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ON WiLU'S EQUATION AND NEUMANN SYSTEMS
R\ & Unw. oF ARIZONA 1. TLASCHKA

O PV&gaQe (3?0\03\_[\. ’\Wr\ts \‘Sho‘\’ \’\\Q‘\&\\( 3\‘\1m a*
The QDV\SSUQV\QQ- Be(s«ara. jﬁ'\e.vconge.tlexxce» s ‘ T Aoy QI&A
; (OY\Q& a%é‘\h} awror§ ‘\Y\v ‘&\\Q_ma\y\ re_gu,\svs) ’Ané <o
Ac%cr;\oe.é o~n\~3 Some Qaiv\l ?vq\\m§na‘r:3 exgm?\&&- :\t \\’aw_
oot resolved Fre L:fhediies s hamee , ¥ mighY be

any Case Mere dy vu’x\l velevant Yo solilen research,
The C\\x@ﬁon dealt Lt belows is ot too hard

To eplain. Lot qlu) be an N- solibon potemiial for
Sc\maA:nof‘s )e_e\@xam S 4G 46 - ;;(ﬂ.

T( +he N Qilmwa\\kes are B = —-w3, o, -k, and if
0, ., by are the QviQ.S?oné(wi Q.i'iex\-g»or\@ﬁms ( :ifﬁ’axﬂ)
Haenn N : -

qx)= -4 Zﬂfb:kx)-
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This Formols was fond by Gardaer,Green , Kroskal, Miva
in CPAM (191 L\& Subsituie _<3,r for Qi) in
S e qdy s, BN

‘o 3:2_*

S (3awa?)d = Gy )
This s @ system o} N nen\inear, Qeu?\e& o vdinary
dilferantial zﬂ\xa)\'ioﬂs. One may &SL& ® I hove
many ‘\n’te.ms\ﬁrﬁ ?voxeﬁits ) Since The N-se\liYen
potentals o% Sc\waémzu s e,c\ua’w\n do.

TS ) completely m‘\&iva\o\Q 7 Yes. The
S\GTian was oiven in W8 by R Garnier).

T Yhece a lax pair rg?ruu&j\m 7 (Yes
Tephict in Garnier's paper ).

W\na* does the :Qnexa\ so\ uisn .00, L dulx)
of (¥) have Yo do with SC—\(\roA\anU‘S oyua"mr—«
for, only one solulien will veproduce The N-s\iton
ataprfondiions . (D% and GV, Choodnovsky, 197
the Se.v\zva\ se\uRan wagmsm*s Q\'SQ.Y\%\Jf\éY\ws o%

a quasijeriodve, N-asg petential — Fhe “cnoidal’
ana\f03 of the N-csoliten poteakal ).
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Promiem. Find C_om?'ava\b\e vesulbs for other linear
OYU"&-\*MS . Dia QD+ p VLBo,ussmesc‘))'r ZaX harov-
Shabedl, ) for mateces (Toda \athice, o)

Thes bas fwo parts.
() Derive Sormulas for potadtials interms of
etagn fonclisms 'é.r\a\oaous o C\~; Sy 2t
WD) Shous Fhal the 33§em awa\oi\oog o @)
s m\eira\o\e
At \;rgg@\*, SJYQV G) s va\n well underslond,
requiving Some contoor \n’Yz«‘:}\-a\\'ans -<\m‘\§_ %ami\\‘ar
N inverse %caﬁar;ni cale\st ons ®  When one
deals wit\ Fiete- Qap ?o’rm‘ﬁa\s , There is a very
beauhiful metned bated on the associated Riemann surface
theory . This was develeped by T Cherednik ( Forkis.
Ana\. Prilozl., 1978 ), bat not in encugh deYail o
give A\ formulas tn theneeded form. Checedils
methed it iWushrated below. |

J—

WD T Kaug, ST Appl. Math 1916 ) Ac. Newe\' | in Sdlitens,
«dited by R.BoNough; P Dedl and ETobowitz, CPAM 9T
P Deskt, Flund, B Teobowi¥ 2, Comm. Math . Bhys 1980, For KW'
eruation; WP MKean and P.van MoerbeKe, Jnvent. Math. 1475,
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Step (1), as far as T can YoMl s nat b al\
tnderstood. In each ase, \n*tira\:\\ﬁj o\ The
3“3\03 of &) s shown \33 brde calevlation:
constante of wohien ave osuegwé (there 3 A commen
\)é‘(\am\, anad \!anis\'\§nj of Poisson Voradets is
et Yo the ceader.  Belew, S\xagsqs—\ a waciruction
Wi will (i remaining details, and aeneralizations, qo
Hrcouah) enable one fo prove ‘\\’\'\ecye\:\'\'\‘?l for mosh
o¥her examples.

