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1 Introduction 

We consider the stationary Navier-Stokes equations in町， n2 3; 

｛玉+u• 向＋▽,~f inxE誓

▽ -u=O inxE町，
(SNS) 

where u = u(x) = (u1(x), u2(x), ... , un(x)) and 7r = 1r(x) denote the unknown velocity 

vector and the unknown pressure of the fluid at the point x E町， respectively,while 

f = f(x) = (f1(x), h(x), ... , fn(x)) is th・ e given external force. For this stat10nary 

problem, there have been various studies on existence, uniqueness, and regularity of weak 

and strong solutions to (SNS). For example, Leray[8] and Ladyzhenskaya[7] proved the 

existence of solutions to (SNS), and later on, Heywood[5] constructed the solution of (SNS) 

as a limit of solutions of the non-stationary Navier-Stokes equations. Then Secchi[lO] 

investigated existence and regularity of solutions to (SNS) in Ln nび， p> n. 

In this study, we focus on the wcll-poscdncss problem on (SNS). Let us first define the 

notions of well-posedness and ill-posedness of (SNS): 

Definition 1.1. Let (D, II・lln) and (S, II・11s) be two Banach spaces (Here D and S 

indirectly denote the spaces of data (external forces) and of solutions, respectively). We 

say that (SNS) is well-posed from D to S if there exists s > 0 such that 

(i) For any f E Bn(s), there exist a solution u ES of (SNS), 

(ii) There exists 8 = o(s) > 0 such that if a solution given by (i) belongs to B8(8), then 

it is a unique one, 

(iii) The map f E (BD(s), II・IID)→ u E (Bs(r5), 11・11s), which is well-defined by (i) and 
(ii), is continuous, 
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where B瓜c)三{!E D; IIJIIDく c}andBs(TJ)三{uES; llulls < 8}. In addition, (SNS) 
is ill-posed from D to S if (SNS) is not well-posed from D to S. 

It seems to be an important problem to find more general spaces D and S where (SNS) 

is well-posed from D to S. 

As for this problem, Cunanan-Okabe-Tsutsui[4] and Kaneko-Kozono-Shimizu[6] re-
. 3+ n 1+ n 

cently showed that (SNS) is well-posed from D = B凸 "toS = PBぃq " for all 1 :=:: pく n
and 1 :=:: q :=:: oo, whe詑 Pぉ伽丘肉匹応証珈向亨 m如⑯e P =几 wecan 
easily show that (SNS) is also well-posed from D = iJ;;,~to S = P Ln when 1 :=:: q :=:: 2. 

These spaces D and S are scaling invariant for the external force f and the velocity u in 

(SNS) respectively. Hence, it seems to be important to investigate whether or not (SNS) 
• -3+"' • -1十竺

1s well-posed from D = Bp,q P to S = P Bp,q P even when n < p :=:: oo and 1 :=:: q :=:: oo, 

and when p = n and 2 < q :=:: oo. 

Our purpose is to prove that if n < p :=:: oo, 1 :=:: q :=:: ⑳ andサp=几 2く q::::芯
・-3+"' ・-1十竺

then (SNS) is ill-posed from D = Bp,q P to S = P Bp,q P in the sense that the solution 

map f E D c-+ u E S is, even if it exists, not continuous. More precisely, under such a 

condition, there exists a sequence {JN }NEN of external forces with fN→ 0 in D such that 
there exists a unique solution UN E P Ln of (SNS) for each fN, which never converges 

to zero in S (actually, even in B~ に）• Our result makes it clear that the well-posedness 
and ill-posedness can be divided between the case (p, q) E [1, n) x [1, oo] and the case 

(p,q) E {n} x (2,oo] U (n,oo] x [1,oo], respectively. 

For the proof of our theorem, we construct such a sequence of external forces according 

to that of initial data proposed by Bourgain-Pavlovic[3] and Yoneda[ll] with some modifi-

cations. In fact, we make use of some properties of trigonometric functions, and show the 

norm inflation of the second approximation of solutions in Bる~00. Based on the method of 
Bejenaru-Tao[l] showing the ill-posedness of the quadratic non-linear Schrodinger equa— 

tion, we prove the uniquely existence of a sequence {UN} NEN c P Ln of solutions corre-

sponding to {八}NEN,which never converges to zero in iJ-1 00,00・ 

2 Result 

First of all, we should prepare definitions and properties of the Littlewood-Paley de-

composition and the homogeneous Besov spaces. 

