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INTRODUCTION
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The total curvature x(K) = fKiQLS){dS of a knet X
- 4 - ,”
( a2 simple closed connected space curve ) of class C ,

a quantity which measures the total turning of the
tangent unit vector, was studied by W. Fenchel {2] who

proved, in 1929, K(X) £ Zr. In 1950, J. Milnor [4]

r+

generalized the concept of the total curvature to tha
of a topological knot, and proved that if X is knotted,
then K(X) & 4. Furthermore, he associated t& the
ambient isotopy class k of z knot X an invariant

a . .
crookedness of X u(k) and showed that

27ue(k) = U.¢.b <(X).
-Kek |

~Soon after Milnor, R,Foi [3] éﬁcceeded in giving
a lower bound of the crookedness of a knot type Kk;
(k) = P(k), where P(k) is the rank of the fundmental
group of the complement of a knot belonging to kf
As for an upper bound he conjectured that
v(ik) 23 { u{x)-1)
for a knot type k, where V(k) is the minimal number of

of k

A aNe

Milnor’s arguments concerned

-;.1 1 -] ot waork i1 1 £
with the crookedness of a Xm0t work 'equallv well for

f a link, Fox’ conjecture:
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For a smooth 1ink tvpe 4 we have that
3 -
v(iyzz2 (-4,
N4

where u(l) is the crookedness of Jand v({) is

the minimal number of crossing points of projections

[SP 9

of L.

For the proof of this, we make use. of the graph
representation of a link [5] and prove a certain basic
property of a planar graph which generalizes I.Fary’s

result [1] in some context.

An implication of this is as follows;

Corollary.

For a smooth link type.Q, there is a 1link Lel} such

that  «(L) = ( v(D)+2 )m.
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1 where Vo= {1 vertices of G
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ana £ = 7 edges of G 3. In the fcllowing, we shall
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assume that G is a finite and plianar graph with no loop.
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represented on the plane R?* ( (x, y)-plane ) with simple

arcs as edges meeting only at their end points which

A graph G is straight, if each edge of G is a

wo distinct edges e; and e,

are multinle edges, if they have common end points.

A graph having no multiple edges will be called a
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the infinite point will be called the outer most vertices.
The plane is divided by the edgea of the graph-

d

[©)
ct

into a number of regions call he regions o

greaph. A vertex 1s adjoining to an edge, if it 1is
an endpoint of the edge. A vertex or an edge is

adiocining to a region, if it lies on the boundary of

- ’ . - . PR
The graphs G and G will be calied congruent, if

there can be established a one-to-one correspondence

1 . -

W - - - - 3 s s
between the vertices, edges and regions of G and G

v

such that (1) adjoining elements correspond to adjoining



Proposition 1. (Fary ) Eﬂ]_

A linear graph G is congruent to a straight graph.

For our purﬁose, we define the notion of normal
positidn of a graph as follows;'

Let G be a graph in a plane R?*( (i,y)~plané ).
Lét m: R*-=> x-axis be the orthogonal projection
Aﬂ(iy}= # for (x,y) € R2.

A graph G is in normal position with respect to the

x-axis, if the following conditions are satisfied,

(1) ( vertices are in general position with respect to
the x-axis ); for distinct vertices v and vfy
W(V)%:W(V‘), ind

(2) ( edges are monotone with respect to the x-axis);
.for each edge e with endpointsvv and v~ such that

m(v) < (v7) thefe is a smooth function

f: [ w(v), w(v’) 1—R such that'e is a grapk of f£f;

e={ (x, £(x) e R | x e [n(v), n(v) ]}

Theorem 1

Any planar graph G with-nolloop is congruent to a

graph in normal position.



First of all Qe define a notion of multiplicity of
a graph. Let G be a graph. Recell that we restricted
ourselves to a planar graph with no loop. Picking up
two vertices v and v” of G, we define a multipiicity
m { v,v® ) of an unordered pair (v, v7 ) (= (v, v7 ) )
by m (v, v7 ) = ( the number of edges with common

endpoints v and v” ) — 1.

Thus there is no edge with endpoints v and v~ if
and only if m ( v, v7 ) = -1, and there is exactly
one edge with endpoints v and v~ if and only if
m (v, v° )fO. The multipldécity m( G ) of G is
defined by .

m(G)=Zm(V','-V),

where ( V, v” ) ranges over all unordered pairs of
vertices of G with m ( v, v’-}Z’O.
It foliows from the definition that m {( G ) = 0 if and
only if G has no multiple edges; namely G is linear.

We shall prove Theorem 1 by induction on the
multiplicity m=m ( G ) of a graph G.
[o0]. Suppose that the multiplicity m=m ( G )
is equal to zero. Then G 1s linear. It follows
from Proposition 1 ( Fary ) that G is congruent to a
straight graph. Hence we may regard G as a simplicial
complex of dimension 1 in a plane.