Toere is wore ko Hhis Fan one mioht faink at
irst alance.

a) There s a shiantly A;&\Qre,n)? vexsion of &)

(caVed CRegmann's sqstem), whnidh T Moser has shown
Yo be \'n‘rima‘te\l ceVated Yo ie_oke_s\‘c Clow on an Q\\\\osd\(\
i T (notes of lechure aF Chern Sympesivm, AT ).
T Forn, W Knderee ( Tnvent. Math, 1980) has Connected
His apodesic flovs woith Hhe algebraic qeomlvy of
C\ual\v\‘cs- TWexe s w\Aou&o‘hé\l o e ‘w\*cz_ms*t“j
osme Yty fo be discovered in the anale qEus \:ro\o\e/ms
foc Boussinesq and othar (non-hyperelliphc) sol Hon

Q-‘\\):& \‘i -nS
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b)  Andloqs of () sast alse for Parnlene equations
(cf 2 paper by Man Newell and me 5 in preparation).
A different represedialion ssudhas &) 5 may provnde
sfalnts tnto this class of "wall-behaved Sidth»

) A non-audonomeus system ) relaed in a cetain
way To @) ) was encounte Fed \>j Timbe, Miwa, Meri,
and Sate (?\\js\*ca D, \")80) N SJYUC\H oj- the
impeneteable Boson oas. The velation of analoqs ol
#) o shhshal medhanics models amd holenam i
cwantum felds rs st une&?\\m’e_c\) bot seems % be
Vatecedhy nq) erovgh fo wsarrant study.

The —givs* S*av ) \be_gore one Can \'\o?a o fadk\e "\"\!\Q
rea\\ \“*Qrc';‘\ni Fro\o\ems 2, b, c), is To Uw;\gvs)TanA
m a.ralional way w\\’a*‘ \nas e %a\f boen Acng
_YY\oS'\'\_K \0\3 QX?';Y\\MQY\.\" 1 \\a\la ’\T{QA %"O VQ\)Y@A\LQQ
Kaowsn @ resu s §Or MWW QC\\L&'\'\‘QA) r\r\a\K‘m‘S sure at each
S'\Yaﬂsz =t the 3&nzra\{%a+(on t+o Eoussinesc\ was
daar — a2t leadt in ?\-‘\r\m‘\;\e. Bousshnem\) as well as
other \‘\3?@9_\\‘\\,\*\\( \No\o\ems) Ave a\* ?r&svu;\‘ \:Unj
S‘\\Jé\‘q,é \)H ?\‘ SC\'\\\\\\nﬂ ( Ur\{V‘ 0&» AY\'%QY\3> )oUr Yely \\-‘3
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are Sl prelimivary and et realy 4o be deseribed here

T redt sMetch the outlines of what 1 expedt to “

become @ ogneral wmethed  as It apphies To il ’s
ec\\m‘\(an. M ost o} the ‘Fovmm\’ag Ye,\meg mavy be

found in the corvey by Dabe and Tonaka (Prog. Theor.
Phys: Soppl 53 (o101 ,107-125 ) ) 2nd (i Hhetr recent
Y‘nov\o'jra\:\\ (T MinkK s because T coold vead the
forrmu\as, (§ nwot Yhe ZEF bLehween Haewn ).

44 _.\—\CBCQ \:O\rmu\as.
N
T ca\\ 2 -g—ovmu\'a. \\‘Ve C\ -—-“‘Z\kgc\ﬁl a trace
{-o\wmo\'a ) (—o\\ow‘mi feadition y even '\f\\oua\\ "vaacesu
éon\\'- \‘Q_a\\j tome intTo \9\\33 Vuj au Cw -
’AS an "\'\\us'\’\'a'\-\'on 04&, *\r\{ O\"\i\\r\ OS» S\)C,\/\ ‘g\Oxm\Jv\&S)

I Aex‘\\/e-.'\’\mc Trace gmmu\’as §0r '\A\Q SELO\D( ma*\«\‘x |

A o\ ‘)1 PPy O
&_"—‘ 0 da b} ©




B
familiae fom Toda \athice theory (M-Todn, Physics
Ragor*s ¢, v975) . Lt N, Mo be the Qii{nv’e\ue,s)
et & ") be the normalized eija“VQQ\jﬁrs/

I S R L

and let B Lo Phe moteix of eisenvectors (edlomn

e 9, N = diaq (A, M) Thos,
Le= 3N,

. Or ’
L=BA% - B3NS Gy

since. € is an ovbhogonal matrix.

Tn Q.‘\)) Compare Qm’\riﬁs S SRS very edsy Yo

See ‘\'\'\ a‘\- ( W. Fer qusen M‘a:\\ . QomV» > \9 20/(3525 \'\'\e,gg ,QQ‘ molay {or comy\)ﬁnz)
s (RPN
bo- D4

N .
(k) O
ai = ;7;‘ >\k \ ‘bn\

(subscrigh denctes comypoment 5 by Comvertion, dpyi= 4,7)
This is- Yhe ana\o:\ ol 1 = “\‘Zﬁbf .

