions, we give a
detailed account on the model to make the manuscript self-contained.

Figure 1. Ilustration of a configuration of our system composed of 12 diamond-
shaped cells. Each cell takes value 0 (white) or 1 (black). This figure represents the
configuration 011001001101.

RCAb54 is a one-dimensional discrete system which consists of cells connected zigzag
as in Figure 1. Each cell takes value 0 or 1. For simplicity, we assume that the number
of cells n is even. The value of each cell at the next time step is determined by the
following rules:

S?k_l = X(Sgkfh 5t2k> Sgk+1> (3)
StQZ—l&-l = X(ngl, Sgk+17 Sngj-Q)v (4)

where st € Z, = {0,1} is a value of the i-th cell at time ¢ and x : Zy X Zy X Zo — Zy i
defined as

X(s,8,8")=sds D" ®ss". (5)



This rule is illustrated in Figure 2. Equation (5) has the following property
X(Sa 5/7 SH> =1 A X(S, t7 S,/) = 8,7 (6)

which means that the CA is time-reversal invariant. Wolfram code for this x is 54, so
this CA is called RCAbH4. It should be noticed that there is no relation to Wolfram’s
elementary CA or ERCA with the same code number.

D@
R

Figure 2. All patterns of (5). The value of the bottom cell is determined from the
values of the top, left, and right cells.

In RCA54, cells with value 1 look like trajectories of particles moving from side to
side with velocity +1 (see Figure 3). The time-reversal symmetry (6) is similar to that
of motion in Newtonian mechanics.

"o“‘o“‘o‘: ": ‘:f
o2 2 % 20

Figure 3. An example of trajectory in RCAb54, where the initial configuration is
given by Figure 1. All cells outside the figure are assumed to be 0. Value 1 colored
black moves to left or right with velocity 41 until collision occurs. When two particles
collide, they shifts to the next lower cell and then move away separately.
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In finite systems of RCA54, some boundary condition is necessary to determine
values of the boundaries ¢ = 1 and n, which cannot be determined by (3) or (4) only.
For that purpose , we consider virtual cells : = 0 and n + 1 outside of the both ends of
the system. Value of the Oth cell is given as s5™' = 0 with probability ¢, and s§™ = 1
with 1 — ¢. On the other hand, value of the (n + 1)-st cell is given as s/t = 0 with
probability n, and 32111 = 1 with 1 — 7. Then, we can apply the rule and determine the
next time values of both end cells (Figure 4). This is a generalization from [9], where
only the case ( =1 = 1/2 is considered.

Moreover, we take into account emission and absorption of particles at the
boundaries as follows. If s = 0 at time ¢, change it to s} = 1 with probability «,
which corresponds to emission. On the other hand, if s/ = 1 at time ¢, change it to

st = 0 with probability 3, which corresponds to absorption (Figure 5).
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Figure 4. Boundary conditions to give si“ and st Make the virtual cell on the
outside so that the rule (5) can be applied. The two parameters are in the range
0<¢ n<l.
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Figure 5. Boundary conditions corresponding to particle absorption/emission,
stochastically generate or annihilate the value 1 at the end cells 1,n. The four
parameters are in the range 0 < o, 3, 7, § < 1.

Thus, in RCA54, the bulk is deterministically and the boundary is stochastically
developed temporally. A configuration at time t is represented by a binary sequence
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— bt t
8" = sish---s

.. Because each configuration corresponds one-to-one to the binary

number of n digits, the total number of configurations is 2".

2.2. Master equation

Let p! be the probability of taking configuration s at time ¢. The state of the system at
time ¢ is given by state vector p* = (ph,pi, ..., ph._;) which evolves in time according
to the master equation of the form p'** = Up', or

p?rl = Z Uss’pgla (7)
S/

where U = (Usy) is the 2" x 2" transition matrix. We want to find the 2" x 2" transition
matrix from time ¢ to t + 1, U.

As stated in the previous subsection, the time evolution of RCA54 is divided into
two steps: (i) values of even-numbered cells except cell n are determined by the rule
(3), and that of cell n by the boundary condition, and (ii) values of odd-numbered cells
except cell 1 are determined by the rule (4), and that of cell 1 by the boundary condition.
Let the configuration at time ¢t be s = s1--- s, and that at time t + 1 be w = uy - - - u,,.
Then, step (i) changes configuration s to sjugssuy - - - u,, which is transformed into u
by step (ii) (see Figure 6). It is noted that in step (i) ugy is determined only from the
three values sox_1, Sok, Sor+1 and wu, is probabilistically chosen depending on s, ; and
s,. Each transition is represented by small transition matrices.

Figure 6. Separation of time evolution. U, and U, are transition matrices
corresponding to steps (i) and (ii) respectively.

Transition from Sog_1SoxSoks1 tO Sop_1UogSak+1 is given by (3). Interpreting this
transition as a 3-digit binary number to a 3-digit binary number, the local transition



matrix is written using the following 8 x 8 matrix

1

or tensor
Puu/u”|ss’s” = 6u55u’x(s,s’,s”)5u”s”- (9)

The rows and columns are labeled ss’s” (in order of 000,001, 010,011,100, 101, 110, 111).
The same transition matrix is also utilized in step (ii).