We denote by S the space of rapidly decreasing functions, and S'denotes the dual space 

of S, which is called the space of tempered distributions. We define S,。tobe the space of 
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all tp E S such that 

J心 (x)dx= 0 ]Rn 
for any multi-indices a, and define Sb as the dual space of S,。.It is known that S,。isa 
closed subspace of S, and that there holds the topological isomorphism 

Sb竺 S'/P,

where S'/P denotes the quotient space with the polynomials space P. 

Let us introduce the Littlewood-Paley decomposition of functions. First, we take¢ES 

such that 

1 
Oさ¢ さ1, supp(¢)= {~E 町； 2 さにI~2}, L¢(2—j~) = 1 (~# 0). (1) 

jEZ 

Then, we define a family屈｝氏zC S of functions as 

約(t)=¢(2―1t), j E Z, (2) 

where J = Ff denotes the Fourier transform of f defined by沢）三J]RnJ(x)e―3パdx.We 
should note here that 

supp(約） = {~E 町；2j-l :::'.: l~I :::'.: 2Hl} . (3) 

Associated with {凸}jEZ above, we define the homogeneous Besov spaces B;,q by 

尻，q三{f ES'/P; IIJII均，qくCX)}
for s E恥 1:::'.: P, qさoowith the norms 

llf lliis三（冗jEZ(2□1も*flい）q'q < oo, 
,,. LUP;e,(2''11幻 'J11,), q~00. 

It is known that this definition is independent of choice of a function¢satisfying (1). As 

for the homogeneous Besov spaces, there hold some embedding properties as below: 

勾，q1→均，q2, s E 恥 1~p~oo, 1~q1~q2~oo, (4) 

均~,q'---+ 匁，q, 1 ::::; q ::::; oo, -00 < 82 ::::; 釘く oo,1 :S Pl :S P2'.S oo, (5) 

with s1 -n/p1 = s2 -n/P2-

In addition, the Riesz potential (—•) % f 三 F-1(1~1 寸(~)) (a E罠） gives an isomorphism 
from iJ; 互"onto均，qfor any s E恥 1:SP, qさoo,which implies that 

II (―△)訂II均，q竺 llfllii;ず・ (6) 
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The above properties (4), (5) and (6) will be often used implicitly in what follows. 

Now let us return to the problem on (SNS). First, we rewrite (SNS) to the generalized 

form so that we can treat it easily. We introduce the Leray projection P : V→ 坑三
{f E~ 『；▽・f = 0} 

ll・IILP 
. We should note here that in町 Pisdefined as a matrix-valued 

operator P = (PJり区j,k'.Snwith Pjk二似+RJRk,where RJ =且-(―△)士j=l,2,... ,n, 
釦 J

denotes the Riesz transform. By applying P to (SNS), we obtain 

—• u+P(u-Vu)=Pf, 

implied by P(▽ 1r) = 0 and Pu= u, since▽ • u = 0. Hence, the solution u of (SNS) can 

be expressed as 

u=Lf+B(u,u), (rSNS) 

where Lf = (―△) -l Pf and B(u, v) = -(―△) -1P(u• ▽ v). 

As for the well-posedness of (rSNS) (or (SNS)) in homogeneous Besov spaces, the fol-

lowing previous result is well-known: 

Proposition 2.1. (Cunanan-Okabe-Tsutsui[4], Kaneko-Kozono-Shimizu[6]) 

Let n~3. Suppose that 1さp< n and 1 さ q~oo. Then (rSNS) is well-posed from 
. -3十翌 . -1十2
Bp,q to P Bp,q P . 

. -3+!! 
Remark 2.2. We should note here that the space Bp,q P (1 :::; p, qさ oo)for the 

. -1+!! 
external force f and the space Bp,q P for the solution u are both scaling invariant with 

respect to (SNS), respectively. Moreover, it is seen from the embedding (5) that if p1 :::; p2, 
. -3+庄 . -3+庄- . -1十互 ．ー1十互

then we see Bp, ,q Pi→ Bp2,q P2 and Bp,,q P1~Bp2,q P2. 

