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ABSTRACT

This thesis deals with the performance of a magnetic suspension device using tuned
LCR circuits. The device under consideration contains an electromagnet which is the
inductive part of a series resonance circuit and suspends a body magnetically without
mechanical contact. Owing to the inherent characteristics of the circuit,b the average
magnetic attractive-force is controlled passively and hence there needs no servo controller to
achieve the restorative action. The device is described by nonlinear differential equations
of nonautonomous type. The method of averaging is applied to those equations and an
autonomous system is obtained. Both steady-state and dynamic operations of the device are
studied by the analysis of the autonomous system.

The text consists of six chapters. The first chapter is an introductory one in which
various methods of magnetic suspension are reviewed with emphasis on the method using
tuned circuits. The contents of the text are outlined. Chapter 2 deals with the ideal
single-axis suspension device which suspends a body by an electromagnet against the
gravitational force. Static and dynamic stability conditions are obtained. The theoretical
results are confirmed by an analog-computer analysis. In Chapter 3, the effect of leakage
flux on the stability of the single-rxis suspension device is investigated. It is shown that
there exists an upper limit in the §1pply frequency of the tuned circuit to achieve a stable
operation. The theoretical results are confirmed by experiments. Chapter 4 deals with a
quasi-periodic oscillation which occurs in the magnetic suspension system considered in
Chapter 3. When the mechanical or the electrical damping of the system is insufficient, the
system becomes unstable and the quasi-periodic oscillation occurs: the sinusoidal variation
of the magnetic flux in the electromagnet becomes unstable and the amplitude and phase of
the magnetic flux vary slowly with time even in the steady state. The suspended body also
oscillates. The amplitude and frequency of the quasi-periodic oscillation are analytically
computed by using the method of harmonic balance, and compared with the experimental
results. In Chapter 5, the effect of magnetic saturation of the elec.tromagnet is investi-
gated. Tt is analytically shown that the effect of magnetic saturation results in an increase
in the equivalént spring constant of the magnetic suspension. For a great degree of the
magnetic saturation this effect, however, makes the system unstable and the quasi-periodic

oscillation occurs in the system even if the mechanical damping is suff"iciently large. The



generation of this kind of oscillation is verified by experiments. Chapter 6 is concerned
with the performance of the push-pull type suspension device which supports a body by
two electromagnets. Formulas for the equivalent spring constant and the stability
conditions are derived for the convenience of the design. The basic characteristics of the

device are confirmed by experiments.



PREFACE

Magnetic suspension devices are used as a means of eliminating friction in mechanical
bearings. The possibilities of suspension by electromagnetic fields have been widely
explored in various application fields including ultracentrifuges, contamination-free melting
of metals, ultrahigh-speed trains, measuring instrument pivots, and-so forth.

This paper deals with the study of the performance of a magnetic suspension device
whiéh utilizes tuned LCR circuits. The device has an electromagnet which is the inductive
part of a series resonance circuit. The basic principle of operation of the device relies on
the variation of inductance of the electromagnet with the distance between the magnet and
a ferromagnetic material to be suspended. A stable suspension is achieved as follows. If
the suspended object is moved away from the suspending magnet, then the resulting
decrease in the inductance of the electromagnet causes the resonance circuit into a tuned
condition. This causes the current flow to increase. The average magnetic force increases
and restores the object to its original position. Thus a statically stable force-distance
characteristic is obtained for a limited range of the distance from the suspending magnet.

This method is significant in that it achieves suspension by applying relatively simple
circuitry and using a surprisingly small number of components. The device is, for instance,
applicable to the suspension of the gyro rotors of inertial guidance systems for space
vehicles.

It is known, however, that a statically stable characteristic is not always dynamically
stable. A theory dealing with the dynamic behavior as well as the steady-state operation of
the device must be established for the development of the device. There appears, however,
to be very little work done especially on the dynamic behavior of the system.

This paper investigates the single-axis suspension device with an electromagnet and also
the push-pull type suspension device with two electromagnets. The equations which
describe the system are nonlinear differentail equations and are analyzed by using the
method of averaging. Analytical formulas characterizing the device (e.g. equivalent spring
constant) are derived. Stability criteria are given for the operation of the device. The
effects of leakage flux and magnetic saturation on the performance of the device are
considered. The theoretical results are confirmed by computer analysis and also by

experiments.
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CHAPTER 1

INTRODUCTION

1.1 Outline of Magnetic Suspension Devices

There are numerous cases in which gravitational force is undesirable. The rotation and
horizontal translation of bodies, for instance, are hindered by friction caused by gravity.
Many attempts have been made to compensate for gravitational forces in such cases.

As one of the compensating forces, magnetic force is widely used. The possibility of
levitation by magnetic fields has been widely explored. Boerdijk [6] has discussed the
general technical feasibility of various methods of levitation. As for magnetic suspension a
very large number of applications have been suggested which include frictionless bearings for
spindles rotating at a high speed in synthetic fiber industry or in ultra high-speed centrifuges
[3, 41, suspension of metals in space for melting them without using a crucible [11, 46, 71,
74], contactless suspension of articles for paint and plastic coating or of models in wind
tunnels, and high-speed magpetic suspension trains [1, 7, 20, 44, 45, 49, 50]. Furthermore,
a number of magnetic bean’hgs for space applications have been studied [12, 13, 16-19, 29, 42,
48, 53, 54, 62'-67, 69, 70], and continuous efforts are still being made to improve the perfor-
mance of magnetic suspension bearings. Some of these are already in use, and others may be
very challenging in the near future. The magnetic force for suspension may be repulsive or
attractive, and the magnetic field may be unidirectional or alternating. Stability is always
an important problem in the design of practical systems.

Contactless magnetic suspension is subject to the fundamental restriction of Earnshaw’s
theorem [14], which states that stable suspension can never be achieved in stationary
magnetic fields. A permanent magnet, for example, cannot be supported in a stable state by
other permanent’ magnets alone, but requires some mechanical means to guarantee the
stability. - Braunbek [8] has developed this theorem. He showed that the instability
occurs when the relative permeability of materials to be suspended is greater than unity.
Stable suspension in stationary ‘magnetic fields is therefore achieved by using diamagnetics
or superconductors. ' Such suspension systems usually involve expensive apparatus.  If

suitable time-varying magnetic fields are used for suspension, the restriction mentioned



above is eliminated. Stable suspension by time-varying magnetic fields can be achieved
either by sensing the position of the body and controlling the force fields by servo action,
or by making use of an inherent characteristic of the excitation system of the force fields.
The servo-controlled suspension may be called of an *“‘active type”’, whereas a suspension
that is inherently stable owing to the characteristics of the excitation system may be called
of a “passive type”.
For the active, or the servo-controlled suspension, the apparatus generally comprises the
following elements:
(1) an electric source for generating the field,
(2) the body to be suspended,
(3) a sensing element for detecting the position of the body,
(4) a device which controls the source according to the output of the sensing element in
such a manner that the position of the body is stabilized.
In the papers hitherto published, the magnetic field is generated by an electromagnet, in
most cases, using direct current. The suspended body contains a ferromagnetic material.
The sensing element is formed by a photocell and a beam of light partly intercepted by
the body [2, 73, pp. 192-200]. Inductive [4, 54, 70] or capacitive [58] probes are also
used. The und¢sirable oscillation of the suspended body caused by external forces can be
eliminated by servo design [21].

- For the passive, or the self-stabilizing suspension, three practical systems have been
suggested. The first system is concerned with a method of heating and melting metals
without using a crucible. The metals are levitated in space by an electromagnetic field [9,
11, 41, 46, 60, 71, 74]. The force of suspension results from the eddy current induced in
a conducting body (melting metal) by an alternating magnetic field. The eddy current
reacts on the excitation system to produce a force which may be used for suspension. The
second system was proposed as a method of suspending trains [1, 7, 20, 32, 44, 45, 49,
50], and uses. the magnetic repulsive force between the superconductive magnets on the
moving train and the repelling currents induced in the track by the magnets. The third system
.was suggested as a means of eliminating friction in mechanical bearings of inertial guidance
gyros for space vehicles [13, 16-19, 42,-64-67]. This uses tuned LCR circuits to control the
force-distance characteristics between the electromagnet and the suspended body of a
ferromagnetic material. Unlike the first two:systems of the passive suspension, this system
.utilizes the magnetic attractive force.

This paper deals with the passive suspension system using tuned LCR circuits. Its



details will be described in the following sections.

1.2 Magnetic Suspension Device Using Tuned LCR Circuits

The method of magnetic suspension using tuned LCR circuits is significant in achieving
a suspension system by applying relatively simple circuitry and using a surprisingly small
number of components. It is considered to be superior to the servo-controlled suspension
methods in terms of reliability since no external sensing device is required. Furthermore,
with respect to the power-to-weight ratio the tuned suspension method is also found to be
far more superior to the eddy current methods investigated by Laithwaite [41].

An example of the magnetic suspension device is shown in Fig. 1.1. The
electromagnet coil of inductance L and the capacitor C form a tuned circuit driven by an
alternating voltage E sinwt. For simplicity of explanation, it is assumed that the
suspended body moves only in the vertical direction. If the coil is excited simply by a
direct or alternating current, the equilibrium point where the magnetic attractive force
balances the gravitational force will be unstable. In this case the body will either cling to
the pole face or fall down by even a slight disturbance. However, if the coil is tuned with
a capacitor C as shown in Fig. 1.1, the amplitude of the coil current varies as the coil
inductance L changes with change of gap distance h; therefore the system can be
self-stabilizing. Figure 1.2 shows schematically the variation of the inductance L, the
effective value of the coil current I, and the average magnetic force 1_7,,, as the gap distance
h changes. The gravitational force Mg acting on the suspended body is also shown by a
horizontal straight line. The intersections, P, and Pz‘, of the two curves F,, and Mg are
the equilibrium points where the upward average magnetic force F,, balances the downward
gravitational force Mg. Point P, is stable, because a small increment in A from /1, results in
an increase of the net restoring force; on the contrary, point P, is unstable. Thus over a
limited range of distances from the suspending magnet a stable force-distance characteristic
is obtained.

Point P, is statically stable, but is not always dynamically stable. There is a
possibility that the suspended body may begin to oscillate with negative damping, although
a static analysis of the average forces shows that the system is stable. Some type of
stabilization (including the application of an external damping) is therefore necessary to
achieve a stablé operation,

Slater [59] and Knobel [40] have described an analogous suspension method which

uses no electromagnetic force but uses instead a electrostatic force. The suspended body is
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made of conducting materials (e.g. beryllium), and is suspended between electrodes which
are connected through inductor coils to an alternating current source, thus producing a
resonance effect very similar to our model. The necessity of introducing damping to the
suspension system is mentioned in their papers. Knobel also suggests a stabilizing method
which makes use a saturable reactor control. This method is applicable to our model.
However, they do not give an explanation about the dynamic behavior of the suspended
body.

Kaplan [36] has demonstrated experimentally the occurrence of an unstable oscillation
in the system illustrated in Fig. 1.1. He has discussed the dynamic instability [73, pp.
192-200] of the system by comparison with electromechanical parametric oscillators [5, 25,
26, 28, 31, 43, 52, 56, 61, 72].

In connection with the jumping-ring experiment using a tuned LCR circuit [33],
Jayawant and Rea have also reported that such a system tends to be self-oscillatory. They
proposed a number of stabilizing schemes and did an analytical study including an
analog-computer analysis [34}. Jayawant and Kaplan {35, 371 have achieved the stable
suspension without using mechanical damper (e.g. oil-dashpot damper). They used the
saturable reactor control which is connected in series with the main electromagnet. This
method was originally proposed by Knobel [40]. However, the dynamic behavior of the
system was not fully investigated at that time. .

For the application of the tuned suspension device to inertial guidance gyros, the
suspended element is usually floated in a suitable fluid [13, 16-19, 42, 64-67], which serves
also as a damping element, and thus the suspension problem is considerably reduced. Hence,
there has been very little attention given to the dynamic instability. On the other hand,
the existence of self-sustained oscillations was recognized as early as 1954 from experimen-
tal resulté reported by Gilinson, Jr., et al. [18].

Thus, on the analytical side, there appears to be very little work done on the dynamic
stability and the quantitative aspects of dynamic behavior of the system. The dynamic
analysis is complicated because the equations of motion of the electromechanical system are
described by nonlinear differential equations. Parente [47] has analyzed the differential
equations by the method of functional analysis. He has obtained an analytical criterion for
static stability, assuming no leakage flux of the electromagnet. He has also discussed the
possibility of the dynamic instability, but the analysis is not suitable for numerical
computation. ‘Kaplan {38] has given an approximate representation of the system

equations which is suitable for digital computation. He has shown that the dynamic



behavior calculated from the approximate representation of the system agrees well with that
obtained in experimental models. However, he does not discuss the concrete criterion for
the elimination of static and dynamic instability. Recently he has analyzed a mechanical
method for dynamic stébilization [39]. Button and Murgatroyd have proposed a circuit

for achieving dynamic stability [10].

1.3 Description of the Contents

This thesis is devoted to the study of the performance of a magnetic suspension devi‘ce
which uses tuned LCR circuits. The problem is limited to suspension along single axis only
thus avoiding the complications that accompany suspension with respect to all direction.
However, the principal features of single axis suspension are a great aid to the understanding
of multiaxis designs and more complex applications [17].

The thesis 'cdnsists of six chapters, including this introductory chapter. Chapter 2 to 5
are concerned with both static and dynamic operation of the single-axis suspension device
which suspends a body by an electromagnet against the gravitational force. Chapter 6 deals
with .the push-pull type suspension device which supports a body by two electromagnets
working in push-pull. Complementary remarks are provided in three appendices to the
text.

Chapter 2 deals with an ideal single-axis (vertical axis) suspension device with emphasis
on its dynamic characteristics. To discuss the basic characteristics of the device, the
leakage flux and the magnetic saturation are neglected. An oil-dashpot damper is used for
this ideal model. The damping force generated by the dashpot is proportional to the
velocity of the suspended body. Fundamental equations which describe the electro-
mechanical system are derived. The system is described by two differential equations of the
second order; one is the equation dealing with the magnetic flux of the electromagnet
connected in series with the capacitor and the alternating voltage source, and the other is
the equation of motion of the body to be suspended.

The system is assumed to operate in a state of near equilibrium. The magnetic flux is
therefore assumed to take the form of sinusoidal oscillation of which the amplitude and
phase angle vary slowly with time. The suspended body is also assumed to move slowly.
Under these assumptions, the method of averaging is applied to the fundamental equations
which are nonautonomous and an autonomous system of the equations is derived. The
gap-distance characteristic of the device is obtained from the state of equilibrium of this

autonomous system. By analogy of the restorative action of the device to that of a spring,



the equivalent spring constant of the device is defined, and its characteristic is obtained.
The stability of the states of equilibrium is discussed by solving variational equations which
characterize small deviations from the states of equilibrium. The variational equations are
linar differential equations with constant coefficients. Therefore, the stability conditions
are obtained by making use of the Routh-Hurwitz criterion. Two conditions for stability
are obtained. One is identical with the condition that the equivalent spring constant be
positive; therefore, this is the condition for static stability. The other is the condition for
dynamic stability. To vefify the theoretical analysis, an analog-computer analysis is carried
out for the fundamental equations of the nonautonomous type, and the solution shows a
satisfactory agreement with the theoretical result. It is shown that, in the dynamically
unstable region, quasi-periodic oscillations occur. The suspended body oscillates slowly and
periodically in the steady state, and the amplitude and phase of the magnetic flux also vary
accordingly.

