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1. Introduction We consider controllability of a second-order evolution
equation in a Hilbert space E ;

P

2 = pu(t) + Bf(t) O<tsT (1)
at?

with the initial condition

u(0) = §2 (0) = 0 (2)
where A is a selfadjoint operator in E and B is a bounded linear operator
on a Hilbert space F to E, A function f(t) belongs to c({o, T] : F) and
1t is‘called a control function., A function u(t) is defined on [0, T] and
takes values in E., H.O.Fattorini ([ 3 ]) studied controllability of a

first-order evolution‘equation in E ;

du = au(t) + Bf(t) 0<tsT (3)
it B ,

with the initial condition
u{0) = 0 | (4)

N

We shall derive the analogous result for controllability of (1), (2).
2. Freliminaries let E and F be two complex Hilbert spaces and let
A be a selfadjoint semibounded above operator with its domain £ (4) in E.

We demote the set of all bounded linear operators on a Hilbert space X into

a Hilbert space ¥ by JL.(X, ¥). Let B be an operator€ J(F,E).
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The norm and the scalar product in E ére respectively denoted by i . and

« ). . A control f(t) is a function belcnging to Cl([O, T] ; F) for
some povsitive T. Since A is semibounded abéve, we find some 42 0 and §> 0.
such that ({ -A+d)u, u)2 S'uu;(z for uc &(A). We denote the positive
square root of the positive operator A_ = -A +oL by Aiz_. JS(A,(% ) becomes
a Hilbert space denoted by HJ; with its inner product defined by (u, v)H_zg_

+ £
= (A; u, A; v) for u, VGE;—(AD("_{ ). Putting u =, Uy = du

5 at ? the second-~

order evolution equation (1) with the initial condition (2) is reduced

formally to the first-order equation

{
2 My = q 1: “1) (t) + Be(t) (5)
e, )
where
0 1 0
o - | . Belt) = ( (6)
4 o Be(t)
with the initial condition
Moy = o ) (7)

We consider the equation (5) in the Hilbert space & = H. x E. Let CL
' \
be the operator in H! x E with its domain £ (QU = 5) x S(A;l )

such that OL( Yy = Y for{ Mie G(CD. "3 is the operator ¢
: R
Ay Ly

ot (F; ¥ ) defined in (6). The operator CL is the infinitesimal

generator of a continuous group in ¥ ([ 8 ]). We say that an ¥ -valued

a

function ' 1 (t) on [0, T] is a solution of (5) with a given initial value

\, |
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u [0y
l\( y= | do
1\\1120!-"

(t)e = (50 for 0<t<T

(t) belongs to Cl([O, T] : F) and satisfies (5) for

every t € ( 0, T]. Since (O is the infinitesimal generator of a continuous
group 7" (- so <t < ©0 ), the evolution equation (5) with the initial

condition (7) has a unique solution

1 t
(t) = S e(t'sm”@f(s)as

)

!

for any f(t) &€ cl({o, T] : F). Let us return to the sécond-order evolution
equation (1) with the initial condition (2). We have a unique solution
: u{t) of (1), {2) such that -
(1) u(0) = u'(0) =0 .
(11) u(t’:)é 5 (4), u'(t)e E»(A”:i), 0<t<T
(i11) u(t) is twice continuocusly differentiéble in E and satisfies

(1) for every t < (0, T].

