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Permutation groups of some special degrees
A preliminary report on some joint work with P.M. Neunann

by Jan Saxl

In an impressive series of papers some fifteen years ago Noboru Ito
considered transitive permutation groups of degree p = 2q+1, where p &nd q
are prime numbers and p > 11, and proved that such groups are either soluble
(and therefore well known) or very nearly 4-transitive. In this paper we
want to use this remarkable result and a theorem of R. Brauer to obtain
an extension to groups of degree kp with k > 1,

Throughout G will be a primitive permutation group on a set Q, where
]Q& =n = kp = k(2q+1) with p and q prime numbers, p > 11 and k > 1, Let

P be a Sylow p-subgroup of G. Our first result brings q into play.

Proposition 1. If k < 10 and k £ 8 then either g divides the order of N(P)

or PSL(2,n-1) < G < PrL(2,n-1).

Once we know that q does divide the order of G we can start the work

on the proof of our main result,

Theorem, If k

2 then G is 7-transitive,

If k = 3 then G is 10-transitive.

]

If k

4 then either G is A , S or PSL(2,n-1) < G < PrL(2,n-1).

Let f;,...fk be the P-orbits on R, and let H be the setwise stabilizer
of each of these. The main step in the proof is to show that if k < 4 then
H is insoluble, Then we know by Ito's theorem that H is 3-transitive (and
in fact nearly 4-transitive) on each of the f;. which enables usvto obtain
very high transitivity of‘G on Q, It should be possibie to deduce then that
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G is alternating or symmétric. however we have not been able to do this yet
wnen k is 2 or 3. The case k = 4 is easier since we can find a non-trivial .
elemenf in~G fixing a large number of points in {2 so that an old theorem

of W.A. Manning can be applied.

We obtain the following corollaries:

Corollary 1. If.G is a.primitive group of degree m = 2p = 4q+2 = r+3

where r is also a prime number then G is An or Sn' Similarly for

n=2p = 4g+2 = 5r+3.  (eg.:n = 118),
n=2p = 442 = 5 (eg, n = 94),
n = 3p = 6q+3 = r+4 (eg. n = 141),

etc. ’ etc,

Corollary 2..'If G is 2-transitive of degree 3p+1\with P = 2q+1 then G is

alternating or symmetric:

Here the group is 2-primitive bj a result of M.D. Atkinson f1, Cor.c],
80 G is 11-transitive by the theorem., An argument similar to that in the last

section in the case n = 4p then shows that G contains the alternating group.

Corollary 3, If any insoluble group of degree p = 2g+1 contains the alternat-
ing group then this is also true of ény primitive group of degree 2p and 3p.

This holds for instance if q = 2r+!1 with r prime [15] or if p < 4079 [16].

It should be noted that some of the results in this paper have teen
also previously obtained by Izumi Miyamoto in [13]. In perticular, the case
k = 2 of the assertion in Section-2 as well as the case k = 2 of Corollary 3

are due to him,
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1. Some preliminaries and proof of Proposition 1

We shall assume throughout that k < 10. Then we can clearly suppose
] that P is cyclic of order p and semi-regular on Q. Whenever convenient,

we_ahall assume that G is a simple group; this is justified by the following

Lemma, If X is a minimal normal subgroup of G then X is simple and primitive

on Q.

Proof, Since p divides the order of X but p2 does not, fhe simplicify of X
is clear. Suppose that X is imprimitive. Let B be a block of maximal size,
say IB{ = m, and let I be the corresponding system of imprimitivity. I
P ‘ m then P lies in the kernel of X on I; but X is simple, s0 X mﬁst act
trivially on I, which is impossible, Thus m divides k and ]Z} = Ep.

Now G is primitive on Q, so for some g in G we have Bg # Z. Then Ig
is another system of imprimitivity for X. Now X acts on L and Zg,.and by
induction (cf. the Theorem) together with a theorem of Ito [9, Satz 3}, the
actions of X on Z and Ig are at least 2-transitive and are similar to each
other, Therefore XB stabilizes some block in Ig, and so has an orbit on
Q - B of size at most m. On the other hand, XB is transitive on I - {3}.

s0 all its orbits on Q - B have size at least p-t. This is a contradiction.

Proof of Proposition 1. Suppose that g doés not divide lN(P){. Since P is
‘cyclic of order p and~si§ce p = 2q+1, it follows that [N(P)/C(P)] divides.2,
and in fact is equal to 2, as we see from the Bﬁrhaide transfer theorem.

It now folloks by & theorem of Brauer [4, Theorem 9.0] that evefy involution
in G is conjugate %o one in N(P) - ¢(P). Therefore, if an involution of G‘

fixes u points then u < k. Moreover, since p é 3 (mbdv4):and G < An' we have

B = -k (mod 4), Hence
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for k equal to 2, 3, 4, 5,6, 7, 8, 9,
the maximum possible value for u is 2, 1, 4, 3, 6, 5, 8, 7.

