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A g-analogue of Maesaka—Seki—Watanabe’s formula
and its application
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FX

ZEY—Z{H (MZV) 23D ‘BRI & “Fn” D ZDDERRITHEH L 7z Maesaka—Seki—
Watanabe ([4]) DRFFEIE, MZV OBERUL & FEXHR MZV OWIZEIC BT 2 FiERZ 5 2 7-.
MZV DBERIL & 13—, MZV 3% D D DFE/RICHHK T 5 AR OB DB R E % 5t
TohekmatE L, TAUCTE D ELNZ2FHEX (MSW AR) & vz MZV O o BRI O
ZHMTOIT WS, ZE, MZV O#tft % ¢ FHEUTHERS 2 Z LTI L, ¢-MZV 128
2RO BR K OFFEAZ G2 Z e B TE LD THET .

2 MZV OBEEL

2.1 Maesaka—Seki—Watanabe Df55H

MZV &, 4 Ty 7 AN S r [AOERRBOM k= (k, ..., k) (r > 0) 2% admis-
sible (ie. k, > 1) D& =

. . 1
C(k) = lim (cn(k) = lim > -

N—oo oo kr
0<my<--<mr<N my my

TERINDIEDEBTH 5. MZV 3Bk A 308 (REHY) BRIz A7 3 Z & DA <A
LEATVWEY, BELBAGRRZE ST RICH 2 MZV OEELZME D —2IZLLFD Theo-
rem 2.1 BT 5N 5:

Theorem 2.1 (Drinfel’d, Kontsevich, Le-Murakami, Lappo-Danilevsky etc.). admissible
AT IR k= (ki,....k) LT, (k) ZATORTZ D D:

// dty;  dtyo dty i, dt,, di, dt, .
1—111 ti2 t1 iy 1 =11 to trk,

0<t111<---<t11k1 <~~<tr,1<-~-<thk,,,<l
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Theorem 2.1 & D, MZV i i = 7 L WO FRZALTHRTH L 2 ehbi s
ZOEADVERMO L NNVTHRILT 2032 IFEATDH 2238, SEYIR Y —< /" 21
3 % Z 21T K o T Maesaka—Seki-Watanabe ([4]) 13 Z ORNCIA T OEIE % 5 2 72:

Theorem 2.2 (MSW formula, [4, Theorem 1.3]). fEEDA 7 v 7 A k = (ki,...,k,)
¥ NE€Zop NLT, Cy(k) ZBUARTERT 5:

1
(k) = > 11
(k) e
O<nj,1§‘-»§nj,kj<N (1<j<r) j=1 ’
ks <) (1S5<7)

ZOrE, LIROEFERMBK D D!

C<N(k) = CiN(k)a YN € L.

BlziE, k= (1,2,3) D& &

i B 1
C<N(k) - Z (N — nl)(N — ’I’LQ)TLg(N — n4)n5n6

0<ni<n2<nz<ns<ns<ng<N

DEIITERSNDG.
Theorem 2.2 DIGHIFHRIEW K DS T WS A, [4] TEIZABRSN TV S DIE, L
TR T ZDoDRNREfRIN (Theorem 2.3, Theorem 2.4) DFFFALIAT D 5.

Theorem 2.3 (MZV OXEIFRR). IEREEL a;, 05,5 € Zoo IR L TN DOFERDKD
AYASX

Cl,... Lby+1,...1,. . Lby+1)=C(,....1as+1,...,1,...,1,a1 + 1).
N—— —— —— N——

a;—1 as—1 bs—1 b1—1

Theorem 2.3 DDA ¥ 7w 7 A, FEUDA 7Ty 7 A% k L RELTHLE K &
VTR A > 7y 7 ZE WS, Theorem 2.3 13, A > 7y 7 2126 LT MZV 23 Z
TH2 ZeZeFikT 2IEMITHBRRN R TS 4. Theorem 2.3 137K, Theorem 2.1 D
BRAEH — 1 —t W X ZEAEADHI HAT W 223, 2019 24 Seki-Yamamoto (|7]) 12 & -
THEEC X 25EHD 5 2 547z, Maesaka—Seki-Watanabe (|4]) 1 & % Theorem 2.3

DIFIAE, Cy(k) — Cn(kT) = 0 (N = 00) ZRT I EICE B DDED, ZORHAZH
X THILNTWIZREH] & F72 2 /i, RERNCHIRNOZR O AT Z 52 Twb &
WIORTH 5.