For an& T>0, we define the attainable set %? in ¥ by

R, :i {“1\) (T (a)as ; £(8) < Xilo, 7] 5 B)
! J

u o
%

For given A and B, we say that the evolution equation (1) with the initial

condition (2) is ccmple tely controllable (comrletely controllable at time T)

1PKJF%,t X (V{T =% ). For a given operator A in E, the evolution
17s
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equation (1) with the initial condition (2) 1s ealled finitely controllable

(finitely controllable at time T) if it is completely controllable (completely
controllable at time T) for some finite dimensional linear space F and for
some B in £ (F, E) (cf.[ 3 ]). For the first-order equation (3) with the

{ e (af(T=8)A0
initial condition (4) we define the attainable set Rp in E by Ry= Lu:S e A!5:1’(5)(33
£(t) e Cl([O,T] ; F)S . The definitions of complete controllability (complete
controllability at time T) and finite controllability (finite controllability at time

T) for (3), (4) are given similarly (cf.[ 3 ]), We have § = { )R, for any
\ 130
finite T 0. In facth € (RT) (= the orthogonal complement of RT) is

T
equivalent to that,(STe(T's)ABf(s)ds, h) = S (£(s), B* e(T"S)Ah)ds =0

<

for any f(t) € Cl([O, T} : F), that is, B*etAh=0 for 0stiT, which is continued

analytically to O0<t < & since etA is an analytic semigroup. But B*etAh:O
. — i A 1. — .
for 0t <oo 1if and only if he ({_'R,). Thus (RT) =(UR,) and Ry =UR, .
- 5o v t70 O o b

Consequently complete controllability of (3), (4) at some finite time T is

equivalent to complete controllability. On the other hand we havse R R
t>g

but@)ggﬂ does not hold in general since o ig not necessarily an analytic
semigroup. We shall ask for a necessary and sufficient condition on & in order that
(1), (2) is finitely controllable.

If E is a separable Hilbert space, E has an ordered representation relative
to the selfadjoint operator A ([ 2 ]). That s, there exist a positive measure
P defined and finite on bounded Borel set in (- to, 0) vanishing outside & (4),
a decreasing sequence of Borel sets e , n=l, 2, ... in (- c0,v0) with 4(a) = o

o0
and a unitary operator U on E into X = }; Lz(en : f'\) such that we have
n=i
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o R
&(mu'%:{f(,\):(fl()\),---,fn()\),"')é)_LZ(en,w;)\f(A)éLL (en.ﬁoiand that
n=i n=i
(UaU™HE) () =Ar (A) for £(n )& Bx(uav™)) .
If i&(en) 7 0 forng m and ?&(eml) = 0, we say that A has mltiplieity
m{A)=m. If F(en}> 0 for any n, we say that A has infinite

rultiplicity m(A) = @0,

3 Finite Controllability of Second-Order Evolution EZquations

H.C.Fattorini proved the following theorem on finite controllability
of the first-order evolution equations.

THECREM 1 (Fattorini [3]) ILet A be a selfadjoint semibounded above

operator in a separable Hilbert 'space E. Then in order that the first-
order evolution equation (3) with the initial condiﬁion (4) is finitely
contrsllable it is necessary and sufficient that A has finite multiplicity.
Moz;es*‘rer if A has finite multiplicity m, we can chopse an m-dimensional
linear space F and an operator BeéL(F, E) whiéh makes (3), (4)

completely contx:olléble and (3), (4), is not completely controllable for

any F with its dimension< m.

BEMARK 1 In [3], Fattorini remarked t,k;at the result of Theorem 1 czn be

i -
U3

extended further to a normal operator with a connected resolvent.
consider finite controllability of the second-order evolution equation (1)

; #v,‘_ .
in its matricial first-order form (5). The operator e ~~ is normal but

it does not necessarily have a connected resolvent and that the operator

-5 -
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has a special form given in (6). Therefore we cannot apply Theorem 1
directly.