The transition matrix at the boundary is obtained as follows. The
absorption/emission part is expressed by 2 x 2 matrices that acts only on the end
cells 1 or n, as

Next we consider the effect of virtual cell 0 on the left boundary block sjus. When cell
0 takes value ug = 0 with probability (, the upper left half of the matrix P acts on sjus.
On the other hand, if uy = 1 with probability 1 — (, the bottom right half of P acts on
siug. Thus, the transition matrix on the left boundary cells s;s5 is

- . (11)

By a similar argument, it is known that the effect of the right virtual cell is described
by the following matrix:

n l-n
- 1—
PR = o . (12)
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The transition matrices at both boundaries are the compositions of P* and B*
(left), P® and B® (right) as follows

1— g3

1-p
Pl = Pl1,® BY) = , 13
1_Q1 C]é: (13)

B

1_Q2

PR = PR(BR ®1,) 1_q1 @ . (14)

v 1-9

11—y 0

Here, 15 is a 2 x 2 unit matrix, and

@ =n+y-2y, @ =n+0- 200 (16)

Since 0 < «, 8,7, 9,¢(,n < 1, these parameters also satisfy 0 < ¢F, ¢, ¢F, ¢ < 1.
The transition matrix U can be written as

U=U,U., (17)

Ue = Pia3PsusPsor -+ Pa—spon1Pa 1 0, (18)

U, = Pl3PsssPyso Pors - -+ Pu—2 1.0, (19)
where

Pi 111 =122 @ P & 1gn-i-1, (20)
and

PhL = Pp @ 1gn-2, P, =12 Pt (21)

While U, is the transition matrix corresponding to step (i), U, is the transition matrix
corresponding to step (ii). In this way the master equation for the system (7) is given.
Note that all components of U are nonnegative and the sum of each column is 1. Namely,
U is a stochastic matrix.

2.3. Nonequilibrium steady state

Although it is difficult to solve the master equation (7) in general, it is possible to solve
for the steady state solution exactly. Here we describe the method of [9]. The steady
state is the solution of the equation

p=Up (22)

or

= Z Uss’ps’- (23)
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Theses equations mean that p is an eigenvector with eigenvalue 1 of the transition
matrix U. We refer to (23) as a NESS equation, and to p which satisfies (22) as a
NESS vector. The existence and uniqueness of the NESS is guaranteed by the following
theorem proved in [9].

Theorem 1. For all parameters 0 < «, 8, v, 0, (, n < 1, the transition matrix U is
wrreducible and aperiodic.

Here, irreducible means that there is a certain natural number £, € N such that
(U')gs > 0 for any s and s’ and aperiodic means that for any s, the greatest common
divisor of all ¢ such that (U')ss > 0 is 1. We do not prove this theorem here but
according to the Perron-Frobenius’s theorem, when U is irreducible and aperiodic, the
maximum eigenvalue of a stochastic matrix is 1 and its eigenspace is one dimension [12].
Thus, the solution of the NESS equation (23) is unique.

We divide the master equation into

Ps = Z(Uo>ss’p;/ p; = Z(Ue)ss’ps’v (24)

and assume the following patch state ansatz (PSA) that the solution can be written of

the form:
Ps = L818283X82838485X84858687 o .Xsn74sn733n723n71Rsn72sn—lsn7 (25)
A / / v /
ps 7 L515253X52535455 54855687 Xsn—45n—35n—25n—1RSn—QSn—ISn' (26)

Here, X, X’ are rank-4 tensors, and L,L', R, R’ are rank-3 tensors of nonnegative
components, which amount to 16 x 2 + 8 x 4 = 64 unknown variables.

Normalisations: When the configuration is a vacuum state s = 0---0, (25) and (26)

are
Po--0 = Looo(Xo000)"* *Rooo, Do = Loo(Xd000)™ > Rooo- (27)

U. can change value of cell n and U, value of cell 1, but the rest remains 0. Hence,
Looo(X0000)™* *Rooo = > (Ue)o--0s Lo Xoo00)™* ™~ Ros, (28)

Since this is true even if n change to n 4+ 2, we can see by taking ratio of the two
equations,
Xoooo = Xooo (29)

Since the degree of freedom of constant multiplication is allowed for the partition
function (total sum of probabilities), we can choose Xgggo = 1.
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Gauge symmetry: PSA (25) and (26) have gauge symmetry that makes the equation
invariant. Let f,y, f.,, be arbitrary 2-tensors. The NESS equation is then invariant
under the following gauge transformation:

Xss/tt’ — fuu’Xss’tt’ ft;}a
Ltss’ — Ltss/f;g/lv (30)
Rss’t = fss/Rss/ta

/ / / 1—1
Xss/tt’ = fuu’Xss’tt’ tt’
/

/ —1
tss! = Ltss/fss’ ) (31)
/ / /
Rss’t = fss’Rss’t

So if we fix gauge to

fss' = (Looo, Xooo1, Xoo10, Xoo11), (32)
f;s’ = ( 6637 X(/)0017 X60107 X6011)= (33)
we can transform the PSA components into
Looo, Rioos Xooss's Xppssr — 1- (34)
Note that under this gauge transformation, the diagonal components are invariant,
Xasrsr = fosr Xowrssr [og = Xasrasr-
Thus, the number of unknown variables in the equations is reduced to 64—2—2—6 =

54. If we successfully determine the 54 unknowns and get a solution for the equations,
PSA gives the unique solution.

Matriz representation of the tensors: Here we express the tensors in PSA in matrix
form. X, Xl can be represented by 4 x 4 matrices whose rows are labeled by
ss' (in order of 00,01,10,11) and whose columns labeled by ¢t. Then, let unknown
components of the matrices be

1 1 1 1
X — Yy Y2 Y3 Ua (35)
Ys Ye¢ Y7 Y8 ’
Yo Y10 Y11 Y12
1 1 1 1
o | oY YU (36)

Ys Yo Yr Vs
ys,) yio ylll 932

Similarly Liss, L}, and Ry, R, can be represented by using 2 x 4, 4 x 2 matrices

respectively,
1 1y I3 Iy , ool 0Ll
<l5 lg 17 lg>’ <lg g 15 1 ) (37)
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ry T 1 7
/ /
rs T4 , T 3 T 4
R = , R = s . (38)
e TR rhorg