T§ one. sobskidutes dhese formolas who L4677 = 34,
or wte the difference aquation B dil 2kl b dd)
One 39.*5 the diffarenca andley of &) ([ Whecdn has net ;50
far, bean shodied)  Tf one leds the wmatvix L change
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BCCO\'&\nj ‘\’0 L = Y_B) Lﬁx,

0 Ay o - .. '&N
% -3, © aL
- O "‘az_O
Ay - - O

( Pasical\y The Toda aa\wa&ms\ , 5o Hhat é\)(i) - B,
ox <i>:j) = a,de, - 3naden , and (§one hen
teylaces 3, by 2 MEIB , ome ophs A syshem
of coupled montinenr differenkal equations for e
Wik cantains the Toda equafions. The Sj&*ﬁlm N
reduced Yo fouar unlnowns in Desfh, Lond Teobowitz, loccit:
This dea o% rgm‘ﬁrmc:\ \lnear é{zznua\u«\fro\p\ems)
and Their \‘SOS?QC\(@\ flows , in a\\ga\g_gmg':s*m\‘" way
by coupling Tooether 3l Fhe important Q{}n§u,\c_¥a onS
S Very powesful 5 iF was inicodueed by De(t and
Teobowatr  (CPAM, 9 FR) Tn a ‘\'\\Orfou3\\ S%QAJ of
nverse seatfering for ~DI4q  and s used inthar
-§oy‘\’\\aom'\n3 analysis o& scaﬁu;nj ‘\'\nQQ\-l (or rather,
\{wusa S?QC\\'&\ ’\)Y\QnrAB for D3 +(\D*F _
Unfortonadely no other Frace dormolas seem Yo be as
S m?\e as Hose for e Jacbt mAtrix. In 3Qnera\, one
needs defailed informaiion about howbhe Q‘\QAQY\Q\MC}RN\ s VAQ\{@AA
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on the spectval parametec. Then one applies C‘euc\\i(.s
Pheorem %o a claverly chosen intempand - -‘R 2 =0
Toens ) foc example, twhe Q- 4257 <o

Th 2 moment) This 1dea will become completely
®bscure Phanks Yo the nfrodudion og'a\:e\iah Q\C‘« -
Yertials, Y\'Dh-S\Dccia\'A\\J(SQrS, and other recondite
Ccmca?'\s- To Brque ot Fhe \i;vocgéu re 15, in ANY
Concrele case, gus\ con%owf‘\'n\giwa‘ﬂnn (possibly,
with mm\s\ccateé branch eute); T shows how to
decive the \oxﬁnfom \DO\Dw\af Fovmu\’a C\leZ“)“R-l-

The Todb fondlions for tha N-soliton \xftm'\ia\ are
Conventently derived by BaKlund Nanslormations 5 from,
eq, The formolas qiven in Flasdhka- Melaugdin, Springr

LQCAYO(!L }toJY&S 5\‘3) one maj c\Qr\VQ

) A W(e;lu) Q03\\‘\ 64)--',\&5\"@“)
) ‘S(Kj—i—k) : W (COS\" SIS C‘C&\‘SN) /

:c\(’(\\L

\N\\Q\‘Q \/\/ A&nc*es '\'\/\Q \I\)\‘OhS)({ah) ®(> ki(""xa),”’((

aconstarnt.  fi s dhe solution ol ~y'rqyakiy
tex | . '

as X —som . Sinc(

whedw qoes \ike e

Kj)( ' ~K.

x .
e ¥ QJQ ! 'S \no\xot“\ﬁova\ +0 C_os\\'\()'(tu(s) ng Sorme.



128
sottable ¢, one finds et §lxgeg) = o5 Gk, )
for a certain ¢ ( This is the basis of Date's dired
sl Yan consheuction, see: Proc. Tapan A, 55 (479),23).

One. mow \n\eyakes

kGG Sk -e) A

Avound A circle \k\= ¥ ;\gqﬁgﬁguﬂ\\ Yo endlose all ks
M k=0, Mo vesidue 15 59 D) and ak e finite
Poles | + ik, +the residve 1e ‘?ro\)m\‘(mnz\ Yo Q‘(x,xkﬁzr
i{%fhl(x). The Y\/orma\\‘%&'\’\\()‘r\ constant ) heeded donmake
L‘bf =4, qives exadly tme \-ac\u.\‘mé formola.

Now Yo Wils equation. Tf q 15 2 fimitemqap
Potential, the analoq ol the Tosh fonction {4 s the
PaXer- A\\‘\ba%er funclion $=Ux,PItis meromorphic For?ov\
a Riemann socfaceiR*= T (E- ) has poles at
porats Doy, Dy (ndependent of ¥}, and aces \ike
™ (A+ O ) ob E = oey ke VE. The analoq
of §ilx, ) 15 2 funchion b =k, P) whids,in
this S\w\?\{ case, iy just ¢ on the other sheed. More preciidhyy
® Ang product B oobduos selutions of -y"+qy =k ,suchas

F= L0055k, solves g F"-q -] q' F= -EF'. Crpand Fs A+ cE ™% 3T 2o,
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The surface Ris Phe 2-sheeted cover of the com plex E-plane,
el so as o wake \/ﬁ:) 's\xxj\e;\za\ue,é~ N point P e K
s EeC ‘roof_*\u Wit & b Stan Yo detarmine e sheet;
P =(e,e), leb tP2lg,3) be e peind onthe
ofher shet. Then |

Bx,2) = Ply, ) | Hhe continuaiion DQ $ avound

2 brandn point.