REMARK 2 in Theorem 1, finite controllability ié eqﬁivalent to finite
controllability at any finite time. ?or the second-order evolution
equations, finite controllability does notralw:a&s imply gf;nite controllability
at some finite t.ime. We shall give in Théorem < a result analogous to
Theorem 1. When (1), (2) is finitely controllable, using the résult of
Theorem 1 we caﬁ construct a finite demensional linear space F and

B <L (F, E) which makes (1), (2) completely controllable at any finite time. -
THEOREM 2 let A be a selfadjoint semibounded above operator in a

separable Hilbert space E. Then in order that the second—order evolﬁtion |
equation (1) with the tnitial condition (2) is finitely controllable it

is necessary énd sufficient thaf A has finite multiplicity. Moreover

if A bhas  finite multiplicity m, we can choose an m-dimensional 1ineaxj

s?éce F and an Operato? BGQCA(F, E) which makes (1), (2) completély
contrcllable at any finite time and (1), (2) is not completely controllable
for any F with its dimension < m.

IEMMA 1 Let A be the infinitesimal generator of a continuous senmigroup

Ryl
in a Banach space X. If g (8%) = ;Q\B(An‘ and Zi_ﬁ__g_

n=\ : n=a

is convergent uniformly on an interval I=[0, t,] with 0<t<®2 , then

io tMAle

- converges to eu g uniformly on I.
= 7 : '
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4 )":l . If A is the infinitesimal generator of

FROOF Let J = (1 - o

an equicontmuous semigroup then sup MJ "M=M<e and the result follows

MI;

since etAJk g converges to “Z t_n_l'l_g_ uniformly on I, If sug m J H =eo
-y . ; n

then sug“(I - '—E— ) m“ is finite for some constant B ([ 9]) and

el 2

that et(A ~B)In g converges to et(A'P) g uniformly on I.
BT,

tAJ tJy et(A'E)J corivergés to et PI

Since e " I g=e n g and that e

uniformly on I in the uniform operator to;wiogy, we have the desired result.

IEMMA 2 If g, g, € (™) and that both pain L YN
1* & : wes  (2n)!
Z 220 E o : _
(2n)' converge uniformly on a finite interval 1=[ 0, to], then

g vAS | S i) o
et(l( 1\ . g"o amt + n; 2D in ¥ uniformly on I.
g S ) v m '
2, ,‘Z’o TA—H gT) +2 G@an

, g
PROCF Since g, e (&™) (i=1, 2), it is clear that 1 S ().
g
n 2
g Ag on | € Ag
() (%) e wn() - (S5) o
, £ AT g €2 Ag,

n=0, 1, 2, «es 5 We have formally " e oty
O3 )
EAE)-La-Smered & Eh 2
wWe %; A= {zm)i + (2n+1) § .tzﬂ*‘ it & s ”g}.
., TR} Z —“A)*r‘
F=e OV
The validity of the above equality is assured by Lemma 1 since '

g5 + £,

= (0l on!

(zn) 2my )

SRS, sl SEONR, o

‘and

I, 5l <omd B3 st
n=¢ Nn=g ¢

-

uniformly on I.

LEMMA 3 If ge &) and that | 4%, &2 , n=0,1, 2, ...,
, : A ‘

R - A AA NS C ,
for some ¢ » 0 and R 7 0, thene g is holomorphic in (-s0,00) and
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: i " R i f’ ] ¢
it has a representation eta’; P = [ ?.;‘N-').' K¢ uniformly on any

e ; _gﬂ;‘"g

finite interval in (- e,eo).

g :
EROCE  let g,=0, g,=¢, then( 1) satisfies the assumption of Lemma 2
1 e,
because - L ' a
Z i ACAL S o o Z LR £ e
T M=ae L‘Zf\)l, : = Yiza 7“
LEMMA 4 For % > 0, we have ifa" 24“5“\ for sufficiently large n.
, 2 A, EX
PROCE  Sincela"e™ull = {"a°" e“EX Gl E( A Jull®S 52 240625 | un®
EROCF , P el |
X
we have I\AneaAﬂ S sup WP 'X . For V(O,\IAne A“ s sup(-&)ne"
—e<ch<p -®<x50
. 2 - ’ '
= sup( L7/ %) < sup(A?Y L;;—}— ) £ ate™  (n=1, 2, ... ).
P P 1
Azo
; - e
For P2 0. I 4" EA“ £ may(sup( /\)n €r , Su p).. ng €A ) £ mex(n! €77, [Ane H.)‘
= ®<X gL p ' ‘

If n ) 2( ep egf') , the right hand side becomes n! & “* because

Mg

n! 8‘113)( f) ¢ D _ ( SHCQF JPog B %nenslx > Fnecﬁ .