Reduced NESS equations: The 54 unknowns can be determined by examining specific
components of the NESS vectors. First, we focus on the following components: (I) all
indices except sq, Sa, s3 are 0, (II) all indices except $,,_2, $,_1, s, are 0, (IIT) all indices
exXCept Sokt2, Sok+3, S2k-+4s S2k+5, (0 < k < n/2 — 3) are 0. In each case, calculating the
NESS equation (23) directly, we obtain

/ / _ § : R
LS152$3 s25300 — (P )OOOtnROOtnLSIX(Sl8283)83XX(515283)S3830X830007 (39)

tn
_ L / !
L818283X828300R000_§ ,(P )8152t152Lt152x(32330) s2x(82530)00> (40)
t1
/ / _ § : R
L000R3n725n715n - (P )Snflsnsnflt'rﬂ (41)
tn

_ L / / /
RSn—QSn—lsn - § :(P )OOtlOLtl00X05n728n72X(Sn725n718n)R8n72x(8n728n718n)8n’(42)
t1

Lo X X!

$2535455~ +S45500

- Z(PR)OOOtn RootnXX(05283)S3X(835485)85 XX(8384S5)85850XS50007 (43)
tn

X8283S4S5 XS4S500R000

_ L /

- E (P )OotloLtIOOXOSQSQX(SQS3S4)XSQX(SQ8384)S4X(S4S5O)XS4X(S4S50)00' (44)
t1

In (43) and (44), we have replaced Soyo, Sokt3, Sokr4, S2kts DY S2835485 for simplicity of
presentation. Solving these equations, we have
1 1 1 1

X — n Y2 Y3 Ya
Y1 Ya / Ys Y2 Ya / Y3
vi/ys L/ys 1y

1 1 1 1

v | v v Yy 1y
Y1 Ya / Ys Y2 Ysa / Y3
Y1Ys  Ya 1 Ys

I_ 1 6 I3 Uy j l’1 l’1l4 llllg l’112
ls lg Iz g 7 l’1l7y1 lllé 1/115/.@1 l/116 ’
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r Te 1 7"4/7"1
R— rs Ty 7 R — 7“3/7“1 7“2/7“1

Ts Te 1/13137”7/7”1 y1y37’8/7’1

7 T8 7’5/(937“1) 7"6/(?937”1)

There are still remained 4 + 7 + 1 + 8 = 20 undetermined variables in PSA, which are

related by

L =qiri+ (1 —q)rs,
lira = ri[(1 — )ry + orgl,
lir3 = ri[yrs + (1 — d)rgl,
lra =11 —qf)r + g5,

l/17‘5 = 7“1/3/3 :

[
g = r1/ys - [(1 = y)rs + 0ry],
lre =r1/ys- lafirs + (1 — ¢3")re),
lirs =11 /ys - [(1 — qit)rs + gi're), (45)

ro= el + (1= )l

rily = llqrls + (1 = ¢3)ls),

rils = lyslals + (1 — B)l),

rily = Lya/yr - [alsys + (1 — B)ls],

rils =11 — qf + @loyl,

rils = L[(1 = 1)l + gzls),

rily = Lys[(1 — a)ly + Blg],

rils = lya/yr - [(1 = a)lsys + Bls]. (46)

However, since all unknowns cannot be determined by these equations alone, other

component equations are required.

Next,

we focus on the following components: (IV) all indices except

Sok42, Sok+3, Sokid, S2kts, (0 < k <n/2—3)arel, (V) all indices except g, s3, S4, S5, (k =
0) are 0, (VI) all indices except S,_4, Sn—3, Sn—2, Sn—1, (kK = n/2 — 3) are 0. From these

components, we obtain the following equations,

Y2 =Y,

Y4 = 1Ys,

o = qi'rs + (1= ¢3)rs,

s = wilgir + (1 — g3)ra,

ri =gl s+ (1— g3)ls],

rily = 1/1 [ChL +(1 - Q2L)Ll7y1]' (47)

Thus, we can represent 35 and y4 using y; and y3, and moreover find relations [ = 1 and

r7 = r1/y3. The remaining unknowns are y1, ys3, ls,..., ls, 71, .. .,rs, and []. Because all
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components of R and L' include [} as a factor, and the PSA also does, we can set [} =1
using the freedom of multiplying a constant to the eigenvector.

Ezxact solutions of the reduced NESS equations: It is still difficult to solve (45) and
(46). However, there are cases where a special relation holds between parameters, the
equations become simpler and an exact solution is obtained. In the previous study [9],
the exact solution for ( = n = 1/2 is given. This case is called Bernoulli driving in
[11]. Here we will show that an exact solution is obtained for arbitrary ¢ and 7 if the
conditions

a=1-p5, v=1-¢ (48)

are satisfied. They mean that when updating the boundary cells, the probability of
s1 = 1 is a and that of s, = 1 is 7 irrespective of the previous values of sy and s,.
Both of the two cases are united into ¢f = 1 — ¢& and ¢ff = 1 — ¢f*, and the linear
combinations of r; and /; in the right hand side of (45) and (46) become simple. In the
latter case, PL and P in (13) and (14) are

qr at
a o
Pl = 49
1—qf 1—qf ’ 49)
l—« l1—«
qr qft
1 — R 1 — R
PR: Q1 Q1 ] (50)
Y 0
l—v 1—7v