R, HRZEEL — ZHO B BIFRID Theorem 2.2 DHRD & DA OVWTER S
5. 22T, HRZEY — &l (FMZV) & 13, B

A= I @pwz) | D @/vz)

p:prime p:prime

TOLETERESNL MZV OFYTH D, LINTEL %:
Ca(k) = (C<p(k) mod p), € A



Theorem 2.4 (FMZV OXNBIRI, Hoffman). (EEDA T v 7 A k = (ky,..., k)
X LUT, LR DEFERHED SL0:

Calk) = (=1)" > Call).
k=1
EREL, S kDT IR B ITEZBI IR oTABA YTy 7 AD
EF 2469 (eg. (1,2) = (1,1+1) < (1,1,1)).

Theorem 2.4 ® Theorem 2.2 Z FA\W/-ZERH CEHEE L DIT

11
p—n= n (mod p)

TH5. k) LT LEOERAZEY 2 EEGEA T 5 2 212X 5T, Theorem 2.4 D
FAWBN S, IEF R LRIATSH 5.

Remark 2.5. Seki ([6]) i< & o T, extended double shuffle relation @ Theorem 2.2 % F\»
THGEEAD G2 6 TWaS. THUE, FELT 24 7 v 7 ZITHS % MZV OFELLR 74 2
2FE0WE C k) ZBHWTEHET 2 210k > T E N 323, Theorem 2.1 ZAREIINC
AW WEERIE, 2O HIDTTH 5.

2.2 Yamamoto DF5R

Yamamoto ([9]) i, Theorem 2.2 % Schur BINJER L7z, Z DEITIE % 3 Schur MZV %
ERTDIEDOIHRD 5.

FERODEIN= (M, ) & = (i1, ) (@ =) D5, XD p(ie. N> py, 75) %
A7=F 2 & skew Young diagram D = \/u % D ={(i,j) €Z* | 1<i<a, u; <j <N}
TERTS. i >bDeEFWWE =0 LTWVWD. F7, pu 2208 o O 212X
D=)No=X={(i,j)€eZ*|1<i<a, 1 <j<\} % Young diagram £\ 5. skew
Young diagram % Young diagram % & A TW5. ARFTHE X % Young diagram (X H 12
“skew” DIFAETH 5 DT, LUF, Young diagram (resp. tableau) & & - 7z & H I “skew” b
BOTEZRDZeT 5. HlZIE N=(4,31), p=(2,1) D& D IZLLTOXE & *It
ERSE

AN p

Young diagram DEFEIZ C DITE WL KE % Young tableau £\ 5. YT(D,C) & FE W7z
5, shape D @ Young tableaux 2IKADEE L T 5. ZOFEMICB VT, HIZ YT(D, Zs)
EZD. FT-

SSYT<N(D) = {(mw) & YT(D,Z>0) mm S mi7(j+1), mm < m(i+1),j, Vmi,j < N}

EERTD.
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Definition 2.6 (Schur MZV, cf. [5, Section 2.2|). k = (k;;) € YT(D, Z~¢) %* (4,5) € D,
(i+1,7),0,j+1) ¢ D ZA%T (i,)) THNLTk,; €Z AT X, Schur MZV %
DIRCERT 5.