If k< 5 then we can use the theorems of Buekenhout and Rowlinson [5]
and deduce that G is PSL(2,n-1), If [C(P)] is even then an involution in C(P)
must be fixed-point-free on Q, since if it fixed a point then it would fix
pointwise the whole P-orbit containing that point., Hence such an involution
is an odd permutation unless k is divisible by 4. Thus for k # 0 (mod 4)
the order of C(P) is odd, so that there is énly one conjugacy class of
involutions in G, and another theorem of Rowlinson [17] applies.

This implies that k = 8 and the proposition is proved. It is perhaps
worth observing that since a Sylow 2-subgroup S of G is semi-regular on the
set of ordered (k+1)-subsets of Q, the order of S divides kp:(kp-1)--*(kp-k).
When k = 2 this implies that [S| divides 8, while for k = 8 the Sylow
2-subgroups of G have order at most 2“.

‘Some more notation, Let Q be a Sylow g-subgroup of N(P); then Q < H, where
H is the setwise stabilizer of all the P-orbits /;. We shall assume that

Q is in fact a Sylow q-subgroup of G, because otherwise G is known to satisfy
fhe conclusion of the theofem. Let Ao be the set of fixed points of Q. We
shall denote the k points of AO by % By.. Let @ be the set of all Q-orbits,
and letv@O = O~ Ao. Let @0 = €A1""62k} , where f; = {-(} UA1 v A2 ’

/"2 = {/;} UA3 U A4 , etc. F‘inally, let K, L te the kernel of the action of

N(Q) on Ao, @0, respectively.
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2. The insolubility of H

Assume, to obtain a contradiction, that H is soluble. Then H < N(P),
and since it fixes every P-orbit, H is metacyélié of order pq or épq. Let
X = N(Q)/Q and Y = C(Q)/Q. Then X/Y is'a éyclic group, which is non-trivial
by the Burnside transfer theorem. Note also that 3 does not divide the order
of X/Y, sirce q = 2 (mod 3),

Let g« N(Q) and assume that g is trivial on &, Then g € H, so that
g € N(P), and since g fixes all the Oy» we have‘g € Q. Thus X is faithful
in its action on @, so that X €S _x S

k 2k°

the key to our proof of the insolubility of H - it restricts the structure

It is this observation which is

of X to only very few possibilities. We should also remark that in fact

< i =
X A3k s Sirnce G ‘.An.

The case k = 2, Here X = (Z b4 34) e AG ,» and so X/Y is a non-trivial

2
cyclic 2-group.

If {X/YI = 2 then by [4. Theorem 9.0] all involutions of C aré conjugate
to involutions in N(Q) - C(Q). Hence all involutions of G fix precisely two
points of 2, But G is 2-transitive on Q by a theérem of Wielandt [20, 31;1],
so that this contradicts a theorem of Hering [8]. It is perhaps worth
mentioning that‘since 2p is 6 modulo 8 we can also deduce that 8 is the
highest possible power of 2 dividing |G| and obtain a contradiction this way.

Hence X/Y is a cyclic 2-factor of (Z2 x S4);ﬂ A, of order at least 4.
The no;malizer of a Sylow 3—subgroup of Z2 x S.4 is 22 x 83, 80 by the Frattini
argument we see that 3 jf[XI. The Sylow 2-subgroup of AB is be, which does
not have Z4 as a factor. Thus C(Q) = Q and N(Q) = Q-Z4‘. But then the
normalizer of Q in q; has order'zq. If‘all the involutions’of q< are ponjug_

ate then they fix precisely 2 points of Q and we obtain a contradiction as

before. Hence by‘[4, Theorem 9C]_we have Oq,(g<) £ 1. Since Q is self-central-

r
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izing, a g-element of G acts as & fixed-point~-free automorphism on Oq,(q().
Therefore Oq,(g() is nilpotent by a theorem of J.G. Thompson [18]. On the
other hand, g; is transitive and hence primitive of degree 4q+1. It follows
that 4q+1.is a power of a prime, Now 3 divides 4qg+1, so 4g+1 is an even

power of 3, say 4q+1 = 328. Then 4q = (3°-1)(3%+1), which is impossible.