These boundary stochastic matrices actually operate on the states of cells 1 and 2
without referring to the virtual cells 0 and n+ 1. For example, the above P;, means that
cell 1 at next time takes 0 with probability ¢ if s, = 0 and with probability a if sy = 1.
Thus, these are essentially equivalent to the conditional driving boundary conditions in
[11]: ¢F and « in (49) correspond to o and 3 in (13) of [11], respectively, and ¢ff and
in (50) to v and § in [11]. The only difference is that ¢F and ¢f depend on a and v in
our case, while all the parameters in [11] are independent of each other. However, we do
not utilize the dependence in the following treatment, which can thus also be applied
to the conditional boundary driving case.
When ¢ =1 — ¢ and ¢I* = 1 — ¢, the NESS equations are simplified as

1 = ¢f(ry +ry),

ro =11(1 =) (ry +13),

ry =r1y(rr +13),

ra =r1(1—qf)(r +72),

s = 11/ys - Y(r3 +74),

re =11/ys - (L —7)(rs +ra),



r7 =11/(Y1ys) - Qf%(rs) +76),
rs =1r1/(y1ys) - (1 — q") (r5 + 76),

r = q’ (1 + ),

r1 o =q;(ls +1g),

rilz = yza(l +1s),

rily = ysa(lsyr + 1s),
rils = (1= ¢7) (1 + lyyn),
rils = (1 — qF) (s + Is),

rilr = ys(1 — a)(1+ lg),
rils = ys(1 = a)(lsyr + 15),
7 =11/Y3.
Then we arrive at the same form of transfer matrices as (43) in [9]
1 1 1 1 1 1 1 1
x|t et w | e et s
fw fw fw Ew fw w fw w
E &1 ¢w w w 1 (w
where
1 (1 —y)a+ (1 - a)gf R_ LR
§i=—= (a+ 1—aq—qq>,
R e G
and

(1—a)y+ (=gl
(1= )a+ (1 —a)qf?
Matrices L, L', R, and R’ are written with the following quantities.

(I—a)y+(1—7)qf

W = Y1Ys =

T et (T

L=y R _ LR
" T e (a0 (4l ).
ry = )a1 0o <a +(1—a)g — qqu{R>,

. (i_ )(1—a)7+(1—7)qf
TR (1—7)a+(1—a)g”
v la+ (1 =a)gf —atally + 1 —v)ar — araf]

PTG U= a)y + (L= aflld—a+ (1 - a)gf]’
o _L=yle+(=a) —ara]v+ (1= var —arar]
T [T—a)y+ Q-1 —a+ (1 —a)ef]’
. _at(-oa) —aq
T A—ayy+ (-l
e = (L_l) a+ (1—a)gf — araf’

I (I=a)y+ (1 =y)qr’

@+O—W#—%f}

14

(51)

(55)

(56)
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3:%(1—a)7+(1—7)qf
o o+ (1= a)gf’ — arai”
l4:%(1—a)7+(1—7)qf’
gt (1 =7)a+(1-a)g
1
15—le—q1L L,
l7_1—La(1—04)7+(1—7)q1L
g a+(1—a)g —afaf
lgzl—La(l—a)H(l—v)Qf' (58)
@ (L=7)a+(l—a)f

2.4. Physical quantities in the NESS

Partition function: Since the NESS vectors pg, pl, are obtained, we can calculate the
expectation value of physical quantities with these vectors. Partition functions of the

Zn= P Zh=> D (59)

Substituting the PSA (25) and (26) gives the following matrix product forms:
Z, = 1X"* 2y, Z =1X"?*2p (60)

system are

Here we introduced a four component vectors

l = (LOSS/ + Llss/), l/ = (L6ss/ + L?I_ss’)’

T = (RSS’O + RSS/]_), 7‘/ = (RZSSIO + Rlss’l)‘ (61)
In the case of exact solution (55)-(58),

lX:Tll XT:Tl’T',

l,X, = Tll/ X/’T'/ = 7'11"/, (62)

[1—(1—20)(1 —29)(1 - )1 —n)

[(1 =)o+ (1= a)g][(1—a)y+ (1= 7)qf]
are satisfied. That is, I and r are eigenvectors of X belonging to the eigenvalue 7. By

(63)

T =

using this fact repeatedly,
Zy =1, 2=y (64)
From direct calculation, we obtain
s 0y — 20— 2y —2(1 — a)gi’ — 2(1 — 7)qr + 37 gy’
l-r=0-7v= R = :
@' [(1 —7)a— (1 —a)g]
Hence, Z, = Z!. In the following, we calculate expectation values with Z,.

(65)
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Density:  We define the density of 1 at cell i as
1
pPi = Z_n ; SiPs (66)

First consider the case i = 2k, (k = 1,--+, n/2 — 1). Substituting the PSA (25), it
becomes

1
Z k—1 n/2—k—1
P2k = 5 (lX ) Sok (X / 'I‘)S B .
Zn S2k,52k+1 2k 22k+1
S52k,52k+1
Because X is replaced with 7; by acting on I or r as in (62), we have
2-2
7/ S
P2k = 7 soksok+192kT sopsop11
" S2k 82k +1

Substituting the exact solution, we arrive at

—a—y—(1-a)g — (1 —7)er +2¢7q"
ay —2a =2y = 2(1 — a)qf’ — 2(1 — y)qf + 3qraf
Similarly, we can derive that pogi1 = poy for k =1,...,n/2 — 1. Thus the density of 1

P2k = (67)

is uniform in 2 <7 < n — 1 and its value is denoted by p in the following.
Finally, unlike bulk, the densities at boundary ¢+ = 1,n are calculated by the
formulas

n/2—2
T Z
pP1 = Z L81528331r52837
™ s1,82,83
n/2—2
71 2 :
pn = Z lsn—QSn—ISnRSn—25n—15n (68)
n

Sn—2,5n—1,5n
which produces lengthy equations we do not show here. Those values are different from
the bulk density.