In Chapter 3, the effect of leakage flux on the stability of the single-axis suspension
device is studied. The fundamental equations are derived and analyzed by the same
method as mentioned above. The static and dynamic stability conditions which take into
account the effect of leakage flux are derived. By numerical examples the effect of leakage
flux on these stability conditions is considered. The theoretical analysis is confirmed by
experiments.

Chapter 4 deals with quasi-periodic oscillations which occur in the nonautonomous
system in which the damping of the mechanical or electrical system is insufficient. It is
shown that a stable limit cycle exists in the autonomous system corresponding to the
occurrence of the quasi-periodic oscillation. The amplitude and frequency of the
self-excited oscillation correlated with the limit cycle are determined by using the method
of harmonic balance. The numerical analysis is carried out for the same parameters as those
of the experimental model. The theoretical results are compared with the solutions of the

nonautonomous equations directly obtained from digital computer and experimental results.

In Chapter 5, the effect of magnetic saturation is studied. The saturation curve of the
core of the electromagnet is assumed to be a cubic function of the magnetic flux. The
fundamental equations are derived and analyzed by the same method as that mentioned in
Chapter 2. It is shown that quasi-periodic. oscillations may occur in the system due to the
magnetic. saturation, the mechanism.of the occurrence being different from that discussed in
Chapter 4. -The occurrence of the oscillation is confirmed by experiments.

- Chapter 6 deals with the performance of the push-pull type suspension device. Two



electromagnets are used to support a body. The body can hence move only between the
two electromagnets. The characteristic of each electromagnet is assumed to be equal. The
leakage flux is taken into account, but the effects of magnetic saturation are neglected.
The system is described by three second-order differential equations; two of them are the
equations for the magnetic fluxes of the electromagnets, and the third is the equation of
motion of the body to be supported. These equations are, as we have done in Chapter 2,
analyzed by using the method of averaging. The steady-state solution and the formula for
the equivalent spring constant are obtained. The stability of the steady-state solution is
investigated. The basic characteristics of this type of suspension device are confirmed by
experiments.

As has been mentioned earlier, three appendices are annexed to the text. Appendix I
shows the transfer-function analysis of the system which is obtained from linearization of
the autonomous system derived in Chapter 2. The time solution of the suspended body
motion is obtained by using the Laplace-transform method. Appendix II indicates the
procedure for determination of the reluctances in the magnetic circuit of the experimental
model used in Chapters 3 and 4. Appendix III expresses the steady-state characteristics of

the suspension device derived in Chapter 3 using the device parameters.



CHAPTER 2

VERTICAL-AXIS SUSPENSION DEVICE
HAVING ONE ELECTROMAGNET

2.1 Introduction

In this chapter, we consider the performance of an ideal model to obtain a physical
concept and a first approximation to a theory of the self-stabilizing suspension device. The
schematic diagram of the ideal model is shown in Fig. 2.1. The suspended body is
considered to move along the vertical axis only. In this model, we assume that (1) all the
flux produced by the current passes through the suspended body of ferromagnetic material,
(2) winding resistance is negligible, (3) the magnetic material is lossless, so that it has no
influence on effective resistance, (4) the permeability of the magnetic material is infinite,
(5) damping force generated by the dashpot is linearly proportional to velocity, (6)
magnetic saturation is negligible. The gap in the suspension is very short compared with
the cross-sectional dimentions, being usually a few millimeters, so that fringing effect
generally is negligible within the accuracy with which computation can predict
performance. At the relatively low supply frequency, around 400 hertz, the influence of
magnetic materials such as eddy currents and hysteresis can be made negligible by use of
high-permeability, low-loss, thinly laminated ferromagnetic material or by use of ferrites.

As mentioned in the preceding chapter, this suspension device is not always dynamical-
ly stable, although it is statically stable; the suspended body may begin to oscillate with
negative damping [34-36]. However, this kind of instability has not been fully investigated
because of the difficulty of the dynamic analysis of nonlinear differential equations which
describe the system.

In this chapter, the dynamic analysis of the equations is carried out by using the
method of averaging [22]. First, the fundamental equations which describe the system are
derived for this ideal model. Then, these equations are transformed into an automous
system by using the method of averaging under the assumption that the system is operating
in a state of near equilibrium. The gap distance characteristic of the device is obtained

from the states of equilibrium of this autonomous system. By analogy of the restorative
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action of the device to that of a spring, the equivalent spring constant of the device is
defined, and its characteristic is also obtained. The stability of the states of equilibrium is
discussed by making use of the Routh-Hurwitz criterion for variational equations which
characterize small deviations from the states of equilibrium. Two conditions for stability
are obtained. One is identical with the condition that the equivalent spring constant is
positive, so that it is a condition for static stability. The other is a condition for dynamic
stability. To verify the theoretical analysis, an analog-computer analysis is carried out
for the fundamental equations. It is confirmed that in the dynamically unstable region
quasi-periodic oscillations occur: The suspended body oscillates slowly and periodically

in the steady state, and the amplitude and phase of the magnetic flux also vary slowly.

2.2 Fundamental Equations

Following the notations in Fig. 2.1, the circuit equations may be written as follows:

d¢ . L
n—+RtR = FEsinwt

dt
1
. . . 2.1
Riy v flc dt (2.1

i=ig + ic
where ¢ is the magnetic flux linking the winding, and n is the number of turns of the coil
wound around the core of the electromagnet. For the magnetic circuit in Fig. 2.1, an
analogous electrical circuit is shown in Fig. 2.2, in which & is the reluctance of the
magnetic path. Since we neglect fringing in the gaps, leakage flux, and reluctance of the

cores, the reluctance | is given by

2h
oA

|]R =

(2.2)

where % is the air-gap distance between the electromagnet and the suspended body, A4 is the
cross section of the air gap and u, is the permeability of the air gap. The equation for the

magnetic circuit illustrated in Fig. 2.2 is given by

ni = K¢ (2.3)
The dynamic behavior of the suspended b'ody is represented by
ML e Fy = Mg+ F

ar m m 4 d (2.4)
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Fig. 2.2 Electrical equivalent of the magnetic circuit in Fig. 2.1.
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where M is the mass of the suspended body, kp, is the coefficient of the viscous mechanical
damping generated by the dashpot, F,, is the magnetic attractive force, F, is the external
disturbance force exerted on the suspended body, and g is the gravitational acceleration.
Magnetic attractive force Fy, in the vertical direction is given by [15]

1 oR 1
F, =— 2 = — 2 2.5
m=7 9 Tn oA ¢ (2.5)

In order to take frequency variation into account, we put w = Vwo, where w, is a
fixed base frequency and v is a variable parameter. Furthermore, we introduce nondi-
mensional variables u and v, defined by

¢ = Puu h = Hyv (2.6)
where @, and H, are appropriate base quantities of the flux and the gap distance,
respectively. For convenience of computation, we define H, and ¢, by

HoAN?woC

Hy =_’—’2—__ P, = moAw o> MH, 2.7

We retain the variables ¢ and h, and eliminate i, i, i¢c and F,, in Eags. (2.1) and (2.4),

respectively. Thereupon by using the nondimensional quantities defined by Eqs. (2.6), we

obtain
d*u
0 ky TT-+ uv = Bcosvr
d*v dv ) 2.8)
g e = b
where
kl km
= — — tan’!' — k= k, =
T weol v an N 1 woCR 2 (,,JOM

Mg + F
_E oy g =87 Td

o
nqu)n wonHn

Equations (2.8) are the fundamental equations of the suspension device to be analyzed in
the following sections. These equations are nonautonomous since the time 7 appears

explicitly in them.

2.3 Analysis of the Fundamental Equations
2.3.1 Derivation of an Autonomous System by Using the Method of Averaging
Equations (2.8) are both nonlinear differential equations having nonlinear terms uv and

u?. There exist in general no methods capable of yielding exact solutions of such



equations. Hence we consider an approximate solution of the system (2.8) under the
condition that the system is operating at a point of near equilibrium, where the time average
of the nondimensional magnetic force u® is approximately balanced with the nondimen-
sional mechanical load force By.

In order to consider the movement of the suspended body in an interval of one period

of the external force, we rewrite Eqs. (2.8) as

du -
dr, "
2.9
di _ _Bo cos ki u uv o
dr, V? n v "
and
d’ v, ky dop u? B,
+— +— =
dr,? y drg ve pé (210
where
v
Up = Tn = VT (2.10a)
y
In Egs. (2.9) and (2.10), we introduce new variables x (r,) and y (r,,) defined by
x (tp) = u(ry)sint, + i (ry)costy
_ . . 2.11)
y(rp) = u(ry)cos 1p — t(ry)sin 7,
so that
u(rp) = x(rp)sin 1, + y (ry) cos
u(ry) = X (1) cos 1, — y (rp)sin 1, (2.12)
Substituting Egs. (2.12) into (2.9) yields
dx .
ar sin r, + dr, cost, = 0
dx dy (2.13)
CoS T, — sin 1, = fi(x,y,0n, Tn)
Tn Tn
where
1 :
LGy, vn, ) =0 vz (1 —ovp)x + Uk, y] sin 7,
1 .
+;2— [—vk,x + v2 (1-v,) ¥y + B] cos 7,
Solving Egs. (2.13) for the derivatives dx/dr, and dy/dr, gives us
dx
= fi (x,y, vg, Tn) cOS Ty
dry
v’ 2.149)
Y = _fy (%, %, n, 1) sin Ty '
dry

15



Thus, Egs. (2.9) are transformed into (2.14) by the use of the new variables x (r,) and y (7).

Furthermore, we introduce in Eq. (2.10) new variable w,, defined by

v duy
=— + v (2.15)
Wn k, dry "
Inserting Eqs. (2.12) and (2.15) into (2.10) yields
dv, _ k
dr, = v w, — vn)
d (2.16)
w
1 = GfZ (xr yr Tn)
dry

where

i
Gy, ) = 1= B [r2 + (»2 — x2) cos 2r, + 2xysin 27,]

0

o= x2 + y? (2.16a)
By
€ =3k,

Since the first equation of (2.16) is a linear differential equation, its particular solution is

given by

k k k
Un =—I/2 €Xp (“y_2 Tn)fwn exp(f—fn) dry

K dw k
= w, —exp (—T2 Tn) de"exp(—Vz—'r,,) dry Q.17
n

By using the first equation of (2.16), the derivative of this particular solution is given by

dv, _ k, exp ( k, )fdw,,
dry, v p v n dr,

k
exp (= 7a) dry (2.18)

Letting €,;, denote the maximum value of dw, /dr, during one period 2x of the external force,
that is,

dw,
<
dr, Em
then we obtain from Eq. (2.18)
o dv,
<
dr, €m 2.19)

This shows that the maximum value of du,/dr, during one period of the external force is
the same order as that of dw,/dr,. .If e in the second equation of (2.16) is sufficiently
small, the derivative dw,/dr, becomes sufficiently small, and hence ¢, also becomes

sufficiently small. Therefore wé may conclude that if e is sufficiently small, both the

16



maximum values of dv,/dr, and dw,/dr, during one period of the external force become
sufficiently small. Consequently, v, and w, in Eqgs. (2.16) vary slowly with time 7,,. As
can be seen from the definition of e given by Egs. (2.16a), this states that when the supply
frequency v is high or the viscous damping coefficient k, is large, or the mechanical load
force B, is weak, the suspended body moves slowly during one period 27 of the external
force. From the physical point of view, this is a plausible conclusion.

After the following consideration we may expect that when v, varies slowly with time
7n,x and y in Eqgs. (2.14) also vary slowly with time r,: If v, in Egs. (2.9) is a constant,
then Eqgs. (2.9) become linear differential equations with constant coefficients. The
steady-state solution for the variables u and u takes the form of Egs. (2.12). But in this
case the components x and y become constants of which values are determined by the value
of v,. However, if v, is not a constant but a function which varies slowly with time 7,, x
and y may alsq vary slowly with time r, near the steady state. As will be shown in Sec.
2.5, we can verify this consideration by an analog-computer analysis of the system (2.8).
Experimental observations also show that this consideration is legitimate (e.g. see Figs. 3.13
through 3.15, and 4.7).

It may therefore be considered that x(rn), ¥(tn), ¥n(rn), and wu(rn) on the right-
hand sides of Eqs. (2.14) and (2.16) remain approximately constant during one period 2r.
Thereupon, by using the method of averaging (27, pp. 24-28], we can transform Egs.

(2.14) and (2.16) into an autonomous system:

d. 1 2
d: = " fi (%, ¥, Un, 7a) COS 1, drp
n 1]
d 1 2n
d: = _Er_ fi(x, y, vy, 70) sin 74 dr7,
n 0
dUn kz fzﬂ' ( » ) d (2-20)
= 1 — T :
dry  27v), On = n) GTn
dw, € 2
— V= X, ¥, d
dr, o ﬁ fa(x, y, Tp)dry



The integration is to be performed with respect to the explicitly appearing 7, in the

integrants. Performing the integration gives us

1
Zx ey [-vk,x + v* (1 —v,) ¥y + B]
Tn v
1
3y = —?;[Vz (1 —vn) x + vkyyl
;
d" @.21)
d:]n ='_y2— (w, — V)
n
dw, r?
= 1 —
dTn ( ZBQ )

If these equations are compared with the exact equations (2.14) and (2.16), it is seen that
the equations of the first approximation are obtained from the exact equations by averaging

the latter equations over the period 2, thus retaining only the first terms and eliminating
all the other terms of the Fourier series in the right sides of Egs. (2.14) and (2.16). Using

Egs. (2.10a), (2.15), and (2.16a), we rewrite Eqgs. (2.21) as follows:

d. 1
_.iz-— [—Vklx + (U —'v)y + B]EX(x’yr U)
dr 2y
d 1
_y.= __[(yz—v)x +Vk1y]EY(X,)’,U)
dr 2y
2.22
dv . . ( !
— ==V (v)
dr
di 2 . .
T

In contrast to Egs. (2.8), Egs. (2.22) are autonomous since the time 7 does not appear

in the equations. The results which are obtained from Egs. (2.22) may be considered to be

legitimate as far as we deal with the dynamic behavior of the system (2.8) near the

equilibrium state.

2.3.2 Steady-State Solutions
We consider the steady state in which x (1), ¥ (7), v (r), and v (1) in Eqgs. (2.22) are

constant, so that

d v
& o oo Lo, 2. - (2.23)
dr

18



Substituting these conditions into Egs. (2.22) leads to
vkixo — (W —vo) Yo = B
(V* —vo) X0 *Vk1¥e =0
o = 0 (2.24)
Bo — ko —;— r =0
with
,.oz = x°2 + Yo2
Equations (2.24) determine the components X4, Vo, Vo, and v, of the steady-state solution.