Hence if k = 2 then H is insoluble,

The case k = 3, Here X £ (s3 X 36) N A.. If g is in the kernel L of X on @0

90
then either g is a 2-element and therefore is not in A9,or g is a 3-element

and 80 lies in YA L, But Yn L =1, 80 that L = 1 and X < S6.
Now X is transitive on do by the Jordan lemma, so XA° is a factor of X

isomorphic to Z, or S,. The normalizer in S6 of a Sylow 5-subgroup has order

3 3
prime to 3, so by the Frattini argument 5 does not divide the order of X.
Hence X is a {2,3!-subgroup of 36’ end X/Y is a cyclic 2-group.:

Let T be a Sylow 3—sﬁbgroup of Y. Then T £ 1, since we have already
noticed that 3 divides |X| but does not divide {X/Y!. Hence (T| is 3 or 9.
If |T! is 9 let T* be a Sylow 3-subgroup of the kernel K of X on lb. otherwise

let T* = T. Then the normalizer of T' inside S6 is either S, x S, or

3 3
(Z3 wr ZZ)'Z2 , neither of which has a subgroup with a 2-factor of order
greater than 2. Hence IX/Y! = 2 by the Frattini argument. Then, using the
theorem of Brauer [4] again, all involutions in G are conjugate to those in
N(Q) - c(Q), whence they fix at most five points of Q.
Ir nof ]C(Q); is odd then G has only one class of involutions and we
obtain a contradiction from [17]. Assume then.that :C(Q): is even. If an

involution in Cc(Q) fixed a £, setwise then it would fix it pointwise, which

i

is not possible since g > 5., Hence the involutions of Y are semi-regular

on @b. It follows that Y| is twice an odd number, and so iX| is 12 or 36.
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Since the order of the normalizer of T in X is even by the Frattini‘argument,
we have T < X, and s0 also T' =.Tn K <« X .FNoté»also that the semi-regularity
of the iﬁvolutions of Y onbé% now implies that X is transitive on G%..Thus

X has index 1 or 3 in (z3 r Z,)°Z, . Let t be an involution in K. Since

t is even on &, it cannot be semi-regular on & . This forcesrK to be of order

6 with two orbits of size 3 on 5%, and therefore K = S, and X = (Z3 wr Zz)aZ2 .

3

But now an inspection of (23 b 4 Z2)-Z2 shows that K cannot bginormal subgroup ﬁ\a

of X, a coniradiction.

The case k = 4, First we shall show that, quite independently of the assﬁmption

on H, there is a subdegree of G which is 3 modulo q. Suppose that there is
a q;-orbit of size aq+1. Assume first that a » 3. Using the theorem of Weiss
[19] extensively we see that the only possibilities are

Ta+1, q+2,

6q+1, 2q9+2,

6q+1, q+1, aq+i,

5q+1, 3q+2,

4q+1, 3q, g+2,

and 3q+1, 24, 2q, Qq+2.

Ve shall consider just the third case - all the other cases can be ruled out
in the same way. Let " be the q‘—orbit of size 6q+1, and let & be one of the-
G ~orbits of length q+1. Let de/. Since the greatest ccmmon divisor of g+t

end 6gq+1 divides 5, the G,

28

-orbits on / have size a multiple of (6gq+1)/5.

On the other hand q divideS'quj o This implies that G(g is transitive on f:
which contradicts the primitivity of G (cf. the second part of the proof of

Theorem 1 in f19]); This contradiction shows that a =2, and in fact a = 1,

because 2q+1 = p. Let us consider then the case where / is a G -orbit of
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length g+1. Then q{1is 2;transitive, so by [6] there is a G -orbit I of size
cq with 3 <c < 6. It also follews from [6] that Qg‘is not 3-transitive;
hence Q:.= PSL(E,q). But then the action of %:,on L implies that q = 11;
this possibility is easily excluded by an ad hoc argument. |

Hencé we have shown that no non-trivial subdegree of C is 1 modulo q.
This implies that one of-the subdegrees is 3 modulo Q, wheﬂce N(Q) is
2—t?ansitive on.ﬂo by Witt's lemma. Hence c(Q)Aﬁtp A4, since 3 [/ [N(Q)/c(Q){ .

Let us return now to the proof of the insolubility of H in the case

k = 4., Assume that the kernel L of X on 6% is non-trivial. Then L is transitive

"

on zﬁo. But LaY =1, so L is cyclic and therefore contains an odd permutation,

Hence L =1 and X £ SB. Moreover, we see as before that 5 and 7 do not divide

the ordér of X by the Frattini argument. So X is a {2,3}-subgroup of Sg »

and X/Y is a cyclic 2-group., Let T be a Sylow 3-subgroup of Y; fhen §T§ = 9,
Assume first that T = 9, Then T' = K » T has order 3. If X/ > 4

then the Frattini argument shows that NSS(T') has a 2-factor of order at

least 4. But the norﬁalizer of a group of order 3 in S8 is either 83 X S5

or Z, x (Z3 wr Z2)°22 , so that 'X/Y/ = 4 and NX(T') is a subgroup of 33 X 847

of order divisible by 9. However there is no subgroup in S4 of order divisible

by 3 with Z, as a factor, since the Sylow 3-normalizer in S4 has order 6.