S\—\ee{: i

Sheet 2

T e selioncase;  £660) L) automatically
has poles at the degived ‘;o‘m‘\s 1iky, and only Hhere.
T e 9\‘?\;.\{—&3‘3 AR, Ll) k&&"\&; ey at D - D=tD, 0 SDN})
¢ ot D=, Dub. Bebore tnbearshng b
avound a \;:3 circle, one must teke odt the extva
boles D 4D, and ’Sd ' thecorrect omes at the
‘eiqenvalues’ Dand D come fromhaving qenvs >0,
Denote tha points Dy, <D on K Ll Keo2), (R ,3),
respeckivaly (e, Haew \ie on oygosite Sheats ) -_\'wm
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‘bE*Q‘TEY\E\(a) W e \xav 2

N
: (E— Hs(x))
\*’LX,?\QKK;?B'- \\\\ '(F"‘)‘:_i)

‘)COY Ce,\"\-e‘\r\ ‘-\\JEY\ e Ys(x) (“'\‘i{& S)JLC\‘rumk)-
Lok

@ \
W \33% no Ginite \m\es y and opes ke - T AT

’8\’ E= oo (a \oravxc\*\ \?o'\r\)\'y.

Moo w = 1 LER) g
\ Tte-2)

has o @;mk \)O\&S y Pnd So cannat  hove a vesidue
st o : an infeqral Bround 2 big circle would vanich
(a5 would the ntearal of bW hilu-k) , without
the odva %a&or < ).

One now mu\jn‘«i\\‘as dq)w \0\3 _some_‘\\'\\nj a\r\é\oious
o Ahe ket wolbiphied 6w f, G-k v 2 {onchion

w\\tc\\ h\as ’?o\es a‘\' '“’\9. b e(aevw a\ugsu) ‘H’\{ é‘n‘e.\oag ol 3\‘kj)

@) . KRS

\.Q-) \/
— N
E §{

v s ‘\Y\'\&jra\o\g neav E'; .
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and produces 3 pole with residue at os.

In previous pagers (eq, Meser's), the "etgenvalves”
have been chosen o EL, EL, E%,.. ( the lelt e_né\gn\‘vs
ol he branch cuts ) ) bt rese 16 o compelling rezson |
Wihe —?\‘r\ﬁe-g\a\a cage, o ‘?u:\' the “eigenvalyes” Hhere
the 30\63\\'3&::0“ ol Yhe ¥, .,x, ol the N- soliton
\)o*e_x\-\;a\ S oveally ‘v\r\é whole Riewmann suv{ace Q(T)
Tndeed, T aet some new resoits by placing the “eiqenveles’
avkivavily, b B, 6y (e gu?ﬂmwﬁ "o s N )
be dishind Ginite numbers | and Vet B, By be a
choice of poiels on R where E =B e, = (g, 4)
or (E$> 3. There exisTs a Unique %u‘ﬂd\"\ﬁh N MY
which has Sim?\e ?o\es at the T, and 3 s{mF\e 2ero

at E=v, b~ E-"/" at be(‘“‘\.

3) When one considess b~ qap \m’\“tz“‘\-\‘a\s) as do McKean amd

T“u\aow\'*s) '\'\'\Q Q\\o\ca OS E,,... h\aj WQ\\ w\a'\'\ec. Thi T Q‘onﬂ' khow-
P O ——]
) ‘\(?\= R + et 5 where ! Rz\/

N
riee-g)

E(C“Ef) )

\D S a ‘?o\:y\om‘.a\ 04 c\<3¥ee <N -gov "0\\\‘C\’\ "(’(El): R(?L)
The Aahoh\\y\a"mv 1§ Zevo aF E=%{ on bo‘\‘\\ s\heé&s)' H\Q.T\Umera-

Yo 's P\(?& )‘\r RK’\)S) o IR S\'»ee'\) —R(?j)*} R(?}) on The other.
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Finally, consider The dvfferential hdp o T has peles
at Po,. ., Py, with residues Py CRANICR AR P $, Y
end 3 yole 3% oo with residue -4 Lone seesdis by
(’,&Yév\émﬂ Hhe various J;\mc‘\mng\ The sum o%’ residues =0
and so i |
) Z pob b, (1.2)
Now ras\iply hj E b oas o the vesidues 0& Eh by,
Y\O\'\r\\r\l c\ﬂmyzg except 3 {ac\mr SR iwYroduced at P;,
wileFhe vecidue at 00 becomes 39 ‘\‘s> Where hy
s e coellicient in The ecpansion Vs €% 4,
a¥ E=w. tena N |
Q= 2hy = AZEp Yy )

T\ms 'S ‘\’\r\g ?emoé\c ’ané\oj (Y our Qv\'a\\’\é\ (—X)
_Y\ﬂe_ rexrarKeble ‘H\\Y\j 'S Pt Checednik’s methed
Y‘omow.& ’a\\ VLS—\\ﬁ{S 0% %uessmﬂ {“vom ‘\\(\Q Ny 0us
S*L\:& \\MQ '§$a Qom'\)\e-\‘l,\j 3su\ua\ Version o* uo\\’a’\*
T Wave deseribe d.

