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A free boundary problem

for the calculus of vari at ions
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1. ABSTRACT

In this paper, we treat a free boundary problém for Non-linear
elliptic equations derived from a variational problem. This type of
problem has been studied by H.W.Alt, L.A.Caffarélli and A.Friedmann.

We show in this paper Lipschitz continuity of the minimum if the
domain is 2 dimensional, and it immediately follows that the free
boundary has a finite 1 dimensional Hausdorff measure, that is, the free

boundary is contably 1 rectifiable sets.
2. PROBLEM

We consider a following minimizing problenm.

Problem A

Find a minimum of the functional below,

J(u) = j(é%w%u%u+ﬁu)nmm))dx,
Q

in the function class K, and show the regularity of 8 {x| u>0} (the free

boundary).

The notations are as follows.
Q : ( CRM) an open and connected domain * (unbounded)

The boundary Q, 9Q , is a Lipschitz Graph.

u(x) ; Q—->R
Q(x) ; a given measurable function with 0<cZQ(x)E£(C<oo,
K ; K := { u¢€ L%OC(Q ) | Vu € LZ(SZ), u=u0 on S }
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0 . . . .
u is a given function, bounded and non-negative, and

2 0

uoéLloc(Q), vu® €12(@) and J(u¥)<o.

S is the subset of 8Q with HR1(5)>0.

PIn_l is the n-1 dimensional Hausdorff measure.

X ;  the characteristic function
_ 1 x€ {x| w0}
x({woh) - = { 0 x¢ {x|wo}

ald(z); €c®(R)
o<a 1 £1% < Mmeted s a8 Yecr™0)
0 a¥meted <X 1e1? YecRrR 0
( éij(z): the derivatives of aij(z) with respect to z)
For the problem A, we obtained a following result.
Conclusion Al (S.0Omata, 1989. See [Om].)

Assume that n=2, then the free boundary 3 {x| u>0} has the finite

1 dimensional_Hausdorff measure locally (that is, the free boundary

is a countably n rectifiable set; see [S]).

This type of problem has been studied by H.W.Alt and L.A.Caffarelli and
A.Friedmann. Their problems and conclusions are as follows.
Problem B

Find a minimum of the functional below,

sw = [ {e( [ vu]®) v @20 xwon ) e
Q

in the function class K, and show the regularity of 8 {x| u>0} (the free

boundary).

Conclusion Bl (H.W.Alt, L.A.Caffarelli, 1981. See [AC].)

Assume F(t)=t, and Q is Hélder continuous, and if n=2

then 8 {x| u>0} is a CL:@ —curve locally, and if n=3, then the
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reduced free boundary 3 *{x | u>0} is a ¢l @ _curve locally.

Conclusion B2 (H.W.Alt, L.A.Caffarelli, A.Friedmann, 1984)
Assume F(t)€ €2 1[0, o) and F(0)=0 with c<F (t)<C and

F” (t)
. L
¢ = 1+t

£C, and Q is Holder continuous, and if n=2

then 3 {x| uwo} is a Cl’a -curve locally, and if n=3, then the

reduced free boundary 8 *{x| u>0} is a ¢l @ _cyrve locally.

3. FIRST VARIATION

It is easy to see that the minimum is Hélder continuous inside Q by
using the methods in the book [Lq]. So, QN {u>0} becomes open set.
Then we can choose § € CSO(Q N{u>0}) with & 20 arbitrarily. Since

x {woh=x ({ute & »0}) for & >0, we have;

J(ut e & )-J(u)

S e=0 &
= § (- aldw) pjudjé - ;— ald(u) Dju Dju &) dx
Q N {u>0}

Denote this equation Lu = 0.
For whole domain @, we have the following inequality;

J(u-e & )-J(u)

< 1
0 =£11_r>n0 £
- 1 .
= — agld . . - — 3l . .
j’( ald(u) Dju D;¢ — A Djudju &) dx
Q

for all & €CP(Q) with & 20.

This means that u is the L -subsolution globally in Q.

{ Lu
Lu

Since Lu=0 in Q@ N{u>0}, u is smooth inside Q N{u>0}. Here we are

0 in  QnNn{uo}
0 in Q

vl

interested in the global Lipschitz continuity which is essential for the

estimates of the length of free boundary.
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4. THE LIPSCHITZ CONTINUITY OF THE MINIMUM
We apply the method of [ACF] to nonlinear problem, and we have the
Lipschitz estimates sufficiently near the free boundary.

Theorem 4.1

Let u be the minimum of J and choose xoé Q , arbitrary with

R := dist(xg,{u>0})< +dist(xy,dQ) . And let y be a point in

BBR(xo)ﬂ{u=0}. Choose XFGW with r=d(x.,y)SR, then there

exists a positive number M<oco such that

u(xp)

Il
=

limsup ’
r—>0 r

Proof (by contradiction)
Assume that M=oco. For convenience, let us assume that y=0.