By the general position arguments, without less of
generality, we may assume that all the vertices of the

graph are in general position with respect to the x-axis;
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namely 7w ( v) i (v™ ), 1if v and v~ are distinct
vertices. Since each edge e is linear, this implies that
Tle : e—~>the x-axis is injective. Therefore, G is in

normal position, completing the proof.

[k J=[ k*1 ]. Assuming induétively that Theorem 1
holds for a graph with multiplicity m (G )X k,‘we
shall prove that Theorem 1 holds for a graph with

k+1 ( k 20 ). Let G be a graph with

m (G )

i

m(G) k1. If e and e” are multiple edges with

common endpoints v and v” , then e|{Je” is a loop,

which will be called a.loop with two vertices of G.

A loop with two vertices is inner most, if the closed

region bounded by the loop contains no loop with two
vertices of G except for the loop. Let e \/e” be an.
innerbmost loop with two vertices v and v° of G. -‘BY'

[ e, e ] we shall denote a subgfaph'df4G on the closed
region bounded bythe.loop e \Je”, = Then {"e; e"]>is
‘planar and the multiplicity m ( [ e, e ] ) = 1. We -
take a point v" in the interior of the edge e’ Tihis
point V¥ divides e” into two edges e1 and e, Lét H
- be a new graph obtained from | é,fe‘ ] bY’témoving the
edge e” and adding a new vertex v and ﬁéw edg65 e, and €5,
“Then H is planar and of the multiplicity m ( H ) = o.

Hence H is congruent to a straight graph. Since three

edges e, e, and e2 bound a closed region on which H

- lies, it follows that the straight graph is on a triangle.
Let h: R®*-»R? be a homeomorphism such that hi( H ) = H*

is the straight graph. Up to a furtler transformation of

R% we may assume that h ( e ) is the closed interval
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[ 0, 2 ] on the x-axis, h ( v” ) = (1, 1) ¢ R* . and
H” is a straight graph in normal position. Let F be
oranh ochtaz cd from G b ~emairs oy ib nh H
grapya ainc Irom G DY TeHnOoViIng Tae subgrapih i oanda
adding an edge ¢ and vertices v and v~. Then F is still

lanar and of the multiplicity m ( F)®m (G ) - 1 =k,

tiple edges of G has

Fh
=
Q
|..n

since an edge e” which is one o
been removed, Then by the induction hypothesis F is

‘congruent to a graph in normal position. So we may

v
c

assume that F itself is a graph in normal position.

"L.:

We may also assum that edges are smooth arcs and intersect

ch other. In particular,

Q'n

at vertices transversally e
since F is in noymal position, we may assume that

T (e)=1[0, 2] and e is a graph of a smooth function

| O, 2 ]—>R. Note that e separates locally the

-~

plane into two parts ; above and below. We .may assume

that the subgraph [ e, e¢” 1 of G is located above e.

Now let p, : R*-~R® be a mep defined by py (x, v)
( x, —}y e Taking sufficiently large positive
iy

number m, each edge d of a straight graph p, ( ) is

almost parallel to the x-axis and is a graph of a

(o]

inear map g reSuklcteu on a closed subinterval [ u, u” ]
of [ 0, 2 ] such that £ (t )+ g (t ) is contained in
the region above e for all t ¢ [ u, u” 1. The resulting
raph of £+ g on [ u, u” ] is denoted by e + d.

Then we have a graph e+ p_ (H™ ) ={e+ (|dep, (H)]

Py
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Since e and Py ( H” ) are in normal'pos%tion, it follows
that e + pm ( H” ) 1is so. By moving some vertices of
F, 1f necessary, we may assume that FU ( e + Pr{HT) )
is in nOrmal-position. This implies that G is congruent
to a graph F U (e + pm(H’) ) in normal position,

completing the proof.
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Let T be a vegular normal projection of a link L
, a wlama "2 I'{:'ﬁ. N oA [ S T T _’ . e e v ]
ol a pilane o . i T nas v . aoubie Doints DT N ,3\) )

. .- . 2 . . ~
then it divides R° intc V+ 2 regions, cecach of which

on

[=n

is homeomorphic to an open disk except for the reg

We can separate these regions into two classes,

L\ - . N . . "
say *‘white and black, in such a way that each segment

of the graph T, i.e. an arc from a double point to the
next one, is always the common boundary of white and
black regions. Then a graph of L with respect to T

is obtained as follows:

Let Ay, "' "' ,Ay, be, for example, black regions
on R*.  Take points P e A; {1 =1,--+--,a) and

connected these points by Vv non-intersecting arcs

&

dn ’d7>°""’dv in such a way that each dy corresponds
i, P. are connected
J

a common double

O
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We shall call a graph thus obtained a black graph
of.L with respect to m. In the sanme wayfﬁe obtain a
white graph of L with respect tom.

Asvis immediately seen, the black and white gravhs
are dualy related each other.