For the case p = n and 1~q~2, it is still unknown whether or not (rSNS) is well-posed 

from iJ-2 to P B~,q·However, by extending the solution space to PL叫wecan show the n,q 
following: 

Proposition 2.3. (Well-posedness when p = n and 1~q さ 2) Let n~3. Then 

(rSNS) is well-posed from B晶toPLn if 1 さ q~2.

Indeed, we can prove Proposition 2.1 and Proposition 2.3 by showing the quantitatively 

well-posedness of (rSNS) defined as follows, which is one of sufficient conditions of the 

well-posedness defined in Definition 1. 1: 

Definition 2.4. Let (D, 11・Iい)and (S, II・11s) be two Banach spaces. We call that 
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(rSNS) is quantitatively well-posed from D to S if there hold two estimates as follows: 

IILfllsさCllflln, Vf ED, 

IIB(u, v)lls :s:; Cllullsllvlls, Vu, v ES. 

Actually, we can see the boundedness of L by that of P (or Riesz transforms) in homo-

geneous Besov spaces. We can also see the boundedness of B by using the Holder type 

estimate of function products deduced by the Bony's paraproduct formula (for Proposi-

tion 2.3, it suffices to use the Holder inequality). For the detail, see [6]. 

Our main result now reads: 

Theorem 2.5. (Main theorem) Let n > 3. Suppose that D and D are two spaces 
with D→ f5 as either (1) or (2): 

(1) D =幻，D=恥3十号 withn < p~oo and 1~q~oo, 

(2) D =幻，i5= iJ:;;,~with 2 < q~oo. 

Let E:, 6 > 0 be constants appeared in Definition 1.1 which guarantee the well-posedness of 

(rSNS) from D to PL叫andtake O < T/ < E: arbitra叫y.Then the solution map 

f E (Bn(TJ), II・lliJ) HUE (Bn,n(b), II・IIB;;;,;00) 

is discontinuous, where (Bn(r1), II・llfJ) and (Bpい (6),II・lli3-') denote the ball B両）00,00 
equipped with the iJ topology and B pい (b)with the B心 topology,respectively. In other 
words, (rSNS) is ill-posed from D to P i3-1 

00,00・ 

Remark 2.6. Suppose that D and fJ are as the above theorem. We now arbitrarily 
choose a sequence {邸}NENsuch that supNEN Ilg刈い<E. Then by Proposition 2.3, there 
exists a unique solution VN E P Ln for each gN. In addition, if邸→ 0 in D, then we 

see VN→ 0 in Pび bythe well-posedness (continuity of the solution map). Theorem 2.5 
means, however, that the weaker convergence gN→ 0 in fJ cannot sufficiently guarantee 
応→ 0 even in the weakest scaling invariant norm i3-1 

00,00・ 

3 Proof of the main theorem 

In order to prove Theorem 2.5, we make use of the well-posed theory proposed by 

Bejenaru-Tao[l] as below: 
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Proposition 3.1. (Bejenaru-Tao[l]) Suppose that (rSNS) is quantitatively well-posed 

from D to S. We now define the nonlinear maps An : D→ S for n EN by 

｛ふf~Lf,
ふf三こ鯰1,k+l=nB(Ad, A,J), n~2. 

(1) Each Anf belongs to S and there exists a constant C > 0 such that 

IIAnf悩：：：：： Cnllfll'JJ, ¥/n EN. 

Moreover, there exists a constant s > 0 such that if f E B叩）， thenthere exists a unique 

solution u ES of (rSNS), which is expressed as u = L~=l A』.