Let us examine the range of values for the bulk density. For the emission limit
a, vy — 1, the density takes the maximum value 2/3 regardless of ¢, n. On the other
hand, for the absorption limit o, ¥ — 0, it become

2—x 1+1
— ==+ -.
3 — 2z’ ¢ n

In the range of 0 < (, 7 < 1, z is in 2 < 2 < oo and the density is in 0 < p < 1/2.
Thus, the density can take a value in the range 0 < p < 2/3. The fact that the
maximum value of the density is 2/3 instead of 1 is directly understood from the

rule (5). The rule allows sb, = shf' = 1 only in the case sb,_; = sb.,; = 0, which

inevitably leads to shi'; = shi, = 1 because x(x,0,1) = x(1,0,%x) = 1. Then,
shi? = x(shtty shit, shity) = x(1,1,1) = 0. Thus any cell cannot have 1 three times in
a row. Thus the density of 1 is bounded above by 2/3. It is interesting that our solution
covers all possible values of the density, whereas the bulk steady-state density can only

take values in interval (2/5,2/3) for the solution in [9]

p:
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Current: As in [10, 9], the particle current is defined as the expectation value of the
density of right-movers minus that of left-movers J = Jr — Jp, where

1
Jr = — Z 59k S2k+1Ds+
L .

1
Jr = 7 ; S2k+1S52k-+2Ps- (69)
Substituting the PSA(25) and using (62), Jg is obtained as
7_n/2—2
Tr = IZ Z l32ks2k+1 82k52k+1T 54 52041
S2k>S2k+1
_ —a—(1—a)gf +arat’ ' (70)
ay —2a =2y = 2(1 — a)qf' — 2(1 — 7)af + 3qrqf’
Quite similarly, Jy, is obtained as
7, - — = (=g’ +arar’ (71)
ay —2a =2y = 2(1 — a)qf' — 2(1 —7)qf" + 3qfqf’
Thus, we arrive at
j_ G —a— ) -1 =2) (-0 —20)
ay — 20 — 2y = 2(1 — a)qf' — 2(1 — v)a{ + 3qfqf’
In the case where n = ( and difference between « and v is small, the current is
approximately proportional to v — a.
We notice another interesting relation

This is also explained in the same manner as for the maximum value of the bulk
density. Assume (sb,_;,shy, sheq) = (0,1,0). Then, shi' = x(sby_1, Sbs Shpi1) = 1,

_ _ t+1 t+1 .t t+1y
and because x(*,0,1) = x(1,0,%) = 1, s5°; = X(Sop_o, S5 1,59, ) = 1 and
t+1 . t+1 t t+1 _ . t+1 t+1 t+1 o
Sopi1 = X (85 ,s2k+1,52k+2) = 1, namely we obtain (s, So; ,82k+1) = (1,1,1).

The time-reversal symmetry of the rule (6) ensures that the inverse is true; if
(shili,shit shit) = (1,1,1), we have (sh,_,,sb,, sb.,1) = (0,1,0). Similarly, we can
derive that (shi', shit,, soity) = (0,1,0) if and only if (s, s, 1. sb.0) = (1,1,1).
These properties leads to that the marginal distribution p(s;_1, s;, s;11) in a stationary
state must satisfy p(0,1,0) = p(1,1,1) for 2 < i < N — 2. Using the marginal
distribution, we can write Jg = p(1,1,0) + p(1,1,1), J, = p(0,1,1) + p(1,1,1) and
pi = p(0,1,0) +p(1,1,0) + p(0,1,1) + p(1,1,1). Thus the relation (73) is derived from
p(0,1,0) = p(1,1,1). This relation must be satisfied in any stationary states.

3. Temperature driven RCA 54

3.1. The relation between RCA54 and ERCA 250R

Before introducing the boundary condition, we discuss the relation between Bobenko’s
RCA54 and ERCA 250R. As mentioned in Introduction, ERCA 250R is given by (1)
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with £(0,0,0) = f(0,1,0) = 0 and f(x,y,z) = 1 for all other combinations of (z,y, z).
It is also represented as

T+1 _ .7 T T T T—1
T, =T 0% DT DX (74)

where we have changed ¢t to 7. It should be noted that the right hand side of this
equation does not depend on x7. This property leads to the fact that spatiotemporal
evolution {z7} with ¢ + 7 = even and that with ¢ + 7 = odd are independent of each
other. In the former set, if we write s, = 23 and sb,,, = 231}, sbi' is determined
by (3) and sif!, is determined by (4). The set {27} with i + 7 = odd is similarly
regarded as the evolution of RCA54. That is, ERCA rule 250R is decomposed into two
independent RCAbH4. 1t is illustrated in Figure 7.

Figure 7. Time evolution of s; according to ERCA rule 250R. Each column represents
the configuration at each time and the time flows downward. White represents the
value 0, black and gray represent the value 1. It can be seen that blacks collide and
shift by two steps, and grays behave similarly, but black and gray pass through.

3.2. Heat-bath boundary conditions

We introduce here a heat-bath boundary condition to RCA54 in the same manner as is
done in [7] for ERCA. To do so, we have to identify an additive conserved quantity for
RCAbB4. Tt is shown in [8] that ERCA rule 250R has several such conserved quantities.
We adapt the result to RCA54 and obtain that

. -1 i+1 ) )
Bl = <—1>1“|sf—sz+1r={( AN (75)
7 — 921+1
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is a conserved density, which is interpreted as energy in the following. Note that the
energy is not carried by particles but lies between cells. The conservation can be verified
directly from the equality of x

which means that the sum of energy is conserved for each diamond-shaped plaquette.
The conservation law is also written in the form of the equation of continuity

B = Ef = = (St = 50) - (77)
with energy current
Sti=1—sl — st (78)

Though the constant in the right-hand side can be chosen arbitrarily, we set it to unity
for later convenience.