4
So !X/Y! = 2. Then, as before, a Sylow 2-subgroup S of Y is semi-regular

on 5%. Hence X Mas order 72 or 144. Then JK a Y| is 3 or 6, and so T' is

characteristic in the normal subgroup K~ Y, so that T'< X and X é’NS (7).
But NSB(T') has orbits on Sé of size 3 and 5 or 2 and 6, whereas Y is

semi-regular of order at least 4.
Hence IT! = 3. Suppose first that [X/Y| > 4. Then by the Frattini

4 288 factor. Thus T has 5 fixed points on é%. Consider

an element x of order 4 in NX(T). Then x either inverts T and therefore is

argument, NX(T) has Z
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of type 21,1 on 4, and of type 4,2,1,1 on @%, or it centralizes T and
acts as a 4-cycle on &, In either case x is an odd permutation, which is
not possible.

Hence |X/Y| = 2. Then [4, 9C] implies that all involutions‘fix at

hoat 8 points of Q. Notice that since 4p is 12 modulo 16, we see that

210 does not divide |[G], so that G is known by various recent results.

But let us argue directly.

We see again that a Sylow 2-subgroup of Y is semi-regular on 5%, so

that Y] is 12 or 24 and |X| is 24 or 48, Assume first that [X| = 24,

/Y] = 12. Then Y has two orbits of size 4 on ég and therefore acts as A,

on each. If X preserves the Y-orbits then X acts as 84 on each of thesé

and on ﬁb' But then an odd permutation in S, acts as an odd permutation on

4
each of these and hence is odd on &, Hence X is transitive on f%. But then

any 2-element of X is semi~-regular on ég, so that involutions in X fix
at.most 4 points df @L ﬁence the involutions in G fix at most 4 poiﬁts
of Q and so G is known [17], which leads t; a contradiction, In fact,
sincé 4p is 12 modulo 16, we see thﬁt 64 is the highest possible‘pbwer
of 2 dividing |G|, which gives an alternative argument., |

Assume now finally that {X| = 48 and |Y| = 24, Here Y is transitivé

on~é%. Iferf = 2 then K has 4 orbits of size 2 on @é; and X/K acts as

S, on these and on [x; Hence any involution of X fixes at most 4 points

4

of‘@) and vwe arrive at a contradiction as before, So gK{ = 4, and X/K o A4.

Now A, has no subgroup of index 2, so K has four orbits of size 2 on £.

Hence K is Z2 x Zz‘with two involutions of type 2%1% on & and one of type

24. Since X/X has no subgroup of index 2 this forces K to be central in X,

which is impossible since K is not semi-regular on 5%.
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3. The high transitivity of G

By the theorem of Ito [10] mentioned in the introduction, the
insolubility of H, which we established in Section 2, implies that H is
3-transitivé on each of the /;. Then we know byianother theorem of Ito
[9, satz 3] that the E-actions on /;...../L are isomorphic to each other,
Our notation for the points of Q will from now on be such that
[ = {0 ,..i}, r = %%,/%,...}, etc., with <, % etc. corresponding
to each other under the action of H for each i. We shall also write 06(%
etc., for w%,f%,etc. As before, < is chosen to be fixed by Q. Let R be

a complement of Q in H g+ Then any element in R other than 1 fixes
2

o(A'

precisely three points of /:; one of these is «, the othera will be 0%
‘and a%.

We shall prove the theorem only for k = 2 and k = 4; the proof in
the case k = 3 is similar. Our original proof relied on the 4-transitivity
of H on each /Z. Unfortunately, as Professor Ito has noticed recently,
there is a mistake in the last part of [10, III], which so far remains
uncorrected. In the later stages of the proof we therefore have to wofk
harder, using the following result which pushes. the character theory in

{10] just one step further:

Lemma (P.M. Neumann, unpublished), Let X be an insoluble group of degree
P = 2q+1, with p and q prime numbers and p > 11, If X is not 4-transitive

then the stabilizer X, ., of three points has two orbits on Q - {Q;ﬁijf,
7d

each of size g-1, Moreover, the rormalizer of a Sylow g-subgroup in X'

has order %q(q-l).

/O
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The case k = 2,

Step 1. G is 3-transitive.

%{TNQA
We have already( that G is 2-transitive by [20, 31.1], and the action of Q
implies that G is 2-primitive. Now H fixes f»’3 and has two 2-transitive

orbits /7 - {=iand /) - fal Since p [ [Gland ¢ does not fix /2, the

assertion follows.,

Step 2, G is 4-transitive.

From the action of H we see that the possibilities for the length of

ek,
the G -orbits are 1, 29-1, 2g-1,
132 .
2q, 29-1,
7 19 44‘2o
or 4q-1.