From the first two equations of (2.24), we obtain

Vkl

Xo < (U2‘ .,__UO)Z + p2? kll
) 2.25)
. v: — 0o
Yo T T Sugr + vkE
Equations (2.25) and the fourth equation of (2.24) lead to
Bz
re’ = = 2B 2.26
e e 1+ ¢ (2:26)
Solving the above equation for v,y gives us
BZ
= 27 — k2 2.27
Vg = v 2B, viki 2.27)

Two equilibrium gap-distances given by Eq. (2.27) correspond to h, and k; in Fig. 1.2
For a statically stable equilibrium gap-distance h,, the negative sign should be taken in Eq.
(2.27). Physically speaking, v, should take a real-valued positive value and therefore the

condition for the existence of the statically stable equilibrium point is represented by
2

2B,

V2 (V2 + k]z) > > V2k12 (228)

Hence the amplitude of the supply voltage B should be chosen so as to satisfy the above
inequality. If B is larger than the above-stated upper bound, the suspended body adheres to

the electromagnet. If B is smaller than the lower bound, the suspended body drops downward.

2.3.3 Equivalent Spring donstanti
Near the equilibrium point, the slope of the curve of the time average force F,, versus h,

ie., A

3F,,

oh

S =( o o (2.29)
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is called the equivalent spring constant of the device (by analogy of the restorative action to

that of a spring), where (35} m ), denotes the value of ghﬁ at the equilibrium point.  We
1

define here the nondimensional equivalent spring constant by
au? 1 ar
- = (— 2.30
So (av)o 2 (av Vv = v, (2:30)

where u? denotes the time average of u?. From Eqgs. (2.5) through (2.7), we have

aF, ®,2 Ul du?
mo_ Zn” 0% oyl 2.31)
ok woAH, 8v v
[} 2
. n = won (232)
o AH,
Hence, the relationship between S and S, is
S = wtMS, (2.33)
Equations (2.26) and (2.30) give the following equivalent spring constant:
2
—v
So Y — 2 B (2.34)

B [W? —v)* + vk ]2

If the device has achieved a statically stable suspension, then the magnetic attractive force
must, on the average, act so as to restore the body to the equilibrium point. Thus a
necessary condition for the statically stable suspension is that the equivalent spring constant

So be positive:

So > 0 or p*-v,>0 (2.35)

As will be shown in the following section, the static stability condition (2.35) can also be
derived from the linearized variational equations of Eqs. (2.22). Elimination of v, in Egs.
(2.34) by using (2.27) gives

48> / B?
0 _ Vzkzl

So = =g/ o5 (2.36)

The positive sign in Eq. (2.36) is taken if the negative sign is taken in Eq. (2.27) and vice
versa. According to Eq. (2.36), the smaller of the two equilibrium points derived from Eq.

(2.27) is stable, as physically suggested by the curves in Fig. 1.2.

2.3.4 Stability Investigation ‘
_ In the preceding section, the condition-for static stability is derived from the physical

point of view which states that the e<111ival'ent spring constant should be positive. The



condition is, however, the only necessary condition for the stable suspension. As suggested
by many authors [18, 34-37, 47], there is a possibility that the suspended body may begin
to oscillate with negative damping, although the equivalent spring constant is positive.

In this section, we seek the necessary and sufficient conditions for stability of the
equilibrium states determined by Eqgs. (2.25) and (2.27). The steady-state solution, i.e.,
the equilibrium state of the system (2.22) is correlated with the sigular point (x,, yo vo 7o)
in the x, y, v, v phase space. If the singular point is stable, the corresponding steady-state
solution is also stable; if not, it is unstable. The stability of the singular point is studied by
the behavior of integral curves near that singular point. To this end we consider small

variations £, 1, ¢, and ¥, respectively, from the steady-state values xo, Vo, Vo, Uo:

x =x, + & Y=y t 1

. . (2.37)
vy t ¢ v =0, + ¢

v

If £, n, ¢, and ¢ approach zero with increase of time 7, the steady-state solution is stable. Sub-
stituting Eqs. (2.37) into (2.22), we obtain

dt .
T = a1k tayantasttasy
T
dn .
7 = ap Etapntanttany
T
dt (2.38)
d_= as1 € tazantas§ tasy
T
dy
d—= As £ tag,ntasst tawy
T
with
X 1
a;, = (_a)'c_)o = ——k
X 1
ai; = ( 35 )0 =E(V2 — )
o aX 1 )
a3 = ( av.)o = — Eyo X (2.39)
X
Q14 = (W)o =0
aY 1
az = ( o = — — (¥2 — 1)
X v
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dy2 = (Ty‘)o = —7 k,
Y 1
a3 = ('—37)0 =‘2—Xo
Y
a4 = ( 37 Jo =0
v
ov
as; = ( )0 =0
9x
av
= =0
aji; ( 2y o
.39
- aV) =0 (2:39)
@33 ov 0
oV
= : =1
a3a ( ar o
av
as; = ( o = —Xo
ox
av
ass = ( o = —Yo
dy
v
day = ( Yo = 0
ov
1%
asqa = (—=)o = -k,
ov
20X av ax Y%
where (——)g,..., (—=)o standfor —,..., —— at X = Xo, Y = Vo, ¥V = Uy, and
ox v ox ov
v = 0,, respectively. The characteristic equation of the system (2.38) is given by
ay—A aya a3 dia
aqy . azz’—)\ das 24
=0
’ a3y as; a3z —\ d3a
aq daz Qa3 : Qaq =\
or
A+ a A3+ aA? Fah tag =0 (2.40)
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where

a, = —(@yy tday; tazy toags)
ar aiz an ars an aia
az = + +
az az2 asn ass aa aaa
022 azg a1 a ry 033 a 4
+ + 2 2 + 3
asa aj; sz Asa Qa3 Aas
a1 a2 a3 ay Az a4
az=—i an aj: a33 - Ay ais a4 (2.41)
a3y ajsz as3s aay Aa2 A44q
a, as A4 az2 a33 A34
— | Q31 as33 d34 — asa a3 A3a
Asy  Aas Qag A4z as3 ¥y}
ay Ay, ays aya
a2y a3z (%) (PP
a, =
as as, ass a3a
a4, a4y Qa3 Q44

The steady-state solution is stable, provided that the real parts of A’s are negative. The stabili-
ty conditions are given by the use of the Routh-Hurwitz criterion [51, 27, pp.71 — 74}, i.e.,
a > 0 a, > 0 a, > 0 a >0

(2.42)
a;a‘:a:; —a32 - a,2d4 >0
Substituting Eqgs. (2:39) into (2.41) gives us
a = kl + kg
. 1
a, = kik, + 4 [V — vo)* + Vik?]
k, (2.43)
oy = 07w ¢k
R r 2
as = B 4:2 (l‘/2 b vo) ‘ ‘ L
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By virtue of Egs. (2.43), we see that the first three conditions of (2.42) are always

fulfilled. Therefore the stability conditions are reduced to

aa >0 a,a,4as; —'a32 - a12d4 >0 (2.44)

When Eqs. (2.43) are substituted into these two conditions and appropriate reorderings are

made by using Eq. (2.26), we obtain

V-1, >0 (2.45)
and
B?
Bk ky[(ky + ka) ko m] — 4B (kyt+ k)P (0 —wo) >0 (2.46)
0

These are the necessary and sufficient conditions for stability of the steady-state solution.
The condition (2.45) gives the same static stability condition as the inequality (2.35). By
making use of Eq. (2.26), we may write this condition as

d (B*[2B,)

< 0 247
doe (2.47)

Hence the vertical tangency of the characteristic curve (B*/2B, vs. v, curve) results at the
stability limit of (2.47). On the other hand, the condition (2.46) represents a dynamic
stability condition which should be satisfied in order for the solution to be convergent. We
see that the dynamic stability condition (2.46) is affected not only by the damping
coefficient k, of the electrical system but also by the damping coefficient k, of the
mechanical system.

We may express the stability conditions (2.45) and (2.46) in terms of the equivalent
spring constant S, by makirg use of Eqs. (2.26) and (2.34):

2

ki k, ' C
(Cky + ky) ko + 1 > 8. > 0 (2.48)

(ke + ky)? 81}230

Inequality (2.48) indicates that the equivalent spring constant should be positive in order to
keep the system stable although it may become uﬂstab}e if Ithe ‘equ;lvalent spring constar‘ltv is
too large.
2.3.5 .Complementing Remarks for Dynamic Analysis

We transformed the nonautbﬁoﬁious s&stem t2.8) .which is “described by nonlinear
differential equations into the autonomous system (2.22). However, the autonomous

system is also described by nonlinear differential equationé. “There are no general analytical
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techniques for solving these equations, although a numerical solution can always be found
for specific numerical values. Nevertheless much useful information can be obtained by the

use of simplifying approximations. One of these approximate methods is linearization of

the equations.

In the preceding section, we have used the linearization technique and obtained the
variational equations (2.38) which are reduced to linear differential equations with constant
coefficients. All the well-known and highly developed analytical techniques for solving this
type of equations can then be used. As an example of the analysis, the transfer-function
analysis of the linearized system is shown in the Appendix L

The dynamic perfqrmance around the stable equilibrium point can be investigated
either by calculating the ‘transient response of the gap distance ¢ (small increment of v) to
step load variation 8B, from the linéa_rized system in Appendix I, or by studying the root

locus of the characteristic equatioh (2.40).

2.4 Numerical Examples

The gap distance characteristic calculated by using Eq. (2.27) for k, = 0.4 is illustrated
in Fig. 2.3. The thick lines p = 0 and g = 0 are the loci of the characteristic at the static
and dynamic stability limits, respectively, and the surface of the characteristic (v, versus
B*[2B, and v* ) bordered by the thick lines shows the gap distance in the stable
suspension. The stability limits are given by the surfaces

p=v—0v,=0
7 LB

=— k& ky + k) ky +—
q 2B, 1" [(k, 2) k, 47 2B,

— 2By (ky +ky)* (v —00)=0

As can be easily seen, the gap distance characteristic and the static stability limit are
determined without the values of k, and B, by using the parameter B2 /2B,. However, the
dynamic stability limit is not determined without these values, and in the figure, the case
for k, = 2.0 and B, = 0.333 is illustrated. The thick lines on the surface of the
characteristic are projected on the(B?/2B,)y?-plane, and the stable region on this plane is
represented by hatching. Reviewing this stable region, we see that it is possible to change
a dynamically unstable equilibrium point to a stable equilibrium point by increasing supply
frequency v. This agrees with the results which are obtained by Jayawant and Rea from
an analog-computer analysis [34].

The equivalent spring constant characteristic which corresponds to the gap distance

characteristic shown in Fig. 2.3 is calculated by using Eq. (2.36) and illustrated in Fig. 2.4.
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Fig. 2.4 Equivalent spring constant characteristic.



In this case the stability limits are given by

S
p, E_—(’:O
2B,
ki k, 1 B? So
S 11, S P S S S _20 -
T =g + oy R o B,

Figure 2.5a and b shows the response characteristics for the system parameters as given

by

v=1.0 k; =20 B, =0.2
The thick lines in the figure show the stable characteristic curves. The system is unstable if
v, > 1 or, equivalently, if S, < 0. The hatched area shows the dynamically unstable
region where the condition (2.46) is not satisfied. As k, is varied continuously from 0.8 to
0 keeping vy equal to 0.5 by changing B, the stable equilibrium point approaches to the
dynamically unstable region as indicated by the arrow. _

The root loci of the c_haracterfstic equation (2.40) corresponding to the variations of
the system parameters k, and B are shown in Fig. 2.6. At the point of stability limit where
the real part of the characteristic root vanishes, we have k,-= 0.322 and B = 0.376. The
transient response curves of ¢ (small Qa.riétion of v) for 6B, = 0.04 (small variation of B, )
are obtained from the linearized system of (2.22) (see Appendix I) and shown in Fig. 2.7.
Curves in Figs. 2.5 through 2.7 indicate that the stability of the system worsens as k;
which is the electrical system damping decreases although the equivalent spring constant Sg

increases.

2.5 Analog-Computer Analysis

The theoretical results obtained in the preceding sections are compared with the
solutions obtained by using an analog computer. Figure 2.8 shows the block diagram of a
computer setup for the solution of Eqgs. (2.8). The symbols in the figure follow the
conventional notation. By using this setup, we obtain the transient response curves as

illustrated in Figs. 2.9 and 2.10, which are corresponding to the curves in Fig. 2.7 for k, =

0.8 and 0.6, respectively. = The. step input.disturbance § B = 0.04 is applied at time 7
10r. The succe_ssive points on the curves show the instants when r = 2nr, n being
1, 2, 3, ... While the steady-state solution of v (r) contains a double frequency component
in addition to the DC components, the response curves in Figs. 2.9 and 2.10 agree very well
with those in Fig. 2.7 as far as their DC components are concerned; in the theoretical

analysis, the AC components are neglected because the right-hand sides of Eqgs. (2.16) are
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Fig. 2.5 Response characteristics. (@) Gap distance characteristic. (b) Equivalent spring

constant characteristic.
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Fig. 2.6 Root loci of characteristic equation (2.40). The system parameters are the same as

those for v, =0.5 in Fig. 2.5.
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Fig. 2.7 Transient response curves for the step input disturbance §B, = 0.04.

The system parameters are the same as those forv, = 0.5 in Fig. 2.5.
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Fig. 2.8 Computer block diagram for Eqs. (2.8).
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averaged.

As k, and B are decreased keeping vo equal to 0.5, the steady-state solution tends to
become unstable and a quasi-periodic oscillation [27, pp. 262-282] occurs when k, = 0.388
and B = 0.400; the theoretical stability li_mit values of k; and B as derived from the
condition (2.46) are equel to 0.32_2 and 0.376, respectively. As the values of k; and B are
" decreased further, the amplitude of ©(7) increases although it never diverges. A sub-
harmonic oscillation may also occur depending on the values of k, and B. The minimum
value of v(r) becomes negative and the system becomes unstable when k; = 0.242 and B =
0.351.* In practice, the suspended body strikes repeatedly against the electromagnet and it
finally drops downward.