Lo_‘\' /P\ \ba a R&mmann qu-&ace) w‘\\’b\ é\t"\iniu\'&\'\eé
\')Q\r\')("—r«d)\ LQ\‘ E§R —> u{ock \Q& mevomor?\'\\‘i oni)
LQ‘\' D \DQ' Q

\«0"\'\(\ Qa s‘w\a\e) n‘“’\ové\m‘) \)0\4& al os.
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nonspecial diviser og aﬂm - «3 oxms e\’rZ(? S
ol covese, compad a“q\moo*m T\\m oists @ un c\u
fondion (e, 8), PR, u,\Mc\\ \wmmm‘;\ﬁ ¢ on
A48, hae Yo\es, in Dy and Spes \ike {4400k N
2o (k= £%) By Riemann -Rack, +\m forbher
it 12 nonspecia) Liviser tD, and 2 Ag\lm%a\ f
L dwdh has as s only (Yo\q Yhe ‘mm‘\ o, ohen it it
behaver as - k2 W and Wik has zeros 2t "D#ID
There st (by e some arjum%% Wb produecs 5
sae McKean , Sprinaer Lt Nobes 755) a m\.ﬁu 4 (x,?)
with pole divisor €D, goins ke €™ {4+ 0(K") Sabos

Ths s @ gim 1)\: and Eeau¥\‘§w\ ‘&"\é\?Q X’{n&e—zjaf
\)"\e_or:—x Starh with Yo Baker-Ahicrer ggnc'\;'?m Y. Now,
® and w, introduced very mg\,\,\‘c\"lr\zl for Wl U\u@%’on
eac\les, arise com?\e\a\i naturall g their axy Shoncs

'a\'\é umo\\mncsg ‘)e;mi iuavav\"?aaé \03 oxz)r\m'c\ R"&mém’\
Q\.H%QQK ‘\AV\n.or'j.

Now e \\ \D& a —(:vv\csv{m\ \-\,\a"' has Sim‘»\a Xxo\es at

N

Po,os Ty €J’D\'§”§< tn Su\ua\ , N —‘E%\ . The statimedd
! Sur o% Y‘QS\\AUQ; o& EL\'\ 4’ 4900 = 0 ) w(\ \avoéucn +T3CQ
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formulas ke ‘(\.413,(\.33 - Chevednik c\eve_\ofs a clewlus
Hal makes i possible 4o com\mk residues alb s of dpw
from e coefficients o e operstor Ly (snalen of Diq)
Fhat s {2 eiqenboncion, L. £, |

| EVU:&-\%»\S 'S Very AnTrinsic o R, \au’v w\\e_v\ one leaves
e ‘\ﬁ\nx Mighc case ) nat mudh can e writien down QX“)\\C\JY .
Even for Boussinesq (o\aua¥ar D’ Fqdrp) ) 1 don't Know
izt o and b ook ke, and Fhere are independent Yrace
fomdas qetben from T Ehdlbu =0 These are mathers
corrently bong inveshiqaled by - Schilling and me. /—\Aalﬂa*w\ |
of these deas to 2 Zatharor- Shabst systerns and 27 order

c& -Hszx wne e_c\\.@x\cv\s S S\W\?\U‘ - \'\’ m\\\ \)Q_ Ae.su‘\\oe.é o Q
YEYL(‘ AT ‘th\)’&ra\'\mn.

92\ Ne_um’avm Bv\é /\QOSOC\'\B"“LUS gjs‘xems.

Rt \‘s-now '*Cm?)ﬁnn Yo Sv\os\{—};ﬁ\g Q%) '\n'\‘o
,.‘.»‘«l‘«‘lf""ﬂ’\' ~E W, “QP;"*‘\@* b, * \woc\wuf

~ %" (2h225 a4 )b = et

( @)
- (-\){I ¥ (Q\\3~2 2%[‘53@?3\3)2\3( = E\‘C‘QC -
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Cavaier solved (1) in \O\\& s \Hywc\w" ‘g s S\M\j ‘
reducal Sc\r\\es\nju‘ {a\uz’mns D V.and c.V. c\oosws\g
éo.ve—\o\mé Phe Pheor w4 ol Q1) Y‘zcav\\'\\s n connedtion w*‘ﬂw
W\ <c\\,z’v\on As [\‘6\. as 1 can \1\\) (&:\) has a
Severe delet. Een Fhovah A i \v\‘\&ﬁ\-a\a\t S\isl(‘@m )
Wit Lax paiy it ‘R\e.mamh S\)v%aca has Aenes N+l s
Wi 3\\u by 1 Hhen e tﬁ@nu& °-£~ -\\r\erﬂ ermann Sm{ue
o} W\ equation, Lot Wit ev@ﬁ\x mj <larted, M\3 aim
'3 Yo condriud the lay Pty f‘w (3:1) from the omjma\
data — R, D, L, b w,h — , and T do nat
see how to increase the SEnos °-§ my Riemann
§ur§au. W any Sensible Wy,

homce
wodidication of (1) which lealds Yo Hamiltonian
Systems stodied by Carl Neumann in 12859 ,and by