(2) Suppose that D and S are given other norms II・Iv and II・lls, respectively, which 

are weaker than D and S in the sense that 

llfllfJ :s:: Cllfllv, llulls :s:: Cllulls・

Assume that the solution map f→ u is continuous from (Bv(c), 11・llfJ) to (Bs(8), 11・118). 
Then for each n, An: D→ S is also continuous from (B叫）， 11・llfJ)to (Bs(8), 11・lls)-

Proposition 3.1 means that if at least one of An is discontinuous, then (rSNS) is ill-posed 

from iJ to S. By this proposition and Proposition 2.3, it suffices to show the following 
lemma in order to prove Theorem 2.5: 

Lemma 3.2. Let n~3. Suppose that D and D are two spaces with D'--+ D as either 
(l) or (2) of Theorem 2.5, and T/ > 0 is a constant given in that theorem. Then there 

exists a sequence {f N} N碍 ofexternal forces and a constant C = C(T/) > 0 satisfying the 

following (i), (ii) and (iii): 

(i) 8tiPNEN llfN仙<T/, 

(ii) llfNllv→ 0 as N→ oo, 

(iii) infNEN IIA2(JN) IIB~;oo = infNEN IIB(LfN, LfN) 11]3~ し=>C. 

Proof of Lemma 3.2. We first take心ESas 

supp(~)= {f E恥n;lfl:::; 1}, ~(f) > 0 in {f E恨叫 lfl< 1}, 

and we define 

咋）三(―△)｛厄cos(mx1)}, j = 2, 3, m EN, 



45

where心巧三是.Using this function, we construct {f吋NENdifferently in the case (1) 

and (2) of Theorem 2.5. 
. -2 - . -3+" 

Step 1. The case (1) : D = Bn,1'D = Bp,q v with n < p::; oo and l::; q::; oo. 
We define a parametrized vector-valued function as 

g入，M 二入｛疇り— e3鱈｝，入> 0, M 2: 100, 

where e2三 (0,1, 0, ... 0) and e3三 (0,0, 1, ... , 0) are unit vectors along x2 and x3, re-

spectively. This function is inspired by a initial data sequence proposed by Bourgain-

Pavlovic[3]. It is clearly seen that▽ ・g入，M= 0 and hence Pg入，M=g入，M.Therefore, we 

have 

Lg入，M= (―△)―lg入，M=入cos(M叫｛疇瓜x)-e3氏（叫｝．

Now let us consider the estimate of g>,.,M-We recall {叫jEZin the definition of Besov 
spaces (see (1)-(3)). Since 

旱 cos(Mx1)](f)=一討{~((- Meリ +~((+Me1)}, j=2,3, 
we see that there exist at most three indices j E Z such that幻 *Lg入，M羊0.Indeed, such 

indices must satisfy 

{[ E町；2j-l :::: 柊I::::2H1} n {(E町；M -l::; 1(1::; M + 1}ヂ0,

i.e・， (M-1)/2::; 2i ::; 以M + l). Therefore, we obtain the estimates 

and 

Ilg入，MIID=Ilg入，Mllii芯 II (一△）―lg入，MIi純，1

Ilg入，MIID= Ilg入，MIi.-3+号
Bp,q 

こ記*Lg入，MIILn
JEZ 

< C入

< II(―△) -lg入，MIi.-1十音
B p,1 

L2j(-1+ぽ）IIも*Lg入，MIILP
jEZ 

(7) 

< C入M―1+ぽ→ 0 as M→ 00. (8) 

for any M~100, implied by -1 + n/p < 0. Here we have used the Young ineq叫 ity,the 

equality 

llcp』Iv=ll2n1'Po(21-)llu = ll'Pollu,'vj E Z, (9) 

and the estimate 

IILg入，MIILP:::;CII▽心IILP, V入>0, V M 2:: 100, 1 s;'tip s; oo. (10) 
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We next calculate B(Lg入，M,Lg入，M).It is seen that 

1 1 
(Lg入，M).▽ (Lg入，M) = —入2(e渉1 + e3動）＋ー炉(e浬1cos(2M叫+e3動 cos(2Mx1))

2 2 
三 Ii+I2, 

where心三
a(a+/3) 

平 g a呼 x/3ゅand

Since 

we see that 

2 3 

<I>1三心エ3心X匹 3―少尤2ゆ哨' <I>2三ールX3心吋＋心x2心X匹 3・

supp(]リcsupp(砂＊研） C {~E 恨叫に 1 さ 2},

II (—•)— lPiillii~;oo = sup 2―j II 切＊（—△）―lPiillL00~C入2 > 0 
jEZ,j:c:;2 

for some constant C > 0. On the other hand, it is seen that 

supp(じ） c supp((1/; * 1/;)(・士2Me1))C {~E 股叫 2M -2 :S: にI:S: 2M +2}, 

(11) 

which yields も＊（（—△）ー1PI2)三 0for any jさ2.Therefore, we obtain the estimate that 

IIB(Lg入，M,Lg入，M)IIBふ~00

for any M 2 100. 