» |, Consider the

Now the second is clearly impossible, since g Y {G‘((g
[ &k BN

first and third case. Here the stabilizer of any 3 points in G fixes
exactly 4 points. Hence we obtain a Steiner system S(3,4,n) on 2. Clearly
{41,’31,«3,‘,%3 is a line for any pair i,J, and it is the unique line
containing any triple in it. Hence the fourth point of the line on x", _-(2,

o, 1s not one of ?

3 A 32,':.33, and so it is <-<4 or /34. Hence H"a“z'ﬁ fi‘xes :i. :

which contradicts the semi-regularity of R on /] - {« y~.l. Thus this

1 122

is impossible, and so G is 4-transitive.

Step 3. G is 5-transitive,

Since G contains H«q,, the only alternative to this assertion is
oy

3,

that (-}(_{ 1,2 has two orbits of size p-2, which would imply that the order
1273, N

z .
of (iql is odd'([20, 3.13]). This is clearly impossible.
e {1 : .

/7



172

Step 4.. G is 6-transitive,

By the Lemma at the beginning of this section, the Hﬁd -orbits on
13

Q - {a 'd2,a3v3 » 3} have length divisible by q-1. By a theorem of

. Baring in mind that q / [G

%2

the possibilities for the length of the G

Nagao [14], /33 is not fixed by G Ciy~e o, R

&,S&orbns on Q - {_« <30 ”,.gz}
therefore are 2q-1, g-1, g-1,

2q9-1, 2q-2,

3q9-2, q-1,
or 4q-3.
In the first three cases it follows from [19] that G,« R is imprimitive,
hafia¥} ‘{32_
Let B be the block containing «_,., Then B is a union of G,d P . —orbits,
3 ™ 2‘}4/'/“2
and since (B! divides 4q-2, we have |B| = 2q-1 (this already excludes the
. _ - £
third case). Let A= Bu {o(l, 51y :’75 Then G{_(u‘(l1‘,(“/:,.//_3,3,5 £ G, o
and G is transitive on B. It follows that G, is S5-transitive on /3,
'(l 11‘3.'3B A

—a.

so that p| ing. This is impossible, since p2 1 il

Step 5. G is 7-transitive.
Since H“»"z"‘;ﬁ G“."‘z"‘/ﬁ_’ » all the Gx'«z”_/ﬂ_i -orbits on the rest of

Q have length divisible by q-1. Hence the possibilities are
q-1, g¢-1, aq-t, q-1, .
2(q-1), q-1, q-1,
2(q-1), 2(g-1),
3(a=1), qo-1,
or 4(q-1).
We now use a variation of an argument of M.D. Atkinson in [2, Lemma] to

exclude the first three cases. Let U be a Sylow 3-subgroup of G

<ty By !
and let V be a Sylow 3-subgroup of G containing U, Then
| a2, 2
vl = 3+ {U{. But V normalizes G. , and therfore permutes its

A ™e *.-/;).L
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orbits. Now G : acts as S6 on {°< secesfl 1 and there are only
t”":"‘u“zl/gm e 3 :
nt most four G ,—orbits on Q - {« ,...,,31 It follows that V fixes
""2 /.13 1 ! 3"
these orbits setwise. But then, since g-1 = 1 (mod 3), we see that V fixes

arart from j‘ ,1,,132,/!3 also at least 1 or 2 points in each 1ong'ledl'l.(33—orbit.
Hence V fixes at least six points, and since G is 6-transitive, V is
conjugate to a subgroup of U. This is impossible, and so the first three
cases cannot occur.

Consider now the fourth case., Here H is not 4-transitive, so the .
Lemma at the beginning of this section implies that R has ‘order %(q-d).

Moreover, R has eight regular orbits §i, and

A1 = {-(2&%) §1 v &,
8, = {43} u_@_} v 9'54,
Ay = {/32§ = 5’.—5' L ey
e 4, - Psto Eo v,
Siﬁce H is not 4~transitive, the H(idlmi-orbits on /'17 - 10(1'"(2’«3‘ are
52 (f" and C "i. Now the shprter g(."fg_"'/é;orbit is also an H_ xz_(;orbit;

so we can assume that this is _@; v _@'3.