The waveforms of the quasi-periodic oscillation for &,= 0.3 and B = 0.369 are shown
in Fig. 2.1 1.1,

For the case shown in Fig. 2.5, if the mechanical damping k, is reduced from 2.0 to
0.8, the characteristic curve for k; = 0.6 hzrs the dynamically unstable portion. However,
as mentioned in the preceding section, this portion can be vstsbilized b)ll increasing the
supply frequency v. For example, with k, = 0.6, k, = 0.8, and B, = 0.2, although the
system is unstable for v = 1, it can be stabilized for v = 2. Figure 2.12 shows the transient
response curve of this stabilized system with B = 1.475. In this figure, the step input 88,
= 0.04 is applied at 7 = S7. The characteristic roots for Eq. (2.40) are, in this case, given
by

A2 =_0.160 £j0.364
Aaa =—0.540%j0.157

2.6 Concluding Remarks o

In this chapter, we have analyzed the dynamic stability of the magnetic suspension
device using a.tuned LCR circuit. The behavior of “this system is described by nonlinear
differential equations with two degrees of freedom aﬁd they are seltred by theAmethod of
averagirtg The results obtamed for the static stabrllty and the equivalent sprmg ‘constant
agree with Parente’s results [47). Further, the effects of system parameters on the
gynqmic stability have also been clarified. Hence, it has been found that the system may

RN .
i

* When v (r) becomes negative the restoring term uv in the first eduzitib’rf of (2.8) also becomes negative,

and hence u (7) diverges.
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become unstable if the equivalent spring constant is too large although it should be positive

in order to keep the system stable. The calculated transient response curves agree very well
with those obtained by analog simulation. In this sense, the proposed procedure of the
theoretical analysis would be useful in designing the magnetic suspension device using a
tuned LCR circuit. v

It has also been confirmed that a quasi-periodic oscillation may occur in the dynamically
unstable region predicted by the analysis. A more detailed analysis of the quasi-periodic

oscillation will be carried out in Chapter 4.
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CHAPTER 3

EFFECT OF LEAKAGE FLUX

3.1 Introduction

In Chapter 2, the equivalent spring constant and the static and dynamic stability
conditions of the single-axis magnetic suspension device are derived on the basis of the ideal
model shown in Fig. 2.1. To adapt this ideal model to a realistic device, the effects of
departures from the idealizing assumptions must be examined. A more complete theory
must include the effects of the winding resistance, the reluctance of the magnetic materials,
and the leakage flux. -

The winding resistance acts as a damping on the electrical system of the device. As
shown in Fig. 2.1, we have already introduced the damping of the electrical system for the
ideal model by considering the resistor R paralleled with the capacitor €. Furthermore, the
winding resistance is generally small. Therefore, we may consider that the effect of the
winding resistance essentially gives only slightly different characteristics from those obtained
in the preceding chapter.

The reluctance of magnetic materials is connected in series with that of the gap
distance (®) in the magnetic circuit of Fig. 2.2. Hence by the effect of the reluctance of
magnetic materials, the practical gap distance is slightly decreased from that obtained by
using the ideal model. Thus the reluctance of magnetic materials does not produces an
important effect upon the performance of the device.

On the other hand, although the leakage flux which does not pass through the
suspended body is a small fraction of the total flux, it produces an important effect on the
stability of the suspension device. It decreases the magnetic attractive force and the
equivalent spring constant.

Parente [47] has neglected the leakage flux in the analysis of the system describing the
device. For the estimation of the magnetic attracrive force; Takizawa, Otsuki, and Suzuki
[64] have taken into account the effects of the flux which leaks from the sides of the pole
pair, but assumed that all the flux passes through }he suspended body. Therefore, they have
still neglected the component of the flux which does not pass through the suspended body.
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This chapter focuses attention upon the effect of the leakage flux on the stability of
the device [23]. Figure 3.1 shows the realistic model of the single-axis magnetic suspension
device to be considered in this chapter. In this model, the winding resistance, the
reluctance of the magnetic materials, and the leakage flux are taken into account. The
fundamental equations for this realistic model are derived and analyzed by a procedure

analogous to that of the preceding chapter. Theoretical results are verified by experiments.

3.2 Fundamental Equations

With the notations of Fig. 3.1, the equations for the circuit are written as follows:
d¢ -
n——+ R + Rigp = E sinw!?
dt s R
1 3.1
Rigp = — [icdt :
R C c
i = ip _+ ic

where ¢ is the total flux linking the winding coil, and n is the number of turns of the coil.
As shown in the figure, we consider a leakage flux ¢; which is a portion of the total flux ¢
and does not enter into the suspended body.

The analogous electrical circuit for the magnetic circuit is shown in Fig. 3.2, in wh1ch
¢; is the magnetic flux which passes through the suspended body, ®; and & are the
reluctances of the magnetic paths of ¢; and ¢, respectively. The equations. for the

magnetic circuit are therefore given by

ni = Qg = Qb 9 =0+ 9
or
ni = &¢ ® =—6—{iﬁl— (3.2)
Ri T &

We assume that the reluctance &; is constant and &; is nearly proportional to.the gap

distance h, i.e.,

® = oh + & (3.3)

where's and &, are-constant, & being the reluctance of the magnetic materials.

The equation of motion of the suspended body is given by

dh ~dh 3
M d + ki, 7"‘ Fm Mg 3.4)

. drr. .

38



( {
| 6)Esin wt ‘

§
P
N
\

4 \ !
[
)
1
L)
]
-———

-—ee .;:-
T
1
5| 6
!
X

Py
L

Ky
Q

7

Fig. 3.1 Magnetic suspension device using a tuned LCR circuit (realistic model).
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Fig. 3.2 Electrical equivalent of the magnetic circuit in Fig. 3.1.
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where M is the mass of the suspended body, k,, is the viscous damping coefficient of the
dashpot, F,, is the magnetic attractive force and g is the acceleration of gravity., Magnetic

attractive force F,, is given by

a¢?
2[1+(@@h + &)/&]2

IR
- 2 9% _ (3.5)
Fom ¢ ah

1
2
By a procedure analogous to that of Sec. 2.2, we introduce nondimensional frequency

v, magnetic flux u and gap distance v, defined by

®
w = woV ¢ = d,u h +Tc = Hpv (3.6)

where wo., ®,, and Hp' are base quantities of w. ¢ . and h, respectively. For the
convenience of computation, we define H, and &, by
nzwozc _ 2w02MH,,

- 2
c(+RJR) p 3.7)

n

Eliminating i, i, ic, and Fp, in Eqgs. (3.1) and (3.4), and using Eqgs. (3.6) we obtain

2 di d
du+kl__u+ks_(lw ) + ik = B cosvr .
dr? dr dr 1 + pv 1 + pv
3.8
af‘v+kdv+( u)’—B G.8)
dr? Ydr 1+ py ¢
where A
1 k, 1 km
= —_— 1 = k, =
T = wet y tan " ky woCR 2 woM
woCR; oH,
ky =—————— = 3.8
s 1 + RyR p Q1 (3.8a)

E
B=—-— /0" + k7 B, =—%

hwoed, wo’Hy,

Equations (3.8) are the fundamental equations for the case where the leakage flux is con-
sidered. If these equations are corﬁpared with Egs, (2.8), it is seen that two parameters k;
and p are added. The parameter k; is the damping coefficient of the tuned circuit resulted

from the series resistance Ry, and p implies the nondimensional leakage permenace of the

electromagnet. '
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3.3 Analysis of the Fundamental Equations

3.3.1 Derivation of an Autonomous System by Using the Method of Averaging

By a procedure analogous to that of Sec. 2.3, we derive an autonomous system from

the nonautonomous system (3.8) by using the method of averaging.

In Eqgs. (3.8), we introduce new variables x(r) and y(r) defined by

1.
x(r) = u(r)sinyr +—U—u(r) cos vt

1 .
y() = u(r) cosyr — — u(r) sinyr
v

so that
u(7)= x(r) sinvr + y(r) cosvr
u(r) = vx(r) cosyr — vy(r) sinvr
where
u(r) =ﬂ-
dr

(3.9)

(3.10)

Substituting Egs. (3.10) into (3.8) and solving for the derivatives dx/dr and dy/dr leads to

d .
=== f, (x, ¥, v, v, 7)cosyr
dr
du . )
—=—fi (x, y,v, v, 7) sinvr
dr
dv_ -
dr
dv .
—=fHLxyu0T)
dr
where
; 1 v ksv
X, Y, 0,0, =— v2i_ _ s
fi (6 y,v,0,7) u{[ o (]+pv)2]x
' kst Lo kv
+ vk = invr +— 1oy (ky + —8

(k, 1+pv)Y} Sln T VA{ (ky 1_*_pv‘)_x

v kev
v - =Ty + B}cosvr

1 +’pv _"(1 +pv)?

r* +(*—x?)cos ur + 2xy sin 2ur

fo 06,9, 0,0,7) = By — kyv—
? )= Bo—ka 20 + o)

rr = x* + y?

a2

3.11)



As mentioned in Sec.

2.3, if the nondimensional number e defined by Eq. (2.16a) is

sufficiently small, the variables x(7), y(r), v(r), and 1}(1) in the right sides of Eqs. (3.11)

may be considered to vary slowly with time 7. Hence, by using the method of averaging,

we can write Eqgs. (3.11), to a first approximation, as

where

dx 1 T .
d—r=7£ filx, y, v, v, 7) cosvr dr
dy 1 [T . .
- = —7.[: filx, y, v,v, 7} sinvrdr
dv 1 (T, 3.12)
_—=— vdr ‘
dT T 0
dv 1 (T .
7:1 =7 . f20e, v, 0,0, 1)dr
27
T =—
v

Performing the integrations of Eqs. (3.12) yields an autonomous system:

dx

dr

dy

dr
dv

dr
dv

dr

where

A,

A,

1 .
=2—V(—Alx + Ay + BY=X(x, y,0,0)

1 )
= - A x + Ayy) = Y(x, p,0,0)
v

(3.13)
=v=V (v)
. P . S
= By — k,v—m = Vi(x,y,v,v)
= vk, + ksv )
‘ 1+p0° - , (3.132)
- e v kv

1+pv (1 +p0)*;
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3.3.2 Steady-State Solutions

The steady-state solutions for which the components x(7), y(7), v(7), and 1}(1) are
constant are determined by

X (x(n.Vo:’Uo,’l;o)=0
Y (Xo, Yo, Vo, Vo) =0

.o 0, Vo, Vo) 3.14)
V(v5)=0

V (X0, Yo, Vo ¥5)=0

where the subscript 0 is used to designate the values of x, y, v, and v for the steady-state
solutions.

From the first two equations of (3.14), we obtain

v = vkioB
© 02 =) Pk
Yo = (vio —v*)B (3.15)
° (v =10 ) +V2kfo
where
vO
Uy =———
L+ pvo (3.15a)
ki = ki + kv,
Consequently, we obtain
B2
2 = 2 + 2 =
7o Xo Yo (07 —00) +02 kgt I2 (3.16)
Further, the last two equations of (3.14j give us
vo =0
ra2
) — - B, 3.17
2(1+p7)
Substituting Egs. (3.16) into (3.17) and solving for v, gives us
1
v, =?»{u’[l — pv? —ky (ks + pky) ]
KB?
t —v? (k, +v? } 3.18
/ZBO (ky + v2ky) (3.18)
where
K=(1-p)?% +v¥(k; + pky)? (3.18a)

The gap distance v, has physical meanings only when

v, > _8c_
oH,
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since the practical gap distance & in Eqgs. (3.6) must be positive from the physical point of

view,

Eq. (3.18) shows that there exist two equilibrium points where the time average of the

magnetic attractive force balances the mechanical load force.

3.3.3 Equivalent Spring Constant

As mentioned in Sec. 2.3.3, we define the nondimensional equivalent spring constant
So by

Sy = (i"L) =.afL° (3.19)
AV v=v, Y,
where f,—,,o denotes the time average of the magnetic attractive force:
_ ol
=% (3.20)
fmo 21 +pvo )

By substituting Egs. (3.16) int6 (3.20) and performing the differentiation of Eq. (3.19), we

obtain the equivalent spring constant as

S = (v —010) (1 —pv?) —Vikyo (ks + pky)
T (1 +p0p) [(F —v40)? + VPkyo? )2

B? 3.21)

The static stability is guaranteed by
Se> 0 (3.22)

As can be easily seen from Eq. (3.21), if the leakage flux exists or the leakage permeance p
is not zero, the equivalent spring constant S, decreases with the increase in the supply
frequency v and becomes negative for a high frequency. Hence there exists a range of the
supply frequency to achieve the stable suspension. From Eq. (3.21), the upper limit of the

supply frequency ¥, for which the equivalent spring constant S, becomes zero at the gap

distance v, = 0 is given by

" =/1 — ki (ks + pky) 3.23)
P

The equivalent spring constant S, is also expressed by

4B,? KB?
B? 2B,

S =+ — vk, + Vik)? (3.24)
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where v, in Eq. (3.21) is eliminated by making use of Eqs. (3.18). The positive sign in Eq.
(3.24) is taken if the negative sign is taken in Eq. (3.18) and vice versa.

3.3.4 Stability Investigation

The steady-state solutions given by Egs. (3.15) through (3.18) are maintained only
when they are stable. The stability of the steady-state solutions is studied by solving the
variational equations derived from Egs. (3.13) which are reduced to linear differential
equations with constant coefficients. By a procedure analogous to that of Sec. 2.3.4, the
characteristic equation of the variational equations is given by

4
A+ a2 + g\ tahta, =0 (3.25)

where

a, = ko tk;

— ; 1 p ro?
a, = kyok, +E2— [W? — vyo)? + VK2 —m
ks ks (g0 + ¥2)re? - 9
= vV, — 2+ v2k.2] — (3.26)
as a7 [(va —v10) 102] 45 (1 + pug)’ i o
_ Pk10r02
(1 +pvo)’
ro? 2 2 2
as =————— [(* — 0;0)(1 —pV?) =V ko (ks + pky)]

421 + pvo)®

The stability conditions are given by the Routh-Hurwitz criterion:

a, >0 a, >0 as >0 ds >0
3.27)

a,a,a; —asz* —a2a, >0

By virtue of Egs. (3.26). the condition a,> 0 is alwaysvfulfilled. The condition a, > 0 is
also fulfilled from the practloal point of view since pro? is sufficiently small. The
condition a; > 0 is fulfilled if all the other conditions are satlsfled and this condltlon is
not necessary. »

- Substituting Eqgs. (3.26) into the fourth and fifth conditions of (3.27) and using Eqgs.
(3.16) and (3.17) gives us '

0 —v0) (1 —py?) —vPkio (ks + pky) > 0 (3.28)

‘and: .

D >0 ’ ‘ (3.29)
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where k,o and v,, are defined by Egs. (3.15a), and D is defined by

D = (B*k, — 4BoBy) [(kyoka —-1—2-332—%) (ko + ky) + 8u211§:k(l;+pvo)1
+—Bk——] —4By2 (ko t+ k3 )? [0 = 010) (1 —pv?)
20 (1+p00)°
—Vkyo (ks + pki)] - (3.30)

By = Bo [ ks 0V +vg,) + 4pu2km(1+on)]

These are the conditions for stability of the steady-state solution for the case where the
leakage flux and the series resistance are taken into account. Evidently the condition of
(3.28) is identical with the static stability condition So > 0 of (3.22). On the other hand,

as mentioned in Sec. 2.3.4, the condition of (3.29) is the dynamic stability condition.

3.4 Numerical Examples
In order to investigate the effect of the leakage flux, a numerical analysis of the

response characteristic is carried out for the system parameters as given by

ky =04 k=0 Kk, =04 B, =0.1

With these values of the parameters, the response characteristics represented by Egs. (3.18)
and (3.24) are calculated against the supply voltage E/(nw,®,) with the supply frequency v
as a parameter. Figure 3.3 shows the response characteristics for the case in which the
leakage flux is neglected or the leakage permeance # = 0; and Figure 3.4 shows the casc in
which p = 0.2. In these figures, the broken lines show the statically unstable responses for
which the condition of (3.28) is _not fulfilled. The hatched area shows the dynamically
unstable region where the condition of (3.29) is not fulfilled. The curve S, = 0 in Figs.
3.3a and 3.4a shows the boundary of the static stability, and the curve v, = 0 in Figs. 3.3
and 3.4b shows the relationship between S, and E/(nw,®,) for vo =0.