FROOF .of THEQREM 2 (Sufficiency) Let A has finite multiplicity m,
Then by Theorem 1 the evolution equation (3) with the initial condition
(4) is completely controllable at any finite time T for some m-dimensional
linear space F and for some B € L (F, E). In the following we show that

L ) :
B, = ezg‘A;B e L (F; E) makes (1), ;(2) completely controllable at any time.

For any s with 0£s&T (s) = AJ Bf(s) satisfies the assumption of
Lemma 3. In fact, in view of Lemma 4, | Angei{%, = Ane& A;;Ef u
oz oo
_L L ot 0 Ji“"’ A
At Az s 12 o7 8] 7° . 2y Lemma s, % S| Zomm Ak
: g <= R
Z, ot e

uniformly on any finite interval in (- o0, o).

vif

or any h= Bi\ g (82,1.,)4" , we have
hZ
Lelsy) - ¥ z (r=s537 A‘" /‘5\51 Bf“} %

L
. res L]:n)*

-8 -
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for any f(t) € Cl([O, T} ; F), that is,

2n+l ¢ L K |
Z J(62n+1)' (Wt 8) Ay * Z (zn)' EA A« B)*hf = (8)

for OStST. By Lemma 4, | (4% %A B)*lj =} & RfApflsh Bl € nt and

| A" etk A,( Bl <] A,,( =Bl £ n! for sufficiently 1arge n. Thus the left hand

side of (8) is holomorphic in (--eo, ow) and that (A" B)* A" h) =

n €A -3

(A% Ad B)*h, = 0. The estimate | t"A

neA" = n!( —E—- )" together

with Lemma 1 implies that
eo .n,n EA
etAe?_Au - Z tAe
h=o ) L
" uniformly on [0, -§_’~ ]. Therefore we have ((e(t""E )AB)*AZ hy u)

——u , forue E
n!

L nneA 1
Mi%.emg%ﬁ A l,ZtAe )-“E.tAe )M¢ﬁ,u)
n,n £A

.._____.__#_._.
0 and ((e (t+E)A 1B)*h ,u)-(h ,et'AeA;B )-( h'ZStA Ad'B

"

n,n €A~

o9
- ..______%.__.. =
= ((;at 4 z, Ad'B »*h,, u) =0 for te(o, % } and ue E. Thus

2 -3 '
(ol tFE )AB)* £Zn) = (o(t+ € )AA:B)* h, =0 for t € [0, -82—] - By analytic

continuation
(e AR hy = (eAA B)h, =0 <$or any t2o0;
For any f(t) in cl([o, T} ; F), we have

-
(SWQ(T‘S)ABf(s)aS, n) = { (200), ({51 )sn.) as =

o :
and

T : L
( X e(T—S)ABf(s)ds, Alh,)

©

j (£(s), B*e(T°S)AAd h,)ds

ST(f( s), (e (T-s)A A B)* h,)ds

O L

L L
Therefore hy and A *h, belong to (R ) = {o}. Thus hj=h, = 0 and

sufficiency is proved.

u)
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(Necessity) Let (1), (2) be finitely controllable. Then there exists

a finite dimensional linear space F = C” and B € L (F, E) which makes(1),

(2) completely controllable. Let (u y oo s un), u € F i=1l, ... , n

be an orthonormal basis For F, then Bf( Z gi*i(t’ wherse gi—cu and
. ) 1= 1

£ (8)=(£(t), u

i)_ Let us prove that m(A)S& n. Suppose that m(A) Zn+1,

Putting Ugi(}\)=(gﬂ(2\), gio( )y eee gij(X). cee ), 1€ ign,

Og
where gij(A)éLz(ej,f\) with > ) ()\)‘d A)<eoo, i=1, ... , n,
=t ).
We have for any h€ E, %

(B(e)gy, b) = <UE'(e>gi, umx = (A(edlgy(A), Ta(R)),
LXe gy () A) plax) .