Let S be a complement for Q in NG(Q) which contains R. Since R has -
small index in S, a subgroup Ro~of small index in R is normal in S. Then
Ro fixes prec:.sely 200, 20 23 in Q - 54,,3} , 80 that the set 4’ ,/%2{
is S-invariant, and is permuted in precisel y the same way as «&1, 2,0-3,’\4_’
Let x be an element in S which interchgnges =« and £ ; such an element exists
by the Jordan lemma, Then x & Giv(c,e"*'z;--j;_,-ia}’ and so (5-2 o g%)x.: ,3-20 53,
so that L!'QZ‘}' and «./3, 4) are x-invariant. But x involves (« %), and so

» .. , 8l o008, 00

it must be odd on "31»“ ¢ZUA3JA4 and hence_ also on !.‘1, 20 Cm 4,
It therefore involves precisely one of (1 ) or (/' [' ), and so acts
differently on ,ﬂ v A2 and on [15 ) L? « For instance, if x involves (;;‘.12)
then it fixes nothmg in ﬁ vl but fixe 32 and‘ 2 .’,‘3 v

'&

/3
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On the other hand, let X be the setwise stabilizer in G of /? - f}
- ; |
and /7 - {p} Let e f; - {«}. Then B, fixes a point Oe /7 - {3,

and is transitive on /; - {<y7} and on /5 - {4,6?. Since %(”_has index

‘2 in XF, it follows that XW,='%7, so that X acts in the same way on

2 =

k = 2 of the Theorem is now proved.

/} - §«x} and /] - §£3!, This is a contradiction, since x & X. The cass

The case k = 4.

Step 1. G is 2-primitive.

We have already established in Section 2 that one subdegree is 3 modulo q.
Since g( < g(, the subdegrees arelsums of 3, 2q, 29, 29, 2. Now 3 is

not a subdegree by [20, 18.4], and the possibilities 4q+3 and 6q+3 are

ruled out by [19]. Finally, any group of degree 2q+3 whose order is divisible
by q contains the alternating group by [20. 13.10], which rules out the

possibility 2q+3. Hence G is 2-transitive, and in fact 2-primitive, since

the highest common divisor of 3 and 8 is 1.

Step 2. G is 3-~transitive.

Since Q( é'qﬁs' the gys-orbits have size obtaihed out of 1, 1, 2q, 2q, 2q, 29.
Assume first that there are two of size 1 modulo q. Since G is 2-primitive
and since p I {q73§' the only possibility is 4q+1, 4q+1. But then {Q<${

is odd by (20, 3.13], which is impossible as !Ex$f is certainly even.

Hence one of the orbits has size 2 modulo q. Notice that iﬁﬁ?j’is not

an orbit by [20. 18.7]. Hence the only pessibilities are

2q+2, 6q,
4Qp 4q+2 »
or 8qg+2.

/%
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The second is clearly impossible since 4q9+2 = 2p. In the first case, let

~orbit of length 2q+2. Then (/ﬁ,é‘é L, and since H = G

«Ing?

Z be the Qva

we see that is 2-transitive on £ - {/(.5'}. Hence G, is 4-transitive

S s

on I, which contradicts [6].

Step 3. G is 4-transitive,

if %s has two blocks of imprimitivity then by a theorem of Griin (cf.

[7, ;5.5]), (2( has a normal subgroup N of index 2 which is rank 3 on

Q - §~} with subdegrees 1, 4q+1, 4q+1. But then |N| is odd by [20, 3.13],

which is impossiblé >sinc.e N muet have a 2-transitive section of degree 2p,
Suppose next that (i(/s has 4q+1 blocks of | imprimitivity. Then the

stabilizer of any 3 points fixes precisely 4 points in Q, and we obt‘ain

a Steiner system S(3,4,n) on Q. Let A be a line, say A= {)\1 ,A2,>\3,r‘\4§,

and assune that }"11 and A, correspond to each other under the action of H,

2
that H =8 ., IfH = H inl 1l H =H . T 23
so tha A, A, f A, ’ then certainly also ' L, herefore
Hy, £ B implies By # H: , and hence Hy = Hj , since ﬁ’ fixes /A, whereas ,J’VH,\’,\3
HA A has orbits of size p-2 on the set of points of {2 not corresponding
113
to }\‘,)\3. Thus in either case, Hf\: = E)\ ~-implies H)x = H/\q « Consider now
. a -
the line A = {ety ,42,«3,63}. Then © is not fixed by H-“"."‘z‘*:. by the above
remarks, since R is semi-regular on the set of points in Q not correspond-
ing to “ "’%""3‘ under the action of H, |
Hence G is 3-primitive. Now one of the non-trivial subdegrees of G

is 2cq+! with 1 < ¢ < 4. Certainly ¢ £ 1 since 2q+1' = p, and ¢ = 2 and

c = 3 are excluded by [19]. 'l‘hus‘G is 4-transitive,

Step 4. G is S5-transitive,

Since H, € G, _, all the

. , S s
1, i1 %3,-5"9”1’”3 on { - {a(,(s,y,h,eé have lengthvdi\rlalble

by 2q. If one of these does have length 2q then the other must be 6q by

/7§
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f6]. since G is clearly 4-primitive. Hence therpossibilities are

2q, 6q,
4q, 4q,
or ‘ 8q.