If the response characteristics shown in Fig. 3.4 are compared with those in Fig. 3.3, it
is seen that, owing to the effect of the leakage flux, the gap distance Vo increases and the
equivalent spring constant S, decreases remarkably with the increase of the supply
frequency v; and for v > 2.2 a stable suspension can never be achieved. Thus the leakage
flux makes the system statically unstable especially in the case where the supply frequency
v is high. On the other hand, it makes the system dyn;amiqally stable;‘ for example, the

dynamically unstable portion of ‘the response for v = 1.8 in Fig. 3.3 disappears in Fig. 3.4.
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Fig. 3.3 Reéponse characteristics for the case where the leakage flux is ignored.

(@) “Gap distance characteristic.

(b)  Equivalent spring constant characteristic.
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Fig. 3.4 Response characteristics for the case where the leakage flux is considered.

(@) Gap distance characterisfic.

(b) Equivalent spring constant characteristic.
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The boundary curves of the stable suspension in Figs. 3.3 and 3.4 are plotted on the
E/(nwo®n) and v coordinate plane and are shown in Figs. 3.5and 3.6,lrespe_ctively. Hence,
when the supply voltage E/(hwo®,) and the frequency v of the external force are given at
any point inside these regions the stable suspension can be achieved. As can be easily seen,

the stable region is extremely decreased by the effect of the leakage flux.

3.5 Experimental Investigation

In this section some experimental results are shown in order to compare them with the
foregoing analysis. The outline of the experimental model is shown in Fig. 3.7. To avoid
the effects of eddy current and hysteresis, the electromagnet and the suspended body are
made of 0.35mm silicon steel laminations or the so-called cut core’. The suspended body’s
motion is limited by a vertical guide. The oil-dashpot damper is not used in this model
since the friction force between the guide and the shaft of the suspended body acts as a

damping force. The numerical parameters of the experimental model are as follows:

n = 400 turn C = 10.59%uF
R =2523Q Ry, = 2578
M =0.3395kg

To measure the gap distance between the electromagnet and the suspc}lded body, the
inductive probe is used. |
The response characteristics like those of Fig. 3.4 are experimentallyv;sought. The
results are shown in Fig. 3.9 by using the notations in Fig. 3.8. The equivalent spring
constant S is obtained from
s _ M
Ahg

where &7, is the increment of the gap distance caused by an additional weight of 2M= 74
g. The coil current I and the coil voltage £, against the gap distance ho are plotted in

Figs. 3.10 and 3.11, respectively. The coil voltage £y ¢ is obtained from

Erg = /EL* — IR

where £, I, and R; are measured values ksee Fig. 3.8). The inductance L of the coil at a
gap distance h, is given by

ELo
2fl "
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Fig. 3.5 Region in which:stable suspension is obtained. The leakage flux is ignored. -
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Fig. 3.6 . Region in which stable suspension is obtained. The leakage flux is considered.
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Fig. 3.7 Experimental model.
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Fig. 3.8 Tuned circuit ‘of the magnetic suspension device.
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Fig. 3.9 Response characteristics for the experimental model.
(@) Gap distance characteristic.

(b) Equivalent spring constant characteristic. -
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The results are shown in Fig. 3.12.
As shown in Appendix II, thg parameters o, & and &; in Eqs. (3.2) and (3.3) are
determined from the experimental results of Figs. 3.10 and 3.11: We have
o =3.877 x 10° AT/Wp-m
R, =0.95x 10 AT/W,
& =12.33 x 105 AT/Wy
Thereupon the theoretical results corresponding to the experimental results can be
calculated by using these values and are shown in Figs. 3.9 through 3.12. In Appendix III,
we express the theoretical values of /o, S, I, E; ¢, and L by using the parameters of the
experimental model. The theoretical analysis shows that the stable suspension can never be
achieved if the supply frequency f is beyond 425 Hz. This is verified by the experiments.
The transient response curve like that of Fig. 2.9 is experimentally obtained for a step
decrease of 74 g in the suspended mass, and shown in Figs. 3.13 through 3.15. The
step decrease in the suspended mass is obtained by using a small DC magnet of 74 g as
follows: We first attach the DC magnet to the suspended body by its magnetic force, and
then drop it down instantaneously by switching off the current of the DC magnet, We see
that the amplitudes of the current I and voltage E;, and the gap distance # vary slowly with

time, as we expected in Sec. 2.3.1.

3.6 Concluding Remarks

We have studied the effect of the leakage flux on the stability of the single-axis
suspension device using a tuned circuit. The leakage flux under consideration is a
component of the total flux which does not pass thrdugh the suspended body. It decreases
the magnetic attractive force and the equivalent spring constant, The nonlinear differential
equations which describe the system are derived and analyzed by using the method of
averaging.

The curves which show the relations of the gap distance and the equivalent spring
constant to the supply voltage are obtained theoretically. The static and dynamic stability
conditions are derived. It has been found that, as the supply frequency increases, the
magneﬁc restoring force decreases remarkably due to the effect of the leakage flux. There
exists the dpper limit of the supply frequency to achieve the stable suspension.

On the other hand, the leakage flux stabilizes the system dynamically, since the
dynamic instability results from the magnetic restoring froce being too strong. The

theoretical results are confirmed by experiments.
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Fig. 3.14 Transient response curve obtained by experiments (f = 300 Hz, E, = 21V).
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CHAPTER 4

QUASI-PERIODIC OSCILLATIONS

4.1 Introduction

From the analog-computer analysis in Sec. 2.5, we have predicted that quasi-

periodic oscillations may occur in the magnetic suspension device, provided that the system
is dynamically unstable. The suspended body oscillates slowly and periodically after some
transients have died out. The amplitude and phase of the magnetic flux also vary slowly
and periodically. Furthérmore, the ratio between the period for amplitude variation and
the period of the external force is in general irrational, and thus there is no periodicity in
the quasi-periodic oscillation.

As investigated by many authors {27, pp. 262-282, pp. 309-338, 30, 55, 57, 68], these
kinds of oscillations also occur in a magnetic amplifier circuit, a logical circuit with
parametric excitation, and a resonant nonlinear control circuit. However, the oscillations in
the magnetic suspension device have not been fully investigated. In this case, the
quasi-periodic oscillationsi can be utilized to operate reciprocating devices such as small
pumps, compressors, or fans. These devices are operated at low speeds, without the use
of gearing or mechanical linkages or other means of speed reduction, directly by alternating
current from supply lines of 60 Hz or higher frequency. A ‘“parametric motor” proposed
by Stockman [5, 25, 61] may also utilize these kinds of oscillations to obtain a low speed
rotation. Though the efficiency of these devices is quite low, for small devices for which
energy economy is not an objetive, the disadvantages are offset by the simplicity of construc-
tion and operation and by the fact that no switching devices, either mechanical or electronic,
are needed. Therefore the drive design can be rough for long life without servicing or repairs.
For a fixed electricalv frequency, the mechanical frequency can be controlled by adjustment
- of the electric-circuit parameters, and a particular frequency can be encouraged by
introduction of a spring and mechanical tuning.

In this chapter, we obtain the amplitude and frequency characteristics of these kinds
of oscillations [24]. First, .we show that the quasi-periodic oscillations occur in the

nonautonomous system (3.8) corresponding to the occurrence of self-excited oscillations in
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the autonomous system (3.13). Second, by using the method of harmonic balance we
determine the amplitude and frequency of the self-excited oscillations. The theoretical

results are verified by digital simulations and experiments.

4.2 Analysis of the Quasi-Periodic Oscillations
As mentioned in Sec. 3.2, the dynamic behavior of the magnetic suspension device

under consideration is described by the nonautonomous system:

d*u B du r K d ( uv ) + uv B
—_— — — =B cos
dr? Ydr Sdr 1 + pv 1+pv v ’
O (L= P
dr? *ar 1+pv o
Introducing new variables x () and y (1) defined by
(1) iny +1 du cosV
=usi —— cosVr
x(r LRSS
1 du 4.2)
y (1) =ucosvr —Fa:sm VT

and using the method of averaging, the nonautonomous system (4.1) is approximated to an

autonomous system:

—Z§—=2_—1V (A, x + A,y + B) = X(x,y,v,z})
—3%=—£}—(A2x + A,) = Y(x,y,v,z})
%’ o= V@) @.3)
v By —k,v' __,_z— = I}(x,y,v,b)
dr 2(1 +pv)?
where
Ay =V (k, kst )
1+p .
A, =0t — v ksv

1+pv  (1+p0)?

r2 _—_x2 +y2

62



The singular point (xo, Yo, ¥o, o) of the autonomous system (4.3) is obtained from

X (Xo, Yo, %0, Vo) =0
Y (X0, Yo, Vo, %) =0
V (0,) =0 4.4)
v (xo, Yo, vo,t}o) =0

A periodic solution of the nonautonomous system (4.1) is then correlated with the singular
point (xq, Yo, Vo, 1}0) in the x, y, v, v phase-space, which fixes the amplitude and phase of
the periodic solution. If the singular point is stable, the corresponding periodic solution is
also stable; if not, it is unstable. As we have obtained in Sec. 3.3. 4, the conditions for

stability of the singular point are given as follows:

(v —V10) (1 —V2) ~v?kyo (ks — k1p) > 0 4.5)
D>0 4.6)
where
Uy
Vyg =———
10 1+p0,

ko = ki + ks
2pB
D =(B*k, — 4B Br) [(kyok, %Y (ko *+ k1) 4.7
1 +p7,
2
+ B*kyo + By
828, (1+p0,)  20* (1+p0,)°

] —4B? (kio +k3)?

(02 —v30) (1 —pv?) —vPkyo (ks +pky)]
Byx = Bolks (V? +0,) + 4pp?kye (1+p00)]

The conditions (4.5) and (4.6) are the static and dynamic stability conditions, respectively.
When the autonomous system (4.3) has a stable limit cycle in the x, y, v, l}space, the
representative point whose coordinates are x(r), y(r), v(r), and v(r) keeps on moving along the
limit cygle with increasing time r; in other words, a quasi-periodic oscillation occurs in the
nonautonomous system (4.1) since the amplitude and phase of the oscillation are modulated.
In order to explain the occurrence of these kinds of oscillations, a numerical analysis

of the system (4.3) is carried out by using a digital computer. The system parameters are
given by

v=2.0 k,=0.121 ks = 0.049 k, =0.30"
p=009 B, =0064 B=0419
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These values are corresponding to those for the experimental model which will be shown in
Sec. 4.3.  After a sufficiently long period of time 7, the representative point of the system
(4.3) moves along the limit cycle as illustrated in Fig. 4.1. The waveforms of the
self-excited oscillation corresponding to the limit cycle are shown in Fig. 4.2 by _the
thick-line curves. Also plotted by the fine-line curves in the figure are the waveforms of
the corresponding quasi-periodic oscillation which are obtained from the numerical solutions
of Eqs. (4.1). The waveforms of x and y illustrated by the fine-line curves are obtained by
inserting the numerical solutions u and du/dr into Egs. (4.2). We see that the waveforms
of x, ¥y, v of the self-excited oscillation and those of the corresponding quasi-periodic
oscillation are in good agreement.

To analyze the amplitude and frequency of the self-excited oscillation by using the

method of harmonic balance, we assume

x = Xxg t xysinfr + yx cosfr
y = yag *t Xysinfr + y, cospr (4.8)
v = vy + r sinfr

where Xy, Xx, Vx, Ya. Xy, ¥y, Vg, I, and § are constant to be determined. As shown in Fig.
4.2, terms of harmonics higher than the second are certain to be presented but are ignored
to this order of approximation. '

Substituting Eqs. (4.8) into (4.3) and equating the constant terms and the coefficients
of the terms containing sin 87 and cos 87 separately to zero yiclds

1 1 1
Byxd +'2_' Byxy —vBApyx — Coya 3 bXy +5 Ceyy = A.B

1 1
Bpxa + (B,; +'§' Bc)xx - B (24, +Ac).Vx - bed - (Ca +'2— Cd)xy =ApB
1 1
VB (2A;4 — Ac) xx + (B, "E Be)yx +Ceya — (G, 7 Cd)yy =0

1 1
Caxq +? Coxx —= Cc¥x + Bava +? Bpxy —vBApyy =0

2

4.9)
1 1 (
Cpxg +(Ca +'2_ Ca) xx *Bpyq + (B, +?Bc)xy —vB (24, +Ac)yy =

|
o

1 1
Cexa — (G, ) Ca)yx —VvB QA — Ac) xy — (B, —EBC) yy =0

1
gt R Ao nt —B A =24.8,
2 (xgxx + yaxy)—B* (24, +Ac) ry =243 8B,

2 (xgyx T yayy) tkaf (24, — A)r, =0
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where
1
Ag = (1 +pvg)? +— p?ro?
Ap =2pry (1 +pvg)

2

2
pry

)
2
By =V [k Az + kg (vg +pvd +% or2)]

By =V [k Ap +kery (1 +2p04)]

B. =u(k1Ac+—;— pkere?) 1

C, =v¥A; —vg (1 +p04) -5 pry’

Cp = V¥Ap —r, (1 +2pvy) 4.10)
Ce = ksfry

1
Cqy =viA, — 5 pry?

rd* =xg* -+ ya
I E Xx? ty2

2 = 2 2
ryt = xyt t yy

As can be seen, there exists such a solution for Eqs. (4.9) that all the amplitudes of the

oscillatory terms are zero, i.e.,

Iy =rp =r,=0

In this case the constant terms xq, ¥q, and vy are identical with x,, yo,and v,, respectively,
which are obtained from Egs. (4.4). However, if there exists another solution in which ry,
ry, ry are not zero, the autonomous system (4.3) may have a stable limit cycle; if not, it
may have no limit cycle.

The response characteristic represented by Egs. (4.9) is calculated against the supply

voltage B for the same values of the system parameters as those in Fig. 4.2, that is,

v=20 k5 =0.121 k =0049 k, =030
) 4:11
p=009 B, =0.064 z @11y

The result is illustrated in Fig. 4.3. The statically and dynamically unstable regions show
the regions in which the singular point obtained from E(qs. (4.4) does not fulfill the stability
conditions (4.5) and (4.6), respectively. To show the effects of the leakage flux, the case
for p = 0 in Egs. (4.11) is also calculated and the result is shown in Fig. 4.4.
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From the results we can verify that in the dynamically unstable region determined by
the condition (4.6), the system (4.3) has a stable limit cycle; in other words, a

quasi-periodic oscillation occurs in the system (4.1).