We find solutions h (A) e 1? (e sy )3 =1y «es , ntl of the equation

i’ gij(x)hj(x) =0 p-a.e. dne ., 1<i%n (9)
3=t
such that (hl(l), cee s hm_l()\) 0y oo s ) isnon-null in X.
(k) _ W ) L)
In fact, let e *'= e . /\(-k, k) for k=0, 1, 2, ... , then e . = K\Joe .

Since }&( n+1) > 0 and e( k) is a bounded Borel set, we have 0 < j‘(e(k‘a))(é;@
for some k . If gij(7\)=0, 1£1<n, 1€ j&n+l, }A-a.e. in e(ko) then

non-null M -measurable functions hj(7&)= xe(ko}(k), 1€ iS n+l
. 2 .
satisfy (9) and belong to L (en+l’%) since je\h (A )‘ /}((dk }U\(e \< o= .
w

Coherwise we find a Borel set e, - e(k0> with [»& (eo) > 0 such thet

()\)g 1<ifn, 1€£j€n + 1}_—_ ncz'_ 1 for p-almost every X in e, .

let Mii-“iﬂ: %]e €y det(gij(}\), i=1y, oee s inc » 3 =0y 0 w0 s jno)
Jt —--dn,
A1, . . - . o s
£ 0 where iy ... 1n0 and j, ... Jno are respectively a distinct

- 10 -
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¢ combination from 12 ... n and 12 ... n+l. Then M. i, are M -measurable

. : j.--—a
and eozuMi‘A .“awhere iieee in and 31 eee J, are tsken from all such’

t j"e E e . o
combinations. ’1 eo)> 0, an My= M N inohas & positive }i—measure for

J:—- Jug
some 1. ... 1 and j, ... J_ . Changing if necessary rows and columns
1 n, 1 ng :
of the matrix Slg (L) =i, e s ino,"jzjl, cee s jho}' ,  We may

assume that(il,...,1nc)=(31,...,5n0):(1, 2y.uiyng ) Take hy (X )= Ay(A) 5

for ny +1< j<n+l and definé the remaining h.(l ),1S €0, by

Mo
Sy 0 hjA == 3 £ for AeMo, ) =0 FordeCu M
g =t -n,ﬂ

Replacing each hj(?‘) by hj(k )/ .Z i hj(?\ )!; we have no‘n;null bounded
J=t ,
H-mesurable functions satisfying (9). &s M_ is a bounded Borel set, hj'()g)

(;L\ xanlshes on erl u-M and‘

(1£j¢n +1)15 in 1° (e nel f-l) since hj

bounded on MO . In the complement of e we define h (l)

n+l

n+l(l)’ .. y )y We have’(E(e)gy,rh)zg '

If we put hr-U‘l(hl(X), cee

for any Borel set e in 6 (4).

H ‘ : S
For giy = S dE(XL )gi, we have by Lemms 3
RIS . ~ .
e (0))‘_.@&»4 APA(E(D e, W0
(e | giN ’ h %‘Og Jy é‘n g » . . .
' Letting N-> =@ , we have (e"s{gi) , (h)){ 0. Hence (So e(t-s)( gifi(sg‘{s’

3]
( )):O for any T)> 0 and for any f‘i € Cl([O, T} ; €) which implies that

h

. L -
€ for any T> 0. Thus ( &5’ Y+iot sna U, & contrary
(h RT 75 o) { | toe b *
to the assumption.
Froof of sufficiency and necessity given above alsc shows the validity of

the second statement in Theorem <.