Converseig given a graph, then we have a link
by reversing the procéss abovedso that the given graph
is a graph of a normal projection of the link. For
thiS; first, we take a disk sufficiently small radius
centered at each verfex. Then along each edge we
connect two disks centered at endpoints of the .edge by
pastiﬁg~g half twisted band along arcs on their boundaries.

Thus we have a surface with boundary, whose boundary

is a link required. Note that the result is not unique.

e i s S e e
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it 1s only necessary to give signs on each edge which
assign-under or over crossing at double ( crossing )
points.  Such a graph will be calied an oriented graph.

‘FWO oriented graphs are congruent, if they are congruent

proserving orientations of edges. - Thus a congruence.

class of oriented graph determine unique link type.

Na
>
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§4, Croockedness of a link and proof of tiie main theorem.

For each closed connected curve C parametrized
by a vector function & ( t), t & R, and each unite
vector b, we define u ( €, b ) +to be the number of
maxima of the function b-Z (t ) ( i.e. the number
of parameter values ty’ for which b+£E ( ty J 2 bk (t)
for t within some neighborhobd of ¢t ) in a fundamental

period. We define u (C) =min {u (C, b ) }.
b

For a link L with m components Kl"."',Kﬁ we

define u (L, b ) =2 u (ki b)

Ci=1. ,
and u (L) =min{u(L, b)}. We shall call u (L)
‘to be the croékégaess of L. ‘Hence the crookdness of 4

link is always positive integers. ~ Let {-be a link
type ( the ambient isotopy class of a link ). Then

the crookedness u (’ib) of the type 1 is defined by

pw () =min uw (L).
» Lel

The following was essentially proved by Milnor.

Proposition 2 ( Milnor ).

Let £ be a link type. Then the total curvatures

k (L) = I [ " (s ) | ds of a link L of the type R_

and the.: crookedness of L are related in a formula:

e e L e,

2 mu (R) = %[ng. k (L).

where g.l.b. stands for the greatest lower bound of

k ( L ) when L ranges over all links of type D,
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nocrmal nrojection © of L. Then - (1) & 1,
Proof
Let G be a graph of L with respect to 7. If G has
o] - e e : - 1 b £ s
a loop, then L 1s ambient isctopic to a2 link of which
graph with respect to a regular normal projection of
-/ = - - - N a1 . v Ty Nt oo A T A A
~ 15 congruent to a planar graph obtained from G by
removing loops, see [5]. This we may assume that G is a

heorem 1 we

is in normal position.

(]

‘may assume that

We would like to get a link I/ which is ambient

isotopic to L and the crookedness M L/,

H T

where b is the unit vector on the y-axis o
plane on-which a regular normal projection lies.

For this, we may assume that the regular normal

rise to the link L. By making use of the fact that G
is in normal position with respect to the x-axis,
we construct ¥ as follows:

First of all, we stretch smail disks centered at



-t

139

hand side of v. This implies that each hand starts

froﬁ' the right hand side of a stretched disk’anﬁ ends

at the left hand side of a stretched disk. Those

bands should be half twisted according to the Sign of

the corresponding edges. Thus we obtain from an oriented
‘graph G a link L”. We may @&ssume that the corners of

bands are smoothed and the edges of bands are monotone along

the y-axis.

This implies that if a component K of L~ is

parametrized by a vector function g (t), then the
function b+& ( t) attains maxima only at the tops of
strefched disks, where b is the unit positive vector
on the y-axié;

This implies that uw ( L°, b ) = n, and thefefore

-

p (0 ) < n. This completes the proof of Theorem 2.

Let L be a 1link. We define the number of crossing

points of L to be the minimum number of double points of

regular normal projection of L into planes in the space.

For a link type &, we define v ( & ) byb

v (L) = ﬁin&’v (L.



oo S A A RS T A i o Sl 006, it 0 T A T B A M SR S T TR

SR R et

]
/

st

%

!

;
st

Y Lo

¢ R RR I Ry g s

3
i
4
H
t

X = ’V"\M,{zch( =

.5

IS
A

J

/
\



_ 19i
Now we are ready to prove the

Main Theorem

For a link type L, we have that

v ()= 2 (pw(4)—-1 ).
Proof. | ‘

Let L be a link of type 1 with a regular normal
projection T into a plane having v =v (& ) double
points. Note that the number of regions on the plane
separated by the gfaph is equal to v ¥ 2. ‘BY o and B
we denote the numbers of black.and white regions, respectively,
so that o + 38 = v + 2. We may assume that a< 8.
lence the number of vertices of the black graph of L
‘with resﬁect to I 1is equal to a.

It.follows from Theoreﬁ 2 that ﬁ (L)YE a.
Since o < B, we have that 2a<v () + 2, and
henge that 2 (uw (L J)—1 YEv (L)

| This ¢ompieteS'the proof of the Theoren.
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