4.3 Experimental Investigation

By making use of the experimental model shown in Fig. 3.7, we shall describe an
experiment concerned with the quasi-periodic oscillation and compare the result with the
foregoing analysis'. As shown in Fig. 4.5, the mechanical structure of the experimental
model is somewhat different from that shown in Fig. 3.7; a sliding ball bearing and an oil
dashpot damper are used in the present experiment, since the waveforms of the quasi-
periodic oscillation are greatly affected by nonlinearities of mechanical friction of the

vertical guide. The parameters of the experimental model are as follows:

n =400 turn C=10.59 uF
R=1000 Q2 R,=597Q
M=0.36kg ky =84.82 N's/m

¢ =4.17x 10° AT/Wp-m Re = 0 AT/Wyp
& =11.5x10° AT/Wp f=250Hz
w =1570.8 rad/s

where the constants for the magnetic circuit o, &, and & are obtained by a procedure
similar to that mentioned in Sec. 3.5. If we put wo, = 785.4 rad/s (f, = 125 Hz), the
corresponding nondimensional parameters defined by Eqs. (3.8a) are given by Egs. (4.11).

Proceeding as in Sec. 3.5, we seek the gap distance characteristic of the experimental
model in relation to the supply voltage E, (=E/\/2). The results are shown in Fig. 4.6.
Quasi-periodic oscillations occur in the range of Ee as indicated in the figure; the gap
distance /A varies slowly and periodically to the extent of the area surrounded by the curve
4. The theoretical area where A varies can be obtained from the values of vg and r, in Fig.

4.3 and is also illustrated by the curve b in Fig. 4.6. The nondimensional quantities in Fig. 4.3

and the practical values in Fig. 4.6 are related by

E, =18.1 B (V)  ho =0.2497, (mm)

The observed waveforms of the quasi-periodic oscillations are shown in Fig. 4.7. The
amplitude of the oscillation varies periodically, thus presenting a type of beat oscillation.

The frequency of the amplitude variation becomes higher as E, increases. The theoretical
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Fig. 4.6 Gap distance characteristic for the experimental model (f = 250 Hz).
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waveforms shown in Fig. 4.2 correspond to the oscillogram (c), where the time scales are
related by
4

m

t = r (ms)

In the preceding analysis the circuit equations were set-up with respect to the magnetic flux
in the core and were represented by the nondimensional variable v, The voltage e is
directly related to the flux u, since the time derivative of the flux is proportional to ¢,
provided that the winding resistance is neglected. .

The theoretical results are generally in good agreement with the experiments.

4.4 Concluding Remarks

Quasi-periodic oscillations which occur in the single-axis suspension device have been
investigated. The suspended body oscillates, and the amplitude and phase of the magnetic
flux vary slowly and periodically in the steady state.

The nonautonomous system which describes the dynamic behavior of the device is
approximated to an autonomous system. A periodic oscillation is then correlated with a
singular point of the autonomous system, and a quasi-periodic oscillation, if it exists, is
correlated with a limit cycle.

It has been shown that when the singular point is dynamically unstable, the
autonomous system has a limit cycle and a self-excited oscillation occurs in the autonomous
system; corresponding to this, the quasi-periodic oscillation occurs in the nonautonomous
system. The amplitude and frequency of the self-excited oscillation are determined by the
method of harmonic balance. The numerical analysis is carried out for the same parameters
as those of the experimental model. The theoretical results are compared with the
solutidns of the exact nonautonomous equations directly obtained by a digital computer

and the experimental results, and are found to be in satisfactory agreement with them.
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CHAPTER 5

EFFECT OF MAGNETIC SATURATION

5.1 Introduction

As shown in Chapters 3 and 4, the realistic model illustrated - in 'Fig. 3.1 satisfactorily
represents the static and dynamic performance of the practical device. The mathematical
repfcsentation of_ this model is based on the assumption that the reluctance of the gap is so
dominant in the magnetic circuit that the reluctance of the magnetic material may be neg-
lected or remain constant. To make this assumption valid practically, the flux density in the
cores of the electromagnet and the suspended body must be in the unsaturated portion of the
magnetization curve. However, if miniaturization is an objective; one may encounter a pro-
blem caused by the magnetic saturation.

In this chapter, we consider the effect of magnetic saturation in the iron portions of
the magnetic circuit. For convenience of analysis, the magnetization curve of the magnetic
material is assumed to be expressed by a cubic function of the magnetic flux. The fundamental
equations which describe the device are derived, and analyzed by the method of averaging.
The effect of magnetic saturation on the static and dynamic performance of the device is
considered with varying the degree of magnetic saturation in the iron portions of the magnetic
circuit. It is demonstrated that quasi-periodic oscillations occur due to the effect of magnetic
saturation. The mechanism of the oscillations is different from that discussed in Chapter 4. It
is found that the quasi-periodic oscillations occur even if the mechanical damping of the device

is large. The occurrence of these oscillations is verified by experiments.

5.2 Fundamental Equations

We derive the fundamental euqations which take into account the effect of magnetic
saturation by using the same procedure as in Sec. 3.2. We assume that the magnetic saturation
occurs in the core of the electromagnet. Then, the net magnetomotive force ni given by Eq.

(3.2) is decreased by‘? (¢) due to the effect of magnetic saturation:

. & &,
ni _‘7 = — . (5.1
@ ]+ & ¢ )
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In order to facilitate the computation, we assume that the saturation curve of the saturable

core is represented by a cubic function of the flux ¢, that is,

F (@)= a¢? (5.2)

where a is a constant characterizing the core [27, PP. 114]. Substituting Eq. (5.2) into (5.1)
yields
®;R
ni=——'—’—¢ + a¢? (5.3)
]; +&
In the procedure in Sec. 3.2, if we use Eq. (5.3) instead of (3.2), we obtain the funda-

mental equations of nonautonomous type with the effect of magnetic saturation as follows:

d?u + k du+k d ( uv P
dr? Yodr Sdr 1+pv
uv
+ + au® = Bcosyr (5.4)
1 +pv

2 d
NS S Ry )
dr? dr 1 +pp

where

_ad}

* on,

The nondimensional parameter « physically indicates the degree of the magnetic saturation of

the core.

Following the same procedure as that in Sec. 3.3.1, we introduce new variables x(r) and

y (1) defined by

1.
x (r) = u (r) sinvr +—u (r) cosvr
v

@) = u () cos vr — i (r) sinvr
v

so that
u(r)=x(r)sinyr + y (r) cosvr
. (5.5)
u(r) =vx (r) cosyr — vy (7) sinyr

Then, substituting Eqgs. (5.5) into (5.4) and solving for the derivatives dx/dr and dy/dr and

further using the method of averaging, we obtain an autonomous system:
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d 1 .
T = (=Ayx + Ay + B)= X(x, 9,0 0)

dr 2v
dy 1 _ .
2, __W(Azx +tA)=EY (x, 0, 0)
dv . . (5.6)

= = v
- v=V(v)
dU =B k . rz _ V( )
dr 0 — KU — 2(]+pv)z = X, Y, 00

where
v 3

=ylk, +k +—ar?

A, = vk, ’(l+pv 2 ar®)]
kg 3

A, =v? v L ar? (5. 6a)

T N+pv (140v) 4

r2 =X2 +y2

5.3 Steady-State Solutions and Equivalent Spring Constant
The steady-state solutions for which the components x(r), y(r), v(r), and ii(-r) are
constant are determined by

X().Co,yo,vo,éo)=0 ).’(xo,yo,f)o,z}o)=0 6.7

Viv,)=0 V(xg,Y0,0,,00) =0
where the subscript 0 is used to designate the values of x, y, v, and v for the steady-state

solutions. We readily obtain from the third equation of (5. 7)

o =0 (5.8)

Eliminating x, and y, in Eqs. (5. 7) gives the following relations to determine
ro (3/x4> + y,*) and v;:

(A2 +A47)rg2 = B
%% 5.9
EYITTRL ¢
2(1+0vy)
The components x, and y, of the amplitude r, are given by

2 2

w2 = To [ O N (5. 10)
C 1+, /4)? °  14+(A4,/4,)? '

The equivalent spring constant S, which is defined by Eq. (3. 19) is found to be
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2

,
E (A, — vksAy —p (140 o)) ] (5.11)

So =g
U+ pwe)

where 3 '
J=A,2 + 4 ——2—ozr02 (A, —vk,Ay) (5. 11a)

Equation (5. 11) shows that the value of S, increases with the increase in « because the value
of J in the denominator decreases. This shows that the equivalent spring constant S, increases

due to the effect of magnetic saturation,

5.4 Conditions for Stability
The steady-state solutions given by Egs. (5. 8) through (5. 10) are maintained only when
they are stable. By a procedure analogous to that of Sec. 3. 3. 4, we make use of the Routh-

Hurwitz criterion to otain the conditions for stability of the steady-state solutions. The

result is
>0 a>0 a;>0 a>0
(5.12)
a,a; a5 —as® —a,>as > 0
where
a, =k, tk,
J pr,’
=k k, + - 9
a, 1 K2 47 (1+on)?
kyJ k2 —Ay)  pkite (5. 12a)
as = - —
? 47 47 (1+00,)* (1 +p0,)°
ro2
= "0 (A, —vk,A, —p (1+pv,)J
B T4 (1+p0,)° (42 —vkeAy —p (1402 /]
and
ki =k + k. (—22 b2 art) (5. 12b)
" YU M tpy, 200 ° ’
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However, as a brief criterion for the stability, the static stability condition is available though
it is the only necessary condition for stable suspension. It states thatS, > 0.
From Eq. (5. 11) we obtain*
Ay —vk AL —p(1+pp,)J>0
and (5.13)
J>0

We see that the first condition of (5. 13) guarantees a, > 0, and the second condition of
(5. 13) is a necessary condition for a; > 0. Fora = 0, the second condition of (5. 13) is
always fulfilled. Hence this condition is an additional condition brought by the effect of
magnetic saturation, and for a.large value of a, there is a case in which this condition is not
fulfilled while the first condition of (5. 13) is satisfied. In this case, the system becomes
statically unstable and quasi-periodic oscillations may occur even if the mechanical damping of
the system is large. The occurrence of these kinds of oscillations will be discussed in detail in

the following section.

5.5 Quasi-Periodic Oscillations Caused by Magnetic Saturation
5.5.1 Generation of Quasi-Periodic Oscillations

It has been shown in the preceding chapter that quasi-periodic oscillations may arise in
the magnetic suspension system when the steady-state solutions are dynamically unstable.
However, this kind of oscillation may also occur when the steady-state solution as deter-
mined by Eqgs. (5. 9) becomes statically unstable owing to the effect of magnetic saturation.
In order to explain the occurrence of the oscillation due to the effect of magnetic saturation,
we assume that the viscous mechanical damping k, is large, and hence dv/dr in Egs. (5. 6)
can be neglected near the steady state. Under this assumption, Egs. (5. 6) may be approxi-

mated to

* One may consider that the condition for S, > 0 is also given by

Ay —vksdy — p (1 +pvp) <0
and

J<0
But these two conditions are never fulfilled simultaneously. To show tlﬁs, let us assume that these two
conditions are fulfilled simultaneousiy. Then we obtain

Ap —vksdy <p(1+p1)J<0
Thus the value A, — vks4, must at least be negative. However, if this value is negative, the value of J fixed
by Eq. (5. 11a) must be positive. This result conflicts with the assumption that J <0.

79



dx 1
—1'— = 7 (—A,x +A,y +B)
d 1
7:_)'"=—2—V(A2X+A1)’) (5.14)
dv 1 r’
= [BO - 2]
dr k, 2 (1 +pv)

Since k, is large, it is evident that dv/dr < dx/dr and dv/dr < dy/dr, so that the re-

presentative point is first governed by

dx L A x+A,y+B)
b

dr 2v ' 4
dy

i
— — (A x+ Ay
dr 21/( 2 1)

and approaches the characteristic curve defined by dx/dr = 0 and dyl/dr =0, or
(A, + A,*)r? =87 (5.15)

During this transient v (7) is held nearly constant. After this period dx/dr, dy/dr, and dv/dr
will all be of the same order in magnitude. In Fig. 5. 1 is shown the characteristic curve (5. 15)
for

y=20 k, =0.121 k;=0049 p=009 «a=100 B=035
Also plotted in the figure is the curve represented by

dv 1 rt

———1=0 5.16
dr k, 0 2(1+pv)2] ( )

for B, = 0.064. The intersections P, and P, of these curves represent equilibrium states, since
these points are satisfied by Egs. (5. 9). However, these equilibrium states are statically
unstable; the points P, and P, do not fulfill the second and the first condition of (5.13), re-
spectively. As suggested in the preceding section, the point P, isthe unstable equilibrium point
resulting from the effect of magnetic saturation. Around this point, a limit cycle occurs as
follows. Since dv/dr is negative in the region above the curve (5. 16) and positive below the
curve, the representative point around the point P, will gradually move in the direction of the
arrows with increasing 7. Hence, discontinuous jumps occur at the limiting points Q and R,
and the representative point keeps on moving near the limit cycle represented by the thick
line in the figure.

As expected from the third equation of (5. 14), the period required for the representative
point to complete one revolution along the limit cycle decreases with the increase in k,. A

more concrete example of the limit cycle will be given in what follows.
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5.5.2 Numerical Analysis
A numerical analysis of the system (5. 6) is carried out for the same values of the system

parameters as those in Fig. 5. 1, that is,

v =20 ky = 0121 k, = 0049 k, =30 P =0.09

« =100 B, =0064 B=035
These values are nearly corresponding to those of the experimental model which will be shown
in the following section. After a sufficiently long period of the time 7, the representative point
moves along the limit cycle as illustrated in Fig. 5. 2. The projection of the limit cycle on the
r?v plane is shown by dashed line in Fig. 5. 1. The waveforms of the oscillation corresponding
to the limit cycle are shown in Fig. 5. 3. The period of the oscillation isw x 105.3+- -+ ;this
period decreases continuously as k, increases. It is clear from Eqs. (5. 5) that, when x and y
vary periodically, the amplitude and phase of the oscillating flux u also vary periodically; in

other words, a quasi-periodic oscillation occurs in the system described by Egs. (5. 4).

To compare the validity of the analysis, a numerical solution of Egs. (5. 4) is also
calculated by using a digital computer and shown in Fig. 5. 4. The waveforms of x and y are
obtained by inserting the numerical solutions « and du/dr into Eqgs. (5. 5). These curves show

satisfactory agreement with the theoretical result illustrated in Fig. 5. 3.

5.5.3 Experimental Investigation

In this section we observe the quasi-periodic oscillation which occurs due to the effect of
magnetic saturation, and we compare the results obtained from experiments with those of the
foregoing analysis. In that analysis we have assumed that the magnetic saturation occurs in the
core of the electromagnet. However, here we perform experiments for a case where the
magnetic saturation occurs in the core of the suspended body. To this case is also applicable
the foregoing analysis because the magnetic flux for suspension flows into the electromagnet
and the suspended body in series.