- 11 -
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4. Applications

Example 1 We consider the initial-boundary value problem for one-dimensional

wave equation ;

2 2
Dule, 8) 2l t) | gguix, 1) = g0e(t)
?t 02
0Kt T, O0<Kx<R oo (10)

wi£h the boundary conditions
a,u(0, t) + a;u,(0, t} = byu(0, t) + byu (0, t) =0
OStXT | (11)
and with the if;itial condition |
u(x, 0) = %‘% (x, 0)=0 , x € (0,2 ). (12)

where q(x) € c{o, L1, g(x) e LZ{O, L] and a;, by are real constants such

2

that a,

2 2
+ a; %+ 0, b°l+b1 £ o.
2* .
Let A be a differential operator e -q{x) with its domain a@ (a) =
2

{u(x)e ELz(O, L) ; ulx) satisfies the boundary conditions (10) in

E:LZ(O, Q, )}. Then A is a selfadjoint semibounded above operator in E
and A has a seguence of simple e’igenvalues{ln} n=0, 1, 2, ... strictlf
decreasing and diverging at - e¢ . Multiplicity of A is 1. Let

{ ‘Bn} n=0, 1, 2 yo-- be eigenfunctions corresponding to eigenvalues {>m} ’

n=0, 1, 2, ... which forms a complete orthonormal basis in LZ(O,.@).

L]

The . following asymptotic properties hold, that is, for O n=,t—)%(n=0, 1, 25.4)

“n .y (13)

1
liminf( 5 %i)moa =

- oo Dtl T w,) =

where D is a positive constant. (ef. f.g., [7])

- 12 -
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LEMMA 5 The evolution equation ;
t
Qb ) - (e, ) + g(x)2(8), ulx, 0) = 0, (14)

0<tgT, O<x<Q
2 » /
in 1L°(0, £) is completely controllable if and only if (g, ?n) 3 0 for
n=0, 1, 2, ...

PROOF Let h € (RT)J_, then we have

ST
AL T-s) : PR
‘,&f R 8P ) 20,0 ) FndSr P12(0,0) = O
for £(t) &€ cl([o, T] ; €), that is,
o ' ' :
Mt _
:éae ™ (e $ (Y, B) =0 | | (15)
for t € [0, T]. By analytic continuation, (15) holds for t € [0,e0) |,

For any A \n (n=0, 1,2... ) with Rel>H,

o i ] —

: O\t — Znh
0= h dt = LrNn 16
':.;o o © €a'n 72'0 An—x ‘ (16)

where g = (g, 37n'), h = (h, ?n). By analyticity we have

& T
—nn_ _ _ ‘
=6 A=A 0 for X—*ln (n=0, 1, 2 ... )

Let r:u: {z & C; lz-M} = S‘n} where in is a positive number such ‘that

Embhm .
“—g—hdz-o

Anén for m¥ n. Then we have gngn - 2‘1°in m=g
n

L ; ,
for n=0, 1, 2, ... . Thus (RT) =§O}is equivalent to that g 0

for n=0, 1, 2, ...

' o0
PROPOSITION 1  Let g(x) = g, P, » where
) Nn=p

EM for some M> 0 and £> 0 (n=0, 1, 2, ...) (17)

g, % 0 and \gnlg Me
Then the initial-boundary value problem for wave equation (10). (11),

(12) is completely controllable at any time T > O.