‘: ét)+l

' 1/TL *1/TR
\' \s

Figure 8. Boundary conditions assumed that thermal bath is in contact. The weights
of the values taken by the virtual cells are determined according to the values of the
cells 1, n.

Next, we devise the heat-bath boundary condition by assigning Gibbs weights for

the values of the virtual cells 0 and n + 1:

P, = NiLe—Eo/TL, P, = NiRe—En/TR. (79)
Here, T}, and Tz mean the “temperature” of the thermal baths in contact at the left and
right boundaries, respectively, and N = 14+e'/7t and Np = 1+e~ /7% are normalization
factors. Note that because the energy is bounded, T}, and Tk can take negative values.
In this boundary condition, P* in (11) and P® in (12) are replaced by

1/Np 1/Np
pr = !
Gl/TL/NL el/TL/NL ’
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1/Ng 1/Ng
B e V/Tr INp e VTR /Np 1 (80)
1
With (11), the boundary transition matrices are determined as follows:
1/Ng 1/Ng
pL — @ 1-p
eI [Ny, etT /Ny, ’
1—« 15}
1/Ng 1/Ng
pr_ | €V"/Np e VTR [Ng s (81)
l—vy 0

Since the bulk transition matrix remains unchanged, we only have to replace the
parameters in the previous section as follows

af,1—qy = 1N, 1—qf, g5 — e/ /Np,
qlf, 1 — ¢t — 1/Ng, 1—qf, q§—>e*1/TR/NR.
The reduced NESS equations are immediately obtained:
1 = (r1 +12)/Ng,
ro = r1[(1 — v)ry + s,
rs = ri[yrs + (1 — 0)rs],
ri(ry +r2)e 1/TR/N}%
rifyrs + (L= 0)ra]/ys,
(1 = 7)rs + 0r4] /s,
ri(rs +16)/(y1y3NR),
r1(rs +16)e” "7 /(193 Np), (82)

303

ot =

|| || 1l
<

ri = (1 +lzy)/Ni,

ri = (la +1s)/Ny,

rils = ys[a + (1 — B)le],

rily = ys[adsyr + (1 = B)I5],

rils = (14 Loy )e'/ ™ /Ny,

rils = (ly + lg)e'/ " /Ny,

rily = ys[l — o+ Blgl,

rils = y3[(1 — a)lsyr + Bls], (83)

r7 = Tl/yi’r (84)
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These new reduced NESS equations (82)-(84) are solved exactly. Again, we obtain the
transfer matrices X and X' of the form (54) with

1 1= A+ (1 — p)et/Te

TRl R VS R\ DT (e (4 o)) (85)
L=+ (1= N)e Mk _
T T IO (1 - el (et 71+ €/18)), - (56)

and the matrices L and R with parameters
1—Ap+ (1= N)e VIr

ez A+ (1 — p)et/Te”’
e VTR 4 /T (1 4 e~V Tr)
T2:<1_/'L> 11—\ — 1/T, )
ot (L —p)el/Tr
ry = ri€(e” T 4 pu),
Ty = rlefl/TR,

rs = r1&[yrs + (1 — 0)r4,
Te = 7“16[(1 — ’7)7“3 + 5T4],
r7 = 11€,

rg = e VTR, (87)

el/TL 4 )\

ri§ ’
alséw + (1 — B)el/Tr
7“15 ’

1/Ty
)

3:

I =

ls=Ilg=c¢e

1—A
= 1€ 7

(1 — )lséw + Be/Tt

STS 7

where \ := o — Be'/Tt and p := v — de~/Tr. It is noticeable that, unlike the previous

section, the exact solution is obtained without any conditions on the six parameters,

Iy = (88)

a, B, 7, 0, Ty, and Tx. In the high temperature limit T, = Ty = oo, it agrees with
the Bernoulli boundary driving case [9, 11]. In addition, when we set « = 1 — 3,
v =1-46, 1/Ny = ¢F, and 1/Nr = ¢, the above r’s and I’s become equal to those
in the previous section (55)-(58). Thus the heat-bath boundary condition includes the
Bernoulli boundary driving and the conditional boundary driving cases.

3.3. Equilibrium state

When a =3 =~v=6§ =0and T, = Tr = T, the system is in contact with heat bath
at temperature T only. Then, the steady state of the system is considered to be an
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equilibrium state at temperature 7. We explicitly calculate the probability vector ps in
this case. First, each tensor of PSA is as follows:

1 1 1 1
1 1 e~ 2T o=2/T
=100 1| (89)
e2/T  2/T 1 1
e VT 1
1T  ,—2/T
L= ( ell/T ell/T 611/T 61/T > ; R= Zl;T ‘ 1/ . (90)
et/ 1
These can be written in the following form
KNspsgsass = €XP :233(32 - 84)/T} ;
Ly, syss = exp :51(1 — 232)/T],
R, s, s, = €XP -<28n_28n_1 — 28,15, — 1 + Sn> /T] (91)

Substituting the three expressions to PSA (25) and rearranging them, we obtain
n—1
Ps = €Xp [(81 + Sp — 142 Z(—l)kSisi_;_l)/T} .
i=1

Because ), E; = s1 + s, + Z?:_ll 2(—1)"s;s;11, the above probability vector represents
the equilibrium state at T', as expected.
3.4. Physical quantities in the NESS

Partition function: The exact solution (85)-(88) satisfies the eigenvalue equation,

lX:Tll X’I“:Tl’f',

U'X =nl X'r' =nr, (92)
where
A — (14 eV/Te)(1 4 e~/ Tr))? (93)
T = :
YT =+ (L= @) L — A+ (1= A)e /7]
Then the partition functions are
Zy=1"1r,  ZL =1y (94)

From direct calculation, we find

(14 M) (1 4 e~ V/Tr)
L= Ap+ (1 —p)et/Te
where A =1/Ty, — 1/TxY, and then Z, = Z/,.