The outline of the experimental model is shown in Fig. 5.5. The same electromagnet as

that in Fig.3. 7 is used for this model. The parameters of the experimental mode! are as

follows:
n = 400 turn C = 1059 u4F
R = 1000 ) Rg =597Q
M = 0235kg k, = 15372 N-s/m
f = 250Hz
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Fig. 5.2 Limit cycle in the autonomous system (5. 6).
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Fig. 5.3 Waveforms of the self-excited oscillation correlated with the limit cycle of Fig. 5. 2.
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Fig. 5.4 Waveforms of a quasi-periodic oscillation in the nonautonomous system (5. 4).
The system parameters are the same as in Fig. 5. 3.
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The saturable core used for the suspended body is made of 3 sheets of silicon steel. The size
of one sheet is 65 x 25 x 0.35 mm. The magnetization curve of the electromagnet for
the gap distance & = 0 is shown in Fig. 5.6. In the foregoing analysis, we have approximated
this curve to the cubic function represented by Eq. (5. 2).

Figure 5.7 shows the static relationship between the gap distance & and the coil voltage
ErL with the supply voltage Ee as a parameter. We obtain these curves by shifting the suspended
body vertically against the magnetic attractive force exerted on it. The thick line in the figure
is a relation for E. = 4.7 V. In this case, as the gap distance A is increased, the coil voltage
E; jumps with the accompanying increase in the magnitude. When the experiment is reversed,
i. e., with decreasing 4, it is found that the same curve is not retraced completely, but the jump
from the higher to the lower voltage takes place at a Jower value of 4 than before. The voltage
E; is directly related to the amplitude r of the nodimensional flux u since the time derivative
of the flux ¢ is proportional to E, . Thus we see that the jumps like those in Fig. 5. 1 take
place due to't}-xé effect of magnetic saturation.

The observed waveforms of the quasi-periodic oscillation are shown by the oscillogram in
Fig. 5. 8. The detailed waveforms of the oscillation are also shown by the oscillograms (a) and
(b) in Fig. 5. 9, in which the time scale is expanded. b’I“hé limit cycle on the E; h plane cor-
related with the quasi-periodic oscillation is shown by the thick line in Fig. 5. 10, where the

static characteristic curve illustrated in Fig. 5. 7 is also shown by the dashed line.

5.6 Concluding Remarks

The effect of magnetic saturation on the static and dynamic performance of the vertical-
axis suspension device has been studied. The saturation characteristic of the iron portions in
the magnetic circuit is represented by a cubic function of the magnetic flux. The fundamental
equations are analyzed by using the method of averaging. It has been shown that with in-
crease in the degree of magnetic saturation, the equivalent spring constant increases. How-
ever, if this degree exceeds a limit, the sign of the equivalent spring constant changes and the
system becomes statically unstable. In this case a quasi-periodic oscillation occurs in the
system even if the mechanical damping of the system is large. The occurrence of this kind of

oscillation has been verified by experiments.
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CHAPTER 6

PUSH-PULL TYPE SUSPENSION DEVICE
HAVING TWO ELECTROMAGNETS

6.1 Introduction

To use magnetic suspension for centering when displacement may occur in a single axis,
two electromagnets are used, as illustrated in Fig. 6.1. This type of suspension may be called
a push-pull type. The restorative action of the push-pull type suspension device is achieved as
follows. If the suspended body is moved toward the right, then the resultant change in in-
ductance detunes the circuit on the right but tunes the circuit on the left. This causes the
current flow on the right to decrease and the current flow on the left to increase. This
imbalance in currents produces a net magnetic force to the left, which restores the body to
center.

This chapter deals with the performance of this push-pull type suspension device in which
the leakage flux is considered but the effects of magnetic saturation are ignored. The magnetic
circuits for the two electromagnets are assumed not to be coupled, so that they can be solved
independently. The fundamental equations are described by three second-order differential
equations; two of them are the equations for the magnetic fluxes in the magnetic circuits, and
the other is the equation of motion of the body to be supported. The method of averaging is
applied to these equations and the formulas for the equivalent spring constant and the stability
conditions are derived. These formulas are nearly the same as those for the vertical-axis
suspension device with one electromagnet. However, with respect to design, the characteristics
of the push-pull type suspension device are different from those of the vertical-axis suspension
device. The basic characteristics of the push-pull type suspension device are verified by

experiments.

6.2 Fundamental Equations
As we have shown in Sec. 3.2, the electric and magnetic circuit equations for the electro-

magnets in Fig. 6.1 may be expressed as follows: *

* Throughout this chapter, the subscript j designates j= 1, 2.
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Fig. 6. 1 Push-pull type suspension device.

94



n + Rsi/ + Rig; = E sinwt

. 1 s
Rigy = — [icy dt
/ C ]

{6.1)
lj = IR/ + IC/
nip= Q& ¢ (j=1,2)
where
ﬂl- - ﬂi/ &, (Ri/ = Uhl‘f' Rc
R, +R
if 1
(6. 1)
hy = h, + h hy = h,— h
The equation of motion of the suspended body is described by
d*h dh
Mdt2 + ky dt t Fpy —Fpy, =Fy4 6.2)

where F,, ,, F,,, are the magnetic attractive forces of the electromagnets, and F,; is the ex-
ternal disturbance force. Referring to Eq. (3.5), we readily obtain

Fpy = o9
T 20+ (ohy + R)IR T

(G=12) (6.3)

By a procedure analogous to that of Sec. 3.2, Egs. (6.1) and (6.2) are transformed to

@ d d
A k,7“1+ ky—— (9 _y+ M9 = Beos vr
T

dr? dr ~1+py 1+pv;
d*v dv U, 2 U, 2
—_— t+ ky, — + - =
T T ) T G, T (6.4)
v, =0, + 0 v, =0, — v
where
®! F,
9= Cuuy My +—E= Hy v W =vw, By = =

w2 MH

n
and 7, ky, k1, kg, p, B are defined, as before, by Eqs. (3.8a). The base quantities H, and ¢,
may be fixed by Egs. (3.7).
Following the same procedure as that of Sec, 3.3.1, we introduce new variables x; (r) and

¥ (7) defined by

1 d
x/(7)=uj (r) sinvr + —i cosvr
vV dr 6.5
1 du (6.5)
Yy ()= u; (r) cosyr —-rd—rf sinvr
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Then, substituting Egs. (6.5) into (6.4) and solving for the derivatives dx; Jdr and dyj-/dr
and further using the method of averaging, we obtain an autonomous system:

dx; 1

dT]=__2_V(_Al]_ x-j+A1]‘ y]-f-B) EXJ-(XJ-.,J’,-_,U,U)
dy; 1 _ y P =
d'rj=_3_y—(/12jxi+A‘iyi)=Yi(xi’yi’v'”) (=12
dv ) (6. 6)
—_—= D = V v
dr ©
dv . rd ri y ;
—= B — Kk — + = V ’ , : ’ , 0,0
dr ) 2 U 2(1 + 00, )? 2(1+p10,)? (x1,Y1.x2:)2 )
where
r]_2 - ij +y]2
Avy=v(k, +_M_)
1+Pv,~ (6. 6a)
v; kv,
Ay=pvr——t
2 1 +pv]- (1 +PU/')2

6.3 Steady-State Solutions and Equivalent Spring Constant

The steady-state solutions for which the components x,-(r), Y (r), v(r), and v (r) are
constant are determined by

Xj(xjo,yl-o,vo,i)o)=0 Y; (x,-o,yio,vo,i)o)=0

. . L 6.7)
Viv,) =0 : V (x10 Y10, X20:Y20 Uy, Vg ) = 0

where the subscript O is used to designate the values of Xj, Vis U, and v for the steady-state

solutions. From the third equation of (6.7) we obtain
v, = 0 » (6.8)

Eliminating x;, and y;, in Eqgs. (6.7) gives the following relations to determine Tio

(=/x} + y/?o )and v, thatis,
(A5 + A3 1y = B G=12)
r2 _ ré _ (6.9
2(1+pv, )" 2(1+pmy)*  °

where

Vo =0, T, Vyp =V — Yy
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The components Xjo» ¥jo Of the amplitude rjo are given by

2 2
2 _ Tjo Yo

ey - z
1+(A44;/44)) 1+(A,y;/A1)

The equivalent spring constant due to one electromagnet is given by Eq. (3.21).

for the push-pull type under consideration it is given by

(Vz_vioo)(1 _.pu2)—"2k/oo (kg +Pky)
j=1 (1+ij P2 —v/oo)2+V kz 1’

I Mo

Sy = B?

where
v, = o k ky + k.o
, =k,
Joo 1 +pvl'0 /o:_) s Y00

For a special case of B, =0, Eqgs. (6. 9) through (6. 11) lead to
Vg = Uy = U, v, =0
An = Ay = vk = 4,
Ay = Ay = V-1, = A,

2
2 : 2 B

2
Fio T2
Al2+ A22

=r,

2

r

2 _ 2 _ [ 2
X10 = X0 =

1+(4,/4,)°
2
_ 2 _ To _ 2
e T Ty
and
_ 2007 = ve0) (1 —py?) — vk, (ks+pk,)]
O (400,)° [0F — e )2 + 12 ke2 12
where
v(.‘
T T et

6.4 Conditions for Stability

(6. 10)

Hence

6.11)

(6. 11a)

(6.12)

(6.13)

(6. 13a)

The steady-state solution given by Egs. (6.8) through (6. 10) is maintained only when it

is stable. As we have done in Sec. 2. 3. 4, the stability of the solution is tested by the behavior

of small variations g,m; (j=1,2),¢,and y defined by
Xj = Xjo & Yi= Yoty

v =, +¢ v =U, +y
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Substituting Egs. (6. 14) into (6. 6) gives the following variational equations.

dg,
_‘;= ayky t Gamtants taun, tast taey
dn
—d—r—l= dy §y taamy Yayts taun, Yaxsl tay
dt
drzz Qa1 kg tasam tassks tasn, tasst tasy
4 (6.15)
n2
—d—r—= Gqr§y T aaamy Y aasEs T sy TassE T ase
d§
E"= asi§y tds;my Tasyfy tasany tasst tasey
dy
T = agy by T tag3kr Taganz T ass$ tage ¥
T
with
g = (aXl - An
1 axl)o 2u
a _(3X1> _ Ay
12 oyi/o 2y
aX;) -
a =| — = 0
" (axz 0
8X1> 0
a 3 — 3
" (ayz )
g = (a_X_1> - YiotvksX o
1 o /o 2v(1 +pvy,)? .
. (a_X_1> _ koo (6. 15a)
e av Jo 2v(l '*'Pvlo)2
(a Yl) A
a — = —
i axl 0 2V
<8Y1> An
a = — = -
2 ayl 0 21/
Y
aas =< 1) = 0
0x,; /o
(a}’l)
dys = = 0
ay; [\]
a =(3Y1) - X10—VKs¥10
¥ 7\ov Jo 2u(1+pwy)°
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- <3Y1> ksxlo‘
az 30 /o 2V(1+pv,o)2_
X,
=[—= = 0
a4 (Bx,)o
X,
= — = 0
a2 (a)h)o
o () -
3 aX1)0 2v
s <3}’2)0 2v
a ___(axz) _ Y +vkeXxao
* \av /o 20(1 +pvp)?
a =<8X2> = ks 20 ‘
*\2d /o 20(1+pv3)°
aY2>
= = 0
fa (axl 0
aY
777 =( 1) = 0
Y1 /e
R Y, _ Az
= Gl | 2w (6. 15a)
sz> Az
044 = =
(a.Vz 0 2y
(a Yz) _ X20—VKsy20
a5 = = -
00 /o 2v (1 +pvy)
- ayz) _ Ksx 20
* (aé 0 20(1 +pw3g)?
aV
= = 0
asy (3x1>o
oV
= = 0
sz (a}’x)o
oV
- = 0
a53 <ax;>0
<8V
asg = ) = 0
Yalo

Q@ @

Q
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w
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—
o
=<
S
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=
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It

_ X10
(1 +pvy0)
o 31) I
62 oyy/o (1+pv50)

aen =<a ) - (6.15a)
3x2 /o (1+pv,,)
eq = (a V) = ——yﬂ—T
0y1/o (1 +p0y)
vy _ prd prag
fes =<av >o - (1‘*'1)1710)3 (1+Pvzo)3
oV
o= (55)s =
where <a)§i>0 e {%}Iﬁ)o denote the values of ZTX: yee s —:TV at x; =X;o,¥; =Vjo (j=1,2),
v =v,,and V= 130 , respectively.
The characteristic equation of the system (6. 15) is given by
ay—A a2 a3 A4 as a6
aqy a3 — A a3 a24 ass /33
as, ajs; A, — AN Ay, a3s a3
=0 (6. 16)
a4 a2 Qa3 Aaa— N dgs e
Qs as; as3 Qsa ass —A ase
agy g2 Qg3 Aea Ags Qo6 — A

The steady-state solution is stable provided that the rcal parts of A s are negative.

For the special case of B, = 0, the amplitude and phase of the steady-state solution are

given by Eqgs. (6. 12). In this case the characteristic equation (6. 16) is reduced to

33— N Qs ass Q36
a;—A a2 a3 Qg — N Qas Qs
ax 23— A asy Asq  dss —\ dg =0
Qg3 Aiga dgs Qg — A

or

(A2 +a, A +a;) O* +b A3 +b,A% by A +b,)=0
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where
a, =k,

1
a, = (A12 + A7)

4,2
by = koo +k,
1 2o rd (6. 17a)
’
by =keoks +—— (A2 +A4,7) - =270
P ek A~
k2 k "02 2pkcor°2
b. = A2 +4,7) - = _
3 4V2 ( 1 2 ) (l+pvc)4 (1 +pvc)3
r02
S R SN NN SR
4 2V2(1+pv¢)3[(v c0) (1=pv*) —v* ke o (kstpk,)]

By making use of the Routh-Hurwitz criterion, we obtain the stability conditions of the
steady-state solution for B, =0:
a >0 a, >0 b,>0 by, >0 b; >0
(6. 18)
b, >0 D=bbyby —bt —blb, >0
From Egs. (6. '17a) it can be seen that the first three conditions of (6. 18) are always fulfilled.
The condition 3 > 0 is not necessary since if all the other conditions are satisfied, this con-

dition is guaranteed. The condition b, > 0 may almost always be fulfilled because in practice
p is sufficiently small. The condition b, > 0 is identical with the condition for static stability
So > 0,and D > 0 is the condition for dynamic stability.

6.5 Numerical Examples

A numerical analysis of the equivalent spring constant for the push-pull type suspension

device is carried out for the parameters as given by
ky =0.15 kg =0.1 k, =0.05 p=0.1
withv,,v, B, ,and E/(nw,®,) as variable parameters.

First, we consider the case for which the external disturbance force B, = 0. In this case,
as shown by Egs. (6. 12), the steady-state dispacement v, =0. The equivalent spring constant
S, is calculated from Eq. (6. 13), and the stability conditions are given by conditions (6. 18).
The results are shown in Fig. 6. 2 for E/(n wy®,) = 0.2. The thick-line curve in the figure is
the locus of the characteristics at the dynamic stability limit D = 0. The dynamically unstable

characteristics are illustrated by the dashed-line curves. The thick-line curve is projected on
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Fig. 6. 2 Characteristic of the equivalent spring constant for E/(nw@ib,,) = 0.2, the system
parameters being &, =0.15, kg =0.1, k, =0.05, p=0.1.
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the vv, plane, and the dynamically unstable region on this plane is shown by hatching. The
static stability limit on this plane is also illustrated by the curve S, = O in the figure. Hence,
when the supply frequency v and the gap distance at the center v, are chosen inside the region
for §,> 0 except the hatched area, the stable suspension can be achieved. Similarly, Fig. 6. 3
shows the characteristic of S, versus E/(nwo®,) and v forv, =6.0.