sup2―1 II も＊（—△）―1P(/1 + 12) IIL= 
jEZ 

~sup 2―j IIも＊（ー△）ー1PiillL00
jEZ,j<::2 

> C炉 (12)

Now for given 77 > 0, we can fix入＝入。 sothat sup吟 100Ilg入。，M肋<77 from (7). In 
addition, from (8) and (12), we see that a sequence {JN} NEN defined by 

fN三 9>-0,N+IOO, N = 1, 2, 3, ... 

satisfies (i), (ii), and (iii) of Lemma 3.2. This proves Lemma 3.2 in the case (1) of Theorem 

2.5. 

Step 2. The case (2) : D = Bは，D=B嘉with2 < q ::; oo. 
We define another parametrized vector-valued function as 

入
M 

h入，M 三 k打e浬塁ー e連塁｝，入>0, M~100, 
《可L k=lO 
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where r(M)三こM k=lO k-1. This function is inspired by a m1tml data sequence proposed 
by Yoneda[ll]. As similar tog入，M,we see that▽ -h入，M= 0 and 

M 
入

応，M= (―△)―lh入，M= k― ½cos(2炉X1){e2麟 (x) -e31/Jx2(叫｝
Jr(M1 L k=lO 

Let us consider the estimate of h入，M・Bya similar way to Step 1, we see that for each k, 

there exist at most three indices j E Z such that切＊（心（ k2 Xz COS 2叫）芸 0(l = 2, 3), which 

must satisfy (2炉-1)/2 :S:: 2j :S:: 2(2k2 + 1). Moreover, the set {ザ｝陀10is so discrete that 

we see 

{j E Z; cpj * (心xzcos(2k?, 灯））芸 O}n {j E Z; cpj * (ゆxzcos(2k~xリ）季 O} = 0 

for any k1, k2 2". 10 with k1 -/-k2. Hence we obtain the estimate 

llh入，Mlli3揺 II (―△) -lh入，Mlls~. e

{L記＊（ー△）工，Mlli,.}l 
jEZ 

C入 M½
< Jf[M〗｛塁｝

k=lO 

C入 q = 2, 
＜ 

C入

亨'
2 < q:::; 00. 

(13) ｛ 
Here we have used the Young inequality, (9), and (10). Since r(M)→ oo as M→ oo, we 
see from (13) that 

llh入，MIi加，；→ 0 as M→ oo, if 2 < q ::; 00. (14) 

We next calculate B(Lh入，M,Lh入，M).It is seen that 

(Lh入，M).V(Lh入，M)

炉入2 M 

＝了(e丸＋叫＋ 崎 +eふ）といcos(2炉+lx1)
2「(M)

k=lO 

+, 心疇+ea動） { L い1-lcos((2''+ 2旱） + cos((2炉＿ザ）叩）
10:o;k,l豆M
k#l ｝ 

三 J1+ h + Jふ
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where <I>1 and動 areas (11). Since the above coefficients 2炉+I,2k2 + 212 and 12k2 -2引
are large enough, we see 

切＊（ー△）ーiP(』＋み）＝も＊（ー△）ー1I'J1, l;;/j::; 2. 

Hence, by a similar way to the argument on Ii and 12 in Step 1, we obtain 

IIB(Lh入，M,Lh入，M)lliJ;;::,;00~II(―△) -lpJilliJ;;::,;oo~C入2 > 0. (15) 

Now for given 77 > 0, we can fix入＝入。 sothat sup匹 100llh入0,MlliJ~,2 < 1] from (13). In 
addition, from (14) and (15), we see that a sequence {JN}NEN defined by 

fN = h>,.0,N+lOO, N = 1, 2, 3, ... 

satisfies 

悶~ll!NIIB如 <'T), 炉以II!刈□= 0 if 2 < q ::; oo, 翌tllB(£fN,£fN)IIB~~oo 2'.'. C硲

This proves Lemma 3.2 in the case (2) of Theorem 2.5, and hence the proof of Lemma 

3.2 is completed. 
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