The Atkinson argument used in Step 5 of the case k = 2 excludes the
second case, while an analogues argument with respect to 4 rules out the

first case: Let U be a Sylow 2-subgroup of s let V be a Sylow 2-sub-

%y
8

group of G cohtaining U. Then |V| = 8¢]U], since G is 4-transitive,

{d./ /;//'/ a-.f

Now V normalizes G , _, and so. preserves the two long G ~-orbita. Since
“"JJ‘K ‘\{% Y

NS

each of these has size 2 modulo 4, V has an orbit of size 2 in each. Let
‘W be the pointwise stabilizer in V of two V-orbits of size 2; then the
index of W_in V is at most 4. On the other hand, W fixes at least four
points of Q, and since G is 4-transitive, this means that W is conjugate

to & subgroup of U. This is a contradiction.

Step 5. G is 6-transitive.

Consider the length of the G

iﬁf&xz-orbits. These are sums of 1, 1, 1, 29-1,

29-1, 29-1, 2q-1. Since 8g-1 is divisible by 3, the Atkinson argument

implies that are all in the same orbit Z.

":’2[!52'A2
Assume first that [Ij = 3. Then G acts on a Steiner system S(5,8,n). ‘
-

»

o."o‘/"v C‘-”"z""é’_ "é' 27

.,
21222

- Similarly the line containing ful,/=and two of x3'ﬁ%'i3'g% must be

The line containing &ri,Jg and any two of = c. is f?

3

the above observations /\ meets Q - {(73,...,83} in precisely three points

{dﬁdwn.5r¥3553.“3.733. Consider now the line .1 on m@inﬂ,Gé,“ . Then by

Lal e {0,y g i) ' . -
LQ,QQ,L3 Then 40 3¢ must be a Gf*-ﬁﬁ'---ka invariant subset of

Q - {«nf,...,Fs}. This is contrary tc our knowledge of the action of H*}“;«g"

Let {Z( = 2g+2. Then is transitive, and in fact primitive,

G
o(/g...Si

/&
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L = {8y1»5,}, because it contains B _. It follows by [20, 13.2] that

2
G , . 1s 4-transitive on L, which is inpossible since q does not divide
g Set,
its order.

Suppose now finally that [Z{ = 4q+1. Then E‘_d has two‘primitivey
1> .

primitive orbits 21. 2 on g = f of size 2q-1. Since qiand-p¢ does

q
’5’2’“2* |

46 not divide IG J‘_ | we see that G 'is imprimitive on L and
' Gipt

ﬂ£2ﬁﬁ2' ¢ is a block of imprimitivity. Con31der any other block B of

size 3. Then one of B / Z,s Bnk, is a non-trivial block of H on I
‘ 1 2 &y Ky 1

or 22, contradicting its primitivity there.

Step 6. G is T7-transitive,

The i _=orbits have sizes obtained out of t, 1, 2q-1, 2q-1, 2q-1,
. Ay, by

29-1. Now,the Atkinson argument with respect to 4 (ef. Step 4) shows that

all the G . .—orbits have even length and in fact only one has
el g 3000y, s

length not divisible by 4, Since none is divisible by p or q, the only
possibilities are 2 and 8g-4 or 8g-2.

In the first case G has blocks of iﬁprimitivity on
. {d'(g"""“'fzz .

Q- {qu,...,«2§ of size 3, and Eéi is one of these. Now the block

£l o«
;J"'Z"‘, '2!

contaznlng m3 must contain 3 p01nts out of {\ . as we see from

3’ ”‘3 ELEE
the action of E&xx  * But thls nust be also true of the blocks C6ntaining

;3 g and 3 which gives a contradlctlon.

, is transitive on Q - ﬁ*’°"'¢%;' and

In the second case, {
- .too,“{,_

since G ' /G Co is S,_, we see that either G is 7-transitive
{d""’;g{?“ a-f.o-/fz 6
cr G< 2 has two orbits of size 4q-1. But the latter is impossible by

Z

[20, 3.13].

Step 7. G is 8-transitive,

Consider the G —orbits.'Note that {s

! is not an orbit by [14], and
O(onoJii . 2+

17
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a1§9 that q does not divide the order of_qg..”gz. Hence the possibilities
are ) ‘ 4q-1, 2q-1, 2q-1,
4q-1, 4q-2,
6q-2, 2q-1,
‘or 8q-3.
The first two are excluded by the Atkinson argumen% with respect to 4.
’In the third case it follows from [19] that G is not primitive. This is

Mhbwéver impossible, because the blocks would have size 2q. Hence the

assertion. ..

Step 8, G is 9-transitive,

Here all the G -orbits have length divisible by 2q-1. The Atkinson

2 ,
argument with respect to 4 implies directly that G

oo e

is transitive

{peeesd}

on Q - {d,...;éé}. Since G is 8-transitive, this shows that G is 9-homog-

eneous on 5. Since is 38’ we see that either G is

G{x'oooyle/Gdn.o d;.