(k)= Jim Cn(b)=tm Y ]

(mi;)ESSYT N (D) (i,j)€D Tij

Hirose-Murahara—Onozuka (|3]) &, MZV OFfi73 R~ % “diagonally constant” 724 > 7 v
7 22 F % Schur MZV IZHRIR L, ZOHRRZIRINC G272, 22T, k = (kiy) »°
diagonally constant TH 2 &3 k; ; B3 i—j DAKIET 5 Z & Z45F. LR D Theorem 2.7
DIEMER ERICBE L T 3] SRS,

Theorem 2.7 (Schur MZV OFfE77 3R, (3, Theorem 1.3|). Schur MZV DU % 4
729 diagonally constant 4 7 v 7 & k = (k; ;) W LT, ¢(k) FARNZETRRE
HD.

Theorem 2.7 125D T Yamamoto ([9]) (& Theorem 2.2 ZRD &k S5 IZHIR L /2. RD
Theorem 2.8 THW AT S DFEL WEIFREITITS 2L v § 5.

Theorem 2.8 (Schur MSW formula, |9, Theorem 3.6]). {E&® diagonally constant index
k 2R LT Schur B> ¢ (k) %

1
Cn(k) =
! [ZN] TN = n) TT(n) - TT(my™)

n) <anf ™Y (1<i<ky)

k.
ng™ anl) | (po<p<p1)

TERTE. 2oz, UTFOEFELDLHD ILD:
Cen(k) = CLy(k), "N € Zso.
Yamamoto (|9]) & Theorem 2.8 DIGH & L TRD D DERH ZZ 7z
Theorem 2.9 (|9, Proposition 4.2|). fFEEDA T v 7 X k = (ki,..., k) T LT
H y(k) ZLANTEHT %:

Hon(k) = Z (kll)m_l<NmT 1)

... kT'
0<m<--<m,<N my My

H_y(k) © b-Fifl%

1
HiN(’C) = E
. Np1 - Ny
0<'nj,1§-~§n_,-,kj<N (1<5<r)
n-11<n5k; (1<j<r)

TED D &, UNOFEADKD D!

r—1

1

r i1 (N — nj’l)njyg cee ancj

Hoy(k) = H.y(K), "N € Zs.



Theorem 2.10 (]9, Proposition 5.3]). 2 € C & R(z) > -1 ZALFTdDE L, {EFEDA
VT A k= (ky,... k) W0 LB Gi(2) &

1
Gi(2) = Z H (g1 +2) - (M, —1 + 2)njk,

0<ny1<... <Ny g, J=2

<ny1<.<ng gy

1 < 1 1 )
x J—
(ma+2) (M-t +2) \ Mg Mg +2

TERTS. ZOLE LUTOFEADMD LD:
Gu(N=1)=Cy (k] |k]), "N eZs.

Remark 2.11. Theorem 2.9 /% Hoffman’s duality identity (cf. |9, Theorem 4.1]) & FHI
N5EXDD 2HOHLE G2 5 HDTH 5. Theorem 2.10 75_5@0) Gr(z) 1% Kawashima
D G-BIR LTI RE bDOTH D, G-BIEMIHFOMHE Gu(N — 1) = (v (ku] - k) ¥
Theorem 2.8 225 L7235 .

3 ¢-MSW formula & &H

AHITIE, Theorem 2.2, Theorem 2.8 @ ¢-FALL T3 % Main Theorem D FFRIZDWT
IEERERTZIBNRD Z e olad 5. 2 D%, Main Theorem IZB L THER/R STV
JGHBNRZ DOWTHN U, & IZ Main Theorem (2R3 % open problem Z##/13 %. Main
Theorem D 1FHER FRE IR 2720, T FSDEAZRITS.