Lor=1 7= (1= A+ A+ 2)e VTR 4 (p + 2)et/ T + 3eYp)

1 Do not confuse inverse temperature difference AS with left side absorption rate 5.
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Density: Substituting the exact solution into density definition (66), we obtain
B A+ 1)e VTR 4 (p + 1)et/Te 4 248
1=+ A+ 2)e VTR + (u+ 2)et/Te + A8

for 2 < i < n — 1. Thus, the density is uniform in this range and the value is denoted

i (96)

as p in the following. For + = 1 and N, p; can take values different from p, but we do
not show them because the equations are cumbersome. The temperature dependence
of the bulk density is illustrated in Figure 9. Let us check some limiting behavior. For
the emission limit o, v — 1, 8,0 — 0 (A, p — 1), the density takes the maximum value
2/3 regardless of temperature parameters. For the absorption limit o, v — 0, 5,5 — 1
(A — —e¥Te y— —e~VTR) it become
x

2041’
and is in the range 0 < p < 1/2. p = 0 is established when 1/7}, — —o0, 1/Tgr — 0.

In the high temperature limit 77,7r > 1, up to second order of inverse

p: x:el/TL_’_e_l/TR,

temperatures,
P )\0 -+ o + 4 _ 1
Ao+ o +8 = Xopo (Ao + o + 8 — Aopio)?
1 1
X | (o +2)(apro + 20— Xg — 2)=— — (Ao + 2) (Yo + 27 — o — 2) = |-
Ty Tg

Here we have \g = a — 3, g = 7 — 0. Furthermore, when the rates of absorption and
emission on both boundaries are equal (o« =y, § = 9), it becomes

2 11—«
~ A 97
s R W B, (97)

and depends on the difference of the inverse temperature.

P

Finally, in the heat conduction limit «;, 3,7, — 0, we have
/T o o= 1/Tr | 9pAB

T 1+ 26T + 2¢- 1Tk 4 3¢A8

for 1 <i < N. and in equilibrium T}, = Tk, p; = 1/2.

Pi (98)

Current: Substituting the exact solution into the definition of currents (69), we obtain
Ne VT 4 ol/TL 4 oAB

T 1=t (A F 2)e VT 4 (i + 2)el/Tr 4 3¢AB
pet/Te 4 VTR 4 AP

T 1=t A+ 2)e VT 4 (u + 2)et/Te 4 3eAF

The total current is J = Jg — Jr. The behavior of the current is illustrated in Figure

10. For the emission limit A, u — 1, the currents become Jgr = 1/3, J, =1/3, J =0

regardless of temperature. For the absorption limit A — —e'/7r, y — —e VTR it
becomes

Jr

Jr (99)

el/TL _ o=1/Tr

T T 2T g TRy

J (100)
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Figure 9. In the case of p = 1.0 and (upper)1/Tr = 1.0 or (lower)1/Tgr = 3.0, and
for different values of \, we examine the behavior of the bulk density p as a function

of the inverse temperature 1/7T7, .

The maximum density value p = 2/3 is represented

by a dotted line, overlapping the A = 1.0, (thickest) line. Indeed, it can be seen that
p = 2/3 regardless of temperature when A, p = 1. It can also be seen that as 1/T7,

decreases and 1/Tg increases, p gets smaller and asymptotically approaches to 0.

In the heat conduction limit, we have

ol/Tr _ o=1/Tr

J

Nt 2(eV/TL 4 e=1/Tr) 4 3eA8”

(101)

It is remarkable that the current does not vanish in equilibrium (7, = T = T') but has

a finite value J = %tanh %

Energy: Let us calculate the expectation values of energy and energy flux using the

exact NESS solution (85)-(88). Because |s; — s;j11] = s; + siv1 — 28;8;11, the expectation
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Figure 10. In the case of A = 0, (upper)u = 0.6 or (lower)u = 0, and for different
values of 1/Tg, we examine the behavior of the bulk current J as a function of the
inverse temperature 1/7;. The equilibrium current with \,u = 0 and T, = Tg
is represented by a dashed line. Even in the equilibrium state, the particle current
generally has a non-zero value as a function of temperature.

value of energy is given as
(Ear) = 2p — 2Jp, (Bopr1) = —2p + 2J1.

Because the identity J;, + Jr = p holds also in this case, we can write (Fa) = 2J;, and
(Eok+1) = —2Jg. The total bulk energy is

n/2—1

E= 3" ((E) + (Basa)) = —(n—2)J. (102)

Since the NESS vector does not depend on time, we can see immediately that the
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expectation value of energy flux is
1 — (A4 eYTe)(p + e~/ Tr)
L= A+ (AN+2)e VTr + (u+ 2)el/Tr 4 328
Thus, if the condition (A + e'/7t) (4 e Y/Tr) =1 or
[+ (1= B)e/ ™ ][y + (1 — 6)e /] =1 (104)
holds, the energy current vanishes and the bulk density of 1 is 1/2. Under this condition,
the matrices X, R, and L are

(S)y=1-2p= (103)

11 1 1

S
P ¢ 11

LZ(¢£A gzﬁi)\ 1i)\ 1i/\>’ (106)
¢ 1—p

R= f;_i ¢2£1_—MM¢) (107)
¢ 1 —pg

where ¢ := X\ + e"/Tt. Thus we can represent the solution with only three parameters
¢, A and p. Note that X, the first row of L, and the first column of R are the same as
those of the equilibrium state at T = (log¢)~!. Parameters in the partition function,
l-r and 7 are also simplified to

2N Ng(1 1 2
l.r— L R( +¢>7 7_1:( +¢) (108)
¢ ¢
The densities at the boundary cells are obtained as
QNL—1—¢ QNR—l—QSil
= -— n == . 1
p1 v, P N, (109)
The currents J;, and Jg are
1 o) ¢—1
J — , J = —, J = —— 110
ETo(t+e) T 21+ 9) 2(1+ ¢) (110)

Thus the steady states in this case is the same as the equilibrium one at temperature
T = (log$)~! except the density at the boundary cells. Such a state is illustrated in
Figure 11, where we see more lines downward to the right than those to the left. In the
limit A\, u — 0, the solutions approach the equilibrium ones.
In the high temperature limit, if the absorption and release rates at both boundaries
are equal, the energy flux become
Ao 2(1 — «)
i~ T = AO)QAﬁ, (111)
and depend only on the temperature difference of the thermal baths at both ends.