T nwow describe a subfle and \lgrﬁ \‘n'\ev{f\'\“j

E.Rosochatiys in 1877 (e\;o%e;x by Moger),
with {denaking T, (hddo)' s aaain an
abelian differintialy and Z Residue =0 says
9 Z(”ﬁs“\’; -2 E‘s%f\’vs*s + Z(gitbsl*;i’:()
Si»\u/bg(\.z) ) Z(%)'cb)-%f\) Hhis Toives
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4= 2Tt 2654 (2
Tnstesd of @1 Yhere avises the Sj&'\“&m
)\ s (25 38 0) 4G, @-3)
| 9"+ L Zpieidt- 2p4/H) 10 G
This is %o he supplemented by (1)),
Zpidd =1, (2.4)
20d The x-deriiative of (W)
Z(”J(#;’“ﬁ“&’ﬂﬂ’l) =0, (2:3)
One can chek hat Qw05 hold wmikallyy they
ave preservad bo @3) . Thus, (4.3 =5) s @ syshem
with 20031 -1 22N dearees of freedom. This
sqstiom, for Pharmere, v8 invariant under sealing
Voo a4, do= &b o PR removes Nomore
éﬂmg of frandom. T cna seis
(Bids= v e® (g e™y
ﬂ‘»)‘ ‘\’d': syagi y 3 rseei/\fﬁj é?).lzsje"%- 8y Ty fge*‘,
Fen 23{rj7 =g = consh, 2nd afier 2 vedudivon vy Vike
W eliminalion o anelar mamenhum in the Kepler preblen)

one »)fméﬁ Yhe {—o\\ow\f\ﬁ Su)s*wh ;—Or Y‘j an 4 Sa' .
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.- %2 (s S vl :
IR NN S X PO

This system was shudicd (2nd ; appacently, solved) by
Rosochativs. Nobice Yhatr Yhe veduwdon kj Sca\{f\g |
's in 2ppliedlole LBy s \>vam\\\g~a\v\* o\ Ky for
Thew 6;3 - \\)5\ Tha\l & are brandh )\\w‘n‘\‘s) T
hwo paies o} sysToms (23) become "\&Qr\“\}\“cﬁ\) since
Ck’)‘ =-\\’5 %or Qat\r\j) 2nd e cxﬁ P Neumann
Ty | o

-$y ( ZERY, - 2py b=y, |
subiod KNt Q) ReS), | |

Moser ( Cheen Vadtore, loce cid.) aMiribotey thae

redudmon o} (2-30 o (2.6) 4o P Deft, bk 3
W3S nov realired Y424 Qqsoc,\\e*cus)Sjs*bm
arises naturally from the pneral Frace formula fon
BWVs e qualion.

DN %Qw remarks abvoot Neomann and

RO sochalios Sjs"\‘amg.

T\’\ 1S S W\ﬂQrQ Va‘e\\j \n"\f{res\\‘r\s \'\f\{ﬂlx S‘y\nk\\j



134

Deain To happen; but to deseribe them would just

be 2 repeition o} the papers ccted alveady, A few

remarks, Yo indicate W\M anysne W\\'x\\\‘ want 4o gjmc\j

Phese fonny sqstome furthec, may nonetveless B in ordar .
From now on, T lack only ot Nesmann's system

Sefiag X, -anl)\, T

uswal Lovm

X, = -E;x; ( ZEfo_Z \,.2>><\‘ (27)

S\)\\p‘\v(_(_* Yo L
(2-)

() Newmann's ﬁxss\e.m mas be ‘m*awm‘\e,é as the
ec\usv\'m\s éaSQvi\o‘\r\S Foae oS-cJ\\\E‘\O\"S ooxe s Exe
concdraines to Pha shhere Z\xf:/\ I c,ay\«g-\i\ua\\?w\
Speee This \n*ux,m}aﬁ'w = shown Yo have ;na\ojs |
for e Wnear E)to\p\u@ og Sine-Gordon ; NLS [ and the
Todalatica | by DO | Lond )T\'u\oemf}g(\OQ\ el .
Were is vo a-prieri redsan (or the dra st\s’\‘wm
G2 B Yo jesduca an wdenrable system wpen
conshraint o M trders whion ol quaderes (2:8). Tt wev \d
be Vex 3 ‘\Y\Jm@s*‘mg Yo have thais medhanism u\\é\'\?é y
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‘\) T\’,\Q —\Sram'\\\“ov\‘ray\ 533\“@/0\ wi\'\\ *\mm‘,\%ma\r\
W P26x2s 3 ( Txedyee ki&'v.-)l)

'S ‘)h*zcjva\o\q ) N4\ \‘v\'\aj‘va\s (XN ‘\r\vo\u‘\ﬂ‘ﬁh arg

——

' X Y5 =% ¥e)?R

F oo .t XY %,

v T Xoo 4 Z E_‘.‘-E- *
Jqf\) ) A

)T Hais RamBenian systern is reduad by elimination
of P inteqral Zx and s canjugate variable,
e Newmann sustem is obtained. Honce, Mo \ater s
irmjm\o\e ;2 i iaherihs tho condants [ vmation oL
e sa‘gﬁm vn W) R |

W) The Hawmi Henian g\m-ol‘ 1) presecves ‘r\?\&
g\mg\wum of

Ly )= (T=R(E = yoy A I-R)
hece (y® Vi =YYy, € = disg (B B and s

PVOSQ_Qx\LQ‘h onto the \(Lc"\csr X 4
’P X & X ’\) X, X3
s

X I x\* )

V) (T\'\QS S‘\fa*@me_hf\‘ ‘\\S Ae\\'\ae,\-a\‘&\l \‘Y\Qm*rec‘\w !
T‘c‘rka a \{Y\& ‘H\\"oul\h X= (XQ.HYN,“) e‘_EN-H in '\\’\Q A'\reﬁ\‘\‘nf\
Y= (Mo Ypst) o Onder the WamiWenian -g\ouo 1), Yhe. ‘?om'\“
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of Aanagney of this Kne wibh Mo dipsard 2451
fmoves a\cm/o\\‘ a\’ﬁtOA{S\C. The Qxae“va\vqg aﬂj L\/ x) (whedh
are NoT Ej) ave Yhose wombecs A For whedh e