Definition 3.1 (cf. [9, Section 3]). Young K& & Z @ _L® diagonally constant index k
IZ2oWT,
D, =A{(,j) e D |i—j=p}
Jpy={7 €Z]|(j+pJ)€ Dy},
=min{p | D, # 0}, p1 =max{p| D, # 0},
k, = k;; for pg < p < p, and (i,5) € D,
[a, b]:{x€Z|a<:c<b} Ya,b e Z

H Hmjv = (m;)jes.

i€J

ZBEDD.

Definition 3.2 (cf. [9, Section 3|). Z XD (J,J) »3 consecutive TH 5 & I3,
J: [j(];jl} @Z% J, 7b§

oo IN\{nt, JU{do -1}, (JU{jo—1H\{i}
DWITNDE—BITHIELEDS.
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Definition 3.3 (cf. [9, Section 3]). consecutive 724 (J, J') &, TN 6 TIHRAFMIFoh
7z tuple m = (m;)je;. n = (n;)jey CHLTEALDRN <, < %

def {m <n; ifjeJand jeJ,
mIn —

nj_1 < m; if jeJand j—1€.J,

| A

m; < n; if je Jand jeJ,
njp1<m; ifjeJandj—1eJ
TED .

n e Zeg LT ¢BEUZ [n] = (1—¢")/(1—q) € Qlg] LEFESNS. MZV D ¢-58
PUIBR A IR ETADFHNT WS DY, T Dakam CHW % Dd Bradley—Zhao & (BZ &) @
Schur ¢-MZV

m”

(ki j—
. . q
(mi,;)€SSYT <N (D) (3,5)€D ia]*

THb. (PZ(k) DINHSZM X Definition 2.6 L [FHETH 5. 72,911 Tn] - n TH
D, (P%(k) = ((k) TH 5.

Main Theorem (Schur ¢-MSW formula, |8, Theorem 1.5]). {fEE® diagonally constant
index k 120 LT

b (k) = ) 100 )M 0
. n;»euz,;'m pgom =) TI(m”)) - -~H([n§a’“")])€ .

<l)<]n(l+1)(1<l<k )

k
J) anll) (po<p<p1)

, , J1
EEHETD. 2L, [[m) =[] (m)iecios) = [ m TH2. Zor EFOS%
J=jo+1
WA RYASE
2% (k) = (P (k), YN € Zso.

Remark 3.4. Main Theorem % [Al#£iZ ¢ T 1 T Theorem 2.8 2M8ICC X 4. Main Theorem
DFEBAZ Seki-Yamamoto ([7]) OEFEHITEIC & 2 23, FEHIC-DWTIE Tsuruta ([8]) %2 #EH
ZRI N0,

Example 3.5 (Main Theorem @ EA&Hl). Theorem 2.8 IZHT K % XX XL RFLE (Def-
inition 3.1, Definition 3.2, Definition 3.3) I%, 3 XT Theorem 2.7 D2 HYNC Y —~

yﬂ@gﬁmggﬁik%@f@é-ﬂiﬁiw:f; D ¥ % Schur MZV
211 !
c( ) _ B S
1]2 0<m§;m12 mglm%zmélm%Z
VANERWAN

ma1 <ma2



{& Theorem 2.7 12 &k > T

/ dty dty dty dty dt; dts
T—t T —ty by 1—ty b5 1—tg

t1<t2<ts
VvV VvV V
ta<ts<te
0<¥t;<1

EWVWIRREFFD. (1) DEHBD K/, Definition 3.1, Definition 3.2, Definition 3.3 {2
o THYNcHEWZ N, COrE Y —< VAl (k) &

b B 1
§<N(k> = m@ZK% (N —n1)(N —n2)ng(N — ng)ns(N — ng)

vV VvV VI
nga<ns<ne
0<"n;<N

©72%. Main Theorem IZBWTHHDELD 572 E1E 3 X T Theorem 2.8 L [FEETH 3
73, Qlg] DILY LTICERT 2 £ 512 (U (k) DA TFO g NEEHEYNED TS, Zhn
[T@) cBhTws. Bl Loy