Second, we consider the case in which B, # 0. In this case, as determined by Eqs. (6. 9),
the steady-state displacement v, varies within +%, as B, varies. The corresponding equivalent
spring constant S, which is given by Eq. (6. 11) also varies with the variation of v,.

Figure 6. 4 illustrates the limits of the statically stable region on the vv, plane obtained from
Eq. (6. 11) for the same values of the system parameters &, , k,, and p as those in Fig. 6. 2.
In the figure the symbols S and S, denote the equivalent spring constants when the body is
supported at the center (Yo = 0) and at the ends of the position between two electromagnets
(v, = +v,), respectively. The curve S, = 0 shows the static stability limit forv, = 0. Hence
this curve is identical with the curve S, = O in Fig. 6. 2. The curve S, = 0 indicates the static

stability limit for v, = %v,.

The curve S, =S, represents the limit on which the equivalent
spring constant for v, = Q is equal to that forv, =+v,. Asshown in the figure, the statically

stable region bordered by the curve S, = 0 may be devided into three regions:

region I: S;.>0 S. <0
region II: S.>85.>0
region III: S,> S, >0

The examples of the characteristics of v, and S, where » and v, are chosen inside each region
are shown in Figs. 6.5, 6.6, and 6.7. In these figures, the hatched areas show the unstable
regions in which the real part of A of the characteristic equation (6. 16)is positive. We see in
Fig. 6.5 that, as the external disturbance force B, increases, the gap distancev,, also increases
but the equivalent spring constant S, decreases. At the point where S, becomes zero, v,
jumps to 6.0 (=v,) ; the suspended body strikes against the electromagnet. Thus, when » and
v, are chosen inside the region I of Fig. 6. 4, statically stable suspension is achieved only near

the center.

6. 6 Experimental Investigation
Experiments are performed to confirm the basic characteristics of the push-pull type
suspension device. The experimental model is shown in Fig. 6. 8. The suspended body is

supported by the shaft with the knife-edge, as shown in the figure. Hence the movement of
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Fig. 6.3  Characteristic of the equivalent spring constant for V¢ = 6.0, the system parameters

ki, kg, ks, and p being the same as those in Fig. 6. 2.
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Fig. 6.4 Statically stable region when the suspended body is supported at the center (curve
S, = 0) and at the ends of the diéplacement axis (curve S, = 0), the system para-

meters &, , kg, and p being the same as those in Fig. 6.2
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Fig. 6. 5 Response characteristics forv =2.2,v, = 6.0 (region I in Fig. 6. 4).
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Fig. 6. 8 Experimental model. -
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the body is limited to one direction as shown by the arrow. The damping force is generated by
using a mechanical friction, but the method is not shown in the figure. The parameters of the

experiment are as follows:

n =600 turn

R, =1197 @ R, =1222Q
C, =10.57 uF C, =9.99 uF
R, =1000 & R, =1000 &

M =0.508 kg (without the mass of the shaft)

where the subscripts 1 aﬁd 2 denote the parameters for the electromagnets 1 and 2, respective-
ly, in Fig. 6.8.

The statically stable region like that in Fig. 6.4 for S, =0 is experimentally obtained and
illustrated in Fig. 6. 9. In the figure f denotes the supply frequency. The stable region and the
characteristic of the equivalent spring constant S like those in Fig. 6. 3 are also experimentally
obtained for A, = 1.0 mm, and shown in Figs. 6. 10 and 6. 11, respectively. In these figures,

E. denotes the effective value of the supply voltage.

6.7 Concluding Remarks

Performance of the push-pull type suspension device with two electromagnets has been
investigated: The fundamental equations which describe the device are analyzed by using the
method of averaging. It has been shown that when the suspended body is centered, the equ-
ivalent spring constant is twice that of a suspension device having one electromagnet. As the
body departs from the central position, the equivalent spring constant increases or decreases
depending on the system parameters. There is a case in which the equivalent spring constant is
positive when the body is centered, but is negative when it is at the ends of the displacement
axis. In this case, the stable suspension can not be achieved over the range of displacement of
the suspended body. More detailed investigation for stability including the dynamic stability
is performed on the basis of the variational equations with constant coefficients, as we have
done in the preceding chapters.

The basic characteristics of the push-pull type suspension device are verified by ex-

periments.
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APPENDIX I

TRANSFER-FUNCTION ANALYSIS OF THE
LINEARIZED SYSTEM

We investigate the dynamic behavior of the system (2. 22) near the equilibrium point by
introducing the linearized system. To this end we introduce the variations £, n, ¢, and ¥
defined by Eqgs. (2. 37). These variations are assumed to be caused by a small disturbance

force § B,. By a procedure analogous to that of Sec. 2. 3. 4, the variational equations are

written as
dk
— =apf + agn t oapfd a1y
dr .
dn
—— =ay,¢ + apn t apd t auy
dr
dt (ILn
T’: a8+ az;n t o oani ot a3 ¥
-
dy
E‘=a41£ + aun t ant t auy t 8B,
where a;,, . . . , aqs are given by Egs. (2. 39). Equations (I. 1) are the linear differential

equations with constant coefficients. Substituting Eqs. (2. 39) into (I. 1) and applying the

Laplace transformation with zero initial conditions leads to

1 1 1
WP+—k))E - — (V- +— =
! > 1) 7 (vi—-v,)H 2Vyoz 0
1 1 1
5, @2 EF (kO - 5m X, 220

(1. 2)
PZ —¥ =0

XoE+y H+(P+ky)¥ =84

where p is the Laplace-transform operator, =, H,Z, ¥, and By denote the transformed variables

of &£, 7, ¢, ¥, and 8B, , respectively. The corresponding block diagram is shown in Fig. Al.
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Bi(p)

N

1 | v 1 Z(p)

p+tk, P

Z(p) * —V) X — VYo (2p t k1)

Yo V2ptk ) 0P —v, )
H(p) O —vy)yo +ux,(2p +ky)
Yo U2(2p+kl)2 +(U2__vo)2

Block diagram of the linearized system.

The transformed output Z (p) is given by

where

Z(p)=

G (p)
B, .
T+ G (p)Ga(p) 2P (1.3

G R
1(p) p(tky)

2 2
v Vo)re
4 (p*+kyp +p,)

G:(p)= (1. 4)

1
Po ='4:/T [(Uz—vo )2 +U2k12]

2 _ 2 2
re” =Xo tYo

The characteristic equation of this linearized system is given by

or

1+Gy(p) G2(p)=0

p* +a,p® +a,p* ta,pta, =0 (L.5)

where a,, a,, a3, a, are identical with those given by Eqs. (2. 43). Thus the same stability

conditions as in Sec. 2. 3.4 are obtained.
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Since the Laplace transform of a unit step input is B4(p) = 1/p, the step response of

Z (p) for the unit input is given by

Gi(p) I
- — L6
2T Gm  p @6

Substituting Eqgs. (I. 4) into (1. 6) gives

P+kp+
14 1P T Do a1.7)

Z =
2 p(p* +a,p? +a,p* tasp+a,)

If the roots of the characteristic equation (I. 5) are found to be p, , p,,ps, and p,, then Egs.

(1. 7) can be written as
pPrHkip+p,

1.8
p(p =) —p)(P—p3)(P—pa) €8

Z ()=

As shown by numerical examples in Sec. 2. 4, the characteristic equation (I. 5) contains almost

always simple roots only. In this case, Eq. (I. 8) can be expanded in partial fractions as

follows:
A
Z(p)=—"> + A, Az, As A 1.9
P P— D P—P2 P—Ps P—Da
where
A, = Do
Qs
4, = pi tkypy +po
L=
Pr (P —P2) (P —P3) (P —pa)
A, = P22 +kip2 tpo
. =
P2(p2—P1)(P2—DP3)(P2—DPa) (1.10)
4, = P32 +kpy +po

- P3sW@s—p1)(p3s—p2) (ps—pa)

A = pad tkips +po
. =
Pa(Pa—p1) (Pa—p2) (ps—P3)

The inverse Laplace transform of Eq. (1. 9) yields the time solution
§(1)=Ao + A, exp (p 1)+ A, exp(p2r) +Asexp (psT)
+Asexp (047) .11

"When complex conjugate roots exist, Eq. (I. 11) is rewritten using the trigonometric function.

For example, if p, and p, are complex conjugate, that is,

D1 =pr+jpis pz =P,—fpi (I. 12)
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then A, and A, are also complex conjugate:
Ay =4, +jA;, A, =A, —jA; (1. 13)

Hence we obtain

Ayexp(pi7)+ A, exp (p27) =2 (A,cospir — A;sinp;r) exp (prr) 1.14)

In Eq. (I. 11), the first term A, shows the steady-state gap distance §,due to the unit step
disturbance-force (68, = 1). By substituting a, and p, which are given, respectively, by Eqs.
(2.43) and (1. 4) into A, in Egs. (I. 10), and using Egs. (2. 26) and (2. 34), we can rewrite

1

- I. 15
s, (I. 15)

A, =

This shows that the steady-state gap distance due to the unit step disturbance-force decreases
with the increase of the equivalent spring constant S,. From the physical point of view, this

is a plausible conclusion.
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APPENDIX 11

RELUCTANCES OF THE MAGNETIC CIRCUIT FOR
THE EXPERIMENTAL MODEL

In this appendix, we obtain the reluctances o, &, and & ; of the magnetic circuit for the
experimental model shown in Fig. 3. 7. As shown in Fig. 3. 10, we experimentally obtain the
relationship between the gap distance /i, and the coil current / for the experimental model.
Furthermore in Fig. 3. 11 is shown the relationship between the gap distance /g and the coil

voltage E; ; . These relations are given by Egs. (I1L. 6) and (IIL. 7) in Appendix 111, that is,

I =ah, +b; (L 1)
E,, = w (agh, +bg) (L2

where 1
a =7/2 o Mg (L. 3)

R
by =— -2% (1. 4)

n

n

. =—/20M II.
ag & / g (1. 5)
K, 2'Mg

be =n(l+==)/— I1. 6
E n( “1 ) o ( )

Hence if we obtain these constants a;, by, ag, and b from the experimental results in Figs.

3. 10 and 3. 11, we can obtain the reluctances o, ®.,and &; from Egs. (II. 3) through (II. 5)

as follows:
ntas
o =
2Mg
2
e n a,b;
®R. =nb; J— =—— 1.7
¢ I/ amg 2Mg ( )
n n*ay
ﬁl =—/2 UMg =
ag ag

As can be easily seen, the reluctance & ; may also be obtained from Eq. (1. 6). However, since
in general ®./®; < 1, a large error would be included in the value & ; obtained from Eq. (1. 6).

Hence this equation is not suitable for estimation of the value of &; .
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We obtain the constants a7, by, ag, and bg by using the method of least-squares. The

constants ay and by are obtained as follows. If m points data exist for the relationship between
(11. 8)

1 and ho , the summation of error squared is given by
m
e =% Ui —athoy = bp)?

where I; and h; are the experimental data of J and h, , respectively. Following the method of

least-squares, the constants a; and &; are obtained from ae,/3a;= 0 and de,[db; = 0, that is,
(1I1.9)

crartcybr=cy

cyap+mby =c,
(I11.10)

where
-2 2 m
€ —/‘=El hoj €, "12= hoj
es=f oy =k

drL. 11)

Solving Eqgs. (II. 9) for a; and by gives us
MCy —C3Cy
ar = 2
. mc, —C;
CyCq —C2Cy

by =
1 me, —c,?

By the same procedure as that mentioned above, the constants ag and bgare obtained from
mcs — ¢, Cq-

ag = Mey—cq?

¢y eq—C, €4 (II. 12)

b
2 me, — c,?

ELg
o (1. 13)
w

C6=

where ¢, and ¢, are defined by Egs. (II. 10), and
ELO]

m
z
=1

h
of 1

m
CS =3
=1 w

»
The values Ey, o ; and h, ; are the experimental data of Epo and hy , respectively.
Substituting the constants a;, by, and ag obtained from Eqs. (IL. 11) and (II. 12) into

Eqs. (II. 7), we can obtain the values of reluctances o , 8, and &; for the experimental

model,
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APPENDIX Ii1

STEADY-STATE CHARACTERISTICS OF THE VERTICAL-AXIS
SUSPENSION DEVICE EXPRESSED IN TERMS OF DEVICE PARAMETERS

In chapter 3, we obtain the steady-state characteristics of the suspension device which are
expressed by using the nondimensional parameters. In this appendix, those characteristics are
expressed in terms of the device parameters.

The instantaneous magnetic flux in the steady state can be expressed as

¢ = &, sin(wt—10) (. 1)
where @ ,, and 6 are constant. The instantaneous magnetic force due to this magnetic flux is

given by Eq. (3. 5). Its time average is, therefore, given by

27mfw
_ w 2mlw Owﬁ 2 dt

2n da[1 + (oho +8&c)[R)) : (111. 2)

Substituting Eq. (I11. 1) into (IIL 2), we obtain

o &2
m = 41+ (oh, +R.)/&)

F (111, 3)

Since in the equilibrium state Fm balances the weight of the suspended body Mg, the

maximum value @, of the magnetic flux must be

a
o =/ e 1+ (ahy +R)IR] (1. 4)

From Egs. (3. 2), the coil current is given by

Ri®,

= " P, t—6 1.5
7 (& + 81 m Sin (w ) ( )

where the reluctance &; is given by Eq. (3. 3).
Substituting Eq. (I11. 4) into (ITI. 5), we obtain the effective value of the coil current:

| &
I=—/20Mg (hy +—~) (111 6)
n
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On the other hand, the coil voltage is given by

d¢
€Lo =N == nw®, cos(wt —0)

Consequently, the effective value of the coil voltage is
M
Epo =nw/ =22 [1+(0he+&.)/&;] (1L 7)

The coil inductance L is, from its definition,

ne 1 1
L=—=n*(=—+ —— II.
i " (6{, oh°+ﬁc) (1. 8)

The dimensional gap distance #, and the corresponding equivalent spring constant S are
obtained from Eqs. (3. 18) and (3. 24) by using Eqgs. (3. 6), (3.7), (3. 8a) and (2. 33).

The results are as follows:

n? o E?
hy=—Z,5/)—— (Z+2Z,)—w?*Z
0 O'(Zl+ Zz)[ 2 AnzMg( 1 2) w 1 ]

R
— (m) (I11. 9)
8M2g2V/0E2
S=z —_—(Z,+2Z,)—w?Z N, I11. 10
x £ 4n2Mg(l 2)—w?Zy  (N/m) ( )
where
R
Z= R o)
n? CR?
Zz =w2(_ - 2)2

& 1+wC'R
The positive sign in Eq. (III. 10) is taken if the negative sign is taken in Eq. (IIl. 9) and vice

versa.
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