Nine xasy Noudes Hhe quebec 255 1m0
confocal with Z X0=1. A P poind of contdad

he normal o the quadric vs dhe erqenvedor of L

for etaenvalue ;-

What s tneorred s that the  flew gﬁ whic
a\l hese wiraculovs *M:r\js \ozmm 15 not Yhe flow GO
T have wrillen, bud b i close enoughn As Wloser
ex\s\ams tn dedaily Fhes (ieome'\rxc inYer ?véa\\or\
\orov\éeg Tae first example n whidh every 'ag\m& &

T =18, U1 isospeciyal Ae\-ona-\‘\Dr\ admits 2
concrele transtation (Phe Nigher conslants of motion excaphed).

One c\u;& naturally warts Yo og.nara\i%ﬁ P what i
e next mosh com V\\a\eé qeomelrical sefhing ! Presumalbly,
b s atociated with the Douvstinesq P ovder o\\&va\‘m)
.DBH\D*\ fere 1 Whe problem = mone ol the results
O =9 jush auoted were derived with any vefurence
o W' equalion: At best, fae Mty ix L enerags 25 one o

Q \‘(\vﬂa Q\ass og ma*nca& \\avmi AY\B\XSQ\:\Q \Sosho o.c\ra
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A‘Q—((: r}n—a'\'ions ‘oj vi\?\\xa o& \\3'\r\3 On 1 Kac- Nﬁoél \\‘Q a\le\!%f‘cl
ovbe & (AA\U- van Moevbecke, MAdv. Matl. 9y . This

matler S '\"3\A€v\ ' UL\> h&x*-

5 On L-R pairs.
 Adler van Moarbecke (loe et show Hhat fa
Newrann squaiions imyly 3 commutitor equation of tha
forrn (one shoold sek M coelficient of eads pouser of W equal 160 0 seprd)
B - T8 UMW, *>
where B = &L 4 ‘n(ﬁ@y—j@x\ - X® X |
L= &L « X©Yf -y Ox , €= &\'33(\2;,‘?..;)5‘“\ o | mc;anS‘
3 eventsaNon uoith mY&e{ o the x of B u\g’a\\s@
Yo aioid eonfusion with Huavedse e laixa), A a2 3R
Pdypomiale in 3 paremder sudnas b, e makess @;\@;&2
‘no.\m\%'ng Yo some Lie &\3&\0"& d4, 2re sa_\é Ao \oe\un3 o
5" Wac- Moody axtemsion * of . Adler - van \)\ou\pu\&e
aveixe 3k 1) & a vexry s‘)u_\a\ (\fow »Q\\mens\ona\) ase
<>\\Y s?mmnz—*o \-z&\m caqpalons on Lie ’a\ie,\m'é_% By ex\aanémfs
() abost W=0, one arrives at W\ours L(x,y\
T princigle, ene can ceardn for more cgm?\aqé\Ql

' (\r\'\o\l\’\er c\e_bvu o% g—re.e.énm\ Veoxgions 0& @) \n Q Sﬁg\kma ‘.
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V23 by (oMowing Adler-van Moerbeckes prescriphons -
To aet , for example, e corresgonding Kac-Moody
systems for Hha Boussinesy o DNLS  \inear problem,
one must convet the \atter into Neumann Type @\wa%'\ms
and Comgare with cand (dates gor @) . Vhat is, onewerks
from Lotk emdc and hopes Yo med tntu midile.

T+ would be mudh wore elficiadt To derive ()
dicedly fom Phe dale qiven abost Wl s eawation, and
s g the l)ro:\etj. |

Reek of all, it hoold be noted Thal every Kac- Mesly
u\m’mw o} ‘the Type @) is equivaled fo a commuter
Condibon o diffeceaval (or integro- differential )
opustors: Sppese Ly B are mabix difercabial oparshos,
aad TL,3 30, Tha \eb Clx, %,E) be a so\hnn makix
§ LC-EC, Clae,x,8)=T . SincelBC=BLC-ER,
BC= CHla,8) (oo seme medern B(a,8) - Alsa, i =4,
Le=8¢, so C= Cllk,B) Compakibililyajues

0BG, = LR, LoV,
This 3 2 "Mac-Moody” equalion . The Biemann surfea
enlers because the dnacaderishc equation  of B,
At (B &) - 2T =0
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which delines an slaglovaic corve, s ndeyendend of 1.
Comersely , apven B2 T8, 1, ane con recondiud (1,812 0.
(Tor example; finide - gpp AR\ *r\}\emi 16, e way
convertd do an equalion in a ¥acs Meody edension of
SLGRY. On Hhe otver band, e Toda equabions can be
m“sgomea Ciova Fheir Kac- mm\ﬂ oo B=18,01,

~ b, a, © 3w ~ oé(\o
B= (o )+ 0 )+ 0 C=A0 e[ o)
0" ba aN. ) ,‘.0 -2,

Q

+ E"(O au) , et [LBJ=0  — inbearodifferential, ke
sine~Godan, because of B Nethar of Huese Foyics has 5o
for been shudicd j the Toda quedion is probably related
Yo Milhailev's  Toda- sine Gocdon chain ).