ns+n
q3 5

qb k) —

D O R ) F [ e
VvV VvV VI
na<ns<ng
0<V7Lj<N

55,

Main Theorem Z W% Z 212 &k 5T, RDOBERIX (Theorem 3.6) DFEEHZ 52 5 Z
EMTES. L, 2ZTHWSADIT k= - D& D Main Theorem

q(klfl)m1+~(kr71)mr r q"j,2+"'+njvkj

2 e 2 U=
0<my<...<my<N [mﬂ ' [mr} r 0<nj1 <<y gy <N (1<5<r) j=1 [N n]’l][n]’2] [n]’kj]
nj,kj<n(j+1),1(1g.j<r)

TH5.

Theorem 3.6 (K. Hessami Pilehrood-T. Hessami Pilehrood-Tauraso, |2, Theorem 3.1]).
EEE N LT, n, 1 DFB N #Re 32, Zorx FEDA YTy I A
k=(ki,....,k) TR LTUTOEXDED D:
r N1ty kg
r Ui
Zilkiny) = (=1) > [
0<n; 1 <<y 5. <N(1<j<r) j=1 [n],l] . [nﬁkj}
nj1S SNy kg <j<r) J
ok <n(j41),1 (1S5 <r)

22T, Chkiny) Eqg=n, DBED EL(k) ERTDHOLTE. LEdo>T, HEAD ¢-
BHOERD n, TEZ2dDLT 5.
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Theorem 3.6 1%, 53753 Schlesinger—Zudilin & (SZ &) @ ¢-MZV

qk1m1+-~k¢-mr

SZ — S —
<v(k) = > [ma]Fr - [y )P

Oo<mi<...<m,<N

ZHWT
(=17 ¢y

k=l
EREDZZEED g =1, DHEDBLZED S SZEIANDOEZMZ ZIHRIICRT DD
EAHDBIENTES. %/, 2| THALNAAL I3 D | Main Theorem Z W5 &
b (k) 25

L/

[N —=n]  [n]

%Y [ BGE U TS 2 Z 2 T Theorem 3.6 X EHICEL 2B TES. X512,
Theorem 3.6 % Bachmann-Takeyama-Tasaka ([1]) Diftamz B % 2 % £ Theorem 2.4 1218
TLEN 5728, Theorem 3.6 1 Theorem 2.4 D ¢-FELlE AT N TE 5.

Remark 3.7 (Main Theorem (372 BZ Z72 D 2*). Main Theorem (&, Yamamoto (|9])
DFEE B ¢ BEUHRT 2 Z 2 I X > TREA I N %28, £ DR TER X415 kS
e #RET OB, S (PZ(k) DDT L (Dy(k) D THEXBHRIRICE > THRICHED
Zbd. Lo T, RO ¢ F2BDET IV (e.g. Schlesinger—Zudilin )

qkliyjm,j’j

¢%%(k) = lim Z H T € Q4]

(mi,;)€SSYT< N (D) (3,5)€D ’

(72721 CBE (k) L UNHRSEME R %) 1& Tsuruta ([8]) DA T Main Theorem D X 5 725
XNEESD Z 3 TERWV. X o T, KEMIZ Main Theorem 75 BZ BICH 2 EEM 1 X1
CEmliEWEEZ5. DErs, Xb—fKD g-series IZXF L T Main Theorem D & 5 725§
RZMEN D D &0 D RIOWIFIER ICHERZR W open problem TH 25 L & X 5.

e

2024 F RIMS SL RIS (AFRY) TRV EEGR 2 D) B\ THEEOER %
REVWKLULEMEE (BB RACKEE), SHBIEE (P RY) IR E#Z
L ETES. 7%, AMEREICSNT 22D, REFOIXHEEWEREELL
RAARFEATIHEL L 2 b o =27 AEBARFERE T 0 75 512, 20 TEEICHE 4L
AL ETET.
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