Let v be the minimizer of the functional below,

IBr(O)(V) 1= jﬂ aij(u) Djv Djv dx ,

B.(0)
with v=u on aBF(O) . It is easy to see that v satisfies
f— ald(u) Dyv ;¢ =0, % € (B.(0)) .

B.(0)

(Denote this the weak form of the linear equation Tv=0.)

Minimality of u tells us

j' (aldg Dy + 2x(wop) ) s E (ald(nngv dyv + 2x(twoh) ).
B(0) B-(0)

By the regularity assumption on aij(-), and ellipticity of [aij(-)],

(4.1) "j‘ | vu-v) | %S csuip | v - 5' | vv| % j' Q% x ({u=0})
B,.(0) B (0) B(0) B(0)

Since v satisfies a good elliptic equation, then we have,

-4~



v(x) 2 TMCr - [x|) in BL(0)
Take two disjoint balls B . (y;) (i=1,2) in B4, (0). Let & vary on
aBr(O) and draw a line to y;, and choose a point vi(é) on the line
such that length of the'E_ZE(E7- become largest with
7 (£)€By, (v;) and u(7;(€) =0. Here, 7 (&) = & if u(x)#0
for all x€ (&) . '
First we fix £ € 8 BF(O), and by using the fundamental theorem of
calculus in the direction & #;(€) , we can write (5.10) as follows;
"71(5) ”71(5)
[ (o 1xD Yagce) s [ =2 (vmmuw) age).
3

dg (&) dg (&)
3
For the sake of simplicity denote ﬂi(f) =9 and 91(5 =2

Immediately we have;

7 7
IC CM dg < j |V(uu)-ﬂxn de.
3 3 '

Denote by S; the union of all the segments Qi(é'), and let S=S;U §,.

By integrating over & € aBr(O), and taking the union of Si’ we obtain;

C(n) M j‘dx < I I Vv (u(x) - v(x))| dx .
S S

And by using the Schwartz inequality,

2
st < [ vam - wo)| .
S N
Here |S| describes the Lebesgue measure of 8. Using (4.1)

(a2 o|s] scsw [v-ul[|vv]® [ @xcwon
B (0) B,.(0) B.(0)

We have the following estimate,

69
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a_ n-2+2a n
<
cM"r £ crr ?LQmaxr'

Thus we obtained the following inequality;
(5.3) M2 < p3ac2y g2
where c depends only on A ,A.

Letting M large enough, which contradicts (5.3). Thus we have the

theorem. (a>2/3 is easily obtained)

5. THE NONDEGENERACY THEOREM

In section 4, we have the Lipschitz estimates for the minimum. This
enables us to prove the following theoren.

Theorem 5.1

For any p>1 and for any 0< £ <1, there is a constant C ,= C(n, x ),

such that for the minimum u and for any balls Br C Q the following

conclusion holds:

1
~I1.—(§UP)T§CK implies u = 0 in B, ..
Br

6. ESTIMATES FOR THE FREE BOUNDARY

We will define the Radon measure A as follows.

For the open set A;

A(A) = sup (jl— ald(u) Dju ng _ 21J(y) Dju Dju g ) .

161 <1 2 -

suppé CA Q

And for the arbitrary subset B, consider the open covering Ai,and take
infimum as below

A(B) = inf l(Ai), where Ai is‘ the open set.
B CUA;

First, we will estimate free boundary from above by the Hausdorff

measure; We take & suitable function, i.e.

¢ = 1 in xéBr_e
0 on x¢€ aBr.



Letting &€ -0 then we have;

Next, we will esimate from below.
Here we will introduce the positive Green's function of the principal
term of the Euler equation with the pole at y, and y is not on the

support of A. Thus;

(6.1) j. Gy da = ‘[ Gy dA
B.(x) Br(x)N\Be( 4 )p(V)
< sup Gy I da

BrOONBe( e r () 0

< C(x) rém j‘ da.
B.(x)

Next, by the nature of the Green's function and some easy adjustments

for boundary condition, we have the following estimates;
(6.2) j G, da 2 Cu(y) 2 Cc(x)r
B.(x)
From (6.1) and (6.2), we have the estimates from below;
c.ril g j‘ da.
Br(x)

Then we have the following theorem.
Theorem 6.1

The Radon measure A is absblutely continuous with the n-1 dimensional

Hausdorff measure, i.e. for x€ 8 {u>0} there are constants 0<c< (< o0

independent of x and r such that

cHM1(a{wo}nB.(x))< 2 (3 {w0}nB.(x))S CHY (3 {u0}nB.(x)).

_'7 -
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