-13 -
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FRCOF Consider controllability of the second-order evolution equation $
’32u§t2 | /o
3 2 = Au(t) + gf(t), ‘O(tﬁT, u(0)=u(0)=0 (18)
t

: b, 2 gl
in 17(0,4/). If we put g, = (L +1) e g,» We see that > ]gn)g] < &0
/g =0
and g é: O by (17). It follows from Lemma 5 that the first-order evolution
7
equation (14) is completely controllable at time T if g(x) in (14) is

£
Thus g(x) = zAA "g(x) makes (18) completely

replaced by g(x) = Zg 1

oS

controllable (see proof of Theorem 2).
REMARK 3 If q(x) is nonnegative, @ :',’]-X,“':}__‘O for n=0, 1, 2, ...
and (17) is weaken to

. . - w ) N

'gh#O, lgnﬂ_s_Mei" (n=0, 1, 2, ... )
taf© ~

PROOF Firstly we show that e (g) is holomorphic in (-se,00).

n Z 2 12
In fact, " ATA gu = " Z_o(lk (-kkfj&) 8 ?k: l\ = “ Z__}i’t-)\‘kﬂi)g k“

M2 S.oam 2 -2E Wy
20 2 O+ 1)e”

<

For any S with 0 <S<£ s We have

&)
= ("":%/U-’M)"‘(EWK)Z“ Y @it 1)e -0 K< cam!) 5‘4“&0 +1)E A&~

oo L
Putting C(€,%) = ( \(2‘50( Ll\i-!»l)ez(s -¢ )wk)z , we have an estimate

L
ﬂAnAf‘g" £ c(¢e,85)M (an)! Q -4n

) o9 2 = o e (2
Thus KZE%;%L&BS: oe, Szl .

‘ 0
It follows from Lemma 2 applied to g, = o, g, =8 that e 1 ) is
g

0
holomorphic in (-§,%5 ). But since eta( ) = t"al(t Y m(g) for any
: g

O .
t, € (-e9 00 , e'm‘() is holomorphic in ‘ t: |- toKa} .

R -1 -
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T
Hence it is holomorphic in (-9, %), As in proof of Theorem 2 if h= (hl)é(%,r)
o 0 hl h2 L
then (e » \n ) =0 for 0$tS T, which is continued analytically
2 v ‘

»to té (o0 ,) . Thus ('Q,IJL and ;R—T do not depend on T. “By Lemma 6

given below Té—'-l‘- =% #f T>2®D and the;‘efore ﬁ_—; =% forany T > O.

LEMMA 6 For any g= zogn ¥, with gn:i:o, we h}ave |
Rp=% if TH21D

REMARK 4 If 0< T ZED,.'Q_Q_; =¥ dées not hold in generai unless some

more strong condition is imposed on g.

DEFINITION A subset ‘M of I_2[O, T] is said to be linearly independent

if every f € Wl does not belong to the smallest closed subspace spanned by -{fi

- N
PROOF of LEMMA 6  As a sequence g'= 5.9~ N20 satisfies the assumption
= _

of Lemma 3 we have oo 2%’“ N
eta(°) R P &"TBT gklk 9’0)
g %éﬁ—;r( 2 aal'q)
it
'&DTWTM‘“ gk‘fs)

]

o

Letting N = oo : ;20 ces —N:*»‘ad‘k

e’c@.(o) _ 2} ngﬁ’g %

g/ éi cos ‘FXZ‘E S 0Y
uniformly on any finite intefval in (-0 ,09). Therefore h belongs to
('RTiL if and only if
e
Z&u@f B, + Z C“(F&f)gkhi =0 (19)
K=o

uniformly on [0, T] where hk = (h1 ?k HL and hk = (b, $) g -
let M = {cosr—"—)\k t, sin JKpt | k=0, 1, 2, ... } if \p % O and
M ={1, t, cos Tt , sin Tt | k=1, 2, } if )p= 0. As T > 27D,

-15 -
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the estimate (13)impliesthat N is linearly independent in LZ[O, T)

(cf, f.g.y [4] and [6]). Noting that (19) holds in L2[O, T]-topology,

we have that

g =gho=0  fork=0, 1,2, ..
i.e.,

1l 2 : .

hkzhk:o fork =0, 1, 2, ...