In particular, if the emission and absorption rates are equal (o« = ), we see that
(S;) ~ (1= a) (T, — Tr)/(8T1Tr).
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%

N
.

Figure 11. A nonequilibrium steady state without energy flow. Parameter values are
(o, B,7,0) = (0.8,0.2,0.1875,0.75), /Tt = 4.0, and e~ 1/Tr = (.25.

7

4. Discussion

We have obtained two generalizations of Prosen and Mejia-Monasterio’s result on
nonequilibrium steady states of RCA54. One is achieved by extending the probabilities
for the states of the virtual stochastic cells at the boundaries. In [9], the cells take
values 0 or 1 with probability 1/2. We have generalized it to ¢ and 1 — ( for the left
boundary and n and 1 — n for the right boundary. The patch state ansatz has been
successfully applied to construct nonequilibrium steady states on the assumption (48)
for the absorption and emission rates. Actually this boundary condition is equivalent
to the conditional boundary driving case studied in [11] using a different method. Our
solution takes a different form from that in [11]. We expect that they are consistent
with each other, but could not verify it due to complexity of the latter solution.

The other is obtained by regarding an additive conserved quantity of RCAb54 as
energy and employing Boltzmann weights as the probabilities for the virtual cells. Such a
boundary condition is originated from the study of ERCAs by one of the authors. Under
this boundary condition, the system can be regarded as in contact with heat reservoirs
and the temperatures of the left and right reservoirs are introduced to the model. Thus
we can consider two kinds of motion in this model: One is the motion of particles and
the other is that of energy. We think that the latter is more physical because it is
based on a conservation law. Equilibrium states are also naturally introduced at any
temperature as the steady states in the case that both the temperatures are equal and
no absorption or emission occurs. Properties of energy transport is also studied if the
two reservoirs have different temperature values. The exact solution in the heat-bath
boundary case has been derived for any set of the parameters without any additional
conditions on absorption or emission rates. Moreover, this boundary condition includes
the Bernoulli boundary driving and the conditional boundary driving as limiting cases.
Thus, the heat-bath boundary condition unifies all the known solvable cases of RCAbHA4.
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The exact solutions obtained exhibit uniform density of 1 in the bulk and ballistic
transport. In the first solution, the current of particles is approximately proportional to
v —« if n = ( and difference between « and 7 is small. The second solution has a richer
structure, where there exist heat-bath temperature and the energy current besides the
particle current. We have discussed density profile, particle current, energy and energy
current in a variety of limiting cases. The particle current exists even in equilibrium
states, where energy current vanishes. It is no wonder because the number of particles
is not a conserved quantity in this system. We have explicitly derived the condition
for vanishing energy current. Interestingly, it contains the case with finite emission
and absorption rates, where only the end cells 1 and n show density different from
equilibrium state at effective temperature (log ¢)~*.

The present method may be further extended to other CA rules. In ERCA, there
are a number of rules that show various types of nonequilibrium steady states. Some
rules show flat density profile and ballistic transport like RCA54, some others show
a nonzero density gradient near the boundaries and still ballistic transport, and some
others show a global density gradient and diffusive behavior with respect to a certain
additive conserved quantity. It will be interesting to examine whether the present
method can be generalized to such rules. It is a future problem.

References

[1] Wolfram S 1983 Statistical mechanics of cellular automata Rev. Mod. Phys. 55 601
[2] Rothman D H and Zaleski S 1997 Lattice-gas cellular automata: Simple models of complex
hydrodynamics (Cambridge University Press)
[3] Hayase Y and Ohta T 1998 Sierpinski gasket in a reaction-diffusion system Phys. Rev. Lett. 81
1726
[4] Tokihiro T, Takahashi D, Matsukidaira J and Satsuma J 1996 From soliton equations to integrable
cellular automata through a limiting procedure Phys. Rev. Lett. 76 3247
[5] Takesue S 1987 Reversible cellular automata and statistical mechanics Phys. Rev. Lett. 59 2499
[6] Takesue S 1989 Ergodic properties and thermodynamic behavior of elementary reversible cellular
automata I Basic properties J. Stat. Phys. 56 371
[7] Takesue S 1990 Fourier’s law and the Green-Kubo formula in a cellular-automaton model Phys.
Rev. Lett. 64 252
[8] Hattori T and Takesue S 1990 Additive conserved quantities in discrete-time lattice dynamical
systems Physica D 49 295
[9] Prosen T and Mejia-Monasterio C 2016 Integrability of a deterministic cellular automaton driven
by stochastic boundaries J. Phys. A: Math. Theor. 49 185003
[10] Bobenko A, Bordermann M, Gunn C and Pnkall U 1993 On two integrable cellular automata
Commun. Math. Phys. 158 127
[11] Prosen T and Buca B 2017 Exact matrix product decay modes of a boundary driven cellular
automaton J. Phys. A: Math. Theor. 50 395002
[12] Gantmacher F R 1959 The theory of matrices (Chelsea Publishing Company)