9-transitive or G o has two orbits of size 4q-2 on Q- {R,...,Jé}.
.-.2

In the latter case it follows that if I is any subset of Q of size 9
then Gg is’Ag (and not 59). This implies that any involution of G fixes

TwT .
at most}ag;hn:points, which is clearly impossible.

Step 9. More on the action of N(Q) on &,
Let N = NG(Q), and let K and L be the kernels of N qn Ao,go respectively.
Then'L < K: Otherwise LK >K, so 1 £ IK/K < N/K. Now N/K = Sy 80 IX/X >v4;
But this impligs that L n C(Q);éCL and since Q is self-centralizing on
itssléhg orbits, this is not possidle, |

Let X = §/L, Y = 1c(Q)/L. We shall write K for K/L. Then X < S, and

x8o - s, s0o XA, By [20, 15.1], any 3-elexent of X acts on & as &
. 8 | 0

product of two 3-cycles, since we know that all the 3-elements of X lie

/85
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-in Y. Now the normalizer in S8 of such a 3~element is 22 x (23 wr 22)-22 ’
which has an elementary abelian Sylow 2-subgroup. Hence X/Y < 22 by the
an inyelotion L C(R)

- Frattini argument. If ja—2-alement—of-¥( fixed a point in §b then, being
even, it would have degree at most 6q+2; this is not possible by a theoren
of Luther [11]. Hence the 2-elements in Y are semiregular on 56. Therefore

|X! is 24 or 48, Furthermore, if {X| = 24 then X = 34. If X has two orbits

of size 4 on =, then the permutations odd on Z% are even on 5% and hence

0

are odd on 2, and the same is true if X is transitive on @é. If X has
orbits of size 2 and 6 then the involutions of Y cannot all be semi-regular,

Hence §X{ = 48 and K is Z acting semi-regularly on @%. Finally, note that

2

we may assume that K normalizes R. Then {LE’FE""’é;E is K-invariant.

Step 10. .Let D = G_ ~ 5e Then' D is 4-transitive on Q = ‘= ,...,3, %

P RN ILITIN: "2 3

For, from the analysis in Step 9 it follows that D = .. is transitive
1779 e kb

i v -

on Q ~ &4";. ...,5"§. Moreover, the lengths of the Q‘—orbits on
{

-

Q- {&2”52""’53’“} are obtained out of 3%, 2(q-1), 6(g-1), 'and in fact

21l the D, -orbits on Q - {&¥4,...,63} have length divisible by 2(q-1),
1 )

&
- 8s we see from the action of K,

Since G is 9-transitive on , the Atkinson afgument with respect
to‘9 (cf. Step 4) shows that there are at most two Q‘-orbits; b&cause.
6(q-1) = 6 (mod 9). So the possibilities are

3, 8(q~1),

2q+1, 6(g-1),

2(q-1), 6q-3,
or 8q-5.

The first case is impossible by a theorem of Bannai [3, Theorem 2]. In

~ the second case D is primitive, contrary to [19]. In the third case, D is

/7
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imprimitive by [19], so the blocks must have size 2g-1. Now 6g-3 is odd,

80 Q?@ is still transitive on the D -orbit of length 6q-3. It now follows
e ‘ \

from [1, Lemma 2] that G. , acts as a 2-transitive group on
. “1'.*:52""’4'&41

a Steiner systemvS(Z,Zq,Bq—B), vwhich is impossible since q does not divide
its order. Hence D is 2-transitivé.
Now the Qfs-orbits have length obtained out of 2, 2(q—1), 2(q—1),
2(q-1), 2(q-1). Then the Atkinson érgument»with respect to 3 shows. that
D
a‘l"s

the D ., —orbits are 29-1, 6(q-1),

o

is transitive. Similarly, the only possibilities for the length of

or 8g-7.
In the first case‘thoﬁgh ng is primitive and the suborbit of size 2q-1

is 2-transitive, and a contradiction now comes from [5, II, Theorem 3].

Hence D is 4—transi§ive on & - {aé,/%,.;.,égg.

Conclusion. We know that the ortits of G“}£1"‘4}$iﬂ on Q - {oﬁ"f"5;3“35%3‘}

have length combined out of 1 and eight times g-1. But G .
» 4(216100003 .(’,'36{;{
is normal in Q7%ﬂ. and n%i“ is transitive on Q - {x yﬁzbm--ydévxﬂgnf}-
Hence G is 12-transitive on Q. But G contains a 3-element in C(Q) fixing
~ 2q+1 poinis of ., Hence by a result of W.A. Manning (12, p.596], G is

alternating or symmetric. This concludes the proof of the theorem.
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