Hence (Z,QT)J‘zﬂo} and Ro= ¥ if T> 2D,

EYAMPIE 2 let A be a differential operator‘-Et in Ez(-°°,°O) with

A2
N .
its domain B (4) = 812(-00,0@. As for finite controllability of (1), (2)

we have a following

FROPOSITION 2 The initial value problem for one-dimensional wave

equation
i‘ta :2 = Au + ;gig(X)fi(t) O<t§.T, - 'oo< X < 00
ulx, 0) =ulx, 0)=0 (20)

«

is completely\controllable at any time T if
» e lAP z‘%
gia(x):??ea 1+ Fey o i=1, 2.

where

| i : !
A -~ .
?g(s):g(s):(ZE)sl. i.m. S'eis' g(x)dx for g € Ll(—co,oo) and
- 00;_N

ngis a non-nnll function in Zz(;ec,c<Q with compact support and

gz(X)=gr(x~h), h % 0.

LEMMA 7 (Fattorini [ 3 1) The operator A has multiplicity 2.

PEOCF It is clear that &, = § (A) = (-9, 0]. e set ey= e, and

L
Ho=dk/ 20> ‘which is a measure on e,, i=1, 2.

- 16 -
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Let U be an operator on 12 (- 00,09) onto X = ZL (e F() defined by Uu( A)
1=1

= (u ( \)«]5 R u(- I)\[’-)) Then U is a unitary operator because

o .
107 120y o0y HE2(_ o, ) = Sl“(")l b 319(x)|2 dx =
5 u( l/\\z)lzdk/?. M‘L +S |a(- ind) ld>~/2. mz = Uu“zx . Let
5 - T IS

f € ZL (ess P, then U AU e(N) = (AU INT), AU T~ (M T ) =
/'\
(AU f( lMZ), U f(( N")) AF(N).
LEMMA '8 (Fattorini [3]) The first-order evolution equation in LZ(—OO,QO)

28 e F g, (21)

i=1
with .the initial condition

u(0) = 0
is completely‘controllable where g, are given in Proposition 2.
PROOF Ifh ¢ (RT)‘L’ , then

2
ZJ r&(t S)d(E(x)g » h)f;(s)ds = 0 for £,€ clo, 1],
=1

— o0

that is, S“’“ (E(X\)g,, h) =0 = for 0K t£T.

For a m-tha"yo o= [ -1t EOVe., B = L= a0V, h)
or any }A with efk ) = g = )c{* €5 .
- - o
By analytic continuation, O gbxl—— a(E(n )gi, h) for any complex number
— 00
Hé& (-50, o] Therefore (cf, f.g.,[2]), (E(a, b)g , h) =t &

21T L

lim lim (Ry €1, 4) -R(p+ €4, 1)) €, W) dp :T?tL‘C *

B30 €570 ) ¢
lin 1in d%;(o((i,t-fi ST - (pret - DaE(0e,, ) = 0

for —ﬁfé{ a(b(m. Thus we have 0 = (E(e)g,, h) = (U'E{e)gF Uh) =

i’
A ~,
( (g, (PR + g, {(-FOR{-N) S‘% = 0 for every Borel sat ¢ in

- 17 -
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N |
8, (%) BUR) + & (<FR) h(-R) = 0

{ BlER) BUER) + 5 (-FF) B(-¥X) = 0 (22)
for. M —almost everyv A in (-0 ,0) .
Since gz(x) = gl(x - h), we have gz({i')=edxhg(f5\_), /g\l(/-?&)gz(-F)\.)
:g;(—J:ﬁagz(f:i) = <21 sin@J{ﬁé}(J}i)é}(-Jﬁ;) % 0 . for almost every.Z. .

o ~ |

It follows from (22) that h(X) = 0 and (R)J" = {0} .

PROOF of PROPOSITION 2. The assertion is proved by Theorem 2 and Lemms 8

- 2 ;o
because gi& =z e Al 9;, i=1,2 .

- 18 -
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