Tn any coce, e Abler - van Moarbedke equaion ()
Can &as\\ be reconexted into [L,R] =0,
where L=-8D-g (xe\;- YOO, B=EDrE (X®1—\{®X)D
& 8-‘(x®\1 - \1@)()1 — X® X . Vhese mateix o\?ua\“ﬁvs) wmYorn,
ouaht Yo be canstruct e d diredy from the Riamam
Socfacn R, Baker -Ahterer fonckon b and trace-foimola
fondtion N (e one with pales abt 0%, E(R): €)

Q-) Iv\ '\’\\& u-sv\a_\ F\oc\ud '\‘\fie_orl E\Dw(n‘o ac\.\ ) E s :\\»s\‘ ‘\'\'\& F\OC‘\\:.Q.\

W\u\'\*\\)\\‘n.r -gor Yo Avserele Sc\«\viﬁé{nger e.c\ua’ﬁor\.



- 140

of the ortainal Wl equation - Tk s mol hard o see
et e vechse  Bike- Ahicer fnchion @ definina LB
will satvsly 2 |
LE=nd
) RPP=WwE ¥, |
hare b i Bae b Grom dre trso foomuda s By e ceauive
+ e \\\(IL G‘S + Ow) 5 e_ﬁw 3t pele Pyoof ko
Foctrermore; o= e s reoplarat M B, and ges
e 9% 3t Fro. T conchuek LR, theredore,
one meeds b Gad funciions X, Fo~ 5y o P

amd et Ak Eroon They dnoold be evpressd in Faoms
of Hha WU ), Wnidh gpes Ve & o o

T have some candidabis for Tp ) bod g ace so
cormpMeated  thak alwoct nofing €an be chedkad [ and T
oot Nike tnew Very vouch - This y as of Yhe moment, s

e Cemaining ‘?ro\b\em‘

é Co\r\c\\xs\‘ on .
7 RE ‘\\avc teied o outline a (g\\’\\ Very S\ha\»(j)
{ra}ﬁtwoxk Gm- -P&\\n\(‘\ni S“S*Qma\ﬁcé\\l A\oou'\‘ \l';*l \’&ctw\‘
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discoveries in sotiton theory. Leb e once more \ish e
main peinTs, since Very \‘(\La\2 thay were obgcured '»‘55 ;
My SpecalaRons: - |
() From eNarsy \ineax ei«i‘u\n\\u \?m\é\em ) one can e\§mihi*ﬁ
e -\Yo‘\zn’ﬁz{ () iw €3v0v\ ol squared Qx‘ﬁuxicum\\‘oﬁs.
The %ggu\\\‘rﬁ nonlinear 's\sgfo.véx 'S ‘Ai\‘se;\§ “\Y\‘\Qi\’a\o\f‘.)

AW e {SO$\§LC*(3\ Llows Transhle nestly Yo Hami onian
svy*e/ms §0r The Q{S&v\%onc\ﬁons (: 13 et describe Haie).
Recent Papers have convinced me Mzt this may be e

"pstueal® way to vepresed icasyedial flows) ene nesd orly
Compara monstrosites iKe Fhe PP-ocder KAV Witk B mms‘m&gﬁ
Neomann syderm . T alie believe Yaat Frace tepresoaiions way
be parReatarly “nateral for Painlene” ~hype equations - We
Wil reped some resulhion sudn c,a\u:a}h‘bns ;g}\;\ on Sovne 's;r%'&()\(
sospeckeal probloms , Seon 3 Frace are many other axamples
4t A b worked oat )

(2) One can Conchvd an L)B r(‘;v:z.séﬁ\a*im\ for Yoe
nonlinear Si\&m of W), 3nd hence edbwsh inbegralorl ity

0) AS F\L\- \33 T(u\sow\'\i \ '(—A(mevxs\‘oha\ nYerse sca*'\u‘ml

can \oz AOY\‘L \o&ca\x&& (\' (5 an '\r\\cl\*a\o\g \-\am}\'\'nnish sis-hm.
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(‘f»\:s is a c:m'ydwe, Whida T reted do support above) -
(D These linear problems adwit oometeie inter prefavoms -

(L aeodasic flow on eMipseids. More preeviedy, T
P Baab e each "class’ of dedormation problems,
Whe Hhao " -—Dz*c( chss ', o the DS +qD 4 p class “)
Yhere L3\ e one aAm{\*\nS 2 %&OMQ}N:C u\7\1na’v\on- The
sthees Wil be Vese divedly meowmevrical being constructed
fom commuNing %am‘\\ﬂn<ans\-

Furbher doun ¥ \ine, one expeds Yo encooner Lic
3\3o_\orbs) qeometry o o\\nér;cs , ere Al these vaatters
Seem b be vary Sl undersbood ; My cerainly are dimly
wnderstood by me TH woold help o have T many
Alfuront approaches s Mo lamgeanes Wacok's mbuol,
moned romy = presexving Ae.%m malions | - boncRong, o -
There way be madh wore @(sz\‘men\'ijﬁon ahead belore

av\3 “rea\ \me_’an;njh \oac,omes C